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Abstract. Fritz John necessary conditions for weakly efficient solutions of nonsmooth vector variational inequality problems
with constraints in terms of convexificators are derived. Karush-Kuhn-Tucker necessary efficiency conditions are established
under a Mangasarian-Fromovitz type constraint qualification. Finally, sufficient conditions are given under suitable assumptions
on the generalized convexity.
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1. INTRODUCTION

In recent years, vector variational inequalities have extensively and broadly studied because of their
fields of applications. Optimality conditions for vector variational inequality problems have been studied
by many authors; see, e.g., [1, 2, 5, 6, 10, 11, 14, 18, 19] and references therein. Giannessi, Mastroeni
and Pellegrini [5] derived sufficient optimality conditions for efficiency of vector variational inequalities
in finite dimension. Morgan and Romaniello [14] gave the Kuhn-Tucker conditions for weak vector gen-
eralized quasivariational inequalities with inequality constraints. Optimality conditions are obtained in
[18, 19] by establishing the equivalence between a vector variational inequality and a vector optimiza-
tion problem. Luu and Hang [10] derived optimality conditions for weak efficient, global efficient, and
efficient solutions of constraints vector variational inequalities via the Clarke and Michel-Penot subdif-
ferential. The notion of convexificator provides good calculus rules for establishing optimality conditions
in nonsmooth optimization. The notion of convex and compact convexificator was first introduced by
Demyanov [4]. Jeyakumar and Luc [9] introduced the notion of closed and nonconvex convexificators
for extended-real-valued functions; see [9] and the references therein. The notion of convexificator is
a generalization of some notions of known subdifferentials such as the subdifferentials of Clarke [3],
Michel-Penot [15], Mordukhovich [16]. Optimality conditions for efficiency via convexificators have
been developed by many authors. Recently, by using this notion, Luu [11, 12, 13] derived Lagrange mul-
tiplier rules for efficiency, and Golestani and Nobakhtian [7] established strong Karush—Kuhn—Tucker

*Corresponding author.
E-mail addresses: tranthimai879@gmail.com (T.T. Mai), dvluu@math.ac.vn (D.V. Luu).
Received July 24, 2018; Accepted September 3, 2018.

(©2018 Journal of Nonlinear and Variational Analysis

379



380 T.T. MAIL, D.V. LUU

conditions. Luu [11] established Fritz John and Karush-Kuhn-Tucker necessary conditions for local
efficient solutions of constrained vector equilibrium problems in Banach spaces via convexificators.

The paper is organized as follows. In Section 2, necessary preliminaries are provided. Section 3
deals with Fritz John necessary conditions for weakly efficient solutions of nonsmooth vector variation-
al inequality problems with constraints in terms of convexificators. Note that the problem studied here
involves a cone-constraint with respect to a polyhedral convex cone, and weakly efficient solutions are
considered with respect to pointed, closed and convex cones. Section 4 will be devoted to developing
Karush-Kuhn-Tucker necessary conditions for weakly efficient solutions of constrained vector varia-
tional inequalities under a Mangasarian-Fromovitz type constraint qualification. In Section 5, sufficient
conditions are given under suitable assumptions on generalized convexity.

2. PRELIMINARIES

Let X be a real Banach space, and let X* be the topological dual of X. Let C be a closed subset
of X. Let g and / be maps from X into R™ and R/, respectively. g = (g1,...,gm),h = (h1,...,h;) with
gihj(i=1,...m;j=1,..,1) are extended-real-valued functions defined on X. Assume that g is locally
Lipschitz at X € C, and S is a polyhedral convex cone in R™. We set

M:={xeC:g(x) €S, ,h(x)=0}.
Sine S is a polyhedral convex cone in R™, it follows that § is of the form
S={yeR":{(a;,y) 20,i=1,....r} (; e R™i=1,...,r). 2.1
Putting
gl(x) = —<Cli,g(X)> (l = la "'ar)a
it follows from (1) that
gx)eS <= gi(x)<0(i=1,....r).
So, the set M has the following form:
M={xeC:gix)<0(i=1,...,r),hj(x) =0(j e L:={1,...,1})}.
Forx € M, we set
Ix)={ie{l,...r}:gi(x) =0}.
Recall that a point X is said to be a regular point in the sense of loffe for & relative to C [8] if there
exist numbers K > 0 and § > 0 such that, for all x € CNB(x;0),
dp (x) < K||h(x) = h(X)]],

where H := {x € C: h(x) = h(x)},dn(x) denotes the distance from x to H, B(X; ) stands for the open
ball of radius § around X.
The lower and upper Dini derivatives of f: X — R = RU {4} at X € X in the direction v are

defined respectively by
o) f(x
fi(%v) = lini(i)nff(x—'_ ”t) f(x),
13

and

f;(%;v) = limsup fE+1v) — /() .
110 t
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Following [9], the function f : X — R is said to have an upper (lower) convexificator d* f(x) (resp.
dif(x)) at X if 9* f(X) C X* (resp. df(X) C X* ) is weakly* closed and, for all v € X,

fq (x0) < sup (x,0)
x*€d* f(x)

resp. £ (X,0) > inf (x*,0)).
(1esp. (7:0) > _inf (x".v))
The function f : X — R is said to have a convexificator 9* f(x) at X if it is both upper and lower convex-
ificator of f at x. This means that, for each v € X,
f;(-xav) S sup <X*7U>7
x*€d* f(x)

f(x,v)> inf (x*,v).
fd (x,0) x*ea*f(x)< )

The function f is said to have an upper (lower) semi-regular convexificator 0* f(x) (resp. d. f(x)) at X if
d*f(X) (resp. d.f (X)) is weakly* closed and for all v € X,

fixv)< sup (x*,v) (2.2)
x*€d* f(x)

resp. f; (x,0) > inf (x*,0)). 2.3

(resp. £ (5.) = _ind(+",v) @3

If equality holds in (2.2) (resp. (2.3)), then 0* f(X) (resp. d..f (X)) is called an upper (resp. lower) regular
convexificator of f at X.

Let f be a real-valued function defined on X. Following [3], the Clarke directional derivative of f at
x with respect to the direction v is defined as

fO(X v) = limsup flrtrv) — f(x)
’ x—X,t 0 ! ’

The Clarke subdifferential of f at X is
Af(x) ={x" e X" : (x",0) < f°(x,v), Vv € X}.

where (.,.) denotes the coupling between X* and X. If f is locally Lipschitz, then the Clarke subdiffer-
ential is a convexificator of f at X; see [9] and the references therein.

Recall that a locally Lipschitz function f is called regular in the sense of Clarke at X [3] if, for every v €
X, there exist f (%;v) and f (x;v) = f°(x; ). For such function £, the Clarke subdifferential d (%) is an
upper regular convexificator and the convexificator map d f is locally bounded at X (see [[9], Corollary
5.2]). Moreover, in case dim X < oo, the map d f is upper semicontinuous at x (see [3]).

If f is a convex function on X, then the subdifferential of f at X is defined as

Icf(X) = {g X1 (Ex—%) < f(x)— fF), Vx e x}.
Proposition 7.3.9 [17] pointed that if f is convex on X and locally Lipschitz at X € X, then
Acf () = If ().
The Clarke tangent cone to a set C at X € C is defined as
Tc(x) :={veX:Vx, €C,x, = x,Vt, ] 0,30, > v

such as x, + 1,0, € C,Vn}.



382 T.T. MAL D.V. LUU
The Clarke normal cone C at X is
Ne(x):={& eX": (&) <0,Vv € Tx(X)}.

Proposition 2.1. [9] Suppose that the function f : X — R admits an upper convexificator 0* f (x) atx € X.
If f attains its minimum at X, then

0 € clconv 3™ f(X),

where cl and cony indicate the weak* closure and the convex hull, respectively.

Proposition 2.2. [9] Let f = (f1,...fn) be a continuous functions from X to R", and let g : R" — R
be a continuous function. Suppose that, for each i = 1,...n, f; admits a bounded convexificator 0* f;(X)
at X and g admits a bounded convexificator d*g(f (X)) at f(x). For each i = 1,...n, if d*f; is upper
semicontinuous at X and d*g is upper semicontinuous at f(X), then the set

9" (g0 f)(x) = 9"¢(f(X)) (9" f1(X), .., 9" fu(¥))

is a convexificator of go f at X.

3. FRITZ JOHN NECESSARY CONDITIONS FOR WEAKLY EFFICIENT SOLUTIONS

Let L(X,IR?) be the space of all continuous linear mappings from X to R”, and let T be a mapping
from X to L(X,R”). Let Q be a pointed, closed and convex cone in R?” with nonempty interior. Let us
consider the following vector variational inequality (VVI): Find a point X € M such as

T(X)(y—X) ¢ —intQ, Vy€E M. 3.1)

A vector X is called a weakly efficient solution of (VVI) if (3.1) holds. Note that in case int Q = R’fr Iy
the definition of weakly efficient solution is of the form: There is no y € M such that

TX)(y—Xx) <0, VkeJ:={1,...,p},

where T'(x) = (T(X)1,....T(%),), T (X : X > R(Vk€J), R}, =intRY.
To derive Fritz John necessary conditions for a weak efficient solution X of Problem (VVI), we intro-
duce the following assumptions.

Algorithm 3.1. The functions Ay, ...,h; are locally Lipschitz at X; for each j € L, the function |h;] is
regular in the sense of Clarke at ¥, and the convexificator map d*h; is upper semicontinuous at X; g; (i €
(X)) are continuous, and g; (i € I(x)) admit upper convexificators d*g;(x) at x; C is convex.

We shall begin with establishing a Fritz John necessary condition for weak efficient solutions of prob-
lem (VVI).

Theorem 3.1. Let X be a weakly efficient solution of (VVI). Assume that X is a regular point in the sense
of Ioffe for h relative to C, and Assumption 3.1 is fulfilled. Then, there exist @ >0, 7 1= (Zl,...,fp) €
O \{0}, ; > 0(Vie I(x)),y; e R(j=1,...,1) such that 0 +Ye;x I; = 1, and

0 (Y, 0%, T(X)i+ Y, Hiconvd*gi(x)+ Y 7,convd*h;(X) + Nc(x)). (3.2)
kel i€l(x) JEL
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Proof. Putting F(X,y) := T (X)(y —X), we have F(X,.) is an affine map,
F:=(F,....F,): X ->R?
and F(x,x) = 0. We set Fx(y) := F(X,y), and

Fix(y) = Fi(x,y) = T(X(y = X) (k € J).
Since T (X)(.) is continuous linear, it is strictly differentiable and locally Lipschitz. Hence, the function

Fix(.) (Vk € J) admit an upper convexificator at X as {T'(X) } (Vk € J).
Hence, x is a weakly efficient solution of the multiobjective optimization problem (MP):

minFe(y) st.yeM:={yeC:g(y)<0(i=1,...,r),hj(y) =0(j=1,...,1)}.

Consequently, X is a weakly efficient solution of the vector equilibrium problem (VEP):

F(x,y) ¢ —intQst.yeM={yeC:g(y)<0(=1,..,r),h(y) =00 =10}

Applying the scalarization theorem by Gong ([6], Theorem 3.1) to Problem (VEP) yields the existence
of a continuous positively homogeneous subadditive function P on R? satisfying the property

Yo —y1 €intQ = P(yl) < P(yz),

and
(PoF)(y) =2 0(VyeM).

Hence, X is a solution of Problem (SP):
min(PoFg)(x)stxe M={xeC:g(x)<0(i=1,...r),hj(x) =0(j€L)}.

We invoke Theorem 3.2 in [11] to Problem (SP) to deduce that there exist 8 > 0,11, (Vi € 1 (x).7, €
R (j €J) such thatg—l—Zie[@) n;=1,and

0601(68*(P0F )+ Z convd*g;(X)
i€l(x)

+ Y. 7,conv0" h(%) +Nc(x)) . (3.3)
JEL
We now check the hypotheses of a chain rule by Jeyakumar-Luc ([9], Proposition 5.1) to the composite
function
(PoFy)(x) = (Po(f = f(x))(x) = (Po f)(x).

Since P is continuous convex, we can apply Proposition 2.2.6 [3] to deduce that it is locally Lipschitz.
Hence, its subdifferential doP(f(x)) is a bounded convexificator of P at f(X) = 0. Since P is convex and
locally Lipschitz, Proposition 7.3.9 [17] was pointed that

dcP(f(x)) = IP(f(%)).
Note that
Af(x)={T(x)}, VkeJ
and f admits an upper convexificator at X as {7 (x) } (Vk € J) and f(x) = 0. Moreover, the Clarke sub-

differential map JP is upper semicontinuous at f(x) = 0. By virtue of Proposition 5.1 [9], the following
set:

aCP(O)(T(X)lv sy T(X)P)
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is a convexificator of Po f at x. Hence, (3.3) is of the form:

0e cl@acp(oxr(x)l,...,T(x),,)+ Y. Hconvd*gi(¥)+
i€l (x)

+Z%wmmm®+mﬁ0. (3.4)
jeL
It follows from (3.4) that there exist

20 € 00cP(0)(T (X)1,....T(X)p) + Y H;convo*g;(x)
icl(x)

+ Y 7 conva*hj(X) + Nc(%). (3.5)
jeL
such that lim,,_,.z, = 0. By (3.5), there exist a sequence {x,} C dcP(0) C R™, such that

Zn € EXn(T(x)la'“? T(X)p) + Z ﬁiCOHVg*g;i(f)
i€l (x)

+ Y 7 conva*hj(X) + Ne(x). (3.6)
jeL
Since dcP(0) is a compact set in R”, without loss of generality, we can assume that
In =X = X1, X,) € IcP(0).
Using (3.3) and (3.6), we find that
0e cl( Y 07, T(X)i+ ¥ Hiconvd*gi(x)+ Y 7;conv 9" h;(¥) +NC(7c)).
keJ i€l(x) JEL

Let us see that ¥ € 0*\{0}. In fact, for any y € intQ, it can be written 0 — (—y) € int Q. Since ¥ €
JP(f (X)) and f(x) = 0, we arrive at

X, =)= (f(x)—y)— f(x))
<P(f(x)—y) —P(f(x))
=P(-y

< P(0)=0.

~—

Consequently, ¥ € Q\{0}. The proof is complete. O

4. KARUSH-KUHN-TUCKER NECESSARY CONDITIONS FOR WEAK EFFICIENT SOLUTIONS

In this section, the following Mangasarian-Fromovitz type constraints qualification (MFCQ) is in-
troduced in order to derive Karush-Kuhn-Tucker necessary conditions for weak efficient solutions of
Problem (VVI): There exist vy € T¢(X) and numbers a; > 0 (i € I(X)) such that

(1) (E,v0) < —ai, V& € I*gi(®), Vi€ I(x);

(2) <77j71)0> =0, VT]J € a*h](f),VJ €L
A Karush-Kuhn-Tucker necessary condition for weakly efficient solutions of Problem (VVI) can be
stated as follows.
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Theorem 4.1. Let X be a weakly efficient solution of (VVI). Assume all hypotheses of Theorem 3.1 and
the constraint qualification (MFCQ) hold. Then there exist A := (A1, ... ,Ip) e 0"\ {0}, u; >0(Vie
1(x)),7; € R(j=1,...,1) such that

Occd (Y MT®)+ Y, Hiconvd*gi(x)+ Y 7;conv9*h;(x) + Ne(%)). (4.1
keJ i€l(X) JEL

Proof. From Theorem 3.1, we find that there exist 6 > 0, ¥ := (¥,,..-,%,) € Q" \ {0}, I; > 0 (Vi €
I(%)),7; €R(j=1,...,]) such that

0+ ) m=1,
iel(x)
and

0601(2671( X+ Z Hconvad g (x +Zyjconv8 h;(X) +Nc(x)).
keJ icl(x) JEL

Putting A := @, we obtain (4.1) immediately. Next, we prove that A € Q* \ {0}. To do this, we show
6 > 0. Assume the contrary that = 0. Then ;. 1x) H; = 1. There exist
£ € convd*gi(x), Viel(),

nj(.") €convd*hj(x), VjeL
and £ € N¢(x) such that

0=Jim[ ¥ # &+ Y v+ ¢ 42)

el(x) JeL
For vy € T¢(X), we find from (4.2) that

0=1im [ ¥ m(&", v0) + ¥ 7,(n'", v0) + (£, v0)]. (4.3)

—>00
el ) JEL

Note that };c;x) H; = 1. Taking account of (MFCQ) and (4.3), we get

0=lim [ ¥ (5", v)+ ¥ 7,0 v0) + (6, w)]

* iel(x) jeL
<pm[ X w ", w)+ Y 7,(n" vo)
i€l(x JEL
<— Z Wa;
i€l (x)
<0,

which is a contradiction. Hence @ > 0. The latter along with the fact that 7 € Q* \ {0} yields that
A € 0*\ {0}. This completes the proof. O

Next, we illustrate Theorem 4.1 with the following example.

Example4.1. Let X =R2Y =R2, C=0,1] x [-1,0], 0 = {(x1,x2) € R?:| x, |< 3x1}, and X = (0,0).
Let 7 : R? — L(R?,IR?) be defined as
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where

1
a() = 51 — 1]+ |xal, bx) = €+,

c(x) = sinx; +3cosxy, d(x) = (x; —1)(x2 +2),

((xl,)Q) c Rz).

W =

Then a(x) =1/2,b(X) = 1,c(¥) =3, and d(X) = —2. Thus, T'(X) = (

1
T()1(x) = 51 32,

T(f)z(x) =3x1 —2x.

Let g,/ be defined as g := (g1,g2), where

x(1=sin ) +2x, if x5 #0,
g1(x) :== _
0, if x; =0,

1

1
2> and, for x = (x1,x;) € R?,

g2(x) :=x3 — |x2| + 3x2, and h(x) := 3X1 + 1x,. From the notations in Section 2, we have

S= {('x17x2) € RZ b 07-x2 < 0}7

a) = (1,0),02 = (0, —1), and

g1(x) = —(a1,8(x)) = —g1(x) =
0,

B0) = ~(a2,8(x)) = g2(0) =~ el +

‘We have

M={xeC: g(x)<0(i=1,2),h(x) =0}

x%(sinxil —1)—2xy,

() € [0,1] X [—1,0] 1 x = —%xl}.

if X1 7&0,
if x; =0,

The point X = (0,0) is a weakly efficient solution of the vector variational inequality problem:

T(x)(x—X) ¢ —intQ (Vx € M).
It can be seen that

9°51(%) = {=3,—1} x {0},
9*g(x) = {0} x {1/2,5/2},
d"h(x) ={(1/3,1/2)},
Q" ={(x1,x2) ER*:| x; |< —%xl},
Te(x) = {(x1,%2) €R?: xy
Ne(®) = {(x1,x2) €R*: xy
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It can be seen that (MFCQ) is fulfilled at X = (0,0) with vo = (3, —2) € T(X). Moreover, X = (0,0) is a
regular point in the sense of loffe for 4 relative to C, where

2
H={(xx)cR*: x,= —30s X0 S 1}

Thus, all hypotheses of Theorem 4.1 are satisfied, and the necessary condition (3.6) holds for 1| =
S A=1,0,=1/3,u,=—-1/3,v=—1.
5. SUFFICIENT CONDITIONS FOR WEAKLY EFFICIENT SOLUTIONS

Let f be a function defined on X and let f admit an upper convexificator d* f(x). Following [18],
function f is said to be asymptotic pseudoconvex at X on C if, Vx € C,

for some x, € conv&*f(?c),}ﬂg(xfl,x—fc} > 0= f(x) > f(x).
f is said to be asymptotic quasiconvex at X on C if, Vx € C,
f(x) < f(x) = foranyx) € conv&*f(i),%ﬂ(x,ﬁ,x—%) <0.
f is said to be asymptotic quasilinear at X on C if, Vx € C,
f(x) = f(x) = forany x € COHVB*f(X),JEI;()c:,x—X) =0.
Next, we give a sufficient condition for weak efficient solutions of Problem (VVI).

Theorem S.1. Letx € M. Assume that
(i) There exist & := (A1,...,A,) € Q*\ {0}, ; > 0(Vi € 1(x),7, €R,i=1,...,]) such that
0€cl( Z AT (X)i + Z Hconvd*gi(X) + Z ¥jconv " h(X) +Ne(x)). 5.1
keJ i€l(x) JEL
(ii) Each function g; is asymptotic quasiconvex at X on M (Vi € I(X)); each function hj is asymptotic
quasilinear atx on M (¥ j € L) and C is convex.
Then X is a weak efficient solution of (VVI).

Proof. From (5.1), we see that there exist éi(") € convd*g;(x), Vi € I(X), T]J(-") € convd*hj(x),Vj € L and
¢ € Ne (%) such that
0=lim [Y 4T@+ ¥ m&" + Yy +¢™]. (5.2)

nree keJ i€l(x) JjeL
Hence, for all x € M,
0= lim | Zlk X)p, X —X) + Z Hi<§i(n),x—)?>

n—yoo

keJ i€l(x)
+ Y 7,0 =%+ (" x-3)). (5.3)
jeL

Observe that, for all x € M,
gi(x) <0=gi(x), Vxel).

Sine g; is asymptotic quasiconvex at X, we obtain

0= lim (", x—%) <0. (5.4)

n—soo
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Sine hj(x) =0=h;(X), Vx € M and hj, Vj € L is asymptotic quasilinear at X, for all x € M, we have
— ) =y
0= lim (1", x—%) = 0. (5.5)
Sine C is convex, we have x —X € T¢(X), Vx € C. It follows that
0= lim (", x—x) <0. (5.6)
n—yoo
Sine T'(¥)(.) is continuous linear, it is strictly differentiable and locally Lipschitz on M. Hence, functions
T (%)x(.) have upper convexificators at X is {T'(X)x} (Vk € J). Combining (5.3)-(5.6), for all x € M , we
get
0=1lim ) A4(T ()x,x—X) > 0. (5.7)
"kl
By virtue of the asymptotic pseudoconvexity of AT (%)(.) := Yxe; AT (X)x(.) at X on M, it follows from
(5.7) that
AT (X)x > AT (X)X,
which implies that X is weakly efficient solutions of (VVI). This completes the proof. g

6. CONCLUSIONS

In the paper, we studied nonsmooth vector variational inequality problems with a cone-constraint in
which the cone is a polyhedral convex set. Note that weakly efficient solutions are considered with
respect to pointed, closed and convex cones. Making use of some results by Luu 4.3 and Jeyakumar-
Luc 4.1, Fritz John and Karush—Kuhn-Tucker necessary conditions for weakly efficient solutions of
nonsmooth vector variational inequality problems in terms of convexificators are derived. Under suitable
assumptions on the generalized convexity, necessary efficiency conditions become sufficient efficiency
ones. The results obtained in this paper can be viewed as extensions of those in [10].
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