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Abstract. In this paper, we present a novel second order finite difference scheme for a modified version of a model that was
first developed in [4], to study the transmission dynamics of a human TB-like bacterium, Mycobacterium marinum, affecting
aquatic animals on a similar scale. Convergence of the finite difference approximation to the unique weak solution of the
model is shown. Numerical results confirming the second order convergence of the scheme are presented. The computational
advantages of using this high-resolution scheme in comparison to the first order scheme previously used in [4] is illustrated.
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1. INTRODUCTION

Human tuberculosis (TB), caused by the bacillus Mycobacterium tuberculosis (Mtb), has existed for
millennia and remains a major global health problem. In 2015, the world had an estimated 10.4 million
new (incident) TB cases, with 60% of the new cases in India, Indonesia, China, Nigeria, Pakistan and
South Africa (listed in descending order of their number of cases) [24]. The vast majority of people
infected with Mtb do not present TB symptoms during their lifetime [8, 19, 25], and only a small porpor-
tion (~0.1%) will develop acute disease [8, 25]. Although the number of TB deaths fell by 22% between
2000 and 2015, TB remained one of the top 10 causes of death worldwide in 2015 [24], ranking above
HIV/AIDS as one of the leading causes of death from an infectious disease [24].

Mycobacterium marinum (Mm) is one of the closest related species to the Mtb complex, grows much
faster, and poses little risk to researchers. Similar to TB, it establishes chronic infections in a variety of
fish species over a wide geographic distribution, and survives and multiplies within host macrophages,
produces granulomas (the hallmark lesion for Mtb), and colonizes hematopoietic tissues present in the
spleen, kidneys, and liver [7, 8, 9, 11, 14, 17, 18, 23]. Annually, fish mycobacteriosis costs billions of
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dollars in combined losses to the wild-caught fisheries, to aquaculture-raised fish, to the aquarium trade,
and to research colonies [12, 13, 14].

In the last fifteen years, researchers have developed the Mm-Japanese Medaka (Oryizas latipes) an-
imal infection model [7, 9, 11, 16, 18] in order to document and study chronic TB-like infections in
fish. As in other chronic infection models, experiments routinely yield substantial variability in organ
colonization. The disparity in courses of infection in several of their experiments (unpublished data)
was extensive despite all variables (such as dose, virulence of Mm strain, age and health of animals)
being near identical. These and other observations provide motivation for the development of a model
that accounts for the variability seen in the disease outcomes, in order to build a useful tool in making
reasonable predictions or to design control strategies.

A structured model was developed in [4], for the study of Mm transmission dynamics in aquatic
animals. In that model, a discrete number of physiological groups were included to reflect differences
in individual susceptibility to infection, effectiveness of immune response, feeding behavior, etc. In
recent work [5], a noted improvement in the agreement between the model and data was achieved by a
simpler but more biologically meaningful approach, which takes phenomenological models of commonly
observed courses of infection progression for the intra-host progression rates in fewer cohorts of fish. In
this paper, we develop and establish the convergence of a second order finite difference scheme for an
alternative formulation of the original model, in which the total population of infected fish is a mixture of
subpopulations with different intra-host progression rates. The convergence of an approximation scheme
for either the original or the alternative formulation of this model has not been addressed previously. We
point out that a second order scheme for a different structured model for the Mm transmission dynamics
was developed in [3]. In that model individuals were structured by their size rather than their bacterial
load. While there are similarities in the mathematical structure between the model studied here and that
in [3], there are some key differences. In particular, the boundary conditions for the two models are very
different. This necessitates the development of a different second-order finite difference approximation
(that preserves nonnegativity of solutions) and the use of different techniques for establishing a priori
estimates for the finite-difference approximations.

In Section 2, we present the bacterial load-structured model of Mm transmission dynamics incorporat-
ing intra-host variability that we focus on in this work. The approximation scheme is given in Section 3.
A priori estimates for the difference scheme are provided in Section 4. The weak solution for the model
is given in Section 5, followed by the establishment of the convergence of the numerical scheme to this
weak solution. We then numerically confirm the second-order convergence of the numerical scheme in
Section 6.1. Finally, in Section 7, we make our concluding remarks.

2. VARIABLE MM INFECTION-STRUCTURED MODEL

We study a modified version of the mathematical model, first developed in [4], of Mm transmission
dynamics in an aquatic environment. As in the original, we model the infected fish population as being
composed of several subpopulations, each with its own progression function g(x,B,,B,,By,L;B;), i =
1,---,M. In particular, let the density of infected fish having bacterial load x with progression rate f3;
denoted by I'(¢,x). In this model, for each i € {1,...,M}, we explicitly denote by p; the probability that
an infected fish belongs to the subpopulation I'(x,t). Here, {B,--- , By} € B =111 1C2 [Xmins Xmax] and
the proportions satisfy 0 < p; <1, Zgl pi = 1, and are assumed to be independent of time. We also
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denote the activated Mm by B,(t), the unactivated Mm by B, (¢), the Mm residing in the carcasses of
dead fish by B,(t), the mosquito larvae carrying Mm by L(¢), and the susceptible fish population by S(7).
The (modified) bacterial load-structured model is given by

B,
ddt = 7 (t;p) —YB,— 0B,Y — kB,
dB, =
= H(t,B,) + VB, —c L*B,— 0B,Y — kB,
dt
dB
B — S (txuf) ~BalerS +ers (e )~ (8,
st 2.1
i gc (L*—L)B, —L(c2S+ 2 5 (t;e %)) — L,
ds
E = F(Y) — [.LS— Vi 5BaS— Voc1BgS — V3TI62LS,
oI ) Ba,Bu,Ba,L; B)I(t, .
gt’x) + (8(x,Bay ’ai’ P (1,)) +ufu()(t,x) =0, i=1,---,M,

with boundary condition
2(xX,Bay By, By, L B (,X) |y—x.. = VIOB.S + Vac1ByS+vsne,LS, i=1,---,M, (2.2)
and initial conditions
B,(0)=B%, B,(0)=B% B,0)=BY LO)=L° S0)=5° T1(0x) =" (2.3)

Here, the notation .# (¢;w) is defined by
M

A =3 ([ wrenas) o

i=1
where w(x) is a continuous (weighting) function. The total infected fish population is then .# (¢;1) and
the total population of fish Y (¢) is given by

Y(t)=St)+ I (t:1) = +Z</xxm 'txdx>

min

Thus, the total infected fish population density per bacterial load x at time ¢ is given by

M .
x) = ;I’O»xm

Mm in an activated state (B, (7)) increases by being shed via defecation by infected fish with rate . (¢;p),
and can be lost through deactivation yB,, consumption by fish 6B,Y, and consumption by other possible
species kB,. The number of planktonic Mm in an unactivated state B, (¢) is increased by human activities,
such as water run-off from large aquaculture facilities [10, 15, 22] at rate H(¢,B,,). Unactivated bacteria
may be consumed by mosquito larvae at rate ¢, L*B,, or they may also be consumed by fish at rate
SBuY , or other species at rate kB,,. The population of Mm within the carcasses of fish B,(¢) increases
with rate . (t;xufy) as fish die, and is consumed by susceptible and infected fish at rate By(c1S +
c1- (t;e” %), where the fraction e~** is intended to account for an inhibition of feeding rate with
increasing bacterial load x, a measure of infection severity, as the animal progresses from a chronic to
an acute state. The carcasses may also be consumed by other species at rate {B;. Mosquito larvae
become effective carriers at per capita rate € as they consume Mm-laden biofilms €c; (L* — L)B,. They
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are lost as they are consumed by fish L(c2S + ¢2.# (t;¢~%")) and as they mature into the pupal stage at
rate uzL. The susceptible fish S(7) population increases as fish are born as hatchlings with rate F(Y).
This population decreases due to natural death at rate 1S, or due to fish becoming infected by consuming
activated planktonic Mm at rate v;0B,S, Mm-laden carcasses at rate V,c1B,S, or carrier mosquito larvae
at rate V31 c2LS. The infection rates constitute the boundary condition of the infected fish, given by (2.2).
All of these infection modes may accelerate the progression of infection, or increase the bacterial load
within an infected fish, and therefore also appear in the function g(x, B,, By, B4, L; ;). The function f, (x)
scales for the degree to which the death rate is increased in an infected fish according to the bacterial load
x, or the severity of the fish’s infection. Note that all the susceptible fish appear in each of the terms in the
boundary condition for infected fish in each group i. However, these newly infected fish are increasing
only each proportion of the infected fish population at the rate of the infections. For a more detailed
explanation and the biological meaning of each of the parameters we refer the reader to [4].

We impose the following regularity conditions on our model parameters throughout the discussion,

and let ¢ be a sufficiently large positive constant.

(H1) 0 < p(x) <c forx € [Xmin, Xmax]-

(H2) The function H (¢, B,,) is Lipschitz continuous in B, with Lipschitz constant ¢, and 0 < H(z,B,,) <
c for any (1,B,) € [0,T] x [0,00).

(H3) The function f;(x) is Lipschitz continuous in x with Lipschitz constant ¢, 0 < pfy, (x) < ¢ for
any X € [Xmin,Xmax), and 0 < u <ec.

(H4) 0 <ec L* <c.

(H5) 0 < v,0, vacy, vane; <c.

(H6) The function F(Y) is Lipschitz continuous in ¥ with Lipschitz constant ¢, and 0 < F(Y) < ¢ for
Y €[0,00).

(H7) The function g(x, B, By, By, L; ;) is Lipschitz continuous in B,, B, B4, L with Lipschitz constant
¢, and is twice continuously differentiable with respect to x. Moreover, we assume that 0 < Cy <
g(x,Ba,By,By,L; ;) < cfori=1,--- ,M and for (x,B,,By,B4,L) € [Xmin,Xmax] X II1_;[0,00).

(H8) «,7, 6, 5, UL, €1, €2, O, 0, C, Vi, V2, V3, 1, €, ¢ and C) are nonnegative constants.

(H9) BY, BY, Bg, L%, SO are nonnegative constants. The functions /" are nonnegative functions having
total variation bounded by c fori=1,--- M.

3. NUMERICAL SCHEME

We consider a finite mesh of bacterial load sizes xyj, = xo < X1 < -+ < XN = Xmax. We denote by Ax
the mesh size, so the bacterial load sizes are x; = xo + jAx for j=0,1,--- ,N. We denote by k the number
of time steps taken over the finite interval [0, T], so the time points are #;, = kAt, for k=0,1,--- K, and
At = T /K. We remark that the scheme is not restricted to a uniform time step or mesh size, although we
consider them both to be uniform here for simplicity of presentation.

We denote by I;’k the numerical approximation of I'(,x;), the density of infected fish per load at
time # of bacterial load x; with intra-host progression rate f3;, where {B, -+, By} = M. We use S¥
to represent the approximation of the number of susceptible fish, S(#), at time #, and B’;, B’;, B’[‘l, L¥ to
denote the approximation of the number of activated bacteria B, (), unactivated bacteria B, (), bacteria
from dead infected fish B,(#;), and carrier mosquito larvae L(#) at time #, respectively. Similar notation
is used to approximate other model functions and parameters.
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Throughout this paper, the integrals are approximated via the right-hand rectangular rule on the first
interval and trapezoid rule for the remaining intervals. We use the following summation operation Y *(+)

to implement the quadrature rule for integrals with respect to x

J2 3 1 Jo—1
; uj:iuj1+§uj2+._z uj.
J=1 J=i1+1

We denote by .#*(w) the approximation of .# (f;w) as

M N*

ﬂk(w) = ; Zﬁ w(xj)li(tk,x.,-)Axp[,

and for illustrative purposes, we have taken w to be a function of x (i.e., w = w(x)). We denote by Y* the
approximation of the total population Y (#;), which is Y* = Sk + #%(1). We define the finite difference

operators

ik ik i,k . ik _ gik _ ik ;
A =10 ~17, 0<j<N-1, and AI[J"=I"-I" 1<j<N.

Then, fork=0,--- ,K—1,j=1,--- ,N,andi=1,--- M,

Bk-H _Bk
a m a _ jk(p) _ yBla(—H o 5YkB§+1 - K'B];-H,
Bk+1_ k ~
u m u _ Hk +')/Bl(;+l _ CLL*B]LTLl _ 6B1,;+1Yk _ K—B§+17
Bkl _ gk
d " d _ f"(x,ufu) _B§+1 (clSk—i—lek(e_alx)) _ CBZH,
L [ B N I e R k(,—anx k1 ©-1)
Y ecp(L* — LB — LA (008 4 00 75 (e %Y)) — pp LA
gert— sk k k+1 k gk+1 k qk+1 k g1
Al =F"— ,uS -V (SBaS — VzcleS — V3T[CQL S s
; ; ik ik
[k _ ik J =T '
J J Jta J=2 gik+1
A + Ar +ufu il =0,
where J’.,’k1 is given by
J+3
ikyik 1 ik ik gik
8l +3 (gj+1_gj )Ij
ik _ 1 ik ik ik .
Ta=y mm<A+Ij AL ) j=2,---,N—2 (3.2)
gt j=0,1,N—1,N,
and the minmod function mm is defined by
. on(b
mnab) = 8D LIE) i (o] ).
The boundary condition for the infected fish is approximated by
T = v 8BTS vy BEFLS s LIS =1 M (3.3)

The initial conditions are given by

B)=B.(0), By =B,(0), B=B40), L'=L(0), $°=5(0), I}°=1"(%;).

a J
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The implicit finite difference scheme (3.1) can be rewritten as follows:

Bl — By +A1.74(p)
. 14+ Ar(y+ x4 8Y%)
ot BE A B
“ 1+ At (e L* + Y5+ k)

Bl _ By + A7  (xpufy)
A (§+c15"+c1<ﬂ"(e’“"‘)>
[k L+ At(ec LByt G
14 At <ecLBﬁ+1 + oS5+ p I (e %) + ﬂL)
Ghtl — Sk + AtF*

1+ At (u +v18BX + vac B + v3nch">

. At . .
ik 2 ik gk
Jikt1 A (Jj+% Jj—%)

fori=1,---,M, with the boundary condition for the infected fish, I(i)’k approximated by

I(i),kJrl - — <V1 SBEFIGHT! yyo  BEHIgHHT 4 VBT.ICZLk+ISk+1> : (3.5)
80
and initial conditions below
B) =B,(0), BS=B,(0), By=B4(0), L°=L(0), $°=5(0), I;°=1"(%)). (3.6)

We remark that by (3.4) and (3.6) the quantities on the right-hand side of (3.5) can be computed. We
define the ¢, /., norms and total variation of I by

k j ik j k zk
4= B = g TV =

4. ESTIMATES FOR THE DIFFERENCE APPROXIMATIONS

Let
g, ji=1,N,
lkmm(A+Ilk A_ Ilk)
(gj+1+gj +8; A [’_»k ), j=2,
1 lkmm(A+Ilk A I’k)
D;’k: §<g1+1+g1 T8 A,I}’k
ik mm(A Ilk A_ Ilk)
7g171 A ik >a .]:37 -vNiza
K ij
| ik mm(A I' AI’ )
gj _jgjj_] ik ’ j:N_17
\ A_Ij
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and
A_gh, j=1N,
1 ik ik .
o §A+gj —|—A_gj ) J=2,
GJ - 1 ik ik
E(A-ﬁ-gj +A—gj )7 J:37 7N_27
LA ik _
7A-g7, =N-1
Simple calculations show that
; 3 ; 3
k k
0<D} Sic, 0<GY gic, 4.1
and
(g = 1N
gjfl’ . ‘ J= LV,
ik ik mm(A_I* A_TH Y .
28 +%g§_1(1—#")7 J=N-1,
. o
. . ik ik mm(A T AT i
Dljk—Gl]’k: gl]_l—i_%glj %7 .]:27
e
| ik mm(A TF AT
28 (1 A,]Ij:" : )
- Arr At
gl (1- M) =3, N2
-1
It is easy to check that
D -G >o0. 4.2)

With the above notation, the last equation of (3.4) can be rewritten as follows for 1 <i<M,1 < j<N
and 0 <k <K:

kel At k) ik ATk ik ik
(I+Arpfy )17 = (1 - ED; )1} + (D‘j ~G; )(;71. (4.3)
We impose the following CFL-type condition concerning Af and Ax
3At 1
H10) -— < —-.
( ) 2Ax T ¢

First we show that the difference approximation system has a unique nonnegative solution.
Lemma 4.1. The system (3.1)-(3.3) has a unique nonnegative solution.

Proof. Uniqueness is obvious from Equations (3.4) and (3.5). From (H9), we have that B, BY, BY, L°,

SO, and I'0 are nonnegative. Now assume that B’;, B’,j, B’[‘l, Lk, sk >0 and I;’k >0fork>0,i=1,--- .M,
and j=0,---,N. By (H7), (H10), and Equation (4.1), we have

At At 3

1-—=D¥*>1-"=Z¢>0.
Ax =T A2t
Hence, from Equation (3.4), (4.2), (4.3), and assumptions (H1)-(H5), (H8), we have BS*!, B&*1, &L
L1 k1 >0, and I}’Hl >0fori=1,---,M, j=0,---,N. This establishes the result. O

In the lemma below we show that I is bounded in the ¢; norm for i = 1,...,M, and B,(t), B,(t), B4(t),
L(t), S(t) are also bounded.



184 A.S. ACKLEH, K. L. SUTTON, T. TANG, L. ZHAO
Lemma 4.2. Assume that At satisfies cAt < 1. Then there exists a positive constant Cy, independent of

Ax and At, such that

M
B+ |Bo |+ 1B |+ [L*[ + 1S5+ Y 11 |[vpi < €, (4.4)
i=1

fork=0,1,....K

Proof. First we observe that S¥ is bounded. In particular, using assumption (H6) we obtain:
RaaiEWY, (vl SBX +vaci B+ V3nC2Lk) S < |SK| - AFF < |SK| -+ cAr 4.5)
Hence, it follows from (4.5) that there exists a constant Cs independent of Ax and Ar such that
ISkl <Cs, k=0,1,...,K. (4.6)

Now, from (3.4) and assumptions (H1)-(H4), (H8) we arrive at

|BL™ < |Ba| +Ar7 () — ArylBLT

M N*
i,k
<|Byl+Ar Y)Y p(xj)Ii Axp; — Aty|By |
i=1j=1
M N* .
<|[Bgl+carY Y I*Axpi—Aty|ByT|
i=1 j=1

3¢, M.
< |Bi|+ =AY [1K]| 1 pi — Ary|BEH!
< [Bal + 5 ;H lpi = Ary[B, |, @n
1B, | < [By| + &t (H" +y|Bg|) < By +cAr + Ary|B |,

M N*
ik
B < |BY|+ A (xufy) < |BY[+ACY Y xjufu I Axpi
i=1j=1

3 & i
< |B§| + EcxmaxAt Z Hll’kHll?b
i=1

|ILY) < |L¥| 4 Argep L*|BHY | < |L¥| + cAr| B!

We rewrite the last equation in (3.4) as

: A
kil ik Y
) <J]+2 J}_%) . (4.8)

Multiplying (4.8) by Ax and p; and summing over j=1,--- Nandi=1,--- ,M, we get

i ( jt3 J*i)pi'

j=1

ME

N
g i k
1( —l—At[,Lf#]) o Axp,—z;zllj- Axp; — At
i=1j= i

M=
Mz

Il

—_
Il
_

J
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By boundary condition (3.3) and assumption (H3), (H7), and (H8), we obtain

Zw“%p<2ww% NZZ( It )p

2

i=1j=
u k M k k k k
= i Y (e = 0 )
i=1 i=1
u k k
SZHIlkHlpz+AtZgl I p; (4.9)
i=1 =1
M

= Z H[’kHlp, —‘rAl‘Z <V15Bk +V2C18d+V3T]C2L )S Di
i=1 i=1

S

= Z "Ilk"lp,+At(V16B +Vzcle+V3n62L )
i=1

Adding (4.5), (4.7), and (4.9) yields

M
BET 4+ By [BET 4 L 1S5+ Y I s

i=1

3 3
< |BS| + [Bi| + |BS| + [+ [S*| 4 (1 + S cAf + S xmaxcA?) ZHI"‘Hlpl

2772 -

M
+cAtBETY +2cAt + ALY (vl 8B +voe 1 BE + v3nch") (Sk — skt
i=1

3 Mo
< |BX| 4 |BE |+ |BY| + |LF| + |SF| + (14 ZcAr + xmacht Y111 s
1

2

=

M
+ CA1|BEFY 4 2cAr +CsAL Y. (v1 8B  + vac B + v3nch">
i=1

3 3
< [Bg| + Byl + [Bgl + L]+ S|+ (1 + S oAt + 2 xmaxcAr) lell"lhpz

+ cAt|BETY 4+ 2cAt + cCs At (\B’;\ + B + \ka) .

Therefore

M
BEFY o (1 — cAr)[BEH |+ [BEM! | L9 554!+ Z 17 1 pi

i=

3 3
< (14 cCsAr)(|BX| + |BY |+|Lk|)+|Bk|—|—|Sk|+(1+cht—I—zxmacht ZHI’kﬂlp,—{—ZcAt

which implies

M
(1—cAr) (yB’;+1|+ B+ B+ L 1S+ ) ||Il"k+1|lpi>
i=1

< (14CAr) (yB"|+\B" + B+ L+ (S + ) ||1”‘||1pl> +2cAt,
i=1

where C > max{cCs,2¢(1 4 Xmax) }. The result follows from the last inequality. O



186 A.S. ACKLEH, K. L. SUTTON, T. TANG, L. ZHAO

For the remainder of the paper, we let D = [xXmin,Xmax] X [0,Ci] x [0,C}] x [0,Cy] x [0,Cy], D, =
[0,C1] x [0,Cy] x [0,C1] x [0,Cy], D3 = [Xmin,Xmax] X [0,T]. Also, for notational convenience we set
g'(x,B4,By,,By,L) = g(x,By,B,,B4,L; 3;). Following the regularity assumption on f3; and assumption
(H7), we have that g’ is twice differentiable with respect to x and Lipschitz continuous with respect
to B,,B,,B; and L with Lipschitz constant c. Next we establish a bound on the infinity norms of the

approximations I;.’k.

Lemma 4.3. There exists a positive constant C,, independent of Ax and At, such that
11| < Ca,

fork=0,1,....Kandi=1,...,M.

14|, = | Ié’k+1 |, then by the boundary con-

Proof. If the maximum is achieved on the left boundary, |
dition (3.3), Lemma 4.2, (HS5), (H7), and (4.6), we have

ik
I

o (V15Bl§+1+V201BZH+V3T]CQLH1>SH1

= )
. £ (4.10)
< — (Bl(;Jrl +B§+l +Lk+l) Sk+1
Co
_ 3eGiGs.
< G

, where 1 < jo < N. According to (4.3) we have
i At ; At (i i ;

ik+1 ik ik ik ik\ yik

(14 Atpa fu o) T = <1 - Dj()) el (Il I ultg

By (H3), (4.2) and the fact that I;;)kfll < Ij-;)kH , we reach

JA <1 A Dg,k) 1y Ar (Di,k_ Gi,k) [k gk A ik

Otherwise, suppose ||[I*¥1]|.. = ‘Ij"ckﬂ

jo = Ax 1o Ax \Jo Jo ) Tjo=1 ="jo Ay JoJo’
which gives us
; ; At i
k K Jpy7ik
I e < len + G I o

: 3 , .
Note that for 1 < j <N, |G’j’k+1] < 5 maxi<jsy \g'j’k —glj’fl |, hence

4 . 3 At : K| 1
el k S AL ) ik ik k
I o < oo 5 o maxi e 835 = g1
. 3At . :
< Hll’kHOO‘i‘ —— Mmaxp, ‘g;(vaaaBdevL)‘HIIJ(H""
3At ~ ;
_ <1+2c 1],

where C = max |g'(x, B4, By, B4, L)|. Thus,
1

Co '’ 2

This implies |[I"**!||.. < C, for an appropriate C,. O
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From Lemmas 4.2, 4.3 and system (3.1), it follows that there exists a positive constant C3 such that

Bk+! —BX Bl —BX B — B Lk Skt gk
T <C3a At <C37 A, <C37 T SC37 T §C3

Lemma 4.4. There exists a positive constant Cy, independent of Ax and At, such that TV (I'*) < Cy, for
k=0,1,....Kandi=1,....M

Proof. From (4.3), we have

(1At fu i) 157 = (U Arpfu ) 1

At At ; j ;
zk ik ik ik\ yik
) <1D >1‘ E(Dj ~GF) Ik,

At ik ik A ik k
- <1 - AxDle) I;‘+l + Ax (DljJrl - Glj+1 Ax J
Adding, subtracting and regrouping terms in an appropriate way, we have

(1 afijon) (141 =)
At

= (1t =1) = it (1t =) + 35 (0 =) (1)
itc(Gm G?k)lj’k_mu(fuﬁl Sui) 17

= (1= D) (1 1)+ 5 (D - 6 (-t
—%(G’jil—G’k> —Afli(fuﬁrl fw) T

,N — 1, then adding the term (1 + At:ufu,}) |Ii',k+1 _

Applying the absolute value, summing over j =1, --
A’lel >0 andD;’k—Glj’k >0, we

'k+1| on both sides and using the facts that 1 < [1+Arufy |, 1 — 2D,
have
ikl ik+1 ik+1 ik k
TV < (T Arpfu ) I 15 |+ Z 175 1
+£ Nil _pik |k k| (pik _ Gk |k ik
Ax 4 1 JHL|THL J J J J—1
=
ki ik K1
—|—— Z |G]Jrl G ]I' + At Z M fujet — fu, 1|Il "
1 ik k 4
= (I4+Apfun) |l I+ Z 135~ ;
4.11)
Ar ki i K qik) k (
B R A
Ar ! Ky yik K41
i, i i,
+ LG G A Z Ml fu et = fu1|1
=1
< (1+At‘llf“,1)|li’k+l lk+1|+2|lj_]f_1_llk Egl ’Ilk tk
L] AN S

Jet
AT fuan — fu7j|1} o
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Next, we estimate each term on the right-hand side of the last inequality in (4.11) individually. For
the first term, incorporating (4.3), (H3), (H7), the mean value theorem, and Lemma 4.3 we obtain

(1 +Atufu1) |Ii,k+l 71(1'),k+1|

At At
:’<1_Axtk>l +Ax E)k[k (1+Atuf#)lk+l

1 g zk
Ax

At i k

f@‘mﬁ)

For the fourth term, by the definition of Gi."k and assumption (H7), we have

zk

1’—1‘

Izk+1 I(ifk}‘i‘Atufp,ll(i)’kJrl

- 1(";"( +MCCy + ‘%’Hl - Ié’k‘ +ArcGy.

W

ik 3 3.
|G Iéilggilg —gif <> maXngle< 2CAX

which gives us
3¢
2

Ar V=T

7Z|G

For the fifth term, applying (H7), the mean value theorem and Lemma 4.2 - 4.3, we have

TV (I")As.

. ‘ <
T <

At

i k| ik [ k| ik  k Lk ik
NGRS WIS S VN o
j=12N-2N—1
AN L ik ik, ik K ke
A 2 3 |(shta 26y +60*) + () — 26 6t ) |
At ik ik
AXSIIIZ lo , i g =g
< YRS 3[tk i i Art |of i Ax
“3ax & (l&x(&1) —&:(&j2) | Ax+-[gh(€)2) — 8:(8)3) | Ax)
At

+ g ST [l max g (v, B, Buy Ba L)|

N_ . . ~ .
<ary it (I%ax Ig;x(x,Ba,Bu,Bd,L)le> + 8ALC|17].
j=3 !
< MC||I¥ ||y 4 8A:C|| T ||
< AtCCy +8AtCC,

where C = max |g' .(x,Bq,B.,Bg,L)|. For the last term, we use (H3), (H8), the mean value theorem, and
1

Lemma 4.3 to realize that

’kH < At Z u(cAx)I ’kH < AtucC.

j=1

N-1
At Z B fu 1 —
J=

Substituting these estimates back into (4.11), we have fori=1,--- M,

TV < (14 3CANTV (1) + )1(’;"“ - 1(‘;") +AH(CCL+9CCs + ¢Cy + p1eCy). 4.12)
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Next we will consider the term ]I’ k] Ié’k :
ik+1 ik
Lty
W SB’;“S"“ + VzC1B§+1Sk+l + V3T]C2Lk+lsk+l Vi 5B§Sk + VgclB]:iSk + V3nC2LkSk
- ik+1 o ik
80 80
v153k+1Sk+1 ik V5BkSk zk+1 . VzclBk+lSk+1 ik v2clBkSk ik+1
= k 1 k i k+1
2 8 _ 2686
V3nC’2LkHSk+1 l7k_v nCszSkg8k+l

lk ik+1

8o 8o
=A|+Ar,+ A3,

where A,A; and Az are the first, second and third terms on the right-hand side of the above inequality,

respectively. Adding and subtracting some terms yields

VISBESS T it ikl Wi 5B bl ok

e | =+ e |S —sH+
gO g() go go

Vi 55

Ay

IN

’Bk+1 Bl;’ )

By assumption (H7) and Lemma 4.2, we obtain

ikl ik
e ] < el )
< 4cCsAr.
Thus,
C\C Cy ¢Cs
A < & 54cC3At+C—C3At+C—C3At<C7At

0’
Similarly, enlarging C; if needed, we get the same bound for term A, and Asz. Therefore,

I - 15 < 3¢
Substituting the above estimate back into (4.12), we have fori=1,--- , M,
TV < (14 3CA0TV (1) + MA:,

where M = 3C; 4+ CC4+9CC; + cC> + pcC). This implies TV(I“‘“) < Cy for large enough Cj.

The next lemma shows the numerical approximations satisfy a Lipschitz-type condition in ¢.

Lemma 4.5. There exists a positive constant Cs, independent of Ax and At, such that for any integers
ki >k, >0

i,k| Il k2
— | Ax < C8 (kl kZ)a

fori=1,....M

Proof. Multiplying (4.8) by Ax, summing over j =1,--- N, and rearranging terms, we obtain

I
L A= Z.UfujlkHAx Z<1+2 ;;)
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Applying the absolute value, we obtain

N Il~k+1 I{,k . 'k
l ”
Z A < Zufu, j+2_ 75
_ Z.ufuj 1k+1Ax_|_‘g1k Jik _ zkIch
< Zuf%jljl,k-&-le_i_g;\,[kI[l\}k+g8k1(l'),k
j=1
< el A+ || Koo + (Vi 8B + vac B 4 vineo LF) S*
< e[y 4 eCr +¢Cs (|BS] + |BY| + [LY])
< Cg.
Hence,
v |1k R i

5. CONVERGENCE OF THE DIFFERENCE APPROXIMATIONS TO A WEAK SOLUTION

We first give the definition of a weak solution to problem (2.1)-(2.2) as follows:

Definition 5.1. A set of functions B,(t), B,(t), B4(t), L(t), S(¢), I'(t,x) (i = 1,--- M), where B, By,
By, L, S €C[0,T), I' € BV([0,T] X [Xmin,*max]), is called a weak solution to the problem (2.1)-(2.2) if it
satisfies:

Bf0)+ [ 15(5:0) — 1Ba() ~ 8B ()Y (7) — KBu(7) .
+/ )+ ¥Ba(z) — c1L*Bul%) ~ 8BL(0)Y (1) — KkB.(7)] .
=B4(0 +/ (Tixpfu (x)) = Ba(7)(c18(T) + 1.7 (T:674%)) — {By(7)] d, (5.1

0) +/0 [ecr(L* — L(7))Bu(7) — L(7)(c28(2) + 2.7 (T3¢ %)) — p L(7)] dT,
0)+ /O’ [F(Y(7))— uS(t) —vi6B.(T)S(T) — vac1 B4 (7)S(7) — vsneaL(1)S(7)] dT,
and

/xmdx I(t,x) 9 (1,x)dx

min

= [T 000005 [ gl Ba(), Ba(0), LB (5 k)05 i
- (5.2)

t
+/ S(7) [VidB4(7) + vac1B4(T) + v3ne2L(7)] @ (T, Xmin )dT

+/ /m "(7,x) [92(7,x) +&(x, Ba(7),Ba(7),L(7); Bi) 9 (T,) — p1.fu (x) 9 (7, %)] dxdT

min

foreachi=1,--- ,M,t € [0,T], X € [Xmin,Xmax)» and any test function ¢ € C'([0,T] X [Xmin,Xmax))-
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Following similar notation as in [21], we define a family of functions {(B;)a:}, {(Bu)ar}, {(Ba)ar},
{Las}, {Sa}, and {HiAt,Ax}’ fori=1,---,M by

Bk B k—1 Bk—Bk71

(Bo)a(r) =B+ (1 =te), (Bu)ao(r) = By 4+ =08 (1= tie),

At
Bk _Bk—l Lk _Lk_l
(Ba)a(t) =B5! +d7td(f—lk71), L (t) = LF! +T(t_tk’l)’ (5.3)
3 Sk_skfl ) .
Sai(r) = 8 1+T(f—fk—1)7 I, (%) =I5,

forx € [xj_1,xj),t € [tr_1,t),j=1,--- ,N,k=1,--- K. Then by Lemmas 4.2-4.5, the set of functions

{Ba)arts {Bu)arts {(Ba)arts {Las}, and {Sp, } are compact in the topology of C[0,T], and {]I"AI,AX} is
compact in the topology of L' ((0,7) X (Xmin,Xmax))-

Theorem 5.1. There exist subsequences {(Ba)a, } C{(Ba)a}t, {(Bu)ay, } CT{Bu)a}, {(Ba)ar,} C{(Ba)a}
{La,} C {Las}, {Sa,} C {Sas} and {I[Atg Aot C {HiAt,Au} that converge to functions B,,B,,By,L,S €
C[0,T] and I' € BV ([0,T] X [Xmin,Xmax] ), respectively, fori=1,--- M, in the sense that for all T > 0,

max |(Bg)as, (1) —Ba(t)] — 0,

1€[0,T] )
maX |( )Até( )_Bu(t)‘ _>07
)

tE

max |( d)a (1) = Ba(1)| = 0,
1€[0,T]
t)—L(t 0
tglg);]l A (1) = L(2)] = 0, 54
S S 0
tg%g;(]l A (1) = S(2)] — 0,

Xmax . .
/ \]I’At[Ax[(t,x)—I’(t,x)]dx—)O,
Xmin

/ / " Ly, Ax, (8,%) = 1'(t,x) |dxdt — 0,

min

as U — oo (i.e. Atj,Ax; — 0). Furthermore, there exists a constant Cy such that the limit functions satisfy

I1Ballcio.) + 1Bullcio.r) + 1Ballcio.r) + 1Ll cio. 71 + 1Sl cio,r) 4 1 v (10,71 % [t st ]) < Co-

Proof. The results for B,(t), B,(t), B4(t), L(t), and S(¢) follow from Theorem 1.28 (Ascoli’s Theorem)
(p. 30) in [20]. Furthermore, the results for I'(¢,x) follows using similar arguments as in the proof of
Lemma 16.7 (p. 276) in [21]. O

We show in the next theorem that the set of limit functions B, (t), B, (t), B4(t), L(t), S(t), and I'(t,x),
i=1,---,M, constructed by the difference scheme is a weak solution to problem (2.1)-(2.2).

Theorem 5.2. The set of limit functions B,(t), B,(t), Ba(t), L(t), S(t), I'(t,x) defined in Theorem 5.1 is
a weak solution of (2.1)-(2.2) and satisfies

[Ba(0)] + |Bu ()| + [Ba(2) |+ [L(1)] + S (2 \+Z{H1‘ Ihpi < Ci,

and

Hli”Lm((oaT)X(xminaxmax)) S Cz'



192 A.S. ACKLEH, K. L. SUTTON, T. TANG, L. ZHAO

Proof. Let ¢ € C'([0,T] X [Xmin,*max|) and denote the finite difference approximation of ¢ (,x;) by (})j'-‘.
Multiplying the last equation of (3.1) by (1)]/.“rl and rearranging terms, we obtain

ik+1 k1 gik ok k+1 ikl gl
IR gRH Tk gk = 1 (4! — o) — Arpuf 1 0}

Af T ik k ik
Ax[ z‘ l¢k+1 l-;%¢f+l+Jj;% ((PJI;H ¢k+1)}.

Multiplying the above equation by Ax, summing over j =1,--- ,N,and k=0, .- ;K — 1, we have

N
K K 4i0 kot Fangyes|
Z(‘ 0K — 1,7 ) Ax = k O_Zl[l; (0577 = 0F) — Arpf 17+ 91| A
j=1 =0 j=
&' 0 ik a1 kkl 5 %% ik (el ke
ik gkl gik okt i +
—i—Atl;)Zl(in = 0] >+AtZZJ (o =)
=0 j=
5 X0 [k (e Lk k]
—_ 1 + 1, +
- 0-21[1’ (¢ q)j)—mufu,jlj 9! ]Ax
=0 j=
N ik et ik ke T v ol _ gl
L + L + -+ +
+ary, (s 06+ =ik o >+At2 ZJ f (o -0k
¥ v k1 k1 ket
+ i
:k oz‘l[lj (¢ ¢J>_At“f”’jlj ¢f+}Ax
— ]:
(S ik KON
A (86 Il ¢k+1_gjvll k+1>+AtZ ij (¢k+1 ¢k+1)_
k=0

(5.5)
Using equation (3.2), we have

1
Atz Zjlk (¢k+1 k+1) Z [ ik zk+gzlkllk_|_gN 111\} + Z 2(g1+1+ > ik

JjE X
1 ik yik
ths (gt +s03%)
J 2
1 ik | ikyik L oikgik K+l gkl
+ g) <2g/+111 tei i =585 } <¢j —¢,-_1>,
J 3
where
Q ={2<j<N-2:sign (A+Ij-" )SLgn (A I’k) —lor0},
O ={2<j<N-2:A L >A0F>00r ALK <AL <0},
and

Q={2<j<N-2: AL >ALF>00r AL <A <0}
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Therefore, we can rewrite (5.5) as

N K—1 N
i,K 1,0 k i,k+1
Z (IJ (PJK_If J('))Ax: Z [l (¢k+] ‘P;) — At fy 15T (])kH}
= =0 j=1
K—1
+Atz ( zk11k¢k+1 zk11k¢k+1)
=0
KT ik k ik Lk K\ ik
ik i ik i i i i,
+Ar Y [gol +8 1y +gN v 17L Y §<gj+1+gj )Ij
k=0 je Q
1 K ik
+ 2<gj+11 +l _;Jrl)
JjE
1 ko ikpik L ikiik
© X (gt et et )] (o o)
JE Q
K—1 N3 (5.6)
i k 1
-yYy [1; (qbk“ q)])—At[.qu’jI}l: + ¢j’f+1}Ax
=0 j=1
K—1 ik
+ar Y ((visB: +vzcle+v3nch">Sk¢k“ ol
=0

K—1
1
k ik k ik k
+A’Z[g6f g T N Y 2<gf+1+g )l

je Q
& k k
+Y 5 <gj+lll +gl/ ;+1)
jEQ

1 kyik 1 ikik k1 gkt
+ ) <2gj+11 +gl Iy 58 i, :|(¢j+ ¢+>

Jj€ Qs

Multiplying the first five equations of (3.1) by Az and repeating this procedure for k,k—1,--- ,0, we have

k
Bl =BY+Ar Y (7%p)—yBEt! — SY*BIH — kBSH)
0
a M N*

—Bo—i-AtZ (XY o) Ay — B!
=0 ~i=1j=1
M N7*
_5(Soc+z Z I;-’O‘Axp,-)Bg‘H _ KB;X+1}7
i=1j=1

(5.7)
k
B —BO4Ar Y (H“ L yBOH o LB §Botlye KB;}“)
a=0
k
B0+ Y [H(ta,B;j‘) +yBO ! — ¢ Lo
a=0

M N*
SSBENS Y Y 1 Avpy) — kBET
i=1j=1
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k
By =By+Ar Y (S (xufu) = BET (18% + 1.7 % (e M) — EBYH)

a=0

k .M N7* )
:Bg—l—At Z |:Z Z XJ‘,Lqu(Xj)I}’anpi
a=0 "i=1j=1
M N* )
g (ast e Y, Y, ¢ A - (a1
1=1j]=
k
LY =104+ At Y (eep (L —L*TBIT — Lo (028% + 027 %(e7Y)) — u L)
a=0
k
—1"4+Ar Y [SCL(L* —Lo+)got! (5-8)
a=0

M N* )
_ o+ (CzSa te Z Z e—azle},ochpi> _‘LLLL(Z+]:|’
i=1j=1

k
S =84 A Y (F*—puS* —vi8BYS* T — vye  BISHH! — v3ne, L¥S* )

—0
ak M N*

=04 Ar Y [F(SU 4 Y Y 1 Aapy) — S - vy 8BES ™!
=0 i=1j=1

—VzClBgSOHl — V3T]C2Lo‘SDCJrl .

Since ]I"AL A, 18 piecewise constant, (By)ar, (Bu)ar, (Ba)ass Liar, Sar, and ¢ is smooth, and the integrals are
limits of step functions, taking N,k — o on (5.6)-(5.8) and using similar arguments to those in Lemma
16.9 (p. 279) in [21], we establish the result.

O

Remark 5.1. The uniqueness of the weak solution can be shown using arguments in the spirit of those
developed in [2] to establish uniqueness of the weak solution for an Mm model where I (¢, x) is structured
by size (not by bacterial load). Thus, since the weak solutions are unique then we obtain that the sequence

defined in Theorem 1 converges to the unique weak solution of the model.

Note that the scheme given in (3.1)-(3.3) is of second order accuracy in the bacterial load variable x
but only first order in the time variable . To obtain an approximation that is second order in time, we
apply Richardson extrapolation in the time variable. In particular, we denote by I;.’k(At) the approximated
model solution for infected fish using a given Af, and similar notations for all other variables. Let the
vector

Wk(Ar) = {B’;(N),B’;(Az),B’;,(At),L"(Az),S"(Az),I}"(Az)}
denote the solution of the system (3.1)-(3.3) at time #; when the time mesh is Az. The following Richard-
son’s extrapolation iteration, W*, at time #; provides second order accuracy in time and is given by

Wk = ow* <A2’> —wk(Ar). (5.9)

6. COMPUTATIONAL STUDIES

In this section, we demonstrate the performance of the second order scheme (SOS) and illustrate its
advantages when compared to a first order scheme (FOS) that was previously published in [4]. While
the model (2.1) is highly nonlinear and it is not possible to obtain a closed form solution, in Section
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6.1 we construct an exact solution to a simple version of the model with some forcing terms. We then

use this exact solution to test the order of convergence of the SOS and FOS methods. In Section 6.2,

we consider the approximated solutions of the full model, without any simplifications. We compare

solutions computed from the SOS with solutions from the FOS, and clearly demonstrate the improvement

in accuracy and time efficiency of the second order method developed here.

6.1. Convergence for a simplified model. First, we consider the following simple version of our model
with two forcing terms f; and f5:

We let

and

dB
d[“ = —YB,— 6B,Y — KB,,
dB <
dt” =¥B, —c;L*B, — 0B,Y — kB,,,
dB
= Ba
t
dL (6.1)
= _—uwL
dr UL,
ds
— =—uS— V15BaS—|—f1,
dt
ol

J
Fri <8x {81}+pr1> + f2.

g(x) = Bx,
filt) = e (u+vi8Ba(t) - 1),
fa(t,x) =7 (B+Bx+ufu—1),

Ful®) = exp <ax—xfn> _

Xmax — Xmin

We set the initial conditions to be B,(0) =5, B, (0) = 3, B4(0) = 100, L(0) = 10, S(0) = 1, I(0,x) = €*,
and the boundary condition to be g(xmin)! (¢, Xmin) = 6 Vi (¢)Ba(t)S(t), with

Vl(l‘):

BXmin €Xp(Xmin) exp{ (K + )t — 8(e™" — 1)(1 4 e*max — ¢¥min) }

B.(0)5

Note that while vy is a function of ¢ here, the convergence results in this paper still hold. One can verify

that the following set of functions

S()
I(1,x)
Bq(1)
B, (1)

By(t)
L(r)

Bo(0)exp{6(e™" —1)(1 +e™mx — e™min) — (y+ K)t},
B (0)exp{8(e ™" — 1)(e™s —e™in 1) —1(ic +c.L7)}
Ba(0)yexp{(Se" — 8)(e"ms — e¥min +-1) — (i + ¢ L*)}

t 3
/ exp{ (8 — &)e (€™ — e 1) + (e L — y)T}d,
0

By(0)e%,

L(0)e™

et
)

solves the system (6.1) with the above parameter forms.
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The above exact solution is compared to the numerically approximated solution of system (6.1) via

the scheme
k1 _ BX B B]f,—l—AtyBj;ﬂ
a 14+ Ar(y+ K+ 8Yk)’ “ 14 At (e L* + 8Y* 4 k) 62)
K+ 1 '
e By e _ 5 e SCHART
d 1+Atg’ 1+ Aty 1+Ar(u+vi6BL)’
where f! = fi(ty41) = e %1 (u + v 8B5H! — 1). The boundary condition is given by
g(/;+11(/)(+1 =V SBak+lsk+1 ) (63)
For j =1,...,N, the approximated density of infected fish at time step k+ 1 is
At
e U E YT
pri ol AV i i : (6.4)

v
where fé‘}l = fa(tky1,xj) = €71 (B4 Bx;j+ ffyu(x;) — 1). A Richardson extrapolation as described
in equation (5.9) is applied to scheme (6.2)- (6.4) in the time variable to obtain a second order method
in both x and ¢. Note that the CFL condition (H10) is no longer adequate for the simplified model (6.1),
since lk+1 and ff}l are (possibly) negative for some k, j (k > 0, j > 1). Instead, we need

Sk At >0

At
k k k k-+1

1o Uy =iy ety > 0
to ensure the nonnegativity of the approximated solutions. All of the approximated solutions in the
following numerical studies are indeed nonnegative in this section.

TABLE 1. Parameter values for the simplified model (6.1).

Parameter | Value || Parameter | Value || Parameter | Value || Parameter | Value
) 1/500 ur 1/60 L* 20 B 0.02
5 1/500 K 104 c1 5 ¢ 0.1
u 1/1600 Y 0.6 a 6 Xmin 1
Xmax 2

We use the parameter values given in Table 1 to compute several approximated solutions of the model
(6.1), halving the step size in both Ar and Ax with each successive iteration. We then calculate the L,
error of I(tax,-) and the maximum error for B,(t), B,(t), B4(t), L(t), and S(z).

The numerical results using both the FOS and SOS are shown in Table 2 and 3. As expected, we have
first order convergence for the FOS and second order convergence for the SOS. In addition, to compare
the computational efficiency for both numerical schemes, we provide Table 4 which includes CPU time
for both the FOS and SOS schemes implemented on a PC with Intel Core i7-6500U CUP 2.50 Ghz.

From Table 4, the advantages of using the SOS over the FOS are clear. In particular, to obtain solutions
having error on the scale of 1074, it takes 205 seconds with the FOS, while it takes less than one second
using the SOS. This is a time savings of over 99.9%. This is an important point of consideration since
calibration of this model to data is key to the relevance and predictive power of its solutions, and hence
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TABLE 2. The error and order of accuracy resulting from the SOS at time T = 1.

t
x 1072

X
x 1072

I(T,:)

L Error

Order

By(T)

Error

Order

B,(T)

Error

Order

2.0000
1.0000
0.5000
0.2500

2.0000
1.0000
0.5000
0.2500

1.34E-04
3.13E-05
7.59E-06
1.87E-06

2.0991
2.0463
2.0237

1.94E-05
4.91E-06
1.23E-06
3.09E-07

1.9852
1.9921
1.9959

1.17E-07
2.96E-08
7.45E-09
1.87E-09

1.9852
1.9921
1.9959

At
x 1072

Ax
x 1072

By(T)

Error

Order

L(T)

Error

Order

S(T)

Error

Order

2.0000
1.0000
0.5000
0.2500

2.0000
1.0000
0.5000
0.2500

5.79E-06
1.45E-06
3.63E-07
9.07E-08

1.9984
1.9992
1.9994

3.02E-09
7.54E-10
1.88E-10
4.70E-11

2.0006
2.0006
2.0039

1.23E-05
3.07E-06
7.67E-07
1.92E-07

1.9989
1.9994
1.9997

TABLE 3.

The error and order of accuracy resulting from the FOS at time 7 = 1.

t
x 1072

x
x 1072

I(T,:)

Ly Error

Order

By(T)

Error

Order

B,(T)

Error

Order

2.0000
1.0000
0.5000
0.2500

2.0000
1.0000
0.5000
0.2500

3.13E-02
1.55E-02
7.72E-03
3.85E-03

1.0132
1.0067
1.0033

9.32E-03
4.68E-03
2.34E-03
1.17E-03

0.9953
0.9976
0.9988

5.63E-01
2.82E-01
1.41E-01
7.08E-02

0.9953
0.9976
0.9988

At
x 1072

Ax
x 1072

By(T)

Error

Order

L(T)

Error

Order

S(T)

Error

Order

2.0000
1.0000
0.5000
0.2500

2.0000
1.0000
0.5000
0.2500

9.04E-03
4.52E-03
2.26E-03
1.13E-03

0.9991
0.9995
0.9998

2.73E-01
1.37E-01
6.83E-02
3.41E-02

0.9998
0.9999
1.0000

6.05E-03
3.03E-03
1.52E-03
7.59E-04

0.9971
0.9986
0.9993

intra-host progression. The progression rate function g is

g(x,Ba,Bu,Bd,L;ﬁ) = ﬁ(x) + 6133a + 1By + o3nces L.
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its utility as a tool. The calibration typically involves the estimation of parameters via minimization
of an objective functional. Solving such a minimization problem generally requires solving the model
numerous times with high accuracy. For those endeavors, the higher order SOS is a notably better choice
than the FOS.

6.2. Convergence for the full nonlinear model. We study solutions of the full model computed with
both the SOS and FOS, without subpopulations (so M = 1), and therefore, there is only one type of
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TABLE 4. The error for the infected fish population at final time 7T = 1, along with the
order of accuracy and CPU time for the FOS and SOS.

At Ax FOS SOS
x10~* x10~* L; Error Order CPU(s) L;Error Order CPU(s)
200.00 200.00 3.13E-02 0.0448 1.34E-04 0.0723

100.00 100.00 1.55E-02 1.0132 0.0726 3.13E-05 2.0991 0.0315
50.000 50.000 7.72E-03 1.0067 0.1957 7.59E-06 2.0463 0.1033
25.000 25.000 3.85E-03 1.0033 0.7461 1.87E-06 2.0237 0.2342
12.500 12.500 1.92E-03 1.0017 3.0439 4.62E-07 2.0151 1.1845
6.2500 6.2500 9.61E-04 1.0008 12.2517 1.15E-07 2.0109 8.0171
3.1250 3.1250 4.80E-04 1.0004 48.4998 2.85E-08 2.0068  78.7592
1.5625 1.5625 2.40E-04 1.0002 205.5012 7.10E-09 2.0051 553.6177

The functional forms of the intra-host progression rate 3, the per capita shedding rate p, the disease-
induced mortality scale factor f,, the (susceptible) fish fertility rate /', and the human activity-induced
increase in Mm populations H are given in Table 5. The other parameters used in the model and their
values are given in Table 6. The parameters used in this example are not necessarily biologically mean-
ingful, and the solutions from this parameter set are not here, or elsewhere, used to make direct inferences
or predictions about any naturally occurring, or laboratory, population. However, the dynamics observed
in the model solutions in this example are biologically feasible, albeit at different scales of time or pop-
ulation size(s).

TABLE 5. Functional forms for model parameters.

Parameter | Functional Form || Parameter Functional Form
o] 1 -1 min
B(x) px ful@) | exp(brp i)
Y Y
p) P min F(Y) Fv
H(t,B,) HB,

The initial conditions are given by
B,(0)=0, B,(0)=10, B,(0)=0, L(0)=10, S(0)=10, 1(0,x)=0.

Notice that the initial condition of 7(0,x) = 0 is incompatible with the boundary condition
1
(0, Xmin)
at t = 0. This generates a discontinuity (shock) in the solution along the characteristic curve emanating

1(0,xmin) = (Vi8B,S+ vac1ByS + v3ne,LS)

from the point (0, xy;,) Which can be seen in the numerical examples shown in this section.

The solutions of the model when approximated using both the SOS and FOS can be seen in Figures
1 and 2. The improved accuracy obtained from the SOS is most apparent in Figure 1, in which there
are two solutions computed via the FOS for the sake of comparison. The FOS solution with the same
time step At and mesh discretization Ax (the dash-dotted line) as the SOS is markedly different, most
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TABLE 6. Parameter values.

Parameter Value Parameter Value Parameter Value
u 1/16 y 2 L 50
U 1/60 K 2 L* 20
5 1/500 4 2.4 Vi 1.25x 1073
5 1/500 B 0.4 p 30
Vs 1.875 x 1073 V3 1.25x 1073 n 2.4 %103
ol 2.5%x 1074 o> 2.5%x 1074 03 1073
2 5 o 0 [0%) 0
v 0.05 a 0 C1 10
2 H 0 5 1.25 % 107°
5%x1073

noticeably in the distribution of the infected population at a fixed time. The proportions of the infected
populations at different bacterial load levels do not agree, and only when the time step and discretization
of the mesh are decreased by a factor of 4 (the dashed line), do the solutions agree qualitatively. Similar
conclusions about the FOS and SOS solution comparisons can be drawn from observing the time traces
of the activated Mm B, () and Mm in infected fish carcasses B;(t). The three solutions for the susceptible
S(t), unactivated Mm B,,(t), and effective carrier larvae L(z), all appear identical for this example.

In Figure 2 (a), the propagation of the initial cohort of infected fish (from nonzero initial carrier
larvae) and the nonzero boundary condition can be seen as subsequent snapshots for the three solutions,
that are also shown in Figure 1. The shock of this discontinuity can be seen as it progresses along the
characteristic line gradually thereafter. The improved fidelity of the SOS solution in reproducing this
behavior is also apparent here, as it was in Figure 1.

A complete view of the evolution of the infected population can be seen in Figure 2 (b), along with
the corresponding infected fish of all sizes, susceptible (Figure 2 (c)) and the total fish population sizes
in time (Figure 2 (d)), for the SOS solution. These, along with the time traces in Figure 1, provide a
complete picture of the model dynamics for this set of parameters. The initial presence of carrier larvae
L(0) results in an initial increase of infected fish, that eventually progress through all possible bacterial
loads ([Xmin,Xmax])), and die. As they progress through infection, they shed an increasing amount of
activated bacteria B, (), seen in the top right panel of Figure 1. As the infected fish continue to progress
and die, the bacteria in the dead fish B,(7) increase, as seen in the middle bottom panel of Figure 1. Note
that the rise and peak of this curve is slightly time-delayed when compared with the activated Mm B,(7),
which is reasonable according to the model’s mechanisms. The declines of these two populations occur
as an increasing amount of the infected fish populations progress to death. Both of these Mm populations
B,(t) and B4(t) provide a source of new infections throughout the time course of the solution, albeit less
than the initial cohort of infected fish. Thus the susceptible fish population decreases overall and the
infected fish population first increases, and then slowly decreases, as seen in Figure 2 (c). The total
population slightly decreases throughout this course of time due to the net mortality, as seen in Figure 2

(d).
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FIGURE 1. Comparison of performance of the FOS and SOS for a fully nonlinear exam-
ple on 7 € [0,3], and their performance for the model variables in time and the infected
fish density at r = 1. The solid line represents the SOS with Ar = 0.0004, Ax = 0.1, the
dash-dotted line represents the FOS with the same mesh size, and the dashed line repre-
sents the FOS solution with the discretization in both time and bacterial load reduced by
a factor of 4, (At = % and Ax = %).

7. CONCLUDING REMARKS

We have established a second order high resolution finite difference scheme for a bacterial load-
structured model of Mycobacterium marinum in aquatic animals. The finite difference approximation is
easily implemented, which makes this approach more attractive for this model than others (e.g., finite
element methods, integration along characteristics, etc.). We established convergence of the difference
approximations to a unique weak solution with bounded total variation. We numerically demonstrated
the expected order of convergence for a simplified version of the model to its known exact solution.
For this scenario, we compared the order of convergence and the computational efficiency with a first
order scheme (given in [4]) that was originally used to compute solutions for a different version of this
model. Solutions of a full model were compared using both the first order and second order scheme, and
it is evident that the higher order method results in a more accurate approximation in substantially less
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FIGURE 2. (a) The infected population at time step t = 0.01,0.5 and 2 using both the
FOS and SOS methods. The solid line represents the SOS with Ar = 0.0004, Ax = 0.1,
the dash-dotted line represents the FOS with the same mesh size, and the dashed line
represents the FOS with mesh size reduced 4 times on both Ax and At¢. (b) The density
of infected individuals for 7 € [0,3] and x € [1,7] using the SOS. (c) The total infected
and susceptible population for 7 € [0, 3] using the SOS. (d) The total population of the
host for 7 € [0, 3] using the SOS.

computational time. Accurate approximations are of particular importance in practice, as there may very
well be important implications for any predictions or inferences regarding underlying mechanisms from
approximated model solutions. Furthermore, when dealing with parameter estimation problems (e.g.,
[1, 6]), one may need to solve the model numerous times until an optimal estimated parameter value is

obtained. In such applications time efficiency and accuracy of the numerical scheme used is critical.
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