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Abstract. In this paper, we use the dual variable to propose two algorithms for split common fixed-point problems of averaged
mappings in real Hilbert spaces. Under suitable conditions, weak and strong convergence theorems are established. Finally, we
give numerical experiments to illustrate the efficiency of the proposed iterative algorithms.
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1. INTRODUCTION

In 2009, Censor and Segal [4] introduced a split common fixed point problem, which is an inverse
problem, aiming to find an element in a fixed point set such that its image under a bounded linear
operator belongs to another fixed point set, in finite dimensional Hilbert spaces. Recently, many authors
investigated the split common fixed point problem via iterative methods in difference spaces.

Let H; and H, be two real Hilbert spaces. The Split Common Fixed Point problem (in short, SCFP)

can be formulated as the problem of finding
x* € F(U) such that Ax" € F(T), (L.1)

where A : Hy — H, is a bounded linear operator, F(U) and F(T) stand for the fixed point sets of U :
Hy, — Hy and T : Hy — H,, respectively. In particular, if U and T are projection operators, then the SCFP
is reduced to the known split feasibility problem (shortly, SFP) [3, 5], which is to find a point x* such that

x* € C such that Ax" € Q, (1.2)

where C and Q are nonempty closed convex subsets of H; and H», respectively. Such problems arise in
the field of intensity-modulated radiation therapy when one attempts to describe physical dose constraints
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and equivalent uniform dose constraints within a single model (see [6]). Since the split feasibility prob-
lem in finite dimensional Hilbert spaces was first introduced by Censor and Elfving [5], many algorithms
have been introduced to solve the SFP; see [2, 7, 18, 13] and references therein.

Note that, if (1.2) is consistent (i.e., (ref1.2) has a solution), it is no hard to see that x* solves (1.2) if
and only if it solves the fixed point equation:

Po(I—yA*(I— Py)A)x* = x, (1.3)

where Pc and Py are the (orthogonal) projection onto C and Q, respectively, ¥ > 0 is a positive constant
and A* denotes the adjoint of A. This implies that we can use fixed point algorithms to solve the SFP.
To solve SFP (1.2), Byrne [3] proposed the CQ-algorithm which generates a sequence {x;} by

Xkl = Pc(l — ’)/A*(I — PQ)A)xk (14)

for each k € N, where y € (0, %) with A being the spectral radius of A*A. For solving SCFP (1.1),
Censor and Segal [4] proposed and proved, in finite dimensional spaces, the convergence of the following
iterative scheme:

Xn1 = U(xy — YA* (I = T)Axy), (1.5)

where 7 is chosen in the interval (0, %) with A being the spectral radius of A’A, where A’A stands for
matrix transposition. Recently many authors have introduced some algorithms to solve the SCFP (1.1);
see [8,9, 15, 16, 17, 19] and the references therein.

In this paper, we use the dual variable to propose two algorithms for the SCFP governed by averaged
mappings. In [10], Chen, Huang and Zhang considered to minimize the sum of two proper lower semi-
continuous convex functions, i.e.,

x* = argmin fi (x) + f2(x), (1.6)
xeR?

where fi, f» € To(R") (: the set of all proper lower semi-continuous convex functions from R” to
(—oo,+o0|) and f; is differentiable on R" with %—Lipschitz continuous gradient for some f3 € (0, o).
To solve convex separable problem (1.6), they obtained the following fixed point formulation: the point
x* is a solution of problem (1.6) if and only if there exists v* € R™ such that

V= (I—prox%fl)(x* — YA )+ (1=A)W"),
X =x"—yVh(x) — v,

where A and y are two positive numbers. They introduced the following Picard sequence:

Vsl = (I—prox%fl)(xk— YV () + (1 —2A)w),

(1.7)
Xier1 =X — YV o (xXk) — Avigr.

It was shown [10] that, under appropriate conditions, sequence {x;} converges to a solution of problem
(1.6). Since x is the primal variable related to (1.6), it is very natural to ask what role the variable v
plays in above algorithm. After thorough study, they found out that v is actually the dual variable of the
primal-dual form related to problem (1.6).

Inspired and motivated by the works mentioned above, for solving SCFP (1.1) of averaged mappings,
we use the dual variable to propose a weak convergence algorithm and a strong convergence algorithm
modified by the viscosity approximation method. The contents of this paper are as follows. In Section
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2, we give some useful definitions and results for the convergence analysis of the iterative algorithms. In
Section 3, we prove some weak convergence theorems of the proposed algorithm with the dual variable.
In Section 4, we prove some strong convergence theorems of the modified algorithm. Finally, we give
some numerical experiments to illustrate the efficiency of the proposed iterative methods in Section 5.

2. PRELIMINARIES

In this paper, we denote the inner product by (-,-) and the norm by || - ||. We use — and — to denote
the strong convergence and weak convergence, respectively. We use @, (xx) = {x: 3x;, — x} stand for
the weak @-limit set of {x; }.

Definition 2.1. A mapping T : H — H is said to be nonexpansive if
1Tx =Tyl < [lx—y
forall x,y € H.

Definition 2.2. A mapping T : H — H is said to be firmly nonexpansive if 2T — I is nonexpansive or,
equivalently,

(x=y,Tx—Ty) > ||Tx—Ty|
forall x,y € H. A mapping T : H — H is said to be firmly quasi-nonexpansive (also directed) if F(T) # 0
and
(x—q,Tx—q) > |Tx—q|

forallx€ H and g € F(T).

Alternatively, a mapping T : H — H is firmly nonexpansive if and only if 7 can be expressed as

1
T=-(I+S
2(+ )7

where I denotes the identity mapping on H and S : H — H is a nonexpansive mapping.

Definition 2.3. A mapping T : H — H is said to be an averaged mapping if it can be written as the

average of the identity / and a nonexpansive operator, that is,
T=(1-a)l+as,

where « is a number in (0,1) and S : H — H is nonexpansive. More precisely, when the above equality

holds, we say that T is t-averaged.

Definition 2.4. A mapping T : H — H is said to be demiclosed at the origin if, for any sequence {x,}
which weakly converges to x, if the sequence {Tx,} strongly converges to 0, then Tx = 0.

Definition 2.5. A mapping f : H — H is said to be p-contraction if there exists a constant p € [0,1)
such that

1FG) = < pllx—ll
forall x,y € H.
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Definition 2.6. A mapping f : C — H is said to be 1-strongly monotone if there exists a positive constant
7N such that

(f@) = FO)sx=y) = nx =yl
for all x,y € C.
It is obvious that, if f is a p-contraction, then / — f is a (1-p)-strongly monotone mapping.
Recall the classical variational inequality problem is to find a point x* € C such that
(Fx*,x—x")>0

for all x € C, where C is a nonempty closed convex subset of H and F : C — H is a nonlinear operator.
It is well known that if F': C — H is a Lipschitzian and strongly monotone operator, then the above
variational inequality problem has a unique solution.

Definition 2.7. For any o > 0, a mapping 7' : H — H is said to be «-inverse strongly monotone (shortly,
o-ism) if

(x=y,Tx—=Ty) > af|Tx—Ty|]?
for all x,y € H.

Proposition 2.1. [2] A mapping T : H — H is averaged if and only if the complement [ — T is v-ism for
some v > % Indeed, for a € (0,1), T is a.-averaged if and only if  — T is ﬁ—ism.

Lemma 2.1. [1] Let E be a uniformly convex Banach space, K be a nonempty closed convex subset of E
and T : K — K be a nonexpansive mapping. Then [ — T is demiclosed at the origin.

Lemma 2.2. [11] Let K be a nonempty closed convex subset of real Hilbert space H. Let {x;} be a
bounded sequence which satisfies the following properties:

(a) every weak limit point of {x} lies in K;
(b) limg_ ||xx — x|| exists for every x € K.

Then {x;} converges weakly to a point in K.
Lemma 2.3. [12] Assume that {s;.} is a sequence of nonnegative real numbers such that

Skr1 < (1= Ag) s+ A0,
Skt < Sk — M+ Wk

for each k > 0, where { A} is a sequence in (0,1), {ni} is a sequence of nonnegative real numbers and
{6} and { .} are two sequences in R such that

(@) 2 A = oo

(b) limy o0 e = 0;

(¢) limy_,o. Mk, = O implies limsup,_,,, &, < 0 for any subsequence {k;} C {k}.
Then limg_ye. s = 0.

The following lemma is trivial.

Lemma 2.4. Let H be a real Hilbert space. Then, for allt € [0,1] and x,y € H,
e+ (1 =)y 1> = t[|xl|> + (1= 0) [y ]I> = (1 =) =y
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3. WEAK CONVERGENCE THEOREMS

Throughout this paper, we assume that the SCFP (1.1) is consistent and its solution set is denoted by

I, ie.,
I'={xeF{U):Axe F(T)}.

Now, we use the dual variable to establish a new iterative algorithm for the SCFP (1.1) of averaged
mappings.
Theorem 3.1. Let U be an oy -averaged mapping and T be an op-averaged mapping. Suppose that
0<A<10<a <3and

1
0 <liminfy <limsup ¥ < ——5.
koo koo a|Al]?

Let {(v,xx)} be the sequence generated by
Xo,vo € Hy chosen arbitrarily,
Yk = X — WA* (I — T)Axy,
Virr = (I =U) (e + (1= A)w),

Xk+1 = Yk — lvk+1

3.1

for each k > 0, then the sequence {x;} converges weakly to a point x*, where x* € I, and the sequence
{(vk,xx) } weakly converges to the point (0,x*).

Proof. First, we show that limy_,. ||xx —x*|| exists for any x* € I'. Taking x* € I, we have x* € F(U)
and Ax* € F(T). Since U and T are a;-averaged mappings and op-averaged mapping, respectively, by

Proposition 2.1, it follows that / —U and I — T are 2171-ism and 5—-ism, respectively. Thus, from the

1
20
iterative algorithm (3.1), we have

et 2= (1 =U) o+ (1= A)ve) = (I = U)x’||?

* (3.2)
<200 (Vi1 06— X4+ (1= A)we)
and ) )
[ 1 =277 = Iy — Avigr — 7|
*(12 * 2 2 (33)
= ||)’k—x || —2%<yk—x ,Vk+1>+7t Hvk+1|| .
It follows that
k1 — X%+ A v ||
= |k — 21> = 22 (o — X%, v 1) + A2 Vi [+ A v |1
= =1 = 220 = ) + oAt I =2 (5 = 1= ) e
< H)’k—x*||2 =22k — X Vi) + 24 (v — X"+ (1= A) v, v 1) (3.4)

—;L(;l 1) v P
1

= o= P4 2200 =) ovin) =4 (G =1 =) a1

Since
A(1=2)[irr = viell* = A1 = A) (Vi > = 2vies1,vi) + viel?), (3.5)
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we obtain

k1 = X%+ A v [P

* 1 (3.6)
< = P+ 20 = Al = A0 =) s = vl =2 (5 =2) P
It follows from
(xx —x" A" (I — T)Axy) = (Axy — Ax™, (I — T)Ax; — (I — T)Ax")
1 * 12
2 5 0 =T)Ax— (I =T)Ax"]| (3.7)
1
= —||(I - T)Ax|]?
20, 10—~ DAx
that
yx — x|
= |l — A (I — T)Ax; —x*||?
< e =211 = 23 b — " A1 = T)Ax) + R AP (T = T)Ax|? 35)
* 1 '
<l —x ||2—gzykll(l—T)Akaz+7’13||AH2||(1—T)Aka2
1
= e —x"IP = % ( — AP ) 0= T
Hence, we obtain
ekt =2+ A e |1
. 1
< o —x Hz—yk(;z—VkHAH2>II(I—T)AXk!!2+7L(1—l)HVkH2
A=) e =P A (o —2) e P
k+1 — Vk G k+1 (3.9

i 1
= =12+ Alvel2 = (o = AR 1= T) Al = A2 v P
2
1
A =2 v = el = 2= 2) v

Let s; = [|xx —x*||> + A||vi]|*. By the assumptions on ¥, A, a; and (3.9), we can get s, 1 < g, which
implies that the sequence {si} is non-increasing and lower bounded by 0 and so limy_,. s, exists. Thus
it follows that {s;} is bounded and hence {x;} is bounded. Moreover, from (3.9), we also have

1
1o~ AN I = 7Y + A2l < = s,
which implies that
i I—T)Ax| =0
Lim [[(7 = T) A (3.10)

and

li =0.
lim v (3.11)
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S0, limy e ||xx — x*[|? = limy_yeo(sp — A ||v]|?) = limy_.. 54 exists. By the iterative algorithm (3.1), we

have
[[xx — Ux||

=l =y — (1 =) +yr+ (1 —A)w
= U+ (1=2)v) +U e+ (1 = A)ve) = Uxi|
< e = yie = (1= ) viell + llye+ (1= 2)ve = U e+ (1 = A)wi) |

(3.12)
+[|U e+ (1 = A)ve) — Uxi|
<2 —ye = (L= 2)viell + [[ye + (1= ) =U e+ (1= A)wi )|
< 2 = yill + 201 (1= A)vill + Ve ]
=2[|nA™(I = T)Axi[| +2(1 = A) [[vil| + lvesa ]
From the conditions on ¥, A and (3.10)-(3.12), it follows that
llxx — Uxy|| — 0 (3.13)

as k — oo,

Next, we prove that @,,(x;) C T'. Assume that X € @,,(xz), i.e., there exist a subsequence {x, } of {x;}
such that xz; — X. Then we have Ax;, — AX. It follows from (3.10), (3.13) and Lemma 2.1 that x € F(U)
and Ax € F(T), which implies that X € I". So w,,(xx) C I is proved.

Finally, by Lemma 2.2, we have x; — x*, where x* is a solution of the SCFP (1.1). Thus, it follows

from vy — O that (vg,x;) — (0,x*). This completes the proof. O
It is well known that a firmly nonexpansive operator is %—averaged and so, from Theorem 3.1, we can

deduce easily the following:
Corollary 3.1. Let U and T be firmly nonexpansive operators. Suppose that 0 < A < 1 and

2
0 < liminfy, <limsupy, < ——.
koo koo 1A]I?

Let {(vk,xx)} be the sequence generated by

Xo,vo € Hy chosen arbitrarily,
Yk =Xk — NA" (I = T)Axy,
Vier = ([ =U) vk + (1 = A)wi),
Xip1 = Yk — AVig
for each k > 0. Then the sequence {x;} converges weakly to a point x*, where x* € I, and the sequence

{(vi,xx) } weakly converges to the point (0,x*).

Remark 3.1. In Theorem 3.1, the averaged operators U and T can be replaced by the directed operators
which satisfy that / — U and I — T are demiclosed at the origin. This does not affect the convergence
result because of

(7= U)x|? = (1 = U)x = (I = U)x"||> < (I - U)x, x—x7)

for all x € H and x* € F(U), where U is a directed operator.
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Remark 3.2. When A = 1, algorithm (3.1) becomes CQ-algorithm (1.5) for solving the SCFP:
X1 = U (o — nA™ (I = T)Axy)

for each k > 0. Thus Theorem 3.1 extends the related results of Censor and Segal [4] for solving the
SCFP. Moreover, taking U = Fc and T = Py, algorithm (3.1) becomes CQ-algorithm (1.4), which was
proposed by Byrne [3] for solving the SFP.

4. STRONG CONVERGENCE THEOREMS

In this section, we modify algorithm (3.1) to show that the algorithm has the strongly convergence.
It is known that the viscosity approximation method is often used to approximate a fixed point of a
nonexpansive mapping U in Hilbert spaces, which it is defined as follows [14]:

Xier1 = Brf () + (1 — Br)U () 4.1)

for each k > 1, where {} C [0, 1] and f is a contraction.
Now, we use method (4.1) to get our strong convergence resutls.

Theorem 4.1. Let f: Hl — Hj be a p-contraction mapping. Let U be an o -averaged mapping and let
T be an ap-averaged mapping. If the sequences { B} C [0,1], {v} and the constants A, oy, p satisfy the
following conditions:

(@) Br = 0ask — oo

(b) Yo B = oo

) 0<p< % and 0 < liminfy_,e, 7 < limsup, .. i <

O0<A<LO0<a<lor0<A<l0<a <l

1.
a||All??

then the sequence {(vy,x;)} generated by the algorithm:

X0,Vvo € H| chosen arbitrarily,
Vi = X — WA (I — T)Ax,

Ve = =U) e+ (1= A)wg),
Xk = Yk — AV,

Virt = Bif (vie) + (1= Bic) i
X1 = PBef () + (1 — Bi) Xy

for each k > 0 converges strongly to (0,x*), where x* is a solution of the SCFP (1.1) which solves the

(4.2)

variational inequality problem:

(I=f)x"x—x") =0 (4.3)
forany x €T.
Proof. Let x* € T be a solution of (4.3). Then x* € F(U) and Ax* € F(T). From (3.9), it follows that

%k —x*[|* + A |9

N 1
< e = X1 A vl > = Yk(;z - Y/<||A”2> (1 = T)Axe||* — A2 ||vi|? (4.4)

_ 1 _
~A =)l =4 (o —2) [l
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In particular, we have
% =12+ ATl <l — [ A v (4.5)
Thus it follows that
1 =212 A i [
= ||Bef (ox) + (1= Bo)Te — x* (1> Al| Bef (vie) + (1= B>
< Bill £ (o) =212 4 (1= B[ — (1> + A (Bl £ i) [P + (1 = B) 17 1)
< 2Bi(l1f () = FEO P+ ) = (12) + (1= B |7 — x|
+AL2Be(1£(ve) = FO)P+1FO)12) + (1= Be) [7]|*]
< 2Bep?[lxe =217+ 2Bl f () — 2717 + (1 = B [0 — 712
+ 22> ([vil* + 24 Bel £(0) || + A (1 — Be) ||
< (1= B (e =12 + Al ?) + 2B (o = x* |12 4+ A Jvi1?) + 2B (1L f () — [P+ A1 £(0) 1)

= (1= Be(1 = 2p")]([lve = x°[| + AlIvell) + Be(1 = 2p%) ; _2p2(!|f(X*) =X+ A1 £0)]).

Setting s; = ||xx —x*||> + A ||[v||%, we have

Sk+l§[1_ﬁk(l_zpz)]sk+ﬁk(l_2p2) 2pz(llf( ) =P+ AL (4.6)
It follows from induction that
s < max {0, 75 (176~ P+ ALAO)1) }

for each k > 0, which implies that {x; } and {vk} are bounded. Also, {X}, {Vr}, {f(xx)} and {f(vx)} are
bounded. From (4.2), we have

ekt =12+ A i |2

= [|Bef (ox) + (1= BT — x* (1> + Al| Bef (vie) + (1= B>

= BEICo) =212+ 2B (1 = B) (f () =", T = x*) + (1= Be)? 3 — x|
+ABENf I + 2B (1 = B (i) W) + (1= B (1)
= B (o) =2 (17 + 2B (1 = Be) ((f (k) — f (), X =)

+ () =" T = 1)) + (1= Bo)? 1% — x>+ A B2 (o) 1P

+ 22 Be(1 = Be) ((f (ve) = £(0), %) + (£(0),%)) + A (1 — Be) |||

< BEISCor) =117+ Be(1 = Be) (I Cox) — £ N+ 13— x*]1%)
+2B(1 = B (fF(8) = x* T = x%) + (1= B |x — x>+ AB | £ (i) 1P
+ ABe(1 = B (If (i) = FO) 1>+ vell)

+2A B (1 = Be) (£(0),ve) + A (1 — Be)? [l >

< BN o) = X1+ (1 = B)p? [k — x> + (1 = B |3 — x|

+ 2B (1= Be) (f () = %", Xk — ) + A BE(F (e I

+ ABe(1 = Be)p? [vill* + A (1 = Bo) 1% lI” +2A Be (1 — i) (£ (0), Vi)

4.7)
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So, by (4.5) and (4.7), we have
sert < [1=Be(1 = (1= Be)p sk + BelBe(lLf (i) =17 + AL f () )
F2(1 =B ((f(x") =", X —x7) + A(f(0),7%))] (4.8)
= (1 — A&) s + A6,

where
M= Br(1—(1—Be)p?)
" 5 21 BO(r) x5 =) + 247(0), )
1—(1-Bup?
4 Bl ) =+ A FOI)
1—(1-B)p?

On the other hand, from (4.4) and (4.7), it follows that
skt < [1=Be(1= (1= B+ BE(I1F () = x* | + A £ () I1P)
+2B(1 = Bi) ((f (x") —x*, X —x*) + A(f(0), V)

1
(=0 [1e( o = WIAIP )10 = T)Ax P+ A2 P
1
FA =)=l 2 (= 2) 1]

< s+ BRI Go) =212 + AL F () I12)
+ 2B (1= Bi) ((f (x") =x" X —x7) + A(f(0), W)

— (=B [ (5~ WIAIR) 1= ) P + 22

4.9)

2=Vl + 2 (o~ 2) ],
Now, by setting
pie = B (1 o) = 5[+ AL F () I7)
+2Be(1 = Be) ((f (x") —x", X —x7) + A(f(0), V)

and
M= (1= B0 (o~ HIAIR) 0= T)Ave]P + 22w P
+21= )P+ (5 —2) I,
one sees that (4.9) can be rewritten as the following form

Sk < Sk — Mk + ke (4.10)

for each k > 0. By the assumptions on {f;} and p, we have
Zlkzoo, limyk:O,
=0 k—>oo

from the boundedness of {x;} and {v;}. To use Lemma 2.3, it suffices to verify that, for all subsequence
{ki} € {k}, limj_,.. Mk, = O implies
limsup &, < 0. 4.11)

[—o0
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Thus, since lim;_;.. 1y, = 0, we have

) 1 _ 1 _
Jim [, (o = AT )= T+ A% P+ 2.0 = Al — v P+ A (- = 2) I 7] =0

4.12)
From the assumptions on o, o, A and {7}, we obtain
llim |(I—T)Ax, || =0, (4.13)
—>00
lim ||vg, || =0 (4.14)
[—oo
and
lim ||vg, || = 0. (4.15)
[—o0
In a similar way as in Theorem 3.1, we can get @,,(x¢,) C I'. In addition, from (4.13), (4.15) and
2, — X || = [|xk, — xg, + Y A" (1 = T)Axg, + Ay ||
= ||Yk1A* (1_ T)Axk/ +A’Vkl H
< Yo llAN[[(Z = T)Axg, || + A [V, [,
we obtain
lim [|xz, — %, || = 0. (4.16)
[—o0
Note that
lim(1— (1 y)p?) =1 - p?
[—oo
and

tim By, (1 ) =12+ 211 ()| = 0.
To get (4.11), we only need to verify

limsup(((x*) —x" T, —x°) + A{(0), 7)) <O,

[—o0

From (4.16), we can take subsequence {(vk,j ,xk,j)} of {(vk,,xx,)} such that Xy, = X as j — oo and

limsup((f(x*) —x*, X%, —x*) +A(f(0),v,))

[—o0
= hm((f('x*) _X*rfkl- —X*> +A‘<f(0)7vk1>)
e ! ! (4.17)
= lim (f(x*) —x*,x, —x%)
Jj—reo i

= (f(x") —x", X —x").
Since m,,(x;,) C I" and x* is a solution of (4.3), it follows from (4.17) that

limsup((f(x*) —x", %, —x7) + A(f(0),V,)) < 0.
[—o0
It follows from Lemma 2.3 that
lim s = lim ([l —x*||> + A [|vi 1) = 0,
k—ro0 k—yo0

which implies that x; — x*, vy — 0 and (v, x¢) — (0,x*), where x* is a solution of the SCFP (1.1), which
solves (4.3). This completes the proof. 0

From Theorem 4.1, we can easily deduce the following results.
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Corollary 4.1. Let f : Hy — H| be a p-contraction mapping. Let U and T be directed operators. Assume
that I —U and I — T are demiclosed at the origin. If the sequences {Bi} C [0, 1], {%} and the constants
A, p satisfy the following conditions:

(@) B = 0ask— oo,

(b) X4 B = oo

) 0<p< % and 0 < liminfy_,., % < limsup; .. % <

do<A<l,

then the sequence {(vi,xi)} generated by the algorithm:

2 .
Af>”

X0,vo € Hy chosen arbitrarily,
Vi =Xk — WA (I — T )Axg,

Vi = =U)(k+ (1= 2A)w),
Xk = Yk — AV,

Vi1 = Bef (vie) + (1= Be)vi,
X1 = Pref () + (1 = Bre) %

for each k > 0, converges strongly to (0,x*), where x* is a solution of the SCFP (1.1) which solves the
variational inequality problem ((I — f)x*,x —x*) > 0,Vx e I".

Corollary 4.2. Let f : Hl — H| be a p-contraction mapping. Let U be an o -averaged mapping and let

T be an a-averaged mapping. If the sequences {Bi} C [0,1], {1} and the constants a,,p satisfy the
following conditions:

(@) B = 0ask — oo

(b) 4o B = oo

(©0<p< % and 0 < liminfy_,., 7 < limsup;_,., % < m
d0<a <3,

then the sequence {x;} generated by the algorithm:

Xxo € Hy chosen arbitrarily,
Yk = Xk — }/kA*(I — T)Axk,
X1 = Bef (xe) + (1= B)U (k)

for each k > 0, converges strongly to x*, where x* is a solution of the SCFP (1.1) which solves the
variational inequality problem ((I — f)x*,x—x*) >0, Vx € I.

5. NUMERICAL EXPERIMENTS

In this section, we present some preliminary numerical results and show the efficiency of our proposed
methods to solve the SFP (1.2). All the codes are written in MATLAB and are performed on a personal
Lenovo computer with Pentium(R) Dual-Core CPU @ 2.4GHz and RAM 2.00GB.

For the sake of convenience, we denote the vector with all elements 0 by ey and the vector with all
elements 1 by e; in what follows. That is, eg = (0,0,---,0)” and e; = (1,1,---,1)". The rand n is a
MATLAB command to generate normally distributed random numbers.
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TABLE 1. Numerical results for solving Example 5.1 with initial point (10e;, —10e;).

Initial point xg = 10e;, vo= —10¢;
A 0.1 0.2 0.3 04 0.5 06 07 08 09 1
N=10 k£ 10 10 10 71 72 71 71 70 71 71
N=20 k 168 178 167 179 179 14 177 162 161 177
N=40 k 1555 1455 1548 1309 1505 1318 1300 1286 382 1256

TABLE 2. Numerical results for solving Example 5.1 with initial point (20e;, —5e;).

Initial point xg =20e;, vo= —5e;
A 01 0.2 0.3 0.4 0.5 06 07 08 09 1
N=10 k 109 97 70 70 70 70 66 66 66 146
N=20 k 139 22 161 140 164 164 137 138 163 157
N=40 k 1432 1418 1267 1338 873 1279 245 827 234 345

Now, we compare algorithm (3.1) with the CQ algorithm proposed by Byrne [3] to solve Example
5.1.

Example 5.1. We consider the SFP (1.2) as follows: the matrix A = (a; j)nxn and a; ; € (0,10) are
generated randomly, the nonempty closed convex sets C and Q are

C={xecR":|x|| <40}

and
Q={yeRV:L<y<M},

where L and M are the lower and upper bounds of the box Q, L € [10e;,40e;] and M € [50e;,100¢,] are

all generated randomly. Since the projection operators Pc and Py are %—averaged operators, it follows

1.95

ar and

that @ = op = % in Theorem 3.1. In this part, we take the step-size ¥, =
p(x) = ||x — Pex|| + [|Ax — Po(Ax)|| < € = 108

as the stopping criterion. Since the parameter A € (0, 1] is very important for dual variable, we try
different values of A4 to solve Example 5.1. When the parameter A = 1, the algorithm generated by (3.1)
becomes the exactly CQ-algorithm proposed by Byrne [3]. We showed the comparison of the algorithm
generated by (3.1) with the exactly CQ-algorithm proposed by Byrne [3] for solving Example 5.1 with
different initial points and different dimensions N. We have the numerical results in table 1 and table 2,
where we denote the number of iterations by k. We can see from table 1 and table 2 that the algorithm
(3.1) with suitable A converges faster than the exactly CQ-algorithm (A = 1).
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