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Abstract. In this paper, we introduce some extensions of mean convergence theorems without convexity. Several fixed point
theorems are established in the framework of Banach spaces.
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1. INTRODUCTION

In [21] Takahashi and Takeuchi introduced a concept of attractive points in a Hilbert space. Let H be
a real Hilbert space, let C be a nonempty subset of H and let 7 be a mapping from C into H. Recall that
x € H is called an attractive point of T if

[lx =Tyl < [lx—yll
forany y € C. Let
A(T) ={xeH||x—Ty| < |lx—y|| for any y € C}.

Moreover they proved that the Baillon type ergodic theorem [2] for generalized hybrid mappings [16]
without convexity of set C. Recall that a mapping 7' from C into H is said to be generalized hybrid if
there exist a, B € R such that

o| Tx—Ty|* + (1 = &) [lx = Ty||* < B||Tx—y[* + (1 = B) x — >

for any x,y € C. Such a mapping is said to be (a, )-generalized hybrid. The class of all generalized
hybrid mappings is a new class of nonlinear mappings including nonexpansive mappings, nonspread-
ing mappings [18] and hybrid mappings [20]. Recall that a mapping 7 from C into H is said to be
nonexpansive if

1Tx—=Ty[| < [x—y
for any x,y € C. It is said to be nonspreading if
2| Tx—=Ty|* < || Tx—y|* + || Ty — x>
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62 TOSHIHARU KAWASAKI
for any x,y € C. It is said to be hybrid if
31 Tx = Tyl|* < [lx = yIP* + | T~y + | Ty —x|®

for any x,y € C. It is obvious that every nonexpansive mapping is (1,0)-generalized hybrid, every non-
31
202
Motivated these mappings, Kawasaki and Takahashi in [13] introduced a new class of mappings, called

spreading mapping is (2, 1)-generalized hybrid and every hybrid mapping is ( )— generalized hybrid.

widely more generalized hybrid mappings, than the class of all generalized hybrid mappings. Recall that
a mapping T from C into H is widely more generalized hybrid if there exist a, 3,7, 6,€,{,n € R such
that

al|Tx—Ty|[* + Bllx = Ty|* + 7lITx =y (> + 8[lx —y||?
+elx—=Txl* +Clly =Tyl +nll(x— Tx) = (y = Ty)[|> < 0
for any x,y € C. Such a mapping is said to be («, 3,7, 6, €, {,n)-widely more generalized hybrid. This

class includes the class of all generalized hybrid mappings and also the class of all k-pseudo-contractions
[3] for k € [0, 1]. Recall that a mapping 7 from C into H is said to be k-pseudocontractive if

1T = Ty|? < lx—y|* + &l (x = Tx) = (v = Ty)|?

for any x,y € C. Every («, B)-generalized hybrid mapping is (a,1 — o, —f,8 —1,0,0,0)-widely more
generalized hybrid. Every k-pseudo-contraction is (1,0,0,—1,0,0, —k)-widely more generalized hybrid.
Moreover they proved some fixed point theorems (see [5, 6, 7, 8, 9, 10, 12, 13, 14, 15] and some ergodic
theorems (see [5, 6, 12, 13, 14]).

There are some studies in Banach spaces related to these results. In [22] Takahashi, Wong and Yao
introduced the generalized nonspreading mapping and the skew-generalized nonspreading mapping in a
Banach space. Let E be a smooth Banach space and let C be a nonempty subset of E. A mapping 7 from
C into E is said to be generalized nonspreading if there exist «, 3,7, 8, €, € R such that

a¢(Tx,Ty) + B (x, Ty) +v¢(Tx,y) + 6 (x,y)
< e((Ty, Tx) = ¢(Ty,x)) + §(¢(y, Tx) — 9 (3,x))
for any x,y € C, where J is the duality mapping on E and
0 (u,v) = [lull* = 2w, v) +[[v]*.

Such a mapping is said to be (¢, 3,7, 0, €, {)-generalized nonspreading. A mapping 7 from C into E is
said to be skew-generalized nonspreading if there exist @, 8,7, 0, €, € R such that

o9 (Tx,Ty) + B¢ (x, Ty) + v9(Tx,y) + 5 (x,y)
< e(¢(Ty, Tx) = ¢(y, Tx)) + E(¢(Ty,x) — 9 (3, %))
for any x,y € C. Such a mapping is said to be (&, 3,7, 98,€,{)-skew-generalized nonspreading. These
classes include the class of generalized hybrid mappings in a Hilbert space, however, it does not include

the class of widely more generalized hybrid mappings. Moreover they introduced some extensions of
attractive point and proved some attractive point theorems. x € E is an attractive point of T if

P (x,Ty) < 9(x,y)
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forany y € C; x € E is a skew-attractive point of T if

¢(Ty,x) < ¢(y,x)
forany y € C. Let

A(T) = {x€E|¢(x,Ty) < ¢(x,y) foranyy € C};
B(T) = {x€E|¢(Tyx)<¢(yx)foranyyeC}.

Let C be a nonempty subset of a smooth Banach space E. A mapping T from C into E is said to be
generalized nonexpansive [4] if the set of all fixed points of T is nonempty and

¢ (Tx,y) < ¢(x,y)

for any x € C and for any fixed point y of T'.
Let C be a nonempty subset of E of a Banach space E. A mapping R from E onto C is said to be sunny
if
R(Rx+t(x—Rx)) = Rx

for any x € E and for any ¢ € [0,00). A mapping R from E onto C is called a retraction or a projection if
Rx=xforany x € C.
Takahashi, Wong and Yao [22] also proved the following mean convergence theorem.

Theorem 1.1. Let E be a uniformly convex Banach space with a Fréchet differentiable norm. Let C be
a nonempty subset of E and let T be an (o, 3,7, 9, €,)-generalized nonspreading mapping from C into
itself satisfying a+ B +y+ 0 > 0 and oo+ B > 0. Suppose that A(T) = B(T) # 0. Let R be the sunny
generalized nonexpansive retraction of E onto B(T). Then, for any x € C,

1 n—1
Spx o Z Tx
=0
is weakly convergent to an element q € A(T), where ¢ = lim,,_,.. RT"x. Additionally, if C is closed and
convex, then q is a fixed point of T.

On the other hand, Atsushiba, Iemoto, Kubota and Takeuchi in [1] introduced the concept of acute
points as an extension of attractive points in a Hilbert space. Let H be a real Hilbert space. Let C be a
nonempty subset of H and let 7 be a mapping from C into H and k € [0,1]. x € H is called a k-acute
point of T if

[lx = Ty[|* < [lx = yl|> + klly = Ty||>
forany y € C. Let
A (T) ={x € H | |lx—Ty|> < |lx—y|]* +k|ly—Ty||* for any y € C}.

Moreover, using a concept of acute points, they proved convergence theorems without convexity of set
C.

Motivated by these results, we [11] introduced a new class of mappings on Banach spaces corre-
sponding to the class of all widely more generalized hybrid mappings on Hilbert spaces. In this paper,
we introduce some extensions of mean convergence theorems without convexity.
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2. PRELIMINARIES

We know that the following assertions hold; see, for instance, [19].

(TD
(T2)

(T3)

(T4)

(T5)

(T6)

(T7)

(T8)

(T9)

(T10)

(T11)

(T12)

(T13)

If a Banach space E is unformly convex, then E is reflexive.
Let E be a Banach space, let E* be the topological dual space of E and let J be the duality
mapping on E defined by

J(x) = {x" € E"| |lxf® = (") = ||}

for any x € E. Then E is strictly convex if and only if J is injective, that is, x # y implies
J(x)NJ(y) =0.

Let E be a Banach space, let E* be the topological dual space of E and let J be the duality
mapping on E. Then E is reflexive if and only if J is surjective, that is, e J(x) = E*.

Let E be a Banach space and let J be the duality mapping on E. Then E is smooth if and only if
J is single-valued.

Let E be a Banach space and let J be the duality mapping on E. Then

<x_y>X*_y*> 2 0

holds for any x,y € E, for any x* € J(x) and for any y* € J(y).

Let E be a Banach space and let J be the duality mapping on E. If J is single-valued, then J is
norm-to-weak™* continuous.

Let E be a Banach space and let J be the duality mapping on E. If E has the Fréche differentiable
norm, then J is norm-to-norm continuous.

Let E be a Banach space and let J be the duality mapping on E. Then E is strictly convex if and
only if

1—(x,y") >0

for any x,y € E with x # y and ||x|| = ||y|| = 1 and for any y* € J(y).

Let E be a Banach space and let E* be the topological dual space of E. Then E is reflexive if
and only if E* is reflexive.

Let E be a Banach space and let E* be the topological dual space of E. If E* is strictly convex,
then E is smooth. Conversely, E is reflexive and smooth, then E* is strictly convex.

Let E be a Banach space and let E* be the topological dual space of E. If E* is smooth, then E
is strictly convex. Conversely, E is reflexive and strictly convex, then E* is smooth.

Let E be a Banach space and let E* be the topological dual space of E. E has uniformly Frécht
differentiable norm if and only if E* is uniformly convex.

Let E be a Banach space and let E* be the topological dual space of E. E is strictly convex and
reflexive and has Kadec-Klee property if and only if E* has Fréchet differentiable norm.

Let E be a smooth Banach space. Let J be the duality mapping on E and let ¢ be the mapping from
E X E into [0, o) defined by

0 (x,y) = [Ix]l* = 20x,Jy) + [ly[I*

for any x,y € E. Since by (T4) J is single-valued, ¢ is well-defined. It is obvious that x = y implies
¢ (x,y) = 0. Conversely, by (T8)
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(T14) If E is also strictly convex, then ¢ (x,y) = 0 implies x = y.

Let E be a strictly convex and smooth Banach space. By (T2) an (T4) J is a bijective mapping from
E onto J(E). In particular, if E is also reflective, then by (T3) J is a bijective mapping from E onto E*.
Suppose that E is strictly convex, reflective and smooth. Let ¢, be the mapping from E* x E* into [0, o)
defined by

0. (x*,y") = |2 =207y, 2) + Iy 1P
for any x*,y* € E*. Then
9.(x", ") = ¢(y", 0 1x) 2.1

holds. Therefore
(T14)*  ¢.(x*,y*) = 0if and only if x* = y*.

The following two lemmas were proved in [4].

Lemma 2.1. Let E be a strictly convex and smooth Banach space and let C be a nonempty closed subset
of E. Suppose that there exists a sunny generalized nonexpansive retraction of E onto C. Then the sunny

generalized nonexpansive retraction is uniquely determined.

Lemma 2.2. Let E be a strictly convex and smooth Banach space and let C be a nonempty closed subset
of E. Suppose that there exists a sunny generalized nonexpansive retraction of E onto C. Then the
following hold.

(i) z=Rcxifandonlyif (x—z,Jz—Jy) >0 foranyy € C;
(i)  @(Rex,y) + ¢ (x,Rex) < ¢(x,y) for any y € C.

The following two lemmas were proved in [17].

Lemma 2.3. Let E be a strictly convex, reflexive and smooth Banach space and let C be a nonempty
closed subset of E. Then the following are equivalent:

(1)  There exists a sunny generalized nonexpansive retraction of E onto C;
(i)  There exists a generalized nonexpansive retraction of E onto C;
(iii) J(C) is closed and convex.

Lemma 2.4. Let E be a strictly convex, reflexive and smooth Banach space. Let C be a nonempty closed
subset of E and (x,z) € E x C. Suppose that there exists a sunny generalized nonexpansive retraction R¢
of E onto C. Then the following are equivalent:

(i) z=Rcx;
(i)  ¢(x,z) = minyec @ (x,y).

Lemma 2.5. [22] Let E be a uniformly convex and smooth Banach space. Let C be a nonempty subset of
E. Let T be a mapping from C into itself with B(T) # 0 and let R be the sunny generalized nonexpansive
retraction of E onto B(T). Then for any x € C, {RT"x} is strongly convergent to an element in B(T).
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3. ACUTE POINT AND SKEW-ACUTE POINT

Most of the results presented in this his section were stated in [11], however, we still give the proof
for the sake of completeness.

Let E be a smooth Banach space and let C be a nonempty subset of E£. Let T be a mapping from C
into E and let k,/ € R. x € E is called a (k, ¢)-acute point of T if

¢(x,Ty) < @(x,y) + k¢ (v, Ty) + L (Ty,y) 3.1
for any y € C. Recall that x € E is called a (k, £)-skew-acute point of T if
O(Ty,x) < 9 (y,x) +ko(y,Ty) + £ (Ty,y) (3.2)
forany y € C. Let
Sieo(T)
={x€E|¢(x,Ty) < 9(x,y) +k¢(y,Ty) +£d(Ty,y) forany y € C};
PBro(T)

={x€E|¢(Ty,x) <o (y,x) +k¢(y,Ty) +L9(Ty,y) for any y € C}.

It is obvious that
'Q{kl/l (T) C Jyszz(T)v '%kl7£1 (T) C '%)kz,fz(T)

for any ki, k2, £1,0, € R with ky <k and ¢1 < /5.
The following lemmas are important to characterize them.

Lemma 3.1. Let E be a smooth Banach space and let C be a nonempty subset of E. Let T be a mapping
from Cinto E and let k,{ € R. Then <. ¢(T) is closed and convex.

Proof. (3.1) is equivalent to
2(x,Jy = JTy) < (k= 1)@ (v, Ty) +£9(Ty,y) +2(y,Jy — JTy).
Since
O(u,v) = ¢(u,w)+ o (w,v) +2(u—w,Jw—Jv) (3.3)
for any u,v,w € E. % (T is closed and convex. O

Lemma 3.2. Let E be a smooth Banach space and let C be a nonempty subset of E. Let T be a mapping
from C into E and let k.l € R. Then %y (T) is closed.

Proof. (3.2) is equivalent to

2(y =Ty, Jx) <k¢(y,Ty) + (£ —1)9(Ty,y) +2{y — Ty, Jy)

from (3.3). Moreover, from (T6), one sees that J is norm-to-weak* continuous. Therefore % ((T) is
closed. O

Let E* be the dual space of a strictly convex, reflexive and smooth Banach space E. Let C* be a
nonempty subset of E* and let 7* be a mapping from C* into E*. Let k,/ € R. x* € E* is called a
(k, )-*-acute point of T* if

O« (X, T7Y") < 0u(x",5") + ki (', T7Y) + L9 (T7y",y") (3.4
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for any y* € C*. x* € E* is called a (k, ¢)-*-skew-acute point of 7% if
O« (T7y"x") < 0 (y",x7) + k0. (V' T7Y") + 0 (T7Y",y") (3.5
for any y* € C*. Let
o (T7)
_ {x* c g | BONTY) < 0 y") + kg (v, T7y") + 00, (T7Y", ") };
for any y* € C*
Pio(T7)
_ {x* g | 0T ) S 0002 FROON T ) 0Ty ) } |
for any y* € C*

Lemma 3.3. Let E* be the dual space of a strictly convex, reflective and smooth Banach space E and let
C* be a nonempty subset of E*. Let T* be a mapping from C* into E* and let k,{ € R. Then <7 ,(T*) is

closed and convex.

Proof. (3.4) is equivalent to
2Ny T )
< (k=1)0.(5" T*Y) + €9 (T*y ¥ ) + 207y = I T, y")
from (3.3) and (2.1), ;z%k*g(T*) is closed and convex. O

Lemma 3.4. Let E* be the dual space of a strictly convex, reflexive and smooth Banach space E, let C*
be a nonempty subset of E*, let T* be a mapping from C* into E* and let k,{ € R. Then %,’;AT*) is

closed.

Proof. (3.5) is equivalent to
271y = TY)
< kO (', T*y) + (=)0 (T*y* ¥ ) + 200y, y" = T*y")

from (2.1) and (3.3). Moreover, we find from (T6) that J~! is norm-to-weak* continuous. Therefore
4 o(T) is closed. O

Lemma 3.5. Let E be a strictly convex, reflective and smooth Banach space and let C be a nonempty
subset of E. Let T be a mapping from C into E. Let T* = JTJ ™ and let k,{ € R. Then

G )(T*) = H(Bex(T)), B y(T7) = J(A1(T)).
In particular, J(%y(T)) is closed and convex and J (<4 ((T)) is closed.
Proof. Letx* € @",(T*). Then
0 (¢, TY") < 9™, y") + k@ (V5 T7Y) +£9.(T7Y",y7)
for any y* € J(C). From (2.1), one has
(P(J_IT*y*,J_lx*)
<OUTY I Hk(ITITY T ) Lo (YT TITYY)
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for any y* € J(C). Note that J~!T* = TJ~!. Putting y = J~'y*, we obtain

O(Ty,J ™ 'x*) <O, ') + L0 (3, Ty) + ko (Ty, ).
Therefore J~'x* € %, 4(T). Hence
G (T7) = J(Bex(T))-
By (T*) = J((T)) can be shown similarly. From Lemma 3.3, J(%y(T)) is closed and convex.
From Lemma 3.4, J(.% ¢(T)) is closed. This completes the proof. O
Lemma 3.6. Let E be a strictly convex and smooth Banach space and let C be a nonempty subset of E.
Let T be a mapping from C into E and let k,¢ € R. Then the following hold.

(1) If (k,£) € (—oo,1] x (—o0,0] \ {(1,0)}, then CN et ¢(T) is included in the set of all fixed points of
T;

(2)  If (k,£) € (—o0,0] x (—oo, 1]\ {(0,1)}, then CN\ Py ((T) is included in the set of all fixed points of
T.

Proof. Letx € CN.a ¢(T). Then (3.1) holds for any y € C. Putting y = x, we obtain
(1—k)o(x,Tx)—Lp(Tx,x) <O0.
If
(k,€) € (—oo, 1] x (—o0,0]\ {(1,0)},

then we obtain from (T14) that x = Tx.
Let x € CN %y (T). Then (3.2) holds for any y € C. Putting y = x, we obtain

—k¢(x,Tx)+ (1—£0)¢(Tx,x) <O0.
If

(k,£) € (=o0,0] x (—oo, 1]\ {(0, 1)},
then we obtain from (T14) that x = Tx. O
Lemma 3.7. Let E* be a strictly convex and smooth topological dual space of a Banach space and let

C* be a nonempty subset of E*. Let T* be a mapping from C* into E* and let k,{ € R. Then the following
hold.

(D) If (k,£) € (=00, 1] X (—o0,0]\ {(1,0)}, then CN .2, (T") is included in the set of all fixed points of
T*;
(2)  If (k,0) € (—0,0] x (—o0, 1]\ {(0,1)}, then CN %} ((T*) is included in the set of all fixed points
of T*.
Proof. Letx* € C* N, (T"). Then (3.4) holds for any y* € C*. Putting y* = x*, we obtain
(1 —k)o.(x", T*x") — 9. (T"x*,x") <O0.
If
(k,€) € (—oo, 1] x (—o0,0]\ {(1,0)},
then we obtain from (T14)* that x* = T*x*.
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Letx* € C*N % ,(T*). Then (3.5) holds for any y* € C*. Putting y* = x*, by we obtain
—k@ (x*, T*Xx")+ (1 = ). (T"x*,x") <O0.
If
(k,£) € (=o0,0] x (—oo, 1]\ {(0, 1)},

then we obtain from (T14)* that x* = T*x*. ]

4. MEAN CONVERGENCE THEOREMS

Let E be a smooth Banach space and let C be a nonempty subset of E. A mapping T from C into E
is called a generalized pseudocontraction [11] if there exist o, 00, B, B2, %1,72,01,02,€1,6,81, 5 € R
such that

OC](P(TX, Ty) + 062¢(Ty, Tx) +ﬁ1¢(x7 Ty) +B2¢(Tyvx)
+71¢(Tx7y) +72¢(y7 TX) + 61¢(X,y) + 62¢(y7x)

+&19(Tx,x) +&¢(x, Tx) + 810 (y, Ty) + &0(Ty,y)
<0

“4.1)

for any x,y € C. Such a mapping is called an (o, @, B1,B2, 71, 12,01, 02, €1, €2, C1, §2)-generalized pseu-
docontraction.

Theorem 4.1. Let E be a uniformly convex Banach space with a Fréchet differentiable norm. Let C be a
nonempty subset of E and let T be an (oy,00,B1,B2,7,7, 01,62, €1,&2, C1, §r)-generalized pseudocon-
traction from C into itself. Suppose that there exists A € [0,1] such that

(I1-A)(a+p+n+6)+A(+h+r+d)>0;
Ao +m)+(1—2) (0 +pB2) = 0;
A(B1+61)+(1-A)(n+8)=>0;
(1-2)e1+A5 >0
AL+ (1—A)e >0;
(1=2A)(+p1)+A(2+12) >0,

and suppose that

o (1-2)¢+Aey Aej+(1-2)5 (T) - B(T) 7& 0.

(I-A)(a +B)+A (o +1) " (1-2)(0q +B1)+A (0 +72)

Let R be the sunny generalized nonexpansive retraction of E onto B(T). Then, for any x € C,

~1
def 175
Syx 2 Z T*
=0
is weakly convergent to an element
ge o (1-0)f  +Aey 3 A H(1-A)E (T),
A=A (a +B)+ A (05 +72) " (T=A) (e +B)+A(0 1)

where g = lim,_,. RT"x. In addition, if C is closed and convex and one of the following holds:

() A=) (u+Bi+8)+A(a+Pp+e)>0and re+(1-A1)5 > 0;
2) (1 —l)(OC] +ﬁ1 +C1)+l(0€2+}’2+{:‘2) > 0and A& —l—(l —l)CQ > 0,

then q is a fixed point of T.
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Proof. By Lemma 3.2, we know that B(T') is closed. By Lemma 3.5, we know that J(B(T)) is closed
and convex. Using Lemmas 2.3 and 2.1, there exists a unique sunny nonexpansive retraction R of E onto
B(T). Changing the variables x and y in (4.1), we obtain

OC2¢(TX, Ty) + OMb(Ty, T)C) + YZQ)(xv Ty) + ?’1¢(Ty;x)
+ﬁ2¢(Tx7y) +ﬁ1¢(y7 T)C) + 62¢<xay) + 61¢(y7x)

+80(Tx,x) + C19(x, Tx) + &0 (y, Ty) + €10 (Ty,y)
<0.

4.2)

From (4.1) and (4.2), we obtain

(1= 2A)a1 +A00)(Tx, Ty) + (Aas + (1 — 1)) (Ty, Tx)
L=2)Bi+A%)¢(x, Ty) + (AN + (1 = 4)B2)9(Ty,x)
L=2)7+AB2)¢(Tx,y) + (AP +(1=2)%)¢(» Tx)
1=2)81 +48)9(x.y) + (481 + (1 = 1)) (v, x)

I=2)e1+28)9(Tx,x) + (A8 + (1 = A)&2)9 (x, Tx)
1=2)C1 +2&)¢ (. Ty) + (Aer +(1-2)8)9(Ty,y)

+((
+((
(( ¢
(( ¢
(( ¢

S + + +

<

From (3.3), we obtain
(1=2A)o1 +202)9(Tx, Ty) + (Aou + (1 = 1)) 9(Ty, Tx)

(=B +A1%)9(x, Ty) + (A1 + (1 = A)B2)9(Ty, x)
(=7 +24B2)o(Tx,y) + (AB1 + (1 = 4)1)9 (, Tx)
H((1=2)81 +248)¢(x,y) + (A8 + (1 =2)8)9(y,x)

(1=2)e1 +18)¢(Tx,x) + (A8 + (1 - A)&2)¢ (x, Tx)

(1=2)81+A&)¢(y, Ty) + (Ae1 + (1 -2)82)0(Ty,y)
(1= +A0)9(Tx,Ty)+ (Ao + (1 —21)0n)¢(Ty, Tx)
—((1=2)a1+A)¢(x,Ty)
(1=2A) (o +B1) + A2+ 1)) (@ (x,y) + @ (v, Ty) + 2(x =y, Jy = Ty))
Avi+(1=2)B2)9(Ty,x)
(1=)1+AB2)¢(Tx,y) + (AB1+ (1 =) %) 9 (3, Tx)
(1=2)81+A8)¢(x,y) + (A1 + (1 =1)8)¢(y,x)
(1=2A)e1+A8)9(Tx,x) + (A& + (1 -2)&)¢ (x, Tx)
(1=2)8 +2&)9(y Ty) + (Ae1 + (1 - 1)62)9(Ty,y)
(1=A)ou +A0)¢(Tx,Ty)+ Aoy + (1 —A)a2)9(Ty, Tx)
(1=2A)o1 +202)0(x, Ty) + (A1 + (1 = A)B2)9(Ty,x)
(1=)n+2AB2)¢(Tx,y) + (AB1 + (1 = A)%2) ¢ (v, Tx)
(I=2A)(o1+PB1+61) +A (e + 1+ 6))0(x,y)
(
)

)9 (
)9 (

I
—~

+ + + +

+

(
(
(
(
(
(
(

(
(

I
i

)
)

+ +

+)~61+1 ) )(y>)

—(
(
(
(
F((1= )& + A1 8)0(Tx,x) + (A& + (1 — 1)&2) (x, Tx)
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H(I=A)(u+Bi+ &) +A(+P1+8))o(,Ty)
+(Aer+(1-2)5)¢(Ty,y)
+2((1=2A) (a1 + 1) +A (02 + 1)) (x —y,Jy —JTy).

Since
(1=A)(o+Bi+61)+A(a+ B+ 8) = —((1-2)n +An);
Int(1=22)p=—-(Aar+(1-1)o);
A6+ (1-2)8 = —(AB1 +(1-2A)n);
(I1-L)gg+A8 >0;
AL+ (1-2)g >0,
we obtain
(1= 2)et1+ Ao (T, Ty) + (o + (1 — 2)2)§ (T3, T)
(1= Ao +A0)o (5 T) + (A + (1~ 1)B2)0 (T,
HO = AV AB)O(T ) + (A + (1~ A) )0 )
(1 =2) (o + P14+ 61) + A(02 + 12+ 8))9(x,y)
FAS+ (1= 2)8) ()
+((1=2)er +A8%)0(Tx,x)+ (AL + (1 —A)&) o (x,Tx)
(1T =A)(u+pi+ &)+ A+ 1+))o(Ty)
+(Aer+(1-2)5)9(Ty,y)
(1= 2) @+ i) + Al + 1) s~y Jy— T
> ((1=2)ou+2A0)(¢(Tx,Ty) — ¢(x,Ty))
+(Aou +(1=A)an)(¢(Ty,Tx) = ¢(Ty,x))
(1 =2)7 +AB2)(¢(Tx,y) — 9 (x,y))
FAB1+(1=2)1)(9(y, Tx) — ¢ (y,x))
(1 =) (o1 +Bi+81) +A (0 + 12+ )0 (v, Ty)
+(Ae1+(1-2)5)0(Ty,y)
F2((1=2A) (o +B1) + A0 + 1)) (x =y, Ty = I Ty).
It follows that

(1=2)ou + 1) (9(Tx,Ty) — ¢(x,Ty))
+(Aa+(1-2))(9(Ty,Tx) — ¢(Ty,x))
(1 =2)n +21B2)(¢(Tx,y) — ¢(x,y))
+AB+(1=2)1) (¢, Tx) — 9(y,x))

(I =2) (o + B+ C) +A(r + 12+ €))9 (1, Ty)
+(Aer+(1-2)5)9(Ty,y)
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F2((1 = A) (e +Br) + A (00 + 1)) x =y Jy —IT)
<0.
Replacing x by TXx yields that
((1=2)o +2A02)(9(T*x, Ty) — ¢(T*x, Ty))
(Ao + (1= 24) o) (9(Ty, T x) — ¢ (Ty, T'))
H(L=2)7 +AB)(S(T x,y) — 9 (Thx,y))
+HABL+ (1= 1)) (@ (3, T %) — 9 (3, T'x))
(1 =2) (a1 + B+ 1) + A (02 + 12+ €))9 (3, Ty)
+(Ae1+(1-2)6)0(Ty,y)
+2((1 =) (o +Br) + A (0 +1)(T =y, Jy = JTy)
<0.
Summing up these inequalities for k =0, ...,n — 1 and dividing by n, we have

(1-A)oy + Ao

LR (9(17x, ) — 9 (5, T))
+ka1 +(’11—/1)a2
+(1 —)n+AB

n

A 1-2
n ﬁl—i'(n v

(0(Ty, T"x) — ¢(Ty,x))

(O(T"x,y) — 9(x,y))

((P(ya Tnx) - ¢(y>x))

+H( =) (a+Bi+8)+ A (e + 1 +£))0(Ty)

+(Aer+(1-2)6)0(Ty,y)

+2((1=2A) (o + 1) + Ao+ %)) {(Spx — y,Jy — JTy)

<0.
Since B(T') # 0, we obtain
O(T"x,y) < (1" 'x,y)

for any x € C, for any y € B(T) and for any n € N. Therefore {7"x} is bounded. Hence {S,x} is also
bounded. Therefore there exists a subsequence {Syx} of {S,x} such that {S,.x} is weakly convergent to
an element p € E. Replacing n by n;, we conclude

(1-A)oy+Axy (0 (T"x, Ty) — ¢ (x, Ty))

n;
+7LOC1+(1—7L)OC2
n;
+(1 _M:f +AB
AP iy p(y,0)

H(I=A)(u+Bi+ &)+ A +Pr+))o(,Ty)

(0(Ty, T"x) — ¢(Ty,x))
(O(T"x,y) — ¢(x,y))
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+(A&1+(1-2)6)0(Ty,y)
+2((1=2) (a1 + B1) + A (0 + 1)) (Sux — 3, Ty — I Ty)
<0.
Putting i — oo, we obtain
(A=2A)(a+B1+81) + A+ 1 +&))9(.Ty) + (Aer + (1 — 1) &) 9(Ty.y)
+2((1=A) (0 +Bi) + A0+ 1)) (p =y, Jy = ITy)
<0.

It follows from (3.3) that

(1=2)E +A&)p(»Ty) + (Aer + (1= 1)8)d(Ty,y)
+((1=2A) (o +B1)+A (2 + 7)) (0 (p, Ty) — 0(p,y))

<0.
Since
(I=2)(a1 +B1) +A (2 +72) >0,
we find
(1-1)G+1e
LAt oMe gy )

(1= (o +p)+A(+7)
It follows that

ped (1-A)E +Aey reri-ng ().

(1=2)(a+B)+A (o +1) > (1-A) (o +B1)+A (o +72)

Using Lemma 2.2, we obtain
(T*x — RT*x,Jy —JRT*x) <0

for any y € B(T). By Lemma 2.5, {RT"x} is strongly convergent to an element in B(T') for any x € C.
Let ¢ = lim,,_,. RT"x. Note that {7"x} is bounded. By Lemma 2.2, {RT"x} is also bounded. Putting

K= max |[T"x—RT"x|,
neNU{0}xeC
we obtain
(T*x —RT*x,Jy—Jq) < (T*x—RT*x,JRT*x—Jq)
< ||T*x— RT*x|| - |JRT*x — Jq|
< K| JRT*x—Jq|.
Summing up these inequalities for k =0,...,n — 1 and dividing by n, we arrive at

1 n—1 K n—1
Spx—= Y RT*x,Jy—Jg ) < =Y |JRT*x—Jq]|.
=i =0
Since {S,,x} is weakly convergent to p and J is norm-to-norm continuous, we obtain

(p—q,Jy—Jq) <0.
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Note that
A g e rera-ng  (T) CB(T).

(A=2)(o+B)+A(0+1) " (1=2)(0+B))+A (0 +12)
Putting y = p, we obtain from (3.3) that

0 < 2(p—q,Jg—Jp)

From (T14), we have p = g. Therefore {S,x} is weakly convergent to ¢. In addition, if C is closed and
convex and (1) or (2) holds, then {S,x} C C. Hence g € C. By Lemma 3.6, we conclude that ¢ is a fixed
point of 7. U

Let E* be the dual space of a strictly convex, reflexive and smooth Banach space E and let C* be a
nonempty subset of £*. A mapping 7™ from C* into E* is called a *-generalized pseudocontraction [11]
if there exist o, a27ﬁ17ﬁ27 N, Y2, 61 ’ 62) £1,8&, Cl y CZ € R such that

+Yl¢*(T*X*a)’*)+72¢*(y*7T*X*)+5l¢*(X*,y*)+52¢*(y*>X*)
+E10:(T7X" x*) + €20, (X", T*x") + 510 (", T*y") + L0 (T*y",y")
<0

for any x*,y* € C*. Such a mapping is called an (o, 0, B1, B2, Y1, 72, 01, &2, €1, €, &1, & )-*-generalized

pseudocontraction.

Theorem 4.2. Let E* be a uniformly convex topological dual space with a Fréchet differentiable nor-
m. Let C* be a nonempty subset of E* and let T* be an (ay,,B1,B2,7,7,01,02,€1,€,81,8)-*
generalized pseudocontraction from C* into itself. Suppose that there exists A € [0, 1] such that

(1=A) (e +Bi+n+8)+A(a+f+r+8)>0;

AMor+n)+(1=24)(a+p2) >0;

A(B1+61)+(1-24)(r+ &) > 0;

(1-A)e1+15 >0;

AGi+(1-2)& > 0;

(1=2)(ou1+pB1)+A(02 +72) >0,

and suppose that

G g e saag (T7) € Hoo(T7) # 0.

T (e B FAlep +12) > (T=A) (o +B ) +A(ea +12)

Let R* be the sunny generalized nonexpansive retraction of E* onto (%’S’O(T*). Then, for any x* € C*,

—1
def 17
S:;x* :f, (T*)kx*
=0
is weakly convergent to an element
k % *
q € 427_ (1= 428y L aer-A)G (T7),
(1=2)(a1 +B)+A(p+12) " (1=2A)(ap +B1)+A (0 +7,)

where ¢* = lim,_,o. R*(T™*)"x*. In addition, if C* is closed and convex and one of the following holds:
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(M (I=A)(ar+p+8&)+A(e+rn+e)>0and e+ (1—A4)5 >0;
2) (1—1)(061+ﬁ1+€1)—|—k(0€2+}’2+82)>Oand181—|—( A)C2>O
then g* is a fixed point of T*.

Proof. By (T12) and (T13), E is a strictly convex, reflexive and smooth Banach space. Therefore ¢, is
well-defined. From (2.1) and (3.3), we obtain

O, (1 V) = oo (u* W) + @ (W V) + 200w — Tt —w). (4.3)
In a similar way, one has

(I=2A)(u+Bi+G)+ A+ 1 +8))o.(",Ty)
+(Ae1+(1-2)5)0.(T"y",y")
F2((1 =) (e +Br) + Ao + 1)~y —J ' T p" —y")
<0
for any x*,y* € C*, where p* € E* is a weak limit of a subsequence {S; x*} of {S,x*}. From (4.3), we
obtain
(1=2)G +A8)0.(y", T7y) + (Aer + (1 = 1) ) - (T7y",y")

+((1=2) (a1 + 1) + A (2 +1))(9:(P", TY) — 9(P",)"))
<0.

Since (1—24)(o1 + 1) +A(ax +79) > 0, we have
(1-2)0+1e
(I=2)(a1+B1) +A(02 + 1)

_ QLS]—i-(l—A,)CQ (p( ***)
(1=2)(a+B1)+A(a+7) "

O (p*, T*y") < ¢u(p”,y") — 0. (v, T*y")

It follows that

pred” (g Ae (-5 (7).

T Ao B A +n) 0 (T=A)(e +B)+A(+72)

Using Lemma 2.2, we obtain

<J71y* _JflR*(T*)kx*’ (T*)kx* _R*(T*)kx*> S 0
for any y* € %;(T*). By Lemma 2.5, {R*(T*)"x"} is strongly convergent to an element in % ,(T")
for any x* € C*. Putting ¢* = lim,,_,.. R*(T*)"x* and

K= max T")'x* — R*(T*)"x*|,
nGNU{O}J*Ec*Il( ) (T7)"x"||

we obtain
<J—ly* _]—lq*’ (T*)kx* _R*(T*)kx*>
S (J—lR*(T*)kx* —J_lq*, (T*)kx* _R*(T*)kx*>
< WTIRAT ) =T g (T = R (T |
<Ko R(T =
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Summing up these inequalities for k =0, ...,n — 1 and dividing by n, we obtain
<J_1y*_J_1q*’SZx*_l"i‘R*(T* > . 5"21 TR ——
=
Since {S, x*} is weakly convergent to p* and J ~! is norm-to-norm continuous, we obtain
Uy I g pt — gt <0,

Note that
A g reraong  (T7) C Boo(T7).

(A (e 1B )T A+ ) (T-A) (o +B1)+A (0 +7))

Putting y* = p*, we obtain from (3.3) that

0 < 2<J71y*_‘]71q*’p*_q*>
= —¢6.(p".q")—.(q".p").
From (T14)*, we obtain p* = g*. Therefore {S;x*} is weakly convergent to ¢*. In addition, if C* is

closed and convex and (1) or (2) holds, then {S;x*} C C*. Hence ¢* € C*. By Lemma 3.7, we conclude
that ¢g* is a fixed point of T*. (]

By Theorem 4.2, we can obtain the following result immediately.

Theorem 4.3. Let E be a strictly convex and reflexive Banach space with Kadec-Klee property and a
uniformly Fréchet differentiable norm. Let C be a nonempty subset of E and let T be an (04,0, B,
B2, 11,712,601, 82, €1,8, 81, 8r)-generalized pseudocontraction from C into itself. Suppose that there exists
A € [0, 1] such that

(1-A)(+B+r+6)+A(ar+Bi+7+6) >0

AMop+1)+(1-A)(u+Bi) =0

A(B2+ &) +(1=2A)(11 +61) = 0;

(1-A)&+A& > 0;

AL+ (1—2)e = 0;

(1=A) (2 +B2)+A(or+7)>0

suppose that

B Aot (1-4)E (1-0)G+ g (T) CA(T)#0

0w +By)F Al +1p) " (T=A) (0 +Bo)+A (0o +71)

and suppose that J~' is weakly sequentially continuous. Let R* be the sunny generalized nonexpansive
retraction of E* onto J(A(T)). Then, for any x € C,

17 1
s - < ZJT")

" =0

is weakly convergent to an element

gERB  smruag (-0 (T),
(I-2)(ag+Ba)+2A (a1 +11) " (1=A)(0p+B2)+A (0 +71)

where q = 1im,, .. J \R*JT"x. In addition, if J(C) is closed and convex and one of the following holds:
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() (A=) (+Bh+0)+A(+1+e)>0and Aer+(1—A)8 > 0;
2) (1—7L)(Otz+ﬁ2+é‘2)+k(061 +% +81) Zoandlé‘z—l—(l—l)g > 0,

then q is a fixed point of T.

Proof. By (T12) and (T13), E* is uniformly convex with a Fréchet differentiable norm. Let T* = JTJ~!.
Then T* is a mapping from J(C) into itself. Putting x* = Jx and y* = Jy, one sees from (2.1) that (4.1) is
equivalent to
a2¢*(T*X*7 T*y*> + 0 (P*(T*y*: T*x*) + ﬁ2¢* (X*7 T*y*) + ﬁl ¢*(T*y*7X*)
+00(T7x"y") + 10 (", T7X7)) + 6205 (x", y") + 619: (y*, X"
+&0.(T7x",x") + €10 (x", T°x") + 0. (v, T*Y*) + C19(T7y",y")
<0.

Therefore T* is an (o, &1, B2, B1, v2, 11, 62,01, &2, €1, &3, §1)-*-generalized pseudocontraction from J(C)

into itself. Since (T*)"x* = JT"x, ||[(T*)"x*|| = ||JT"x|| = ||T"x||, one concludes that {(T*)"x* | n €
NU{0}} is bounded. By Lemma 3.5, one has
527:‘ (1=M) G +heg e (T")
=A@y +By) +Aer 1) (=M B+ (00 77)
=J <%’_ Ao t1-A)G  (-A)GHe (T)) ;
=2 +B)+ Ay t1) 7 (1=A)(ep +B2) +2 (e +7)

Boo(T") = J(A(T))-

From Theorem 4.2, we find that, for any x € C,

1 n—1 '
W= L)
is weakly convergent to an element
g et (%7 A t(-A)g  0-MGtae (T)> ,
(1=2) (o +Bp)+A(0p+72) * (1-A)(ap+By)+A (e +71)

where ¢* = lim,,_,., R*JT"x. Since J~! is weakly sequentially continuous and J~! is norm-to-norm

continuous, one has

lnfl
_ g—1gx _ 71 k
Sx=J'SiIx=1J (nk;)JT x)

is weakly convergent to the element

q = J_lq* S B Aer+(1-2)¢y (1-2) & +2gg (T)7

(1=)(+B)+A (o +12) " (1-A) (g +B2)+A (e +71)

where ¢ = lim,,_,.. J~'R*JT"x. In addition, if J (C) is closed and convex and (1) or (2) holds, then ¢* is a
fixed point of T*. Hence ¢ = J~'¢* is a fixed point of 7. O
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