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STURM THEOREMS AND DISTANCE BETWEEN ADJACENT ZEROS FOR SECOND
ORDER INTEGRO-DIFFERENTIAL EQUATIONS

ALEXANDER DOMOSHNITSKY

Department of Mathematics, Ariel University, Ariel 40700, Israel

Abstract. Between two adjacent zeros of any nontrivial solution of the second order ordinary differential equation x” (1) +
a(t)x'(t) +b(t)x(t) = 0 there is one and only one zero of every nonproportional solution. This principle of zeros’ distribution
is known as the Sturm separation theorem which is a basis of many classical results on oscillation and asymptotic properties
and on boundary value problems for ordinary differential equations. For delay and integro-differential equations this principle
of zeros’ distribution is not true. In this paper, the assertion on validity of the Sturm separation theorem are proposed. Distance
between two zeros of nontrivial solutions to integro-differential equations is estimated.

Keywords. Boundary value problem; Integro-differential equation; Sturm separation theorem; Distance between zeros

2010 Mathematics Subject Classification. 34K20.

1. INTRODUCTION

Oscillation and asymptotic properties of the delay equation

X (t)+qt)xX(t—0())+pt)x(t—1(t)) =0, t€][0,+), (1.1)

x(8) = ¢(§),%(5) = ¢/(8) for & <0, (1.2)
were considered in the classical monographs by Erbe, Kong and Zhang [11], Gyori and Ladas [12],
Ladde, Lakshmikantham and Zhang [20], Myshkis [21], Norkin [22]. It should be stressed that unlike
ordinary differential equations, the delay equation (1.1) can have both oscillating and nonoscillating
solutions. For example, the equation

X//(t) _ 2x(t _ ’L'(l)) =0, te [0, +°°)7
with

o t €10,4), B
r(t)_{ . (c(48) T(t+8) =1(t),

possesses oscillating periodic solution

B (t—1)(r—3), t € [0,4], B
x@_{ (-4 4t —4)+3, rcag), “UTY=0);

and a group of nonoscillation solutions y(¢) which satisfy the conditions y(0) = a >0, y'(0)=p > 0.
It is clear that y”(¢) > 0, y'(¢) > 0 for ¢ € [0, +o0) that implies y(¢) > 0 for 7 € [0,+o0), and y(z) — 0.
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Sufficient conditions of oscillation of all solutions were proposed in [15] (see also the bibliography
therein and the paper [16]). The distance between zeros of solutions to second order equation (1.1) has
been studied since the classical book by Myshkis [21]. Various estimates of the distance between two
adjacent zeros of nontrivial solutions to delay equation (1.1) were obtained in [2, 4, 7, 9, 10, 14, 19, 21,
24]. Applications of distances between zeros to the study of the size of zones of positivity of solutions of
partial delay differential equations were proposed in [8]. For ordinary homogeneous differential equation
X" () +a(t)x' (1) + b(t)x(t) = 0, there is the following principle in distribution of zeros, called the Sturm
separation theorem: between two adjacent zeros of each nontrivial solution there is one and only one
zero of every linearly independent solution. The Sturm separation theorem follows from non-vanishing
Wronskian
x(r) x(r)
X (1) x(t)

of a fundamental system {x;(¢),x2(¢)} of this ordinary differential equation. Indeed, let us suppose

W) =

the existence of two zeros f; and #, of nontrivial solution x; between adjacent zeros of x;. Consider the

following function y(z) = ;?—8 From the form of y(¢), it follows that y(¢;) = y(f) = 0, but this contradicts

to the fact that the derivative y' (1) = % preserves its sign for ¢ € [t1,,].

What are homogeneous equation, fundamental systems and the Wronskian in the case of equation
(1.1)? If @ in (1.2) is a fixed twice differentiable function, only the Cauchy problem can be considered
and a notion of the fundamental system does not appear. If equation (1.1), (1.2) is studied for all possible
twice differentiable functions ¢, the space of its solutions is infinity-dimensional. Consider, for example,

the equation
X'(t)+x(t—7m) =0, t€][0,+o). (1.3)

The function x = sinnt satisfies (1.3) for the initial function
x(&) = n*sin(n&) for & < 0. (1.4)

Thus there exists a solution with every number n of zeros on the interval [0, 7]. Examples of this sort
demonstrate that there are no nonoscillation intervals (i.e. intervals, where solution of equation (1.3)
has at most one zero) and the Sturm separation theorem is not true for such defined homogeneous delay
differential equations. As a result, in the classical books on oscillation of delay equations [11, 12, 20,
21] noted above, nonoscillation for delay differential equations meant only the existence of eventually
positive solutions on the semiaxis 7 € (0,0). The absence of the concept of a finite nonoscillation interval
does not allow to use the well developed (in the frame of the theory of ordinary differential equations)
nonoscillation technique to delay differential equation (1.1).

Azbelev in his paper [2] avoided a historical fully formed tradition to consider a solution of delay
equation (1.1) as a continuously prolonged initial function ¢(¢) and defined a homogeneous delay equa-
tion as equation (1.1) with the zero initial functions

x(&)=0,¥(&)=0 for & <O. (1.5)

The space of its solutions becomes two-dimensional, the fundamental systems {x;(¢),x2(¢)} and the
Wronskian W (¢) can be considered and methods of the classical theory of linear ordinary differential
equations based on the analysis of the fundamental systems work also for delay differential equation

(1.1).
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Generally speaking, the Sturm separation theorem is not valid for delay differential equations even
in the case of zero initial function defined by (1.5). The first results on nonvanishing Wronskian on the
semiaxis [0, +o0) and consequently on validity of the Sturm separation theorem for the delay differential
equation

+sz hi(t)) =0, pi(t) >0, t €[0,00), (1.6)

x(&)=0for £ <0 (1.7)
were obtained in [2] in the form of conditions on a corresponding smallness of the delays. Denote
h(l) = minlgismhi(l‘).

Theorem 1.1. [2]. If (t — k(1)) fh T pi(s)ds < 4 or (t — h(1))esssupyy<s<; Livy pi(s) < 8 for a.e.
t >0, then W(t) #0 fort > 0.

These results were extent to the neutral delay differential equation
X(t) = +Zp, hi(t)) =0, pi(t),q(r) 20, 1 € [0,e0), (1.8)

with the initial function defined by (1.7) in the paper [4]. A result of another type based on specific
properties of the binomial equation

x"(t)+ p(t)x(h(t)) =0, p(t) >0, t €[0,00), (1.9)
x(&)=0for & <0,

with nondecreasing i(7) was obtained in [18, 19].
Theorem 1.2. If the function h(t) is nondecreasing, then W (t) # 0 fort > 0.

The following question can be formulated: what are the properties of the operator Q in order to
preserve the distribution of zeros of solutions of the binomial equation (1.9) for the equation

K(1) + (0x)(1) =0, 1 €[0,00)? (1.10)
In the paper [7], an answer was obtained for the operator (Qx)(¢) =Y. | pi(¢)x(h;(¢)) with nondecreasing
hi(t), small differences | h;(¢) — h;()| and several additional assumptions on the coefficients p;(r), in this

paper — for the operator (Qx)(t) = f}ﬁg) K(t,s)x(s)ds, where K(z,s) > 0, h(t) and A(t) are nondecreasing
functions.

Note another approach to the Sturm separation theorem in non-standard form developed in the paper
[9]. In [21], the idea of semi-cycles and big semi-cycles for equation (1.1) was proposed. An interval
[v,u] is asemi-cycle if x(v) =x(u) =0, x(t) #0fors € (v, ). Let y(v) be a such number that h;(1) > v
fort > y(v). If y(v) < u, we call this interval big semi-cycle. If [v, u] is a big semi-cycle of (1.1), then
the interval [v*, u], where v* =essinfie(y 41/ (f), h(t) = minj<i<n hi(t) was called the extent big semi-
cycle. In [9], the following variant of the Sturm separation theorem for delay differential equation (1.1)
is proposed: if for a solution x(7) the interval [v*, ] is an extent big semi-cycle, then each solution y()
has zero in [v*, u].

For ordinary differential equations, the growth of the Wronskian and unboundedness of solutions
on this basis are obtained in the well known book [13]. If the period @ of the coefficient b(r) such
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that [;”b(t)dt > 0 in the equation x”(¢) + b(¢)x(t) = O less than the distance between adjacent zeros of
solutions, then all its solutions are bounded [25]. An analysis of the properties of the Wronskian allows
to construct a similar technique for delay differential equations. Results on existence of unbounded
solutions based on the growth of the Wronskian W () were obtained in the papers [5, 6, 23] for delay
differential equation (1.1). A combination of results on the growth of the Wronskian and estimates
of distances between zeros of solutions to equation (1.1) leads to assertions on unboundedness of all
solutions [6].

In this paper, the Sturm separation theorem and results on estimates of the distance between zeros of
solutions are proposed for the integro-differential equation

A
x"(t)+/K(t,s)x(s)ds:0, K(t,5) >0, 1,5 € [0,00). (1.11)
h(t)

It is assumed that A(¢) and A() are nonnegative nondecreasing measurable functions, h(t) < A(z) for
t € [0,00). We find conditions on the kernel K (¢,s) such that integro-differential equation (1.11) preserves
similar oscillation properties as in the case of binomial equation (1.9). An analogue of Theorem 1.2 for
equation (1.11) will be proposed. The results are based on nonvanishing Wronskian. Note that the
condition W (z) # 0 for ¢ € [0,00) is equivalent to the fact that the one-point boundary value problem
consisting equation (1.11) with the conditions x(®) = 0, X' (®) = 0 has only the trivial solution x(¢) =0
for ¢ € [0, @] for each @ € (0,0) (see the general theory of functional differential equations [3]). This
can be interpreted also in the form: nontrivial solutions of (1.11) cannot have the multiple zeros.

2. AUXILIARY LEMMAS

Introduce the auxiliary operator Ky, : €]y ;) — ¢}y ) by the following equality

u As)
(Kni)(0) = = [ Guu(t.5) [ K(5.E)0(E)d ds, o
v h(s) ’
where y(§) =0for & < v,
where y € €y 1,
_W’ v<s<t<u,
Gyul(t,s) = 2.2
Sy <r<s<p,
is the Green’s function of boundary value problem
X'(t)=f(t), telv,ul, x(v)=0, x(u)=0. (2.3)

It is clear form the definition of the operator Ky, : [y ) = %]y ) and the condition K(t,s) > O that
this operator is positive. Denote p(Ky, ) its spectral radius. Let us note several known assertions about
estimates of the spectral radii (see the book [17], Chapter 2, paragraph 5).

Lemma 2.1. If there exists a continuous function v(t) such that v(t) > 0, v(t) > (Kyuv)(t) fort € [v, u],
then p(Kyy) < 1.
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Lemma 2.2. If there exists a continuous function v(t) such that v(t) 2 0, v(t) < (Kyuv)(t) fort € [v, ul,
then p(Kyy) > 1.

Remark 2.1. We understand v(z) = 0 as the following: v(r) > 0 for r € [v, ] and there exists the set
Q C [v,u] such that v(r) > 0 for t € Q, and the measure of such points 7 is positive, i.e. mesQ > 0.

Define the operator Kyp : €[q g = ©|q,p] setting & and B instead of v and p respectively in formulas
(2.1)-(2.3). It is clear from the condition K(¢,s) > O that this operator is also positive. The following
assertion was proven in [4].

Lemma 2.3. Assume that v < oo < B < u. If p(Kyy) < 1, then p(Kqp) < 1. If p(Kqp) > 1, then
p(Kyu) = 1.

Lemma 2.4. If p(Kj)) < 1 fort >0 and p(Kyy) > 1, then h(t) > v for almost all t > 1.

Proof. Let us assume in the contrary that there exists Q such that mesQ > 0 and h(¢) < v fort > u. Then
according to Lemma 2.3, we obtain p(Kj,),) > 1. This contradiction proves Lemma 2.4. g

3. STURM SEPARATION THEOREM FOR INTEGRO-DIFFERENTIAL EQUATION

Consider the equation
A1)
X () + /K(t,s)x(s)ds =0, K(t,s) >0, t,5s € [0,00), 3.1

ht)
where h(t) and A(r) are nonnegative nondecreasing measurable functions, h(t) < A(t) for t € [0,00).
Concerning the kernel K(z,s), the standard conditions for the action and compactness of the integral
operator (Kx)(t) = f,ﬁfg) K(t,s)x(s)ds : L,[0, ] = L,[0, @] (see, for example, Theorem A.4, p.459 [1])
for every @ € (0,c0) are assumed.

Define the function
K(t+1,s)

A(t,T,s) = K(t.s)

3.2)

for
t €[0,00),s € [h(t),A(t)], and T > 0 such that s € [h(t + 7),A(r + 7T)]. (3.3)
In order to obtain oscillation properties similar to corresponding ones of binomial equation (1.9) we
require that the function A(z, 7,-) is nondecreasing as a function of the third variable s for every possible
t and 7 defined in (3.3).
Let us demonstrate examples of such kernels.

Example 3.1. Let us demonstrate that the function A(z,7,-) is nondecreasing for the kernel K(t,s) =
o(t)+ y(s), where
a) ¢(t) is nondecreasing and y(s) is nonincreasing functions,
or
b) ¢(t) is nonincreasing and y(s) is nondecreasing functions.
Actually, let us find the derivative
Vs)lo@) —et+1)] _
[o(1) +w(s)? '

Al(t,T,5) = (3.4)
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Example 3.2. The function A(z, 7,-) is nondecreasing for the kernel K(z,s) = @, (¢) w1 (s) + ¢2(¢), where
a) ¢1(t), yi(s) are nondecreasing, ¢, (¢) is nonincreasing functions,
or
b) @1 (t), i (s) are nonincreasing, ¢, (¢) is nondecreasing functions.
Let us find the derivative

R iTeE= e ACED 33)

Example 3.3. The function A(¢, 7, -) is nondecreasing for the kernel K(¢,s) = (r —s)”, where y > 1.

Theorem 3.1. Let the function A(t,t,-) be nondecreasing for t and T in the domain defined by (3.3)
and the spectral radius p(Kh(,)A(t)) of the operator Kya(r) : Cpt)ar) = Ch(r)a(r) be less than one for a.e.
t € (0,00). Then

1) the Sturm separation theorem is valid for integro-differential equation (3.1);

2) if v and p are two zeros of the solution x(t) of equation (3.1), then p(Kyy) > 1;

3)if p(Kyu) < 1, then there is at most one zero of every nontrivial solution x(t) on the interval [V, l1].

The following example demonstrates that the nondecreasing A(z, 7, -) is essential condition in Theorem
3.1.

Example 3.4. Consider equation (3.1), where

0.001, se€]0,1],7 € [2,503),
0.002, se]ll,2],t€[2,503],
0.002
, s€0,1], € [503,00),
K(r,5) = { B0 * €[ 1hre 03 (.6
5500050 S € [1,2],¢ € [503,00),
0, s ¢[0,2],
0, t ¢ [2,00),
0, re|0,2],
h(t) =0, A(r) = 0.2] 3.7
2, te(2,00).
In this case, we have
2
555505, S € |0,1],¢ > 2,7 > 501,
A(t,t,5) = 209 (0. 1] (3.8)
ssa995, S € [1,2],1 >2,7 > 501,
which does not satisfy the nondecreasing condition.
The function
1—t, 1 €10,2],
x(t) = € 0.001¢2 — 1.004¢ +1.004, ¢ € (2,503], (3.9

— 2005 (251502 — 1), t € (503, 00),

is a solution of (3.1) with coefficients satisfying (3.6) and (3.7) has multiple zero at the point = 251502,
consequently W (251502) = 0 and the Sturm separation theorem is not valid.
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4. PROOFS

Let us start the proof of Theorem 3.1 with the following auxiliary assertion.
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Lemma 4.1. Let the function A(t,t,-) be nondecreasing for t and T in the domain defined by (3.3) and
let y(t) be a continuous function such that y(t) < 0 fort < a, y(t) > 0 for t > a, and there be the set Q C

[c1,d1] such that mesQ > 0 and

A(r)
/ K(t,s)y(s)ds > 0 fora.e. t € Q.

Then

/ K(t,s)y(s)ds > 0 for a.e. t > d;.
h(t)

Proof of Lemma 4.1. Rewrite inequality (4.1) in the form
A(r)
/K t,8)y(s)ds < /K(t,s)y(s)ds, forae.t € Q.
a

Giving an increment T > 0, we obtain

/ Kt +7,5)y(s)ds = / At,7,5)K (1, )y(s)ds < — / Alt,7,5)K (1, 5)y(s)ds.
)

h(t+7) h(t+7 h(t)
Using nondecreasing A(t,T,-) we can continue

A(r)

- / A1, 7,5)K (1,5)y(s)ds < / A1, 7,9)K (1,5)y(s)ds <

A(t+7) A(t+7)
< / A1, 7,5)K (1, 5)y(s)ds = / K(t +7,5)y(s)ds.
Thus
A(t+7)
/Kt+Ts s)ds < /Kt—l—Ts)()ds
l‘+T

This completes the proof of inequality (4.2) and Lemma 4.1.

4.1

4.2)

(4.3)

(4.4)

Proof of Theorem 3.1. Consider a solution x(z) of equation (3.1). Let us suppose that ¢ is its first zero

in (0,0). This zero cannot be multiple. Actually, if we assume,for example, that x(¢) < 0 forz € [0, o),

then there exists a point #; € (0, ;) such that x'(z;) > 0. From equation (3.1), we obtain

a; A(s)

(o)) =X (1 +/ )ds =x'(t)) — //K(s,’g’)x(é)déds>0.

11 h(s)

4.5)
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Denote f3; the first after o zero of the derivative x'(z). If there is no such fB;, then the theorem has been
proven. Let, for example, x’'(a;) > 0. There exists the set Q; C (o, 1) such that

/Kts (s)ds > 0forae.t € Q (4.6)

and mes€; > 0. If not, we have
K1) =x(a)+ [ & (s))ds = (cu) /(X/AYK EVdEds>O0fort>a  (47)
!
and there is no the point Bl, where x'(f;) = 0. Now by Lemma 4.1 we obtain
/ K(t,5)x(s)ds > 0 for ae. € [By, 00, 4.8)

where o the following after o zero of solution x(¢). It is clear that there exists a point 7; € ( B1,00)
such that x'(y;) < 0. We obtain

(04 (0%]
X(on)=x(n)+ [ ¥ (s)ds=x (o) / / K(s,&)x(E)dEds < 0. 4.9)
" bl
Let us prove that p(Kg,«,) > 1. The solution x(¢) satisfies for ¢ € [0, ] the following equation
(0%) A(S)
X0 == [ Guan(t.9) | , K6.x(&)agas 4.10)
(04} N

where Gy, g, (1, 5) is defined by (2.2). It follows from (4.8) that A(r) > a forz € [B1, az]. Equation (4.10)
can be rewritten in the form

[2%] o
_/GalaZ(t?s) /K(s> d€+/K dé ds.
a h(s)

Using the fact that a; cannot be a multiple zero, we have x(¢) > 0 forz € (o, 02), x(1) <0 fort € (0,04).
Setting v(¢) = x(¢) in Lemma 2.2 , we obtain that p(Ky,«,) > 1. Let B2 and a3 are following after o
zeros of the derivative x’'(¢) and the solution x(z) respectively. If the solution does not have them, the
proof is completed.

Let us demonstrate that A(f) > o for 7 € [B,, 03]. Actually, there exists the set Q» C (o, B2) such that

/ K(t,s)x(s)ds < 0 fora.e.r € Qy, “4.11)

and mesQ, > 0. If not, we have
Xt)=x(on)+ | X" (s)ds=x(oy) // K(s E)déds < 0fort > o, (4.12)

and there is no the point 3, such that x'(,) =
Now the condition p(Kj,)a()) < 1 for ¢ € (0,0) and the proven above fact that p(Kga,) > 1 imply,
according to Lemma 2.4, that (1) > oy for a.e. 1 € [, a3]. Now Lemma 4.1 implies that

At

K s)ds < 0 for a.e. t € [y, a3]. (4.13)
h(t
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According to the La Grange theorem, there exists a point 95 € (2, 0) such that x'(5) < 0 and

x’(a3):x’(}/2)+/yza3x”(s)) /a/ " k(5. E)x(E)dEds < 0. (4.14)

We have proven that the zero oz cannot be multiple.
Now we have to prove that p(Kg,q,) > 1. The solution x(r) satisfies for ¢ € [, 3] the following

equation
o3 A(s

, o
W)= [ Gayoultss) /h , K6-8)x(&)agas 4.15)

(0%) N
where Gg,q, (t,s) is defined by (2.2). It follows from (4.11) that A(z) > a for t € [B,, a3]. Equation
(4.15) can be rewritten in the form
o3 [2%] A(s)
w0) = [* Gt { [ K6 Em@ag + [ KGO s @10
[05) s [07)

Let us prove that

[0
/( i K(t,s)x(s)ds > 0 fora.e. 1 € [, 03]. (4.17)
h(t)

We proved above that h(f) > o for a.e. 1 > [B,. But for t € [0, 2] the inequality h(r) < @ is possible.
Let us set s = 6 + 7. We proved above that there exists the set Q; C (o, B1) such that

/(A(?)K(G,é)x(é)dé > 0for 6 € Q, (4.18)
h(6

and mesQ > 0. Using nondecreasing of A(0, 7, -), we can write

A(8)
0< [ A TEK(O.E)x(ENE <
h(6) h

Thus we have proven (4.17).

M k(5. E (€ )dE < / K (s, E)x(E)dE. 4.19)
N LN

Now we can set v(r) = —x(¢) in the condition of Lemma 2.2 and obtain, according to this lemma, that
P(Koyay) > 1. Let {a, }, n =1,2,3,... are series of zeros of the solution x(z). Repeating our reasoning,
we can prove that there are no multiple zeros and p(Kg,q,.,) > 1. From this we have also the inequality

Ol — 0y > —5 5 4 > - 4 )
fa,,n+1 fa,, K(s,é)déds fO " fde(s,é)dédS

demonstrating a possibility of existence of only finite number of zeros on every finite interval. It explains

that all zeros of the solution x(¢) are in this series. This completes the proof.
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