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EDELSTEIN’S FIXED POINT THEOREM IN SEMIMETRIC SPACES
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Abstract. Very recently, Kirk and Shahzad gave one open question on the Edelstein’s fixed point theorem in compact metric
spaces proved in 1962. In this paper, we give a negative answer to this question. We extend the Edelstein’s theorem to
semimetric spaces. We also study contractive conditions.
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1. INTRODUCTION
In 1962, Edelstein proved the following famous fixed point theorem.

Theorem 1.1 (Edelstein [5]). Let (X,d) be a compact metric space and let T be a mapping on X satis-
Jying

x#£y = d(Tx,Ty) <d(x,y) (L.1)
forany x,y € X. Then T has a unique fixed point z. Moreover, {T"x} converges to z for all x € X.

Several generalizations of Theorem 1.1 have been proved; see, for example, [11, 16, 18, 20, 23, 25].
Very recently, Kirk and Shahzad in [14] extended Theorem 1.1 to strong quasimetric spaces; see Theorem
5.1. They also gave one open question (Question 5.1).

In this paper, we give a negative answer to Question 5.1 (see Example 5.1). Motivated by this fact, we
extend Theorem 1.1 to semimetric spaces (see Theorem 4.2). We also study contractive conditions (see
Section 3).

2. PRELIMINARIES

Throughout this paper, we denote by N, Z, Q and R the sets of all positive integers, all integers, all
rational numbers and all real numbers, respectively. For a real number ¢, we denote by [¢] the maximum
integer not exceeding ¢.

In this section, we give some preliminaries.

Definition 2.1. Let X be a nonempty set and let d be a function from X x X into [0,e0). Then (X,d) is
said to be a semimetric space if the following hold:

(D1) d(x,x) =0.
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(D2) d(x,y) =0 = x=y.
(D3) d(x,y) =d(y,x).

Definition 2.2. Let (X,d) be a semimetric space. Let {x,} be a sequence in X and letx € X. Let k € N
and let T be a mapping on X.

o {x,} is said to converge to x if lim, d(x,,x) = 0.

e X is said to be sequentially compact if every sequence in X has a convergent subsequence.

e X is said to be Hausdorff if lim, d(x,,x) = 0 and lim, d(x,,y) = 0 imply x = y.

e X is said to be x-Hausdorff if

lim D(x,u(l)n, . ,u(K),,,y) =0

n—soo

implies x = y, where
D(x,uV,, - u™,.y)
= d(x,u(l)n) +d(u(l)nau(2)n) +e +d(u(K_1)na”(K)n) +d(M(K)n7y)'

e d is said to be sequentially continuous if lim, d(x,,y,) = d(x,y) provided {x,} and {y, } converge
to x and y, respectively.

e T is said to be sequentially continuous if {Tx,} converges to Tx provided {x,} converges to x.

Remark 2.1.

e It is obvious that X is Hausdorff < X is 1-Hausdorff.
e It is also obvious that X is A-Hausdorff = X is k-Hausdorff provided x < A.

The following is essentially proved in [22]. For the sake of completeness, we give a proof.

Proposition 2.1 ([22]). Let (X,d) be a semimetric space. Assume that d is sequentially continuous. Then
X is 2-Hausdorff.

Proof. Suppose lim,, D(x,uy,,v,,y) = 0. Then {u,} converges to x and {v,} converges to v. So we have
d(x,y) =lim,d(uy,v,) = 0. Thus, we obtain x = y. O

3. CONTRACTIVE CONDITIONS

In this section, we study contractive conditions.

Definition 3.1. Let X be a nonempty set and let d be a function from X X X into [0,e0). Let T be a
mapping on X.
(1) T issaid to be an Edelstein contraction [5]if d(Tx,Ty) < d(x,y) for any x,y € X withd(Tx,Ty) >
0.
(2) T is said to be a CJM contraction [4, 8, 15] if the following hold:
(2-i) For any € > 0, there exists 6 > 0 such that d(x,y) < € + 0 implies d(Tx,Ty) < €.
(2-11) T is Edelstein.
(3) T is said to be a Browder contraction [2] if there exists a function ¢ from [0,0) into itself
satisfying the following:
(3-1) @ is nondecreasing and right continuous.
(3-ii) @(r) <1t foranyt € (0,0).
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(3-iii) d(Tx,Ty) < @od(x,y) forall x,y € X.
(4) T is said to be a contraction [1, 3] if there exists r € [0, 1) satisfying d(Tx,Ty) < rd(x,y) for all
x,y € X.

Remark 3.1. The definition on Edelstein contraction in Definition 3.1 (1) differs from the assumption in
Theorem 1.1. However, the following proposition ensure that both are equivalent under (D1) and (D2).

Proposition 3.1. Ler X be a nonempty set and let d be a function from X x X into [0,00). Assume (D1)
and (D2) in Definition 2.1. Let T be an Edelstein contraction on X. Then the following are equivalent:

(i) T is Edelstein.
(ii) d(Tx,Ty) < d(x,y) for any x,y € X with d(x,y) > 0.

Proof. We first show (i) = (ii). We assume (i). Let x,y € X satisfy d(x,y) > 0. We consider the following
two cases:

e d(Tx,Ty) =0.

e d(Tx,Ty) > 0.
In the first case, we have d(Tx,Ty) = 0 < d(x,y). In the second case, from (i), we have d(Tx,Ty) <
d(x,y). Thus, (ii) holds.

Conversely we assume (ii). Let x,y € X satisty d(Tx,Ty) > 0. From (D1), we have Tx # Ty. So

we obtain x # y. From (D2), we have d(x,y) > 0. So, from (ii), we have d(Tx,Ty) < d(x,y). Thus, (i)
holds. -

In order to study the Browder and Boyd-Wong contractive conditions, Hegediis and Szilagyi in [7]
considered subsets of [0,00)2. We give definitions which are strongly connected with contractive condi-
tions in Definition 3.1.

Definition 3.2. Let Q be a subset of [0,)2.

(1) Qis said to be Edelstein if u > 0 implies u < ¢ for any (z,u) € Q.
(2) Qs said to be CJM if the following hold:
(2-i) For any € > 0, there exists 6 > 0 such that u < € holds for any (r,u) € Q witht < £+ 6.
(2-ii) Q is Edelstein.
(3) Q is said to be a Browder if there exists a function ¢ from [0, ) into itself satisfying the follow-
ing:
(3-1) @ is nondecreasing and right continuous.
(3-ii) @(t) <tforanyr € (0,00).
(3-iil) u < @(¢) for any (t,u) € Q.
(4) Q is said to be contractive if there exists r € [0, 1) such that u < rz holds for any (¢,u) € Q.

The following obviously holds. See also Proposition 6 in [17].

Proposition 3.2. Let X be a nonempty set and let d be a function from X x X into [0,e). Let T be a
mapping on X. Define a subset Q of [0,0)* by

Q:{(d(x,y),d(Tx,Ty)) :x,yEX}. (3.1)
Then the following hold:
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(i) T is an Edelstein contraction iff Q is Edelstein.
(ii) T is a CJM contraction iff Q is CIM.
(iii) T is a Browder contraction iff Q is Browder.

(iv) T is a contraction iff Q is contractive.

Definition 3.3 ([19]). Let Q be a subset of [0,0)2.

(1) Q is said to satisfy Condition C(0,0,0) if the following hold:
(1-i)) u <t forany (t,u) € Q with u > 0.
(1-ii) There does not exist T > 0 and a sequence {(t,,u,)} in Q satisfying T < #,, T < u, and
lim,t, = lim,u, = 7.
(2) Q is said to satisfy Condition C(0,0, 1) if the following hold:
(2-i)  Q satisfies Condition C(0,0,0).
(2-ii) There does not exist T > 0 and a sequence {(t,,u,)} in Q satisfying T < t,, u, = 7 and
lim,t, = 7.
(3) Q is said to satisfy Condition C(0,0,2) if the following hold:
(3-i)  Q satisfies Condition C(0,0,0).
(3-ii) There does not exist T > 0 and a sequence {(t,,u,)} in Q satisfying T < t,, u, < 7 and
lim,t, = lim,u, = 7.
(4) Q is said to satisfy Condition C(0,1,0) if the following hold:
(4-i)  Q satisfies Condition C(0,0,0).
(4-ii) There does not exist T > 0 and a sequence {(f,,u,)} in Q satisfying t, = 7, u, < T and
lim, u,, = 7.
(5) Q is said to satisfy Condition C(1,0,0) if the following hold:
(5-i) Q satisfies Condition C(0,0,0).
(5-ii) There does not exist T > 0 and a sequence {(#,,u,)} in Q satisfying #, < 7, u, < 7 and
lim,t, = lim,u, = 7.
(6) Let (p,q,r) € {0,1}> x {0,1,2}. Then Q is said to satisfy Condition C(p,q,r) if Q satisfies
Conditions C(p,0,0), C(0,4,0) and C(0,0, ).

Remark 3.2. The expressions on the above conditions are a little different from those in [19]. Of course,

both are essentially the same.

The following is essentially proved in [19].

Proposition 3.3 ([19]). Let Q be a subset of [0,0)?. Then the following hold:

(i) Q is CIM iff Q satisfies Condition C(0,0,0).
(ii) Q is Browder iff Q satisfies Condition C(1,1,2).

Proposition 3.4. Let Q be a closed subset of [0,0). Then the following are equivalent:

(i) Q is Edelstein.
(ii) Qis CJM.
(iii) Q is Browder.

Proof. (iii) = (ii) and (ii) = (i) are obvious.
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Let us prove (i) = (iii). We assume (i). Arguing by contradiction, we assume that Q does not satisfy
Condition C(1,1,2). Then there exist T > 0 and a sequence {(#,,u,)} in Q satisfying lim, t, = lim, u, = 7.
Since Q is closed, we have (7,7) € Q. This is a contradiction. Therefore we have shown that Q satisfies
Condition C(1,1,2). By Proposition 3.3 (ii), we obtain that Q is Browder. O

4. FIXED POINT THEOREMS

The purpose of this section is to prove the following two fixed point theorems:

Theorem 4.1. Let (X,d) be a sequentially compact, 2-Hausdorff semimetric space. Let T be a CIM

contraction on X. Then T has a unique fixed point z. Moreover, {T"x} converges to z for all x € X.

Theorem 4.2. Let (X,d) be a sequentially compact semimetric space. Assume that d is sequentially
continuous. Let T be an Edelstein contraction on X. Then T has a unique fixed point z. Moreover, {T"x}

converges to z for all x € X.
We begin with the following lemma.

Lemma 4.1. Let {a,} be a sequence in [0,). Then the conjunction of (a-1) and (a-2) is equivalent to
the conjunction of (b-1), (b-2) and (b-3).

(a-1) For any € > 0, there exists 6 > 0 such that a, < €+ 0 implies a, | < €.

(a-2) an+1 > 0 implies a,11 < ay.

(b-1) {ay} is nonincreasing.

(b-2) a, > 0 implies an+1 < ay,.

(b-3) {an} converges to 0.

Proof. We assume (a-1) and (a-2). In order to show (b-1), we fix n € N. We consider the following two
cases:

e a, 1=0.

e a, 1>0.
In the first case, we have a,41 = 0 < a,. In the second case, from (a-2), we have a,+; < a,. Thus, (b-1)
holds. We can similarly prove (b-2). Let us prove (b-3). From (b-1), {a,} converges to some &€ > 0.
Arguing by contradiction, we assume € > 0. We choose 0 > 0 appearing in (a-1). From the definition of
€, we can choose v € N satisfying a, < € + 0. Then we have € < a, 1 < €. Hence

ayt1 =ay2=€>0

holds. From (a-2), we have
€= ay42 < Ayl = 8,
which implies a contradiction. Therefore we obtain € = (0. Thus, (b-3) holds.

Next, we assume (b-1), (b-2) and (b-3). In order to prove (a-2), suppose a,1 > 0. From (b-1), we
have 0 < a,+1 < a,. From (b-2), we have a,+| < a,. Thus, (a-2) holds. Let us prove (a-1). Fix € > 0.
We consider the following two cases:

e a; <E.
e ay | <é&<a, forsomev e N.
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In the first case, we put 6 = 1. We put v = 0 and ap = o temporarily. In the second case, we put
6 :=ay—ay;1 >0. We fix n € N with a,, < € + 6. Then since a, < ay holds, we have n > v + 1. We
have

ant1 < ayio < ayi) < E.

Therefore we have shown (a-1). O
Now we give a proof of Theorem 4.1.
Proof of Theorem 4.1. We first show
d(Tx,Ty) <d(x,y) forallx,y€X. 4.1)

Indeed, since T is CJM, we note that T is Edelstein. We consider the following two cases:
e d(Tx,Ty) =0.
e d(Tx,Ty) > 0.
In the first case, we have d(Tx,Ty) = 0 < d(x,y). In the second case, we have d(Tx,Ty) < d(x,y). Thus,
(4.1) holds.
We next show
lim d(T"x,T""'x) =0 forallx € X. 4.2)

n—roo

Indeed, since T is CJM, the following hold:

(i) For any € > 0, there exists § > 0 such that d(x,Tx) < & + & implies d(Tx,T?x) < €.

(ii) d(Tx,T?x) > 0 implies d(Tx,T?x) < d(x, Tx).
So by Lemma 4.1, we obtain (4.2).

Fix u € X. From (4.2), we have lim,, d(T"u, T"*'u) = 0. Since X is sequentially compact, there exists
a subsequence {f(n)} of the sequence {n} in N such that {T/"u} converges to some z € X. We have
from (4.1)
lim d(TT+y T7) < lim d(T7Mu,z) = 0.
It is obvious that lim,, d(T/"u, T/ *1y) = 0 holds. Thus,
lim D(z, T/, T/ T2) =0

holds. From 2-Hausdorffness of X, we obtain 7z = z, that is, z is a fixed point of 7. From (4.1), we have

d(T" u,z) =d(T o T"u,Tz) < d(T"u,z),

thus, {d(T"u,z)} is nonincreasing. So, we obtain lim, d(T"u,z) = 0.
Arguing by contradiction, we suppose that w is a fixed point of T that is differ from z. Then we have
d(Tz,Tw) = d(z,w) > 0. So we obtain

d(z,w) =d(Tz,Tw) <d(z,w),
which implies a contradiction. Therefore the fixed point z is unique. g

Remark 4.1. From the above proof, we can weaken the assumption on T as follows: T is Edelstein and
T satisfies (i) in the proof.

By Theorem 4.1, we obtain the following corollary, which is a generalization of the Banach contraction
principle [1, 3]. See [10, 21, 22] for other generalizations.
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Corollary 4.1. Let (X,d) be a sequentially compact, 2-Hausdorff semimetric space. Let T be a contrac-
tion on X. Then T has a unique fixed point z. Moreover, {T"x} converges to z for all x € X.

In order to generalize Theorem 1.1, we prove the following lemma:

Lemma 4.2. Let (X,d) be a sequentially compact semimetric space. Assume that d is sequentially
continuous. Let T be a sequentially continuous mapping on X. Define a subset Q of [0,%0)? by (3.1).
Then Q is compact.

Proof. Let {(t,,u,)} be a sequence in Q. Then there exist sequences {x,} and {y,} in X satisfying
d(Xn,yn) =tn and  d(Txy,Tyn) = up

for n € N. Since X is sequentially compact, there exists a subsequence {f(n)} of {n} in N such that
{x¢(ny} and {y(, } converge to x and y, respectively. Since T is sequentially continuous, {Tx(,} and
{Tyf(n)} converge to Tx and Ty, respectively. Since d is sequentially continuous, we obtain

t:=d(xy) = im dxpi),y ) = m 25

n—yoo

and

u::= d(Tx, Ty) = lim d(Txf(n)vaf(n)) = lim Ug(n)-

n—soo n—oo

Thus, {(tp(n),usn))} converges to (¢,u) € Q. O

Proposition 4.1. Let (X,d) be a sequentially compact semimetric space. Assume that d is sequentially
continuous. Let T be a mapping on X. Then the following are equivalent:

(i) T is Edelstein.
(ii) T is CIM.
(iii) T is Browder.

Proof. (iil) = (ii) and (ii) = (i) are obvious.
Let us prove (i) = (iii). We assume (i). As in the proof of Theorem 4.1, we can prove (4.1). Let {x,}
be a sequence in X converging to some x € X. From (4.1), we have

lim d(Tx,,Tx) < lim d(x,,x) = 0.

n—seo n—eo

So, T is sequentially continuous. Define a subset Q of [0,%0)? by (3.1). By Proposition 3.2 (i), Q is
Edelstein. By Lemma 4.2, Q is compact. Hence Q is closed. By Proposition 3.4, QO is Browder. By
Proposition 3.2 (iii), T is Browder. O

We give a proof of Theorem 4.2.

Proof of Theorem 4.2. By Proposition 2.1, X is 2-Hausdorff. Also, by Proposition 4.1, T" is CIM. So by
Theorem 4.1, we obtain the desired result. O
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5. KIRK-SHAHZAD’S QUESTION
We give a negative answer to Kirk-Shahzad’s question raised in [14]. We first state the question.

Definition 5.1 ([12, 13]). Let X be a nonempty set and let d be a function from X x X into [0, ). Then

(X,d) is said to be a strong quasimetric space or a strong b-metric space if (D1)—(D3) and the following
hold:

(SQ3) There exists K > 1 satisfying |d(x,z) —d(x,y)| < Kd(y,z) for all x,y,z € X.
Definition 5.2 ([6]). Let X be a nonempty set and let d be a function from X x X into [0,c0). Then (X,d)
is said to be a K-relaxed polygonal metric space or a p-metric space if (D1)—(D3) and the following hold:
(p3) There exists K > 1 satisfying
d(xvy) < KD(X,Ml,Mz, e ,un,y)
forall n € Nand x,y,uy,--- ,u, € X.
Theorem 5.1 (Theorem 4.6 in [14]). Let (X,d) be a compact strong quasimetric space and let T be a

mapping on X satisfying (1.1) for any x,y € X. Then T has a unique fixed point z. Moreover, {T"x}
converges to z for all x € X.

Question 5.1 (page 2206 in [14]). Does Theorem 5.1 hold if X is merely assumed to be a p-metric space
or, more generally, a quasimetric space?

We give a negative answer to Question 5.1.

Lemma 5.1. Let X be a nonempty subset of R and let 6 € R\ Q. Define a relation ~ on X as follows:
x ~ y iff there exist k,{ € 7 satisfying
y—x=k0 4.
Then the following hold:
(i) ~ is an equivalence relation.

(ii) (k,0) € Z? is uniquely determined.

Proof. We can easily prove (i). Also, noting that {1, 6} is linear independent over QQ, we can obtain (ii)
easily. O

Lemma 5.2 ([6]). Let X be a nonempty set and let d be a function from X x X into [0,0) satisfying
(D1)—(D3). Let K € [1,00). Then the following are equivalent:

e (p3) with K holds.

o There exist a metric p on X satisfying
p(x,y) <d(x,y) <Kp(x,y).
forx,y € X.

Lemma 5.3. Let (X, p) be a metric space. Let o be a function from X x X into [1,K|, where K € [1,0)
is some real number. Assume a.(x,y) = a(y,x) for x,y € X. Define a function d from X x X into [0,00) by

d(x,y) = a(x,y) p(x,y).
Then (X,d) is a K-relaxed polygonal metric space.
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Proof. From the definition of d, we have

p(x,y) <d(x,y) <Kp(x,y)

for x,y € X. By Lemma 5.2, we obtain the desired result. ]
Example 5.1. Put X = [0, 1) and define a function p from X x X into [0,) by

p(xay) :mm{]x—y|,1— ’X—y’}

for x,y € X. Let 6 € R\ Q. Define an equivalence relation ~ on X as in Lemma 5.1. Let C be the
quotient mapping from X onto X/ ~. Consider (X/ ~) C X. Define functions f and y from X into Z as
follows:

B(x)=k, y(x)=4¢ iff x—Cx=k6+.
Let o be a strictly decreasing function from Z into (1,2) and define a function d from X x X into [0, o)
by
d(x,y) = (o B(x) + o B(y)) p(x.y).
Define a mapping 7 on X by
Tx=(x+6)—[x+6].
Then the following assertions hold:

(i) (X,p) is a compact metric space.

(ii) (X,d) is a p-metric space.
(iii) d(Tx,Ty) < d(x,y) for any x,y € X with x # y.
(iv) T does not have a fixed point.

Proof. By Lemma 5.1 (i), ~ is an equivalence relation on X. By Lemma 5.1 (ii), B and y are well defined.
(i) and (iv) obviously hold. By Lemma 5.3, we obtain (ii).
Let us prove (iii). We have

—Cx=x+60—-Cx—[x+6]

= (B(x)+1)0+7y(x)—[x+6]
and hence

B(Tx) = B(x)+1
for x € X. For x,y € X with x # y, we have

d(Tx,Ty) = (OCOB(TX) OCOB(Ty))P(T% Ty)
— ((B)+ 1) +@(B()+1)) plx-+6 ~[x-+6],y+ 6~ [y+6))

( (B)+1) +a(B)+1))pxy)
CE ﬁ(x)+aoﬁ( ) p(x.)
d(x.y).

‘We have shown (iii). ]
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6. OTHER RESULTS

We finally give an alternative proof of Theorem 4.2 by using Corollary 4.1.
Using Lemma 5 in Jachymski [9], we can easily prove the following proposition.

Proposition 6.1. Let Q be a subset of [0,%)2. Then the following are equivalent:
(i) Q is Browder.
(ii) For any r € (0,1), there exists a continuous, strictly increasing function 1 from [0, o) into itself
satisfying 1(0) = 0 and n(u) < rn(t) for all (t,u) € Q.
(iii) There exist r € (0,1) and a continuous, nondecreasing function 1 from [0, ) into itself satisfying

n~1(0) = {0} and n(u) < rn(t) for all (t,u) € Q.

Remark 6.1. In [9], the statement is “n} is nondecreasing”. However, from the proof of Lemmas 3 and

5 in [9], we have that 1] is strictly increasing.

In the remainder of this section, we let 17 be a function from [0, «) into itself. We define the following

condition:
(H1) For any sequence {a,} in [0,c), lim,n(a,) =0 < lim,a, = 0. (See Lemma 6 in Jachymski
(9D

Lemma 6.1 (Lemma 2.1 in [24]). Let n be a continuous, strictly increasing function with 1(0) = 0.
Then (H1) holds.

Lemma 6.2 (Lemma 2.2 in [24]). Let n satisfy (H1). Then n-1(0) = {0} holds, that is, n(c) = 0 <
o =0.

Lemma 6.3 ([21]). Let (X,d) be a semimetric space and let N satisfy (H1). Define a function p from
X x X into [0,00) by p=mnod. Let {x,} be a sequence in X and let x € X. Let k € N. Then the following
hold:

(i) (X,p) is a semimetric space.

(ii) {x,} converges to x in (X,d) iff {x,} converges to x in (X, p).
(iii) (X,d) is sequentially compact iff (X, p) is sequentially compact
(iv) (X,d) is x-Hausdorff iff (X, p) is k-Hausdorff.

Proof. (i) and (ii) are proved in [21]. Using (H1), we can easily prove (iii) and (iv). ]
We give an alternative proof of Theorem 4.2 by using Corollary 4.1.

Proof of Theorem 4.2. By Proposition 4.1, T is Browder. Define a subset Q of [0,%) by (3.1). By
Proposition 3.2 (iii), Q is Browder. Fix r € (0, 1) and choose 1 appearing in Proposition 6.1 (ii). Define
a subset R of [0,0)? by
R={(nod(x,y),nod(Tx,Ty)) :x,y € X}.

Then we note that R is contractive. Since 7 is continuous and strictly increasing and 1(0) = 0 holds,
n satisfies (H1) by Lemma 6.1. By Proposition 2.1, (X,d) is 2-Hausdorff. Define p by p =nod. By
Lemma 6.3, (X, p) is sequentially compact, 2-Hausdorff semimetric space. By Propositions 3.2 (iv), T
is a contraction on (X, p). Therefore we have shown all the assumptions of Corollary 4.1. By Corollary
4.1, we obtain the desired result. O
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