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1. INTRODUCTION

Well-posedness has played a crucial role in optimization theory. This fact has motivated many authors
to study the well-posedness of optimization problems. The first concept of well-posedness is due to
Tykhonov [26] for unconstrained optimization problems. Tykhonov well-posedness [26], requires the
existence and uniqueness of the solution and convergence of each minimizing sequence to the solution.
Another fundamental generalization of Tykhonov well-posedness for an optimization problem (in the
scalar case) is the well-posedness by perturbations due to Dontchev and Zolezzi [7] and Zolezzi [28, 29].
Levitin and Polyak [15] extended the notion to the constrained case. Levitin-Polyak well-posedness
requires the existence of the solution and convergence of each Levitin-Polyak minimizing sequence to the
solution, where (x,) is Levitin-Polyak minimizing sequence iff, for all n, x, to be outside of the feasible
set and g is continuous map and K is a closed set and distance between g(x,) and K tends to zero. There
are various notions and generalizations of the concepts of well-posedness, see [4, 6, 12, 13, 14, 27].

The concept of Hadamard well-posedness is due to Hadamard [10]. Another fundamental general-
ization of Hadamard well-posed was given in [18, 21, 24]. Motivated and inspired by the above works,

in this paper, we are investigated some new versions of Hadamard well-posedness for vector parametric
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equilibrium problems. The outline of the paper is as follows: In the first Section, we introduce a gener-
alized parametric vector equilibrium problem and some preliminary results which are used in the sequel.
Section 2 deals with notions of Hadamard well-posedness under perturbations for vector equilibrium
problem and obtain a sufficient condition from Hadamard well-posedness. In Section 3, by introducing
a gap function of our problem, we deduce the equivalent between its Hadamard well-posedness of our
problem with the Hadamard well-posedness of its gap function.

Let X be a metric topological vector space, Y be a Hausdorff topological vector space, W and Z be
topological vector spaces and P be a metric space. We denote the family of neighborhood of x € X by
$U(x). Let A, B and D be nonempty sets of X, W and Z, respectively and C : X x P — 2 be a set-valued
mapping such that for any x € X and for any p € P, C(x, p) is a closed, convex and pointed cone in Y
such that intC(x, p) # 0. Assume that e : X x P — Y is a continuous vector valued mapping satisfying
e(x,p) € intC(x, p). Suppose that K; : Ax P — 24, Ky : A x P — 2B and K3 : A x P — 2P are defined.
Let the machinery of the problems be expressed by F : A x Bx D x P — 2V,

For any subsets A and B, we adopt the following notations

(u,v) ri Ax Bmeans Vu € A, Vv € B,

(u,v) rp A x Bmeans Vu € A, Iv € B,

(u,v) r3 A x Bmeans Ju € A, Vv € B.

For r € {r1,r2,r3}, we consider the following vector parametric quasi-equilibrium problem, for given
ecRtandpeP:

(P (F,p€)) k€ clKi(x,p): (.2) r K2(%,p) x K3(X,p), F(%,y,2,p) +€e(x,p) € C(%,p).
We denote the solution set of the above problem by S, (F, p, €).

Remark 1.1. (a) In fact, we deduce those problems that were considered in [3, 24].

(b) If € = 0, then the solution set of Problem (P.(F, p,€)), is the efficient solution of equilibrium problem
for set-valued map F, that we denote its efficient solution set with S,(F, p).

() If D: X x P — 27 is a set-valued mapping such that for any x € X and for any p € P, D(x, p) is a
closed, convex and pointed cone in Y such that intD(x, p) # 0, then solutions of Problem (P, (F, p,€)),
with assumption C(x,p) =Y \ intD(x, p) is weakly e-efficient solutions of F that were considered in
works [8, 18]. Furthermore, if € = 0, then weakly e-efficient solutions are weakly efficient solutions, see

[1, 11, 17, 19] and references therein.

Definition 1.1. Let 7 : X — 2" be a set-valued map. Then,

(a) T is said to be upper semi continuous (u.s.c.), iff for each closed set BC Y,
T-(B):={xeX:T(x)NB#0} is closed in X.

(b) T is said to be lower semi continuous (1.s.c.), iff for each open set BC Y,
T-(B):={xe€X:T(x)NB# 0} is open in X.

(c) T is said to be closed iff Gr(T) = {(x,y) e X xY: ye T(x),x € X} isclosedin X x Y.
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It is often convenient to characterize the upper and lower semicontinuity in terms of nets, as in the

following lemma (see, for example, [[2], Theorems 17.16 and 17.19]).

Lemma 1.1. [2] Let X and Y be topological spaces and T : X — 2¥ be a set-valued map.

(i) If T has compact values, then T is u.s.c. iff for every net xqin X converging to x € X and for any net
Yo With yo € T (xq), there exist y € T (x) and a subnet yq. of yo converging to y.

(ii) T is Ls.c. iff for any net xqin X converging to x € X and each'y € T (x), there exists a net yq converging

toy,withyy € T(xq), forall . O

Motivated by Definition 4.1 in [22], here we define outer converge continuously, inner converge con-

tinuously and converge continuously for a sequence of set-valued mas.

Definition 1.2. Let X be a metric topological vector space, Y be a Hausdorff topological vector space,
G, : X — 2¥ be a sequence of set-valued maps and G : X — 2 be a set-valued map. The sequence G,

is said to be outer converge continuously (resp. inner converge continuously) to G at x if

limsupG(x,) C G(xp), (resp. G(xo) C liminfG(x,)) for all x, — xo,
n

n

where

liminf G,(x,) := {y € Y : y = limy,,y, € G,(x,) for sufficiently large n},
n n

limsup G, (x,) :={yeY:y= lilgnynk,ynk € Gy, (%, ), {mx} is a subsequence of {n}}.
n

The sequence G, is said to be converge continuously to G at xy if lim squ (xn) € G(xo) C hmmfG (xn),

for all x, — x¢. If G,, converges continuously to G at every point x e X, then it is said that G converges

continuously to G on X .

2. HADAMARD WELL-POSEDNESS

Here we define the notion of I'c,,-convergence for a sequence of set-valued functions similar to the
Definition 2.1 in [20].

Definition 2.1. (Definition 2.1 in [20]) Let X be a topological space, Y be a topological vector space and

C CY be aclosed, convex and pointed cone such that infC # 0 and ((x) be the family of neighborhoods

ofx. Let f, f: X — Y, neNbe given functions, We say that (f;,) is ['c-convergence to f and we shall
. I'c . .

write f, — f, if for every x € X, the following statements are true:

(i) for all U € $l(x) and for all € € R, there exists ne y € N such that

Vn>ney 3x, €U fu(xy) < f(x)+é€e,
(ii) for all € € RT there exist U € 4(x) and n, such that

Vx €U, ¥Yn>ng fu(X) > f(x)—ee.
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Definition 2.2. Suppose for all n € N, F,,F : Ax Bx D x P — 2¥ are defined. Then, the sequence
(F) is said to be I'c,,- convergence to F' and we denote by F, rir@ F, iff for every x € X the following
statements hold,

(i) for all U € U(x) and for all € € R, there exists ney € N such that for all n > ng iy there exists x, € U

such that

(yvz)rKZ(xap) X K3(x7p)7 Fn(xnvyaz)p) _F(vaZap) _ge(xap) g _C(x)p)v

(i) for all € € R there exist U, € $4(x) and ne € N such that for all X € U, and for all n > n,, we obtain
(»,2)rK>(x,p) X K3(x,p), F(x,y,2,p) — Fa(%,3,2,p) — €e(x, p) € —C(x, p).

Now, we can define some new notions of Hadamard well-posedness for vector parametric equilibrium
problem that include Definitions 2.5 and 2.6 in [16], Definition 4 in [24] and Definitions 4.1 and 4.2 in
[91.

Ter
Definition 2.3. Let (4,,p,) C A x P be a sequence converging to (Ao, po) and F}, - F),. The Problem
(P-(Fy,, po,€)), is said to be
(a) Hadamard well-posed corresponding to (Fj, ), ift:
(i) there exists only one solution for Problem (P.(F),, po,€));
(ii) for all sequence (g,) CR™ that g, — €,

limsup[S,(Fy,, Pn,€n)] € Sr(Fy,, Do, €).

n

(b) Generalized Hadamard well-posed corresponding to (F}, ), iff:
(i) there exists one solution for Problem (P, (Fj,, po,€));
(ii) for all sequence (g,) C R that &, — €, condition (ii) of part (a) holds.
(c) Extended Hadamard well-posed corresponding to (F}, ), iff
(i) there exists one solution for Problem (P,(F),, po,€));
(ii) there exists & € R™ such that for all 0 < € < &,

limsup[S,(Fy, . pa,€ )] C Sy (Fay, Po, € )-

n

Example 2.1. Let X = P =R, Y = R? K| (x,p) = K2(x, p) = K3(x, p) = [-1,0], forall x € X and p € P,
r=ry,C(x,p) =R?> e(x,p)=(1,1)and F : X x X x X x P — 2Y be defined by F(x,y,z, p) = {(x,x)}
and foralln € N, F, : X x X x X x P — 2" be defined by F, (x,y,z,p) = {(x+1,1) : 1 € [x,x+ 1[}. We

Te, .
show that F, —% F. In fact forallx € X, U € $l(x) and € € R, there exists N € N such that % < € and

foralanN,x—%EU.Therefore,forxn:x—%,wehave
1
Fn(xmy,Z»P)—F(xa)@ZaP)—g(l»l) = (xn+27t)_(x>x)_(‘g’g) (21)
1 1
= ——+—t)— —(&,¢ 2.2
(=42 = () = (e.e) 22)
= (0,t—x)—(g,€) (2.3)

= (—et—x—¢), 2.4)
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that is, t € [x,, X, + [= [x— 1 x[ and

t—x—&e<x—x—e<—£e<0. (2.5)

Therefore, Fy,(x,,y,z,p) — F(x,y,2,p) —€(1,1) C —C(x, p) and condition (i) of Definition 2.2 holds. For
condition (ii) of Definition 2.2, for each x € X and € € R, we suppose that Uz = B¢ (x) (where Bg(x) is
the ball with center x and radius €). Since there exists N € N such that % < g, foralln > N and x e Uk,

we have
F(x,y.2,p) = Fu(x,y,2,p)—€(1,1) = (x,X)—(x’Jr%,t)—(&E) (2.6)
= (x—xl—%—s,x—t—s), 2.7
butx—x,—%—sz(x—x/—s)—%<—%<0.0ntheotherhand%<%<£,Wehave
x—t—8<x—x/—8<0,

and for all n > N and x € Uy, we obtain F(x,y,z,p) —F,,(x,,y,z,p) —&(1,1) € —C(x,p).
Obviously, Problem (P,(F, p,€)) is extended Hadamard well-posed corresponding to (F,). Since, for
alle e RY, S, ,(F,p,€) =Sy, p(Fp, p, €) = [—¢€,0]. It follows that

limsup[S,, ,(Fu, p,€)] C S, (F, p,€).
n

Note that, if Problem (P.(F,p,€)) is Hadamard well-posed corresponding to (F}, ), it is also gener-
alized Hadamard well-posed corresponding to (F, ). In the following result, we show that if Problem
(P.(F,p,€)) is extended Hadamard well-posed corresponding to (F}, ), it is also generalized Hadamard
well-posed corresponding to (F}, ).

Te,
Proposition 2.1. Let (A,, p,) C A x P be a sequence converging to (Ao, po) and F), 7 Fy,- If Problem
(Pr(Fy,, po,€)), is extended Hadamard well-posed corresponding to (Fy,), then Problem (P.(Fj,, po,€)),

is generalized Hadamard well-posed corresponding to (Fj, ).

Proof. The proof with minor modifications is similar to the proof of Proposition 2.2 in [16], therefore, it

1s omitted. O

Motivated by an idea of Tam and Loan in [25] and by using Proposition 2.1, we can deduce some

sufficient conditions for generalized Hadamard well-posedness.

Theorem 2.1. Suppose that X is a metric vector topological space, Y is a topological vector space and
(Anspn) € A X P is a sequence converging to (Ao, po), Fy,.Fy, : X — 2 and the following conditions
hold:

(i) B, % By

(ii) for all € € R™, the solution set of Problem (P, (Fy,, po,€)) is nonempty;

(iii) clK; is upper semi continuous and compact valued;

(iv) K> and K3 are lower semi continuous;
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(v) F), is inner converge continuously to F),.

Then, Problem (P, (Fy,, po,€)) is extended Hadamard well-posed corresponding to (Fj, ).
Proof. We show for all € € R™
limsup(S,, (Fy,, Pn,€)] € Sr (Fiys P05 E)-
n

Suppose that w € limsup[S,, (F), ,pn,€)] and w & S,, (Fy,,po,€). Then, there exist a subsequence of

n
(Sr,(Fa,,Pn,€)) and sequence wy, such that for all ng, wy € S, (F,lnk,pnk,e) and w, — w. Since
Wn, € S, (F;Lnk,pnk,e), one sees that w,, € cIK|(wy,, pn,) and for all (y,z) € Ko (wy,, pn,) X K3(Wn,, Pny)

Fl,,k (Wnk7y>ZaPnk) —|—Se(wnk,pnk) g C(Wnkvpnk)' (28)
But wy, € clK;(wy,,pn,) and clK; is upper semi continuous and compact valued. Then w € cIK;(w, p).
Since w & Sy, (Fj,, Po,€), one sees that
El(y()?ZO) € KQ(W, pO) X K3(W7p0) : Fﬂo (W7y07Z07p0) +8€(W, pO) .Z C(Wa PO) (2.9)
Therefore, there exists ug € Fy,(w,y0,20, po) such that ug + ge(w, pg) € C(w, po). Since K> and K3 are
lower semi continuous, one finds that there exists a sequence
(ynkyznk) S KZ(Wnkapnk) x K3 (Wnkapnk)

such that (y,,, 2, ) — (y0,20). From (2.8),

F)L,,k (Wl’lkvynk7an7pllk) + 8€(Wnk,pnk) g C(Wnkvpnk)a (210)

as <F/lnk) is inner converge continuously to F, at (w,yo,z0, Po), therefore
up € F).O(Way07Z07p0) C lirrr}ianlnk (Wnkvynkaznkvpnk)-
k

So, there exists (up,) such that u, € F,Ink (Wne, g Zng» P ) and u,, — up. By using (2.10), u,, +
€e(Wn,, pn,) € C(Wn,, pn,), and since e is continuous and C is closed, one find that uy + €e(w, po) €

C(w, po), which is a contradiction. This completes the proof. O

Remark 2.1. (a) In the previous theorem, if we replace condition (iv) by the following condition:

(iv)" K, is lower semi continuous on A x P and K3 is upper semi continuous and compact valued on A X P.
Then, with minor modifications in the proof, one can conclude the extended Hadamard well-posedness
of the Problem (P, (Fj,, po,€)).

(b) In the previous theorem, if we replace condition (iv) by the following condition:

(iv)" K, is upper semi continuous and compact valued on A x P and K3 is lower semi continuous on
AXP.

Then, with minor modifications in the proof, one can deduce the extended Hadamard well-posedness of
the Problem (P, (Fj,, Po,€))-

The next example shows that our assumptions in Theorem 2.3 is weaker than Salamon’s assumptions
in [24].
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Example 2.2. For r =1 and fixed p, let K;,K, : [—1,1] x {p} — [-1,1], K;(x,p) = K2(x,p) = [-1,1]

and Kz : [—1,1] x {p} — {1} and let F : [-1,1] x [-1,1] x {1} x {p} — {0,1} and for all n € N,
Fp:[—1,1] x [-1,1] x {1} x {p} — {0, 1} be defined by

0 x=0,
F(x,y,1,p) =
1 ow,
0 xe]—%,%[,
Fy(x,,1,p) =
1 ow,

For all x,p € [—1,1], let C(x,p) = [0,+oo[. Since condition (iii) of Theorem 1 in [24] doesn’t hold,
therefore we can not achieve any results. But the conditions of Theorem 2.3 hold, therefore this problem

is extended Hadamard well-posed corresponding by (F,).

The next theorem and its corollary show some alternative characterization for extended Hadamard
well-posedness and Hadamard well-posedness of Problem (P.(F,p,€)). In fact, we obtain a relation
between Hadamard well-posed of Problem (P,(F, p,€)) and its approximate solutions. For this idea, we

need to define approximate solutions of Problem (P,.(F, p,€)), denoted by:
I1,(F,p,¢,0)
={x € clKi(x,p) : F(x,y,z,p)+¢€e(x,p)+8e(x,p) S C(x,p), (v;2)rK2(x, p) X K3(x, p)}.
Obviously, if 6; < &, then IL,.(F, p,8;) CIL,(F, p,5,) and
Sr(F,p;€) = Ns=oll-(F, p,€,8) =I1(F, p,£,0).
The following theorem and its corollary improve Theorems 4.8 and 4.10 in [9].

Theorem 2.2. Let X be a metric topological vector space, Y be a Hausdorff topological vector space

and (A, pn) be a sequence converges to (Ao, po), E (where, E(pg) = {x € X : x € cIK(x,po)}) be a
Te,

compact-valued and upper semi continuous set-valued map and Fj, ko F),- If Problem (P, (F},, po,€))

is extended Hadamard well-posed corresponding to (F), ), then there exists a nonempty and compact

subset M of S, (Fy,, po,€) such that for every neighborhood U of Ox, there exists § > 0 such that
X € Hrl(F,ln,pn,E,(S) == xeM-+V.

Conversely, if
(i) there exists a nonempty compact subset M of S, (Fy,, po,€) such that for every neighborhood V of 0,
there exists & > 0 such that

xEHVI(Fl,,vpmeaa)"’V — xeM+V;

(ii) I1,,, is upper semi continuous in its third argument.

Then, Problem (P, (Fy,, po,€)), is extended Hadamard well-posed corresponding to (Fy).
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Proof. Suppose that Problem (P, (Fj,, po,€)) is extended Hadamard well-posed corresponding to (F ).
Let M = S, (Fy,, po,€) # 0. We will show that S, (Fy,,po,€) is a compact set. If (x,) is a sequence in
Sr, (F%,pg,e), then

(y’z)rlKZ(xnaPO) XK3(xn7p0)v Flo(xn7YaZ»P0)+8e(xn7P0) gc(xnap())' (211)
Te,
Since F), Lo F),, one sees that if (§,) C R™ and 8, — 0. For any &,, (y,2)r1 K> (x4, po) X K3 (x4, po)

FM(xnay>Z7p0) _Fl,, (Xn,y,Z,PO) - 5ne(x067p0) - _C(xn,po)- (212)

By summing (2.11) and (2.12), we obtain

(3 2)r1 K2 (xn, o) X K3(xu, po), Fy, (Xn, 3,2 P0) + €€(Xn, po) + 8ne(xn, po) € Cloxa, po).  (2.13)
Therefore x, € S, (F,, po, €+ 6,). Since x, € E(po), one sees that (x,) has a subsequence converges to
some xg of E(po). Let for all n, p, = po and &, = € + 8,. Since Problem (P, (F),, po,€)) is generalized
Hadamard well-posed corresponding to (F}, ), one finds that

limsup[srl (Fl,,ap()vgn)] - Srl (Flovp()ae)a
n

and xg € Sy, (Fy,, Po,€). Therefore S,, (F,, po, €) is a compact set.

Now, we show the existence of § for any neighborhood of Ox. On the contrary, there existence a
neighborhood U of Ox and a sequence (8,) € R™ such that §, — 0 and (x,) C X such that for all
n, x, € I, (Fy,, pn,€,0,), but x, & S, (F,,po,€) + U. Since x, € I, (F),, px,€,5,), one obtains that
Xn € Sy, (Fy,, Pn, € + 6,). On the other hand, x, € E(p,). Using our assumption, one obtains that there
exists xo € E(po) and subsequence x,, such that x,, — xo. But Problem (P, (Fy,,p,€)) is generalized
Hadamard well-posed corresponding to (F}, ). Then

hmsup[srl (Flnk,pnkae+6nk)] g Srl (F}.()’p078)7
n

and xo € S, (Fy,, po,€), which is a contradiction.
Conversely, we show that for any sequence (A,,p,) C A x P converges to (A, po), & — € and

r‘Cr
F, % F,. Note that

limsupl[S,, (Fy,, Pn, )] C Sr (Fy» P0s €)-
n
Let ¥ € limsup|S,, (F}, , po, €,)]. Hence, there exists a sequence (x,) such that x, — Xand x,, € Sy, (F}, , Pu, &n)-

For complgting the proof, we show that (x,) contains a subsequence converges to a point xo € M. Suppose
on the contrary that for all x € M there exists a neighborhood U, of 0 such that {x} 4+ U, does not contain
any subsequence of x,. Also, for all x € M, there exists a neighborhood V, of 0 such that V, 4V, C U,.
Since M C U, ({x} +V4) and M is compact, we see that there exists n € N such that

M C ({xi}+Vxl.).

-

i=1

Letting V = " V4,, we find from the assumption that there exists 6 > 0 such that

XEHrI(Fln,pn,S,S)JrV = xeEM-+YV.
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Obviously, there exists n; such that for all n > ny,
Hrl (Flnapmgna 67!) - Hrl (Fk,npnasn: 5)

On the other hand, x, € S, (Fy,, Pn,€:)- Then x, € I1, (Fy,, pn, €:,0) C I, (F),, P, €, On)- Since I, is
upper semi continuous in its third argument and g, —> €, we see that there exists n, such that for all
n>ny, I, (Fy, , Pn, €, 8) CIL, (Fy, , pn, €,8) +V. Now, if n > max{n,n> }, then x,, € I1,(F , po,0)+V.
Therefore, x, € M +V. But

Cs

Lnj{x,HVX, +V C ({xi}+ Vi, +V)

I
—_

Cs

U{x,}+vx,+vx) C |JHx}+Uy).

I
—_

Hence, for those n > max{n,n2}, x, € U, ({x;} + Uy,), which is a contradiction, since for all x € M,

{x} + U, does not contain any subsequence of x,, but as the limit is unique. Therefore, xo = *. O

Now, we obtain the Tykhonov well-posedness and the Levitin-Polayk well-posedness from the Hadamard

well-posedness.

Definition 2.4. [5] The Problem (P.(Fy,, po,€)), is said to be

(a) Tykhonov wellposed iff

(i) there exists only one solution for Problem (P,.(F,, po,€));

(ii) for any sequence (4,, p,) C A X P converging to (Aq, po), every asymptotically solving sequence for
Problem (P,(F},, po,€)) corresponding to (A,, p,), converges to S,.(Fy,, po,€).

(b) Tykhonov well-posed in the general sense iff

(i) there exists one solution for Problem (P,(Fy,, po,€));

(ii) for any sequence (4, p,) C A x P converging to (Aq, po), every asymptotically solving sequence for

Problem (P,(Fj,, po,€)) corresponding to (A,,p,), contains a susequence converges to some point of
Sr(FAO,p(),S).

Definition 2.5. [4] Let X and Y be two metric spaces, (A,,p,) € A x P be a sequence converging to
(A0, po). A sequence {x,} C A is said to be

(a) type I LP asymptotically solving sequence corresponding to (4,, p,), for Problem (P.(F}, , po,€)), if
xn € clKi(x,, pn) and there exists a sequence (g,) € R with &, — 0 such that

(3,2) 7 K2 (X, pn) X K3(Xns Pn)s F (X0, 3,2, Pn) + €n€(Xn, Ans Pr) C C(Xn, pi)- (2.14)

(b) type II LP asymptotically solving sequence corresponding to (4, p,), for Problem (P.(Fy,, po,€)), if

there exists a sequence (g,) C R with g, — 0 such that
d(xn, Ky (X, Pn)) < & (2.15)

and (2.14) holds.
(c) The Problem (P,(F},, po,€)) is LP well-posed of type I (resp. type II) if and only if
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(i) there is only one solution for Problem (P.(Fj,, po,€));

(ii) for any sequence (A,,p,) € A x P, which converges to (Ag,p,), every LP of type I (resp. type
IT) asymptotically solving sequence for Problem (P,(F, , po,€)) corresponding to (4, p,), converges to
Sr(Fay P05 €).

In the following result, we obtain a generalization of Theorem 2.2 in [21]. As a matter of fact, Revalski
in [21], have shown that if X is a real Banach space and f : X — RU {+oo} is a convex lower semi-
continuous extended real-valued function, then the Tykhonov well-posedness and the Levitin-Polayk
well-posedness are deduced from Hadamard well-posedness. Here, we obtain those results for set-valued

maps in topological spaces.

Theorem 2.3. Let (4,,p,) C A X P be a sequence converging to (Ay, po) for all n, Fj, = F),. If Prob-
lem (P.(Fy,, po,€)) is Hadamard well-posed corresponding to (F, ) and one of the following conditions
holds:

(i) clK; is compact valued and upper semi-continuous in the first argument;

(ii) clK is closed map.

Then, Problem (P.(Fj,,po,€)) is Tykhonov well-posed, type I Levitin-Polayk well-posed and type 11
Levitin-Polayk well-posed.

Proof. (i) It suffices to prove for generalized Hadamard well-posed. Other case obtains from Proposition
2.1. Suppose Problem (P.(F),, po,€)) is generalized Hadamard well-posed and cK; is compact valued
and upper semi-continuous. If (x,) is an asymptotically solving sequence, (resp. type I LP asymptotically
solving sequence and type II LP asymptotically solving sequence), since for all n, x, € cIK;(x,,po),
then there exists xog € cIKj(xo,po) such that x, — xo. On the other hand, (x,) is an asymptotically
solving sequence (resp. type I LP asymptotically solving sequence and type II LP asymptotically solving
sequence) then for all n, x,, € S, (F},,, P, &)- Since for all n, F; = F, and xo € limsup[S,, (Fy,,pn.&:))] €
n

Sy, (Fy,,Po), so the proof is complete. O

If condition (ii) holds, then (x,) has a subsequence converges to xo. The remaining proof is similar to

the proof of part (i).

3. A SCALARIZATION FOR HADAMARD WELL-POSEDNESS

In this section, let (4,,p,) C A x P be a sequence converging to (Ao, pop). We shall show that the
Hadamard well-posedness of Problem (P.(F),, po,€)) reaches from the Hadamard wellposed of scalar
optimization problem. In this Section, we suppose that maps C, e, K>, K3 are constant maps and therefore,
forallx € X and p € P, C(x,p) =C and e(x,p) = e € intC, K»(x,p) = B and K3(x,p) = D.

Here, we use a modified version of a result of Sach [23] for obtaining a nonlinear scalarization function
to define a gap function for problem (P.(Fy,, po, €))-

Following the idea in [23], we need to define the following notations.

Definition 3.1. Let O C Y, C be a closed convex cone in a topological vector space Y. Then

(1) Q is called C-bounded if for each neighborhood U of the origin of Y there exists a positive ¢, such that
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QcCC+tU.
(i1) Q is called —C-closed if Q — C is closed.

Remark 3.1. One can show that when Q is C-compact, then Q is —C-closed and C-bounded. If the
set-valued function F satisfies condition(i) (resp. (ii)) of Definition 3.1 at each point of A X B X D X P,
then we say that F' is C-bounded (resp. —C-closed). It is evident that if F has bounded values in Y, then
it is C-bounded and furthermore, if F has compact values in Y, then F is simultaneously C-bounded and
—C-closed .

The proof of the following results are similar to the corresponding ones in [23], with replacing C by

—C, therefore it is omitted.

Lemma 3.1. Let Q CY, C be a closed convex cone in'Y with intC # 0 and e € int C. For a subset Q of
Y, e €intC and € > 0, we have

(i) If Q is C-bounded, then s = min{t > 0: Q+te C C} is well-defined.

(ii) If Q is C-bounded, then sg = 0 iff Q C C and s9 < € iff Q C C — €e.

Remark 3.2. Let F be a set-valued map with compact values. Using the Remark 3.1, all of the conse-
quences of Lemma 3.1 is valid for
¢r : X X P xR — R which is defined by

@ (x,p,€) :==min{t e R : F(x,y,z,p) +€e+te CCV (y,z) € BxD}. (3.1)
Obviously, ¥ € S, (F, p, €) iff, o (%, p,€) = 0.
Lemma 3.2. Let (A,, p,) € A X P be a sequence converging to (Ao, po) and F;,, M Fy,- Then —@r, E
—Pr, -

Ter,
Proof. Suppose that F)_ 7 F,,. For every X € X, conditions (i) and (ii) of Definition 2.2 hold. Since

Cerp,
B, < F),, of condition (i) of Definition 2.2, for all U € $/(x) and for all € € R™, there exists o ¢ such
that for all n > n, ¢y and there exists x,, € U such that for all y,z € B

F/l,,(xm%ZaPO)_Flo(fa)’,%pO)_Seg —C. (32)

If ¢ belongs to
{teR": Fy, (x,,2,p0) +€e+te CCV (y,2) € Bx D}, (3.3)

then by summing (3.2) and (3.3), we obtain 7 + € belongs to
{teR": F,(%,5.2,po) +EetteCCV (y,z) € Bx D}.

Therefore, ¢, (X, po, 8/) <t+ € and @y (X, po, El) < @, (xa, Pos 8/) + €. Then condition (i) of Definition
2.1 holds. From condition (ii) of Definition 2.2, we obtain for all € € R* there exist U € U(¥) and ng
such that for all x € Ug, for all n > ng, and for all y,z € S, we have

F){)(fayvzvp())7Fln(xvyazvp0)7£eg —C. (34)
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If ¢ belongs to
{teR": F,(%,5.2,po) +eetteCCV (y,z) € Bx D}, (3.5)
by summing (3.4) and (3.5), we deduce ¢ + € belonging to

{teR": F (x,y,2,po) +€ee+1eCCV (y,z) €BxD}.
’ ’ T
So, @3, (x,po,€ ) < @3, (X, po, € ) + &, and condition (ii) of Definition 2.1 holds and —¢;, RSN —@,- O

In the following theorem, we obtain an equivalence relation between generalized Hadamard well-
posedness of Problem (P,(Fj,, po, €)) and the generalized Hadamard well-posedness of scalar optimiza-

tion problems.

Theorem 3.1. Suppose that (A, py) is a sequence converging to (Ay, po) and F, and F), have compact

Ler
values and F),, i F),, such that F), is inner converge continuously to F),. Then Problem (P.(Fy,, po,€))

is generalized Hadamard wellposed corresponding to (F))) if the following scalar optimization problem
(OP(@r, . po.€)) max —@r, (x, po,€)
is generalized Hadamard wellposed corresponding to (— @, ) defined in Remark 3.2.

Proof. We denote the solution set of Problem (OP(¢r, ,po.€)) by eff(—9@F, ,p,€)). Suppose that
(€,) CR™, & —> € and Problem (OP(@r;,: po,€)) is generalized Hadamard wellposed correspond-
ing to (— ¢, ). Then

limsuple/ f (= @r,, . Pn-&)] € ef (= 0r;, po-€):

If x € limsup, [S,(F},, Pn,€n)], then there exists (xlnk) such that for all n, x/nk € S,(F)vnk,pnk,e,,k) and
x/,,k —x . Since x/,,k S (Flnk , Pni» €n, ), We have PF,, (x/nk,pnk,snk) =0 andxlnk € eff(*‘Pank s P> €ny)-
Hence, we deduce x € limsup, [eff (@F,, > Pn; €:)] and X ceff (=9F, s Po, ¢'). For completing the proof,
it is enough to show that O, (x/, po,sl) = 0. Suppose on the contrary, there exists fy > 0 such that
P, (X, po,€ ) = 1o and for all # < 1, there exists u, € F, (X, po,€ ) that u; + € +te & C. Now for a fix
t > 1o, Since Fy , is inner converge continuously to F) , we see that there exists u,, € F/lnk (x/nk, Pri>€ny)

such that limy u,,, = u,, since Pr,, (x’nk, P> €n,) = 0 and C is closed cone. Hence,
U +8l = h,fn”nk +¢&, €C,
since e € intC. Then we deduce u; + € +te € C. This is a contradiction. O
The following definition is a generalization of Definition 2.3 in [16].

Definition 3.2. Let F : X x B x D x P — 2" be a set-valued map. F is said to be strongly upper Cle-

semicontinuous at the point xo € X, if for all € € R™, there exists Uyy.e € U(x0) such that
Vx € Uy, e, F(x,y,2,p) — F (x0,y,2,p) —€e C —intC, V(y,z,p) € BXx D X P.

Lemma 3.3. Let F be a strongly upper C,-semicontinuous map at the first argument and lower semi
continuous at the forth argument. Then, function —Qr that defined in Remark 3.2 is a strongly ]Rzrl \-upper

semi-continuous map at the first argument.



HADAMARD WELL-POSEDNESS 293

Proof. By Remark 2.1 in [16], we have to show that —@F is upper semi continuous, i.e., for all a € R,
{(x,p,€) : —@r(x,p,€) > a} is a closed set. Suppose there exists sequence (x,, pn, &) — (X0, Po, o)
such that — Qg (x,,, pn, &) > a. We show —@g (xo, po, &) > a.

Since F is a strongly upper C(,)-semicontinuous map at the point xo € X, then for all § € RT, there
exists Uy, 5 € t(xo) such that

Vx € Uy, 5, F(x,y,2,p) — F(x0,y,2,p) — 6e C —intC, ¥(y,z,p) € BXxD X P.
Since x,, — x¢, we have
F (xn,y,2,p) — F(x0,y,2,p) — 8e C —intC, ¥(y,z,p) € BX D x P. (3.6)
On the other hand, —@F (x,, pn, €;) > a. Then there exists 7y < —a belonging to
{t eR": F(xp,y,2,pn) +Ene+te CC, ¥ (v,2) € Bx D}.
Therefore, one has
F(Xn,Y,2,Pn) + €ne+1toe CCV (y,z) € BXD. (3.7)
Putting p = p,, in (3.6) and summing (3.6) and (3.7), we obtain
F(x0,Y,2,pn) + €ne +1oe+ 8e C intC.
Since F is lower semi continuous on the forth argument and C is closed cone, one has
F (x0,Y,2, Po) + €€ +1toe +8e C C.
So, 1) + 0 belongs to
{teR": F(x0,y,2,p0) +&e-+te CC,V (y,z) € BxD}.

Then (PF(XQ,po,E()) < t0+5. Ifo— 0, then (pF(X(),po,SQ) <tp.So, —(pF(xO,p(),S) > —ty > a. It follows

that — @ is upper semicontinuous at the point x. O

Iy
Theorem 3.2. (Theorem 4.1 in [16]) Assume that @,, ¢ : S — Y, @, = © and @ is strongly upper

R -semi continuous. Then Problem min,cg @ (x) is extended Hadamard wellposed with respect to (@,).

Ter .
Theorem 3.3. Suppose that F,,F : A x B x D x P — 2Y are compact valued, F, ~“X F and F is strongly
upper C,-semicontinuous and inner converge continuously. Then Problem (Pr(Fy,, po,€)) is extended

Hadamard wellposed with respect to F), .

Proof. By using of Lemma 3.3, Theorem 3.1 and the above theorem, we can obtain the desired conclu-

sion immediately. O
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4. CONCLUSION

Well-posedness plays a crucial role in the theory and numerical methods of optimization problems.
There are three concepts of well-posedness, namely: Tykhonov well-poedness, Levitin-Polyak well-
posedness and Hadamard well-posedness. The two first concepts of well-posedness deal with the behav-
ior of a prescribed class of approximating solution sequences. While the Hadamard well-posedness of a
problem means the continuous behavior of the solution with respect to the perturbations of the data. In
this article, we introduce two kinds of Hadamard well-posedness for vector parametric quasi-equilibrium
problems which include some of the main results in this area. Furthermore, by introducing a gap func-
tion, we establish a scalarization for our problem. We obtain a sufficient condition for Hadamard well-
posedness of vector parametric quasi-equilibrium problem in terms of the Hadamard well-posedness of

the gap function.
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