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1. INTRODUCTION

Caristi’s theorem [3] is one of remarkable fixed point results of nonlinear analysis which finds a
number of generalizations and applications; see, e.g., [1, 5, 6, 7] and the references therein. In this paper,
we obtain a random version of a theorem on the existence of equilibrium points for two parametrized
multivalued maps satisfying a joint Caristi type condition.

2. PRELIMINARIES

Let us recall some notions from the theory of multivalued maps (details can be found, for example, in
[2, 4, 5]).

Let X and Y be metric spaces. By the symbol C(Y ) [K(Y )], we denote the collection of all nonempty
closed [respectively, compact] subsets of Y. If Y is a normed space, the symbol Cv(Y ) [Kv(Y )] denotes
the collection of all nonempty convex closed [respectively, compact] subsets of Y.

Definition 2.1. A multivalued map (multimap) F : X→C(Y ) is said to be upper semicontinuous (u.s.c.)
[lower semicontinuous (l.s.c.)] if for every open [respectively, closed] set V ⊂ Y

F−1(V ) = {x ∈ X : F (x)⊂V}

is an open [respectivbely, closed] subset of X .

Definition 2.2. A multimap F : X →C(Y ) is said to be continuous if it is both u.s.c. and l.s.c.

Let (Ω,Σ) be a measurable space, i.e., a set Ω equipped with a σ -algebra Σ of its subsets.

Definition 2.3. A multimap F : Ω→C(Y ) is said to be measurable if F−1(V ) ∈ Σ for every open set
V ⊂ Y .
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In what follows, let (Ω,Σ,µ) be a locally compact metric space with a Radon measure µ and σ -algebra
Σ of µ-measurable subsets.

Let X ,Y be separable metric spaces.

Definition 2.4. A multimap F : Ω×X→C(Y ) is said to be a random u-multimap [random l-multimap]
provided

(i) F is measurable with respect to a minimal σ -algebra generated by Σ×B(X), where B(X) is the
collection of all Borel subsets of X ;

(ii) for every ω ∈Ω, the multimap F (ω, ·) : X →C(Y ) is u.s.c. [respectively, l.s.c.]

If a multimap F : Ω×X →C(Y ) satisfies condition (i) and condition

(ii)′ for every ω ∈Ω, the multimap F (ω, ·) : X →C(Y ) is continuous

we will call it a random multimap.

Definition 2.5. Let A⊆ X be a closed set. A measurable map ξ : Ω→ A is called a random fixed point
of a multimap F : Ω×A→C(X) if

ξ (ω) ∈F (ω,ξ (ω))

for all ω ∈Ω.

Proposition 2.1. ([4], Proposition 31.3). Let F : Ω×A→C(X) be a random u-multimap such that for
every ω ∈Ω the set of fixed points

FixF (ω, ·) = {x ∈ X : x ∈F (ω,x)}

is nonempty. Then F has a random fixed point.

Before formulating the next assertion, let us say that a function ψ : Ω×X → (−∞,+∞] is admissible
if for every ω ∈ Ω the function ψ(ω, ·) is proper, i.e., its value is finite at least at one point, bounded
below, and lower semicontinuous.

The following result is the direct consequence of the multivalued version of the Caristi fixed point
theorem (see [1, 5, 6]) and Proposition 2.1.

Theorem 2.1. Let (X ,d) be a complete separable metric space and let ψ : Ω×X → (−∞,+∞] be an
admissible function. If F : Ω×X →C(X) is a random u-multimap such that for every ω ∈Ω and x ∈ X
there exists f ∈F (ω,x) such that

ψ(ω, f )+d(x, f )≤ ψ(ω,x),

then F has a random fixed point.

Definition 2.6. We say that f : Ω×X →Y is a Carathéodory map provided: (i) the map f (ω, ·) : X →Y
is continuous for every ω ∈Ω; (ii) the map f (·,x) : Ω→ Y is measurable for each x ∈ X .

Analogously, F : Ω×X→K(Y ) will be called a Carathéodory multimap if: (i) the multimap F (ω, ·) : X→
K(Y ) is continuous for every ω ∈Ω; (ii) the multimap F (·,x) : Ω→K(Y ) is measurable for each x ∈ X .

Let us mention the following properties of the Carathéodory multimaps (see, e.g., [5], Propositions
7.9 and 7.16).

Proposition 2.2. If F : Ω×X → K(Y ) is a Carathédory multimap, then
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(i) F is measurable;
(ii) if X is complete, then for every ε > 0 there exists a closed subset Ωε ⊆Ω such that µ(Ω\Ωε)< ε

and the restriction F |Ωε×X is continuous.

The next parametrized version of the Michael continuous selection theorem holds true (see [5], Theo-
rem 7.23).

Proposition 2.3. Let X be a complete separable metric space and let Y be a separable Banach space.
Let F : Ω×X →Cv(Y ) be an l-random multimap. Then F admits a Carathéodory selection, i.e., there
exists a Carathéodory map f : Ω×X → Y such that

f (ω,x) ∈F (ω,x), ∀(ω,x) ∈Ω×X .

3. A RANDOM EQUILIBRIUM POINT THEOREM

Theorem 3.1. Let X be a separable Banach space and let (Y,d) be a complete separable metric space.
Let F : Ω×X→K(Y ) be a Carathéodory multimap and let G : Ω×Y →Cv(X) be a random l-multimap.
Suppose that ψ : Ω×Y → (−∞,+∞] is an admissible function such that for every ω ∈Ω and x∈ X there
exists f ∈ F(ω,x) with the property that for each y ∈ Y satisfying

x ∈ G(ω,y)

we have
ψ(ω,y)+d(y, f )≤ ψ(ω,y).

Then there exist measurable maps x? : Ω→ X and y? : Ω→ Y such that x?(ω) ∈ G(ω,y?(ω)),

y?(ω) ∈ F(ω,x?(ω))

for all ω ∈Ω.

Proof. According to Proposition 2.3, we take a Carathéodory selection g : Ω×Y → X of the multimap
G :

g(ω,y) ∈ G(ω,y), ∀(ω,y) ∈Ω×Y.

Consider the multimap F̃ : Ω×Y → K(Y ) defined as

F̃(ω,y) = F(ω,g(ω,y)).

Let us show that the multimap F̃ satisfies the conditions of Theorem 2.1.
First, we demonstrate that F̃ is a Carathéodory multimap. In fact, the continuity of the multimap

F̃(ω, ·) for every ω ∈ Ω is obvious. Further, by applying Proposition 2.2 (ii), for a given ε > 0, we
take a closed subset Ωε ⊆ Ω such that µ(Ω \Ωε) < ε and the restrictions of F and g to Ωε ×Y are
continuous, but then F̃ is also continuous on Ωε ×Y . Hence F̃(·,y) is continuous on Ωε for every y ∈ Y.
This means that the multimap F̃(·,y) satisfies the Lusin property. Hence (see, e.g., Theorem 19.6 in [4])
it is measurable. According to Proposition 2.2 (i), one sees that the multimap F̃ is measurable and so it
is a random multimap.

Now, we take any ω ∈ Ω and y ∈ Y . By the condition of the theorem there exists f ∈ F̃(ω,y) =
F(ω,g(ω,y)) such that

ψ(ω, f )+d(y, f )≤ ψ(ω,y).
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By Theorem 2.1, the multimap F̃ has a random fixed point y? : Ω→ Y , i.e.,

y?(ω) ∈ F̃(ω,y?(ω)) = F(ω,g(ω,y?(ω))).

It is clear that g(ω,y?(ω)) is measurable. Hence it may be taken as the desirable map x?(ω). �
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