J. Nonlinear Var. Anal. 2 (2018), No. 1, pp. 113-119
Available online at http://jnva.biemdas.com
https://doi.org/10.23952/jnva.2.2018.1.09

TWO FIXED POINT RESULTS FOR A CLASS OF MAPPINGS OF CONTRACTIVE TYPE
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Abstract. In this paper, we prove two fixed point results for a class of mappings of contractive type acting on a closed subset
of a complete metric space.
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1. INTRODUCTION

Since the publication of Banach’s classical fixed point theorem [1], metric fixed point theory has been
and continues to be an important part of nonlinear operator theory [2, 4, 5, 6,7, 9, 11, 12, 13, 14, 15, 16].
For example, several results regarding the existence of fixed points for general nonexpansive mappings
in special Banach spaces were presented in [4, 5], while for self-mappings of general complete metric
spaces existence results were established for classes of contractive mappings in [3, 8, 10]. An extension
of the existence result of [10] and several other existence results for certain mappings of contractive type
have also been presented in [17].

In the present paper, we prove two fixed point results for a class of mappings of contractive type acting
on a closed subset of a complete metric space.

Let (X,d) be a complete metric space and let K be a nonempty closed subset of X. For each x € X and
each r > 0 set

Bx,r)={yeX: d(xy) <r}.

Let T:K — X, o € [0,27") and let ¥ : [0,00) — [0,00) be an increasing function which satisfies the
following property
(i) for each M > s > 0 there exists A(M,s) > 0 such that

y(t) <t*—A(M,s) for all 1 € [s,M)]
and such that for each x,y € K [9],
d(T(x),T(3) < ad(x,T())* + ad(y, T(x)?+ (1 - 20)y(d(x.)). (L1)

Fix 0 € K. The following theorem is our first main result. It is proved in Section 2.
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Theorem 1.1. Assume that M > 0 and that a sequence
{xn}mey CTKNB(6,M)
satisfies
’}iigod(xn, T(x,)) =0.
Then there exists limy,_,oox, and T (1imy, 0 X ) = 1imy, 00 Xy
Corollary 1.1. Assume that M > 0 and that for each € > O there exists
xe € KNB(6,M)
such that d(xg, T (x¢)) < €. Then there exists
x€KNB(O,M)
such that T (x) = x.

The next theorem is our second main result. It is proved in Section 3.

(1.2)

(1.3)

Theorem 1.2. Let M > 0. Assume that for each natural number n and each € > 0 there exists a sequence

{xi}.y CKNB(6,M)
such that for all integers i =0,...,n—1,
d(xit1,T(x;)) < €.
Then there exists x € B(0,M) NK such that x = T (x).

It should be mentioned that when K = X and X is a CAT(0) space, our mapping 7 is a special case of

a-nonexpansive mappings studied in [9].
2. PROOF OF THEOREM 1.1
We may assume without loss of generality that for all integers n > 1,
d(xn, T (xa)) < 1

and that M > 1.
Let € € (0,1). By property (i), there exists Ag > 0 such that

w(t) < 1> — A for all £ € [e,2M].
Choose a number § € (0,¢€) such that
8 <271 —20)A0(8M +8) 7"
By (1.3), there exists a natural number ng such that for all integers n > ng,
d(x, T (xy)) < 6.
Assume that k,q > ng are integers. We show that
d(xx,xq) < €.

In view of (2.4), we have
d(xx, T (xx)) < 8, d(xg, T(xg)) < 8.

2.1

(2.2)

(2.3)

2.4)

(2.5)

(2.6)
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It follows from (1.1) that

AT (5), T (x,))* < 0, T (x,)) + 0 (x50, T (1) + (1~ 200y (d (31 %,))-

Assume that (2.5) does not hold. Then
d(xi,xq) > €.
By (1.2), one has
d(xi,xq) < 2M.
It follows from (2.6) and (2.9) that
d (e, T (xg))* < (d (%) +d (5, T (x)))
< (d (i, xg) + 8)% < d (i xg)” + 8(8 +2d (31, %))

< d(xg,xg)* + 5(4M + 1)

and
d(xg, T (1)) < (d(xgo) +d (3, T ()
< (d(xg,xx) + 5)?
< d(xg,x)? + (8 +2d (xg, %))
< d(xg,x)* +S5(4M +-1)

In view of (2.2), (2.8) and (2.9), we have

w(d(xe, %)) < d(xi,x4)* — Ao.
By (2.2), (2.10), (2.11) and (2.12), we have
AT (5), T (x))* < 0(d (%, + S(AM+ 1)) + a(d (x50
+8(4M + 1)) + (1 —2a)(d (xk,x4)* — Ao)
= d(xp,x,)* +28(4M + 1) — (1 —20)Ap.
It follows from (2.1), (2.6) and (2.9) that
d(xe,xq)° < (d(0e, T () +d(T (), T (xg)) + (g, T (x0)))?
< (28 +d(T (%), T (xy)))?
< d(T (), T (xq))* +28(28 +2d(T (x1), T (xg)))
< d(T (), T (xq))* +28(6+2d (xx, %))
<d(T (x), T (x,))* +28(6+4M).

+
+

By (2.13) and (2.14), one has
d(x,xg)* < d(T (0, T (xg))* +28 (6 +4M)
d(xq,xk) +20(4M+1)— (1 —20)Ag+26(4M +6)

and

(1—2a)Ag < 28(8M +38).
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2.7)

(2.8)

(2.9)

(2.10)

@2.11)

2.12)

(2.13)

(2.14)
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This contradicts (2.3). The contradiction we have reached proves that (2.5) holds for all integers g, k > ng.
Since € is any element of the interval (0, 1) we conclude that {x, }*_, is a Cauchy sequence and that there
exists

X, = lim x;,. (2.15)

n—soo

By (2.1) and property (i), for each natural number n, we have
d(T (x,), T (x.))* < ad(x,, T (x.))? 4 0d (x,, T (x))* + (1 = 200)d (x, .. ). (2.16)
In view of (1.2) and (2.15), we have
x. € KNB(O,M). 2.17)

Let € € (0,1). Tt follows from (1.3) and (2.15) that there exists a natural number ng such that for all
integers n > neg,
d(x,x,) <€, (2.18)
d(x,, T (xn)) < €. (2.19)
Let an integer n > n.. Relations (2.18) and (2.19) imply that
d(x, T(x0))? < (d(x4,20) +d (30, T (x)))* < 4€°. (2.20)
By (2.18) and (2.19), we have
d(n, T (x:))> < (d(0n, T () +d(T (), T (x.)))
< (e+d(T(x,),T(x:)))*
<d(T (%), T (x:))* +2e(e+d(T(x,),T(x.)))
T(x.))) (2.21)

It follows from (2.16), (2.18), (2.20) and (2.21) that
d(x,, T (x,))? <d(T(x,),T(x,))* +2e(3+d(x,,T(x,)))
< ad(x,, T (x,))> +4oe? + (1 —20)e* +2e(34+d(x,, T (x,)))
and
(1—a)d(x,, T(x,))? < 4ot + (1 —200)e* +2e(3 +d(x,, T (x,))).
Since the relation above holds for every integer n > n., we conclude that

limsupd (x,, T (x,))* < (1 — &) ' (4ae? + (1 —2a)€* +2e(3 + d(x., T (x.)))).

n—yoo

Since ¢ is any element of the interval (0, 1), we conclude that

limsupd (x,, T (x,))* <0,

n—oo
,}L‘I}cd@"’ T(x.))=0.

Together with (2.15) this implies that x, = T'(x.). This completes the proof of Theorem 1.1.
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3. PROOF OF THEOREM 1.2
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In view of Corollary 1.1, in order to prove the theorem it is sufficient to show that for each € € (0, 1)

there exists
xe € KNB(O,M)
such that d(x, T (x¢)) < €.

We may assume without loss of generality that M > 1. Let € € (0,1). By property (i), there exists

6 €(0,e/4)
such that
y(t) <t*>— & foreachr € [¢/4,2M].
Choose a natural number n > 4 such that
8n ' (4+4M) < §(1 —2a),
n>8M*§ (1 -2a)"' +4.
By the assumption of the theorem there exists a sequence
{xi}lo CKNB(6,M)
such that for all integers i =0,...,n—1,
d(xip1,T(x)) <n” .
In order to complete the proof of the theorem it is sufficient to show that
d(xp—1,T(xp—1)) < €.

Assume the contrary. Then
d(xn_l,T(xn_l)) > E.
By (3.5) and (3.7), we have

d(xp_1,%2) > d(Xn_1,T(xp-1)) —d(T(x_1),%,) > €—n"' > g/2.

For each integer k € {0,...,n— 1}, set
ar = sup{d(x;,x;) : i,j € {k,...,n}}.
It follows from (3.4), (3.8) and (3.9) that
2M >ap>a; > ... >ap-1 =d(xp—1,%,) > €/2.

Let an integer k satisfy

In view of (3.9), there are integers

such that

By (3.9), (3.11) and (3.12), we have
g—1,p—1>2k—-1>0,

(3.1)

(3.2)
(3.3)

(3.4)

(3.5)

(3.6)

3.7)

(3.8)

(3.9)

(3.10)

3.11)

(3.12)

(3.13)
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d(xg—1,xp-1) < ap_y.

It follows from (3.4) and (3.5) that

d(xqaxp)z < (d(xg, T (xg-1)) +d(T (xg1), T (xp—1)) +d(T (xp-1),
< (20 +d(T (xg-1), T (xp-1)))?
<d(T(xg-1),T(xp-1))> +4n""
Ed(T(xqfl)aT(xpfl)) +an”!

By (1.1), we have

d(T (x4-1),T(xp-1))* < ad(xg—1,T (xp-1))*+ad(xp-1,T(x4-1))*+

)
(
(3+d(xp,xg))
(

< d(T (xg-1),T(xp-1))* +4n~" (3 +2M).

It follows form (3.4), (3.5), (3.9) and (3.12) that

d(xqfl’T(xpfl))

and

(d(xg—1,%p) +d(xp, T (xp-1)))?

(d -

d(xq—luxp)z +2n7 (07 d(xg-1,%p))
d(xg—1,%p)* + 20" (1 4+2M)

<al  +2n'(1+2M)

2 <
<
<
<

(d(xpflaxq)+d(xqu(xq71)))2
(d(xpflaxq)‘knil)z

<d(xp_1,x)? +2n (0 - d(xp1,x,))
d(xp_1,%5)* + 20 (14+2M)
<ag_+2n ' (142M).

IN

By the monotonicity of v, (3.1), (3.9), (3.10), (3.12) and (3.14), we have

Y(d(xg—1,%p-1)) < Wla_1) <ap_,— 9.

It follows from (3.16)-(3.19) that
d(T (x41), T(xp1))? < 20(al_, +2n7 " (1+2M)) + (1 —20) (@], —

=al | +4an '(142M)—5(1 —2a).

By (3.2), (3.13), (3.15) and (3.20), we have

a;

I/\ I/\ I/\ Il

| /\

d(T
2
Aj—
2
j—
2
Ay

d(xq,xp)z

(xg—1)s T (xp—1))* +4n"' (3 +2M)

L Fdan T (14+2M) — 8(1 —2a) +4n ' (3 +2M)
—8(1—2a)+4n"'(4+4M)
—-6(1-2a)/2.

xp))z

n +d(T(xg-1),T(xp-1)))

(1 —Za)q/(d(xq,l,xp,l)).

5)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
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It follows (3.10) and (3.21) which holds for every integer k satisfying (3.11) that

4M22a%
> ag—dp_
n—2
= Z(aiz _az%rl)
i=0
>nm-1)6(1-2a)/2

and
n<8M*67'(1—20) ' +1.

This contradicts (3.3). The contradiction we reached proves (3.6) and Theorem 1.2 itself.
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