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1. INTRODUCTION

Let E be a real Banach space with norm || - || and let E* be the dual of E. For x € E and x* € E*, let
(x,x*) be the value of x* at x. Let A C E X E* and B C E x E* be maximal monotone operators such that
A+ B is maximal monotone and (A + B) !0 # 0. Finding an element of (A + B)~!0 is so general that it
concludes a number of important problems such as convex minimization problems, variational inequality
problems, complementary problems, and others. In a real Hilbert space H, Passty [31] and Lions and
Mercier [20] introduced the following forward-backward splitting method as one of the methods of
finding an element of (A +B)~'0:

x1=x€D(B), Xxp+i :J;Aln(xn—knw,,) (1.1)
for every n € N, where D(B) C H is the domain of B, w,, € Bx,,, {A,} C (0,0), and an is the resolvent
of A. Later, the splitting method was widely studied by Gabay [12], Chen and Rockafellar [9], Moudafi

and Théra [26] and Tseng [41].
Let ¢ > 0. A single valued operator B : H — H is said to be o-inverse-strongly-monotone if

(x—y,Bx—By) > a||Bx— By|)?

for all x,y € H; see [5, 11, 21, 45]. If o = 1, B is called a firmly nonexpansive mapping. Gabay [12]
proved that the sequence {x,} generated by (1.1) converges weakly to some z € (A +B)~'0 when B is
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o-inverse-strongly-monotone and A, = A (constant) with 0 < A < 2a. Later, many researchers studied
the weak convergence in a real Hilbert space; see [4, 27, 28, 37] and references therein. Nakajo, Shimoji
and Takahashi [30] considered the following Halpern’s type iteration [13]:

Xy =x€H, Xpp1="Yx+(1- %1)-’21()511 _lann)

for all n € N, where B is a-inverse-strongly-monotone, {A, } C [a,2¢] for some a € (0,20) with Y, |4, —
Anti1]| < oo and {y,} C [0,1) such that lim, ¥ = 0, [ (1 — 1) =0 and Yo | [ — Yat1| < 0.
They proved {x,} converges strongly to Plaip)-10%, Where Py p)-19 is the metric projection of H on-
to (A+ B)~'0. Later, strong convergence by the viscosity approximation [25] which extends that by
Halpern’s type iteration was studied by many researchers ([7, 10, 32, 36] and references therein) in a real
Hilbert space. On the other hand, strong convergence by the hybrid method [14] and shrinking projec-
tion method [40] were researched by several authors ([28, 29, 43] and references therein) in a real Hilbert
space.

In this paper, we consider a new iteration scheme and study its strong convergence in a real Banach
space. Let C be a nonempty closed convex subset of a real 2-uniformly convex and uniformly smooth
Banach space E. Let A C E X E* be a maximal monotone operator, and let B be an inverse-strongly-
monotone operator of C into E*, that is, there exists & > 0 such that (x —y,Bx — By) > o||Bx — By||
holds for every x,y € C. Suppose that F = (A + B)~'0 # 0. We propose the following modified forward-
backward splitting method:

x1€C, Xpi1= chfnlfl(}/,l]u—i— (1 — Yu)Jxy — AyBxy)

for each n € N, where u € E, I is the generalized projection of E onto C, {A,} C (0,), an is the
resolvent of A, J is the duality mapping of E, and {y,} C (0,1] such that %, — 0 and Y| 1, = c. We
prove that {x,} converges strongly to ITru under some conditions on {A,}. Further, we obtain new
results for variational inequality problems and monotone inclusions.

2. PRELIMINARIES

Throughout this paper, we denote by N and by R the set of all positive integers and the set of all real
numbers, respectively. We use x, — x to indicate that a sequence {x, } converges weakly to x and x, — x
will symbolize strong convergence. We define the modulus of convexity dg of E as follows: & is a
function of [0,2] into [0, 1] such that

6p(e) =inf{l—lx+yll/2:x,y €E, |lx[[ =1, [y =1, |lx—yl > &}

for every € € [0,2]. E is said to be uniformly convex if dg(€) > 0 for each € > 0. For p > 1, we say
E is p-uniformly convex if there exists a constant ¢ > 0 such that 6g(€) > ce? for every € € [0,2]. Itis
obvious that a p-uniformly convex Banach space is uniformly convex. E is said to be strictly convex if
llx+vy||/2 < 1 for all x,y € E with ||x|| = ||y|| = I and x # y. We know that a uniformly convex Banach
space is strictly convex and reflexive. The duality mapping J : E — 2F" of E is defined by

J)={f €E":{x,f) = |x|* = [I£1*}
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for every x € E. It is also known that if E is strictly convex and reflexive, then, the duality mapping J of
E is bijective, and J~! : E* — 2F is the duality mapping of E*. E is said to be smooth if the limit
N s o
t—0 t
exists for every x,y € S(E), where S(E) = {x € E : ||x|| = 1}. E is said to be uniformly smooth if limit
(2.1) is attained uniformly for (x,y) in S(E) x S(E). It is known that E is uniformly smooth if and only
if E* is uniformly convex. We know that the duality mapping J of E is single-valued if and only if E
is smooth. We also know that if E is uniformly smooth, then the duality mapping J of E is uniformly
continuous on bounded subsets of E; see [38, 39] for more details.

The following was proved by Xu [42]; see also [44].

Theorem 2.1. Let E be a smooth Banach space. Then, E is 2-uniformly convex if and only if there exists

a constant ¢ > 0 such that for each x,y € E, ||x+y||* > ||x||* +2{y,Jx) +¢||y||* holds.

Remark 2.1. In a real Hilbert space, we can choose ¢ = 1.
Let E be a smooth Banach space. The function ¢ : E x E — R is defined by

9 () = |yl — 2y, Jx) + [|x[|*

for every x,y € E. Itis obvious that (||y|| — [|x||)* < ¢ (y, x) < (|ly|| + ||x||)? for each x,y € E and ¢ (z,x) +
o(x,y) =9 (z,y)+2(x—z,Jx—Jy) forall x,y,z € E. We also know that if E is strictly convex and smooth,
then, for x,y € E, ¢(y,x) = 0 if and only if x = y; see [23].

We have the following result by Theorem 2.1; see also [17].

Lemma 2.1. Let E be a 2-uniformly convex and smooth Banach space. Then, for each x,y € E, ¢(x,y) >
c|lx —y||? holds, where c is the constant in Theorem 2.1.

Let C be a nonempty closed convex subset of a strictly convex, reflexive and smooth Banach space E
and let x € E. Then, there exists a unique element xo € C such that

(P(X(),X) = lnf¢(y>x)
yeC

We denote xg by Ilcx and call Il the generalized projection of E onto C; see [1, 2, 16]. We have the
following well-known result [1, 2, 16] for the generalized projection.

Lemma 2.2. Let C be a nonempty convex subset of a smooth Banach space E, x € E and xo € C. Then,
¢ (x0,x) = infyec @ (y,x) if and only if (xo — z,Jx —Jxo) > O for every z € C, or equivalently, §(z,x) >
0 (z,x0) + @ (xo0,x) forall z € C.

An operator A C E x E* is said to be monotone if (x —y,x* —y*) > 0 for every (x,x*),(y,y*) € A.
A monotone operator A is said to be maximal if the graph of A is not properly contained in the graph
of any other monotone operator. We know that a monotone operator A is maximal if and only if for
(u,u*) € E X E*, (x —u,x* —u*) > 0 for every (x,x*) € A implies (u,u*) € A. Rockafellar [35] proved
the following result; see also [8].

Theorem 2.2. Let E be a strictly convex, reflexive and smooth Banach space and let A C E X E* be a
monotone operator. Then, A is maximal if and only if R(J 4+ rA) = E*, for all r > 0, where R(J +rA) is
the range of J + rA.
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Let E be a strictly convex, reflexive and smooth Banach space and let A C E x E* be a maximal
monotone operator. By Theorem 2.2 and strict convexity of E, for any x € E and r > 0, there exists a
unique element x, € D(A) such that

J(x) € J(x;) +rAx,,

where D(A) is the domain of A. We define J, by J,x = x, for every x € E and r > 0 and such J, is called
the resolvent of A; see[6, 39] for more details.

Let f: E — (—oo,00] be a proper, lower semicontinuous and convex function. Then, it is known that
the subdifferential d f of f defined by

df(x) ={x" € E": f(y) =2 f(x) + (y —x,x7), Vy € E}

for x € E is a maximal monotone operator; see [33, 34].

A function 7 : N — N is said to be eventually increasing if lim, . T(n) = oo and 7(n) < 7(n+ 1) for
all n € N. The following was proved by Aoyama, Kimura and Kohsaka [3, Lemma 3.4]; see also [22,
Lemma 3.1].

Lemma 2.3. Let {&,} be a sequence of nonnegative real numbers which is not convergent. Then there
exist ng € N and an eventually increasing function T such that éf(n) < g’r(n)+1 foralln e Nand &, <

Ex(n)+1 for every n > ny.

3. MAIN RESULTS

We first prove the following important lemmas.

Lemma 3.1. Let C be a nonempty closed convex subset of a strictly convex, reflexive and smooth Banach
space E, A C E x E* a maximal monotone operator and B : C — E* such that (A+B)~'0 # 0. Suppose
that there exists a real number & > 0 with {(x —z, Bx— Bz) > o||Bx— Bz||* for all x € C and z € (A+B) 0.
Let Thx = Jﬁ]‘l(Jx — ABx) for A > 0 and x € C, where Jf is the resolvent of A. Then, the following
hold:
(i) F(Ty) = (A+B)~'0 for all 2 > 0, where F(T}) is the set of all fixed points of Ty ;
(ii) if E is 2-uniformly convex, ¢(z,Tyx) < ¢(z,x) — (c — AB)||x — Tyx||* — A(20. — 1/B) ||Bx — Bz||?
holds for every A, >0, x€Candz € (A —|—B)710, where c is the constant in Theorem 2.1;
(iii) if E is 2-uniformly convex, (A + B)~'0 is closed and convex.

Proof. (i) Let z € (A+B)~'0. Then we have —Bz € Az and it follows that
Jz—ABz € Jz+ AAz,

which is equivalent to J4J~!(Jz — ABz) = z. Thus we have z € F(T}), The implication of the opposite
direction is also straightforward. Hence we have F(Ty) = (A+B)~'0.
(i) Let A, >0,x€C,z€ (A+B)"'0and y = T x. We have

0(z,y) = 0(2,x) — o (,x) +2(y —z,Jy — Jx).

Since z € (A+B)'0 and y = J{J ! (Jx— ABx), we get

1
<y—z,Z(Jx—Jy) —Bx+Bz) >0,
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which implies
(y—z,Jx—Jy> 2 )L<y_szx_BZ>'
So, we obtain
¢(Zay) < ¢(Zax) - ¢(yvx) - 2A.<y*Z,BX7BZ>
¢ (y,x) —2A(y—x,Bx —Bz) —2A(x — z,Bx — Bz)
¢ (y,x) —2A{y — x,Bx — Bz) — 2A.0a||Bx — Bz||*.

IN I

< S
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NN
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| |

By Lemma 2.1,
9(2.) < 9(z.x) —clly —x* + 22|}y — x|l | Bx — Bz|| - 24 ox[| Bx — Bz .
Since ||y —x||||Bx — Bz|| < %Hy—x||2+%\|3x—BzH2, we have

0(2y) < 0(z.) — (c— AB) [y — x>~ A (w— ;) Bx— Bl

(iii) For a > 0, there exists A9 > 0 with ¢/Ap > 1/(2a), where ¢ is the constant in Theorem 2.1. So,
we can select B > 0 such that ¢/Ag > 8 > 1/(2«). By (ii), we get ¢(z,Ty,x) < ¢(z,x) for every x € C
and z € (A+ B)~'0. From (i), F(Ty,) = (A+ B)~'0. By the result in [23, 24], we have F(T},) is closed
and convex. Indeed, let {z,} C F(T},) such that z, — z. We have

O (2n, T3y2) < 9 (20,2)
for all n € N, which implies
0(z, Ty,2) <O.
So, we obtain z € F(T},), that is, F (T}, ) is closed. Next, let zj,z2 € F(T},),0 <y < 1land x = yz; + (1 —
¥Y)z2. It follows that
0 (x, Ty x) = [|x][* =20, J (T3 0)) + | Tagx[|?

= [|xlI* = 2(yz1 + (1 = ¥)z2, J (T3 0)) + | TagxII?

= [IxI7 + 78 (21, Toyx) + (1 = 1) (22, Tapx) — Yllza [ = (1 = 1) 122

< [l + 79 (z1,0) + (1 = )¢ (22,%) = Vllza[I* = (1= D) |2

= 2fla® = 2(y21 + (1 = )22, Jx)

=2lx[* —2||x[* = 0.

Hence x = T, x, which implies F (T}, ) is convex. O

Lemma 3.2. Let C be a nonempty closed convex subset of a strictly convex, reflexive and uniformly
smooth Banach space E. Let A C E X E* be a maximal monotone operator, o. > 0 and B: C — E* an
a-inverse-strongly-monotone operator such that F = (A+ B)~'0 # 0. Let {x,} be a bounded sequence
inC,u€cEandy, = Ji]fl(ynju—i— (1 = Y)JIxy — AnBxy), where {A,} C (0,00) with inf,cn A, > 0, an is
the resolvent of A, J is the duality mapping of E and {7y,} C (0, 1] such that y, — 0. If ||x, — yu|| — 0 and
||Bx, — Bz|| — 0 for some z € F, then @,,({x,}) C F, where w,,({x,}) is the set of all weak cluster points

of {xn}.
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Proof. Let (x,x*) € A and {x,,} C {x,} such that x,, — v. Using
(Xy; — v, Bx,,, — Bv) > at||Bx,,, — Bv||?

and ||Bx,, — Bz|| — 0, we have ||Bx,, — Bv|| — 0. Since

1
— (Jxp — Jyn) — Bx, — ﬁ(]xn —Ju) € Ayy,
Au An
we have |
<‘x_y”i7'x* - 7(‘])(”1‘ _Jyni) +ani + o (‘I'xni —JM)> > 07
A An,
which implies
(X — Yn;, X" + Bxp,)
1 Vi
Z 7<xiyn,‘7~]xn,' *J)’n,> - 7<x*)’n,-7-]xn,- *JM>
A A

1 .
L [ L = 3o 3, — |

for all i € N. Since ||y,, — xp,|| = 0 and E is uniformly smooth, we have ||Jy,, —Jx,, | — 0. By y,, — v,
Yo, — 0 and || Bx,, — Bv|| — 0, we obtain

(x—v,x"+Bv) > 0.
Since A is maximal monotone, we have —Bv € Av, thatis,v € (A+B) 10 =F. O

Now, we prove our main result.

Theorem 3.1. Let C be a nonempty closed convex subset of a 2-uniformly convex and uniformly smooth
Banach space E. Let A be a maximal monotone operator in E X E*, o > 0 and B an o.-inverse-strongly-
monotone operator of C into E* such that F = (A+B)~'0 # 0. Let u € E and {x,} be a sequence
generated by
x1€C, Xy = HCJ/?HJ_1 (yJu+ (1 — ) JIx, — AuBxy,)

for each n € N, where Il is the generalized projection of E onto C, {A,} C (0,) and {y,} C (0,1]
such that ¥, — 0 and Y7 Yn = oo. Then, if 0 < inf,ey A, < sup,cn Ay < 2ct, where c is the constant in
Theorem 2.1, then {x,} converges strongly to Ilru.

Proof. By Lemma 3.1 (iii), F is closed and convex. Thus IIru is well defined. Let z € F and
Yn =TT (YJu+ (1 = 1) J%0 — 2By
We have
¢ (2,5n) = 0(2,%n) = O (Vs Xn) + 290 — 2, I3 — J).
Since —Bz € Az and .
)Tn{an —Jyn — AuBxy — Yo (Jx, — Ju) } € Ayy,
by the monotonicity of A we get

1 Yn
<yn —Z, E(an *JYn) - (an *BZ) - )Tn(']xﬂ *JM)> >0,

which implies
<yn —2,Jx, *Jyn> > A’n<yn —2z,Bx, *BZ> + Yn<yn —z,Jx, *Ju>
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for all n € N. Thus we have
‘P(Za}’n) < ‘P(van) - ‘P(Ynaxn) -2 <Yn —z,Bx, *BZ>

3.1
— 2% (yn — 2,Ix, — Ju)
for each n € N. Similarly in the calculation of Lemma 3.1 (ii), we get
9(z.9) < 9(z.0) = (€ = AuB)Pn = yu®
— (200 = 1/B)|| By — Bz||* = 2% {yn — 2. I3, — Ju) 2
for every B > 0 and n € N. Using x,,+1 = Ilcy, and Lemma 2.2, we obtain
¢ (Xnt1,9n) + 02 Xn11) < O(2,yn)- (3.3)
Therefore we have
9(zxnr1) < 9(2,x0) = (¢ = AuB) 6w =yl
3.4

— An(200—1/PB) 1B — Bz|* — 2% (yu — 2, Jxs — Ju)

for each B > 0 and n € N. Since

0< 1nf/l <supi, < 2ca,
neN

there exists By > 0 such that inf,cn(c — A, Bp) > 0 and inf,cn A, (2 — 1/Bp) > 0. Using

2<yn _Z,an —JM> = ¢(yn7u) +¢(Z,Xn) - (D(yn,xn) - (P(Z,M)

with (3.1), we have

O(z,%011) < O(2,%0) — (1= %)@ (Vn,%n) — 249 (Y0 — 7, Bxn — Bz)
— YOy 1) + 9 (2,%0) — 9 (z,u) }.

Again, since 0 < infy,eny A, < sup,eyAy < 2cor and 7y, — 0, there exist N € N and 8y > 0 such that
inf,>n{(1 —)c—A,0} > 0 and inf,,cy A, (200 — 1/8p) > 0. As in the calculation of Lemma 3.1 (ii), we
obtain

O(z,%011) < O(2,%) — {(1 = Y)c — Ao } || _anZ
— Jn(200 = 1/8)|| Bx, — Bz|* (3.5)
- ’}/n{d)(ynau) + ¢(Z3xﬂ) - (P(Z,M)}

for all n € N. We prove {x,} is bounded. If {¢(z,x,)} converges, it is trivial. If not so, by Lemma 2.3,
there exist no € N and an eventually increasing function 7 such that ¢ (z,x(,)) < @(z,X¢(n)41) for every
n € Nand ¢(z,%,) < ¢(z,X7(,)41) for each n > ng. Since

(mf {(1=Yem))c = Ay S0} >0,

inf A’T(n) (20! — 1/50) >0,
neN
O (2,%¢(n)) < O(2,%¢(n)41)> @and Yz(,) > 0, it follows from (3.5) that
O (Ve(ny ) + O (2,%7(n)) — @ (z,u) <O

for all n with 7(n) > N, which implies that {x;(,) } and {y;(,)} are bounded. Further, we have

O (2, X () 41) < O(2X2(n)) = Ve L D) ) + O (2, X0(n)) — P (2,0) }
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for every n with 7(n) > N. Thus we have {x;(,);} is bounded. Since ¢(z,x,) < @(z,%¢(;)41) for each
n > ny, it follows that {x, } is bounded. From (3.2) with § = 3y, we obtain

q)(Z’yn) < ¢(Z7xn) - 2yn<yn _Z,an —Ju),
which implies
(Il = 1yalD? < (Ul =+ leall) 23 Uyl + 2 sl + el

for each n € N. Since {x,} is bounded, so is {y,}.

Suppose that {¢ (ITru,x,)} is not convergent. By Lemma 2.3, there exist np € N and an eventu-
ally increasing function 7 such that ¢ (ITru,x;(,)) < ¢ (ITpu,x1(y)41) for all n € N and ¢ (ITru,x,) <
¢ (ITpu, X1 (n)41) for every n > ng. Since {x,} and {y,} are bounded, and ¥, — 0, using (3.4) with 8 = fBo,
we get

V2(n) = *z(n)ll — O and || Bxz () — BITpul| — 0. (3.6)

By Lemma 3.2, we get that F includes @,,(x(,)). By (3.4) with § = By, we have
0 < (= Ae(u) Bo) Xz (n) = Ve 1> + Ae(m) (206 — 1/ Bo) || Bz — BITpul|*
< =2%(n) Ve (n) — HFu, Jx g () — Ju)
for every n € N. Since ¥;(,) > 0,
Ve(ny — HFu, gy — Ju) <0 (3.7)
for each n € N. On the other hand,
Ve(n) = HFu,Jx () — Ju) = (Vo (n) — It Jx g0y — TVi(n))
+ Ve(n) — IFu, Jyz(ny — JTTpu)
+ <yf(n) — Ipu,Jpu — Ju)
> (Ve(ny — Hptt, Jxc(n) = JYe(n))
1
+ 59 Up i, o) + Vo) — Hpu, Jpu —Ju).
By (3.7), we get
1
—5 O rt, yem) 2 Ve(u) = it Iz =Iyen)) + Ve — Hput, Jpu—Ju)

for all n € N. So,

1
L > T B _
5 hfl_il:p O (Hrut, yo(n)) = Hminf{ye () — Hrut, Jxe () = Iye)) 58)
+1liminf(y(,) — ru, JFu —Ju).
n—soo
Since J is uniformly continuous on bounded subsets of £ and ||x;(,) — yz(» || — 0 in (3.6), we obtain
H‘]xr(n) - ]y’r(n)> || —0,

which implies

|Veny — TFu, Ixz () = IV )| < Nyeny — Hrull - ([Vxzp) — Iyemyll — 0.
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There exists a subsequence {yy, } of {y(,} such thaty, — w € F and
liminf(y;(,) — [Mru, Jlpu — Ju) = lim (y,, — Hru,Jru — Ju)
n—yoo n—oo
= (w—Ipu,JIIpu—Ju) >0
by Lemma 2.2. So, from (3.8), we get

limsup ¢ (ITru, y(y)) = 0.
n—yoo
Since ¢ (ITru,x,) < ¢ (ITru, x4 ) for every n > no, by (3.3) we obtain
r}glgoq)(HFu,xn) =0.

This is a contradiction. So, {¢(ITru,x,)} is convergent. Since {x,} and {y,} are bounded and 7y, — 0,
by (3.4) with B = By, we have

|2 — ya| — 0 and ||Bx, — BITru|| — 0.
By Lemma 3.2, we get @,,({x,}) C F. We show that

limsup(ITpu — y,,Jx, —Ju) > 0. 3.9

n—soo

Suppose that limsup,,_,.(ITpu — yn,Jx, —Ju) = | < 0. There exists n; € N such that
(IMpu — yy, Jxy — Ju) < %l
for every n > n;. From (3.4) with B = fy, we have
% < 2% (yn — Hpu, Jx = Ju) < ¢ (Hpu,xn) — @ (Ipu, xn 1)
for each n > ny, which implies

Z [ < 0 (ITpu,x,,) < oo.

n=n

Since Y~ ¥» = oo, this is a contradiction. So, we get (3.9). Next, we have
(ITpu — yp, Jxn — Ju) = (Ipu — yy,Jxy — Jyn) + (IHpu — yy,Jy, — JIIpu)
+ (ITpu — y,, JIIpu — Ju)
SN Tpu =yl - 10 = Jynll = %fP(HFu,yn)
+ (ITpu — vy, JIpu — Ju)
for all n € N. Since J is uniformly continuous on bounded subsets of E and ||x,, — y,|| — 0, we have
(1550 — Iyl — 0.
So, we obtain

0 < limsup{ITru — y,,Jx, — Ju)

n—soo

1
< ~3 liminf ¢ (ITpu,y,) + limsup(ITpu — y,,Jpu — Ju).
n—yoo

n—soo
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There exists a subsequence {yy, } of {y,} such thaty,, —w € F and

limsup(ITru — y,,Jlpu —Ju) = lim (Iru — y, ;,Jpu — Ju)
Jreo

n—soo

= (ITru — w,JIIpu — Ju) <0

from Lemma 2.2. So, we have
liminf ¢ (ITpu,y,) = 0.
n—oo

By (3.3), we get liminf,, . ¢ (ITru,x,+1) = O, that is, {x,} converges strongly to ITru from Lemma
2.1. O

By Theorem 3.1, we have the following new result in real Hilbert spaces. This holds under weaker
conditions than the result in [30].

Theorem 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A be a maximal
monotone operator in H x H, o0 > 0, B an o-inverse-strongly-monotone operator of C into H such that
F=(A+B) '0#0. Let u € H and {x,} be a sequence generated by

x1€C, X1 = Pchn(ynu—F (1 — %)Xy — AnBxy)

for each n € N, where Pc is the metric projection of H onto C, {A,} C (0,e0) and {y,} C (0,1] such that
Yo — 0and Y, Y, = oo. Then, if 0 < inf,en A, < sup,enAn < 20, then {x,} converges strongly to Pru.

4. DEDUCED RESULTS

Let C be a nonempty closed convex subset of £ and A a single valued monotone operator of C into
E*, that is, (x —y,Ax — Ay) > 0 for all x,y € C. We consider the variational inequality problem [19] for
A, that is, the problem of finding an element z € C such that

(x—2z,Az) > Oforallx € C.

The set of all solutions of the variational inequality problem for A is denoted by VI(C,A). By Theo-
rem 3.1, we obtain a new result for the variational inequality problem of an inverse-strongly-monotone
operator in a 2-uniformly convex and uniformly smooth Banach space E.

Theorem 4.1. Let C be a nonempty closed convex subset of a 2-uniformly convex and uniformly s-
mooth Banach space E. For a > 0, let B be an a-inverse-strongly-monotone operator of C into E* with
VI(C,B) # 0. Let u € E and {x,} a sequence generated by x| € C and

Xpi1 = IeJ ! (wJu+ (1 —9)Jxy — AyBx,,)

foreveryn € N, where {A,} C (0,%0) and {7,} C (0,1] are real sequences. Suppose that 0 < inf,cy A, <
Sup,en An < 20tc, where c is the constant in Theorem 2.1, ¥, — 0, and ¥ ¥, = . Then, {x, } converges
strongly to Ilyc p)u.

Proof. Letic : E — (—oo, oo] be the indicator function of C. We know that i¢ is proper lower semicontin-
uous and convex, and hence its subdifferential dic is a maximal monotone operator. Let A = dic. Then,
it is easy to see that J)x = Ilcx for every A > 0 and x € E, where J;, is the resolvent of A. Further, we
also get (A +B)~'0 = VI(C,B). Hence the proof is complete. O
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Remark 4.1. Using Theorem 4.1, we get a result for the variational inequality problem for a finite
family of inverse-strongly-monotone operators as follows: Let C be a nonempty closed convex subset
of E, r € N and B; a f;-inverse-strongly-monotone operator of C into E* for i = 1,2,...,r. Suppose

i_1VI(C,B;) # 0 and let Ax = 1 (Bix+ Box+- -+ B,x) for every x € C. Then, we have A is also inverse-
strongly-monotone and VI(C,A) = (_, VI(C,B;). Indeed, for x,y € C and a = min{;, B2,..., B}, we
get

<X—y,Ax—Ay>
1
= —((=y,Bix—=B1y) + (x=y,B2x = Bay) + -+ (x =3, B,x = Bpy))
1
= —(Bil[Brx— Byy|* + Ba|Bax — Boy||* + - -+ B||Brx — B,y||*)

1 2 1 2 1 2
ZOC<;H31X—BlyH +[Box = Boy||"+ -+ || Brx = By )

1 1 1 2
OCH;(le—Bly)—}— ;(Bzx—Bzy) +"'+;(Brx_Bry)H
~ aflar— .

Thus A is an ¢-inverse strongly monotone operator. Next, we show

VI(C,A) = ﬂ VI(C,B)).

i=1
The inclusion VI(C,A) D N_; VI(C,B;) is trivial. Let u € VI(C,A) and z € N;_, VI(C,B;). We have
(z—u,Au) > 0 and since (u—z,B;z) > 0foralli=1,2,...,r, we also get

r

1
(u—z,Az) =~} (u—2,Biz) > 0.
i=1
It follows that
1 r
(z—u,Au—Az) = (z—u,Au) + (u—2z,Az) > fz —2z,Biz) >

On the other hand, we have
a r
(z—u,Au—Az) < - Y |Biz—Bu|* <0.
i=1
Therefore, we obtain
Biz=Buand (u—z,Biz) =0foralli=1,2,...,r.
Hence we have
(x —u,Bju) = (x,B;z) — (u,B;z) = (x,Biz) — (z,Biz) = (x —z,B;z) > 0
for every i = 1,2,...,r and x € C, that is, u € VI(C,B;) for all i = 1,2,...,r. Therefore, VI(C,A) C
" VI(C,B;).

Remark 4.2. In the result of liduka and Takahashi [15], under the assumption that (i) || By|| < ||By — Bu||
for every y € C and u € VI(C,A), and (ii) J is weakly sequentially continuous, they proved the weak
convergence of the generated sequence to an element of VI(C, B), whereas we get the strong convergence
to an element of VI(C, B) in Theorem 4.1, without the assumptions (i) and (ii); see also [18].
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Remark 4.3. In Lemma 3.2, if A = 0, then, JQ = I for every A > 0. Moreover, we can get the inclusion
o, ({x,}) C B'0 from the assumption ||Bx,, — Bz|| — 0 for z € B~'0 only. In fact, suppose x,, — w € C.
Since
(X; — W, Bx,, — Bw) > ot||Bx,,, — Bw]|?

for every i € N, we have Bw = Bz =0, thatis, w € B~10. Therefore, instead of uniform smoothness of E,
smoothness of E guarantees that Lemma 3.2 holds. Hence we obtain the following strong convergence
theorem for monotone inclusions by Theorem 3.1. This is a result of strong convergence under weaker
conditions than that of weak convergence in [15].

Theorem 4.2. Let C be a nonempty closed convex subset of a 2-uniformly convex and smooth Banach
space E. For a > 0, let B be an o-inverse-strongly-monotone operator of C into E* with B0 # 0. Let
u € E and {x,} a sequence generated by x; € C and

Xpp1 = e ! (yJu~+ (1 — %) JIx, — AuBxy,)

foreveryn € N, where {A,,} C (0,0) and {y,} C (0,1] are real sequences. Suppose that 0 < inf,ey A, <
Sup,cn An < 20tc, where c is the constant in Theorem 2.1, ¥, — 0, and Y| ¥, = . Then, {x, } converges
strongly to Ilg-1u.
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