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1. INTRODUCTION

Let H be a real Hilbert space. We use symbols (.,.) and ||.|| to denote the inner product and the norm
in H, respectively. Let C be a nonempty closed convex subset of H and let F': C — H be a nonlinear
mapping. A variational inequality problem, denoted by VI(F,C), is to find a point x* € C such that

(F(x*),x—x") >0, Yx e C. (1.1)

There are many problems of mathematics can be recast in terms of the problem of finding a solution
of the variational inequality, for instance, partial differential equations, optimal control, optimization,
mathematical programming, mechanics and finance; see [9] and the references therein.

In 2001, Yamada [18] introduced the hybrid steepest-descent method for solving problem (1.1), where
F: H — H is Lipschitz and strongly monotone operator and C is the set of fixed points of a nonexpan-
sive mapping T : H — H, i.e., C = Fix(T). Moreover, in this paper, Yamada also considered problem
(1.1) in the case that C is the set of common fixed points of a finite family of nonexpansive mappings
Ti,Ts, ..., Ty, i.e., C = NY_ Fix(T;). He proved the following theorem.

Theorem 1.1. [18, Theorem 3.3] Let T; : H — H, i = 1,2,...,N be nonexpansive mappings with
C =Y |Fix(T;) # 0 and
C= FiX(TN...Tl) = FiX(T]TN...Tz) = ...= FiX(TNfl...TlTN).

Suppose that a mapping F : H — H is k-Lipschitz and n-strongly monotone over /\ = Uﬁ\’: \T;(H). With
any ug € H, any u € (0,21 /k?), and any sequence {A,} C (0, 1) satisfying
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(LD) lim, oA, =0;
(L2) YoiiAn = oo
(L3) Yoo Ay — Au| < oo,
the sequence {u,} generated by
Uny1 = (I — An+1IU:)T[nH]’/tn (1.2)

converges strongly to a unique solution of problem VI(C,F).

Let E be a real Banach space and let C be a nonempty closed convex subset of E. Let F: E — E
be a mapping. We consider the following variational inequality in the setting of Banach spaces: Find an
element x* € E such that

(F(x%),j(x—x")) >0, Vx € C. (1.3)
This problem is denoted by VI*(F,C) in this paper.

Problem VI*(F,C) for an inverse-strongly accretive operator F over a nonempty closed and convex
subset C of a uniformly convex and 2-uniformly smooth Banach space E has already been presented by
Aoyama, liduka and Takahahsi in [1, 2]. This problem with F' = — f, where f is a contractive mapping
and C is set of zeros or common zeros of accretive operators in Banach spaces, is also studied by many
authors, see, for example, [6, 7, 8, 11, 14, 15, 19] and the references therein.

In 2008, Ceng, Ansari and Yao [5] studied problem VI*(F,C) with C is the set of fixed points of a
nonexpansive mapping or C is the set of zeros of an accretive operator in Banach spaces. They proved
the following propositions.

Proposition 1.1. Letr E be a real reflexive and strictly convex Banach space with a uniformly Gdteaux
differentiable norm. Suppose that T : E — E is a continuous pseudocontractive mapping and S =
Fix(T) # 0. Assume that F : E — E is O-strongly accretive and A-strictly pseudocontractive with
0+A > 1. Foreacht € (0,1), choose a number 1, € (0,1) arbitrarily and let {x;} be defined by

x,:t(l—u,F)(x,)+(1—t)T(x,) (14)
Then as t — 0%, {x;} converges strongly to a unique solution u* of VI*(F,C).

Proposition 1.2. Let E be a real Banach space with a uniformly Gdateaux differentiable norm. Suppose
that T : E — E is a continuous pseudocontractive mapping and S = Fix(T) # 0. Assume that F : E —
E is O-strongly accretive and A-strictly pseudocontractive with & + A > 1. If there exists a bounded
sequence {x,} such that lim,_,«||x, — T (x,)|| = 0 and u* = lim, o+ x,, where {x;} is defined by (1.4),
then

limsup(F (u*), j(u" —x,)) <O0.

n—soo

When C = A~'0, with an m-accretive operator A : E — 2% in an uniformly smooth Banach space E,
and the steepest-descent method, Ceng, Ansari and Yao [5] introduced the following iterative method

Yn = Opxy + (1 — Otn)Jﬁ‘nxn
Xn+1 = (I_)'nF)()’n)

to solve problem VI*(F,C), where F : E — E is §-strongly accretive and A-strictly pseudocontractive
with 8 + A > 1. They proved that, if the sequences of positive real numbers {¢, }, {r,} and {4,} C (0,1)
satisfy the following conditions

(1.5)
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C1) limy e by = 0, Xg Ay = o0,

C2) r, > e >0foralln, {a,} C (a,b) for some a,b € (0,1),

C3) Loiol 01— 0| < oo, Yol g [Ani1 — An| < oo and Y [rns1 — 1l <o,
then the sequence {x,} generated by (1.5) converges strongly to an element x* € C which is the unique
solution of VI*(F,C).

In this paper, we introduce two new algorithms which are the extensions of iterative method (1.5)
for problem VI*(F,C), where C is the set of common zeros of a finite family of m-accretive operators
in a uniformly convex Banach space. Moreover, we also show that conditions C1) and C2) above are
sufficient to ensure the strong convergence of the iterative method. In Section 4, we give an application
of the main result for the problem of finding a common fixed point of nonexpansive mappings. Finally,

in Section 5, a numerical example is given to illustrate the main result and to show its performance.

2. PRELIMINARIES

Let E be a real Banach space with norm ||.|| and let E* be its dual. The value of f € E* at x € E is
denoted by (x, f). Let {x,} be a sequence in E. x,, — x (resp. x, — x, X, — x) denotes the strong (resp.
weak, weak™®) convergence of the sequence {x,} to x.

Let J denote the normalized duality mapping from E into 2F~ given by

J)={f€E": (x.f) =X = IfI*}, vx € E,

where (.,.) denotes the generalized duality pairing. It is well known that if E* is strictly convex, then J
is single-valued. In the sequel, we denote the single-valued normalized duality mapping by ;.

We always use Sg to denote the unit sphere Sg = {x € E : ||x|| = 1} and Fix(T) to denote the set of
the fixed point of the mapping 7: C CE — E,ie,Fix(T) ={xe C: T(x) =x}.

A Banach space E is said to be strictly convex if

x,y € Sg with x # y, implies that ||(1 —#)x+1y|| < 1 forallz € (0,1).

A Banach space E is said to be uniformly convex if for any € € (0,2] the inequalities ||x|| < 1, |ly|| <
1, |[x—y|| > € imply there exists a 6 = §(&) > 0 such that

x4l
<1-6.
5 =
A Banach E is said to be smooth provided the limit
e
t—0 t

exists for each x and y in Sg. In this case, the norm of E is said to be Gateaux differentiable. It is said
to be uniformly Gateaux differentiable if for each y € Sg, this limit is attained uniformly for x € Sg. Itis
well known that every uniformly smooth space has uniformly Gateaux differentiable norm.

For an operator A : E — 2, we define its domain, range and graph as follows:

D(A)={x€E: Ax # 0},
R(A)=U{Az: ze D(A)},

and
G(A)={(x,y) EEXE: xe D(A), y € Ax},
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respectively. The inverse A~! of A is defined by
x€ Ay, if and only if y € Ax.

The operator A is said to be accretive if, for each x,y € D(A), there exists j(x —y) € J(x—y) such that
(u—v,j(x—y)) >0 forall u € Ax and v € Ay. We denote by I the identity operator on E. An accretive
operator A is said to be maximal accretive if there is no proper accretive extension of A and m-accretive if
R(I+AA)=E forall A > 0. If A is m-accretive, then it is maximal accretive, but the converse is not true
in general. If A is accretive, then we can define, for each A > 0, a nonexpansive single-valued mapping
J34 o R(I+AA) — D(A) by

Jp=(I+24)7"

which is called the resolvent of A. An accretive operator A defined on a Banach space E is said to satisfy
the range condition if D(A) C R(I+ AA) for all A > 0, where D(A) denotes the closure of the domain
of A. We know that for an accretive operator A which satisfies the range condition, A~'0 = Fix(J4) for

all A > 0. It is easy to see that if A is an m-accretive operator, then A satisfies the range condition (see
[12, 13]).
Recall that a mapping F : E — E is said to be §-strongly accretive if for each x,y € E there exists
Jj(x—y) € J(x—y) such that
(F(x) = F(y),j(x—y)) = 8lx—y|?
for some 6 € (0,1). A mapping F : E — E is said to be A-strictly pseudocontractive [4] if for each
x,y € E there exists j(x—y) € J(x—y) such that

(F(x) = F(y),j(x=)) < lx =yl = Ax =y = (F(x) = F ()|

for some A € (0,1). Recall that F is said to be pseudocontractive if, for each x,y € E, there exists
Jj(x—y) € J(x—y) such that

(F(x) = F(y), j(x=)) < [lx =yl
F(x)—F(y)|| <|lx—y| forall x,y € E, then F is a pseudo-

So, if F is a nonexpansive mapping, that is,

contractive mapping.

Lemma 2.1. [16] E is uniformly convex if and only if, for each r > 0, there exists a continuous strictly
increasing and convex function ¢ : R — R with ¢(0) = 0 such that

loex+ (1= a)y||* < el + (1 =) y]I* = ee(1 — )@ (flx = 1)),
for all x,y € E with max{||x|,||y||} < rand a € [0,1].

Lemma 2.2. [5] Let E be a real smooth Banach space and let F : E —> E be a mapping. If F is 8-

strongly accretive and A- strictly pseudocontractive with 6 + A > 1, then, for any fixed number t € (0, 1],
1-6

[ — TF is contractive with constant 1 — t(1 —/ ——).

A

Lemma 2.3. [3] Let A: D(A) C E — 2F be an accretive operator. For A, u > 0, and x € E, we have

fo = Jﬁ (§x+ (1 — Z)fo).
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Lemma 24. Let A : D(A) C E — 2F be an accretive operator. For r > s > 0, we have
b= ]| < 2flx = ],
forall x € R(I+rA)NR(I +sA).
Proof. From Lemma 2.3, we have
b= el < [l = ] + 170 — ]
s s
= = gl A G (1= 2)) — o]
s
< Jpe—= s+ (1= )= J7]
< 2l|x—J7x].
This completes the proof. O

Lemma 2.5. [10] Let {s,} be a real sequence that does not decrease at infinity, in the sense that there
exists a subsequence {sy, } such that
Snk S SnkJrl? Vk Z 0

For every n > ny, define an integer sequence {t(n)} as
t(n) =max{ny <k <n: s <sp41}.
Then t(n) — oo as n — oo for all n > ny,
Max{Sz(u);Sn} < Sz(n)41-

Lemma 2.6. [17] Let {s, } be a sequence of nonnegative numbers. Let {0y, } be a sequence in (0,1), and

let {c,} be a sequence of real numbers satisfying the conditions

1) Spt1 < (1 - OC,,)S,, + 0y Cp,
il) Yo gy = oo, limsup,,_,,,c, <O.

Then lim,,_yo. 5, = 0.

3. MAIN RESULTS

Let E be a real uniformly convex Banach space with a uniformly Géateaux differential norm. Assume
that F : E — E is 8-strongly accretive and A-strictly pseudocontractive with 6 +A > 1. LetA;: E —
2F i=1,2,...,N, be m-accretive operators such that S = ﬂfi A7 10 # (. We consider the following
problem:

Find an element p € S which is a solution of VI*(F,S). (3.1)

3.1. A cyclic algorithm. First, in order to solve Problem (3.1), we propose the following cyclic algo-
rithm.

Algorithm 3.1. For any xo € E, let {x,} be a sequence generated by
Yo =xn, n>0,
o= (= By Budiayy i = 1,2, N, 020, Jiy =T, (3.2)
X1 = (= 2aF) (), n 20,
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where {4,,}, {r} and {B!},i=1,2,...,N, are sequences of positive real numbers.
Now, we have the following theorem.
Theorem 3.1. Let {x,} be a sequence generated by Algorithm 3.1. If sequences {2}, {r’} and {B},
i=1,2,...,N satisfy the following conditions:

i) min_y o _n{inf,{ri}} >r>0foralli=1,2,...,N;
i) {Bi} C (a,B) with a, B € (0,1) foralli=1,2,...,N;
iii) {ln} C (07 1), lim;, o )Ln =0, Z::O A'n = %9,

then {x,} converges strongly to an element p € S, which is the unique solution of VI*(F,S).

Proof. First, we show that the sequence {x,} is bounded.
Taking u € S, we have

Iy —ull = 11— Bo)ye '+ Bidinyly ' —ull
< (L=B)IYs = ull+ Bl Tyl " —ull
<(1=BHlyy " —ul + By —ul

= [lys " —ul

< v — ull = [lxn —ul. (3.3)

Thus, by Lemma 2.2, we have

[Pt = ull = [[(7 = A F) () — ul
= (|1 = 2F) () — (I = AF) (1) = AuF (u) |
<N =XF)(53) = (= AaF) ()| + 2| F ()|

< (=202 -l 2 )

1-0,_
< max{lyy —ull, (1= /=) IF @I}
1-6.,_,
< max{[l, —ull, (1 =/ ——=) " IF ()]} 3.4)
By induction, we get
1-6

[l — ue]| < max{{[|xo —ull, (1 — ) HIF @I}, ¥n > 0.

A

Thus, {x,} is bounded. {y.}, {F(y)},i=1,2,...,N are also bounded. Let p is the unique solution of
VI*(F,S), that is,

(F(p),j(p—u)) <0, Vues.
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From (3.2), we have

[Pns1 = plI> = (I = 2uF) (3 aJ(an—P))

~AF)(P). i1 — )l (p), P~
g(1—Lxr—wlgf»mﬁ—pmmﬁrqm+xAF@xﬂp—MH»

= ol st — pll2
< (12,01 O P e ZPIE G ) )

2

|
/\ e

This implies that

20152
[Xn1 — p|* < = Iy = pl?
14+ A ( T)
s (R (). o)
14+ 2A,(1— T)
22, (1 — 1;5)
~(1- Ly -l
21—/ )
211/ 120) —
+ (1- ) HF(p), j(p—Xus1))- (3.5)
1-6 A
T 21—/ =52)

From Lemma 2.1, we have

yy = pI> =111 = B )yn " + B Ivayy " = pI?
< (=B =P+ B Unayy ' = pIP
— B (=B~ = Inayy M)
< (=B =pIP+BY vy =PI
—a(1=B)o(lyy ™" —Ivayn ')
= I =P —a(=B)o(yy " —dvayy D)

oIy =Tt

M=

=yl —a(l-p);

Il
_

oIyt =Tt (3.6)

Mz

= |l —pl?—a(1-p)

Il
_
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From (3.5) and (3.6), we obtain that

21—/ 129
s ol < (1 - pl?
1+ 21— /)
1-6
221~ T) -6,
+ (I=A/——) (F(p),j(p—xnt1))
14+ A, (1 — ﬁ) A
A
1-6

Putting
Sn = ||Xn PH2
1-0
28,(1 =/ ——)
b= 17L 5.
1+ 2A,(1— T)
and
1-6._, .
cn=(1- T) (F(p),j(p—Xnt1)),
N
= (1=ba)a(1=B) Y. oIy " =Ty '),

I¥
—

I

inequality (3.7) can be rewritten as
Spp1 < (1 - bn)sn +bycy — Oy

We will show that s, — 0 by considering two possible cases.

3.7)

(3.8)

Case 1. {s,} is eventually decreasing, i.e., there exists Ny > 0 such that {s,} is decreasing for n > N

and thus {s,} must be convergent. It then follows from (3.8) that
0<o0,< (sn _sn-H) +bn(cn _Sn) — 0,
which implies that
Iyt =iyl =0,

foralli=1,2,...,N.
Next, we will show that ||x, — J4ix,|| — 0, foralli =1,2,....N

Indeed, in the case that i = 1, ||x, — J1 uXu|| = ||y — J1..)0]| — 0. In the case that i = 2, we have

10 = T2l | < 1% = yull 4 [1vn = T2nnll + [1T209n = T2
< 20 =yl + llyn — T2yl
= 2”)}2 _Jl,nng =+ Hyrlz _Jz,nyrle - 0
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So, we get ||x, —J2 ,x,|| — 0. Similarly, we obtain ||x, — J; ;x| — O for all i = 3,4,. N By Lemma
2.2, |10 — JAix, || < 2|lx0 —J Xp —JAix,|| = Oforalli=1,2,...,N. Let T = 72 1 JAi. Then
T is a nonexpansive mapping and S = Fix(7'). From ||x, — T;(x,)|| — O for all i = 1, 2 .,N and by the

following estimate
Hxn T (x» H <= Z Hxn xn
we get lim, e ||X;, — T'(x,)|| = 0. From Proposition 1.1 and Proposition 1.2, we obtain

limsup(F (p), j(p —xn)) <O. (3.9)

n—co

Letting K = sup,{|
|1 = x| = II(I—lnF)(yN) = |
SN = 2aF ) () = (I = 2aF) () | + 2K

1-6
< (1=2,(1— T))||xn—ynN||+L,,K
< a = (1= By~ = B Iy~ + MK

< ot =y~ o™ = v+ AaK

N
<Y Iyt =Ty MK (3.10)
i=1

which implies that ||x,4+1 —x,|| — 0, as n — co. Thus, by (3.9) and the fact that the duality map j is
uniformly norm-to-weak* continuous on bounded set, we get

limsup(F (p), j(p—xni1)) <0, (3.11)

n—oo

that is, limsup,,_,., ¢, < 0. From (3.8), we have
Sn1 < (1 - bn)sn +bucy
and applying Lemma 2.6, we obtain lim,_. s, = 0.

Case 2. {s,} is not eventually decreasing. Hence, there exists a subsequence {s,, } of {s,} such that
. < Sp+1 forall £ > 0. By Lemma 2.3, we can define a subsequence {sT } such that

Max{s¢(n),Sn} < Sg(n)+1, V1 > no. (3.12)

From (3.8), we have
0< G'r(n) < b'r(n) (Cr(n) — S'L'(n)) — 0. (3.13)

Thus o;(,) — 0. By similar argument to Case 1, we get

limsup(F(p), j(p —xr(n)+1)> <0,

n—soo

or imsup,,_,., ¢z() < 0. From s¢(,) < $7(441), bn > 0, 0, > 0 and the following estimate

St(nt1) < (1= be(n))Se(n) T Dr(n)Co(n) — Or(n)
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we obtain s¢(,) < ¢(,). Hence, it follows from limsup, ., c;(,) < 0 that limsup,,_,., s¢(,) < 0. Thus

lim s,y = 0. (3.14)

n—yoo

Similar to (3.10), we have
Hx‘L'(n)—‘rl — Xt(n) H — 0.
Thus, from the boundedness of {x, }, we get
|S‘L'(n)+l _S'L'(n)| = |er(n)+1 _p”2 - ||x'r(n)+l —P||2|
< ||x1.'(n)+1 — Xz(n) ||(||X‘L'(n)+l - pH + ||x1'(n)+l _pH) —0.

Hence, [s7(5)41 — Sz(n)| — 0. From (3.12) and (3.14), for all n > ny, we have

0 <'sn < Se(ny+1 = Se(n) + (Szn)+1 = Sz(n)) — 0,
which implies that s, — 0. Consequently, we obtain s, — 0 in both cases, that is, x, — p.

This completes the proof. O

In the case that N = 1, we have the following corollary:

Corollary 3.1. Let E be a real uniformly convex Banach space with a uniformly Gateaux differential
norm. Assume that F : E —> E is &-strongly accretive and A-strictly pseudocontractive with 6 + A > 1.
Let A: E — 2F be an m-accretive operator such that S = A='0 # 0. If the sequences {A,}, {r,} and
{B.} satisfy the following conditions:
i) inf,{r,} >r>0;

i) {B,} C (a,B) with ax, B € (0,1) foralli=1,2,....N;

i) {An} C (0, 1), limyseo Ay = 0, Y22 Ay = o0,
then the sequence {x,} defined by xo € E and

Yn = (1 _Bn)xn +ﬁn~];{‘nxna (3.15)

X1 = (1= uF)(3n), 1> 0
converges strongly to an element p € S, which is the unique solution of VI*(F,S).
Remark 3.1. Corollary 3.1 is more general than Theorem 5.7 in [5].

Next, we give an analogue result in the case A; is maximal monotone operators in a real Hilbert space
H and F is L-Lipschitz and n-strongly monotone operator. We need the following lemma.

Lemma 3.1. [18] Let F : H — H be an L-Lipschitz and n-strongly monotone operator. Then f =

I — AUF is a contraction mapping with the contraction coefficient c = 1 — \/ 1 —p(2n — ul?), for each
we (0,2n/L%) and A € [0,1].

So, by using Lemma 3.1 and by a similar argument to the proof of Theorem 3.1, we get the following
theorem.

Theorem 3.2. Let H be a real Hilbert space. Assume that F : H — H is an L-Lipschitz and n-

strongly monotone operator. Let A;: H — 21 i=1,2,....N, be maximal monotone operators such that
S =Y ,A;7'0 0. If the sequences {A,}, {ri}, and {BL}, i =1,2,...,N satisfy the following conditions:
i) min_1o__n{inf,{ri}} >r>0foralli=1,2,...,N;
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i) {B,} C (o, B) with o, B € (0,1) forall i =1,2,...,N;
i) {An} € (0,1), limy s Ay = 0, ¥ A = oo,
then, for any u € (0,20 /L?), the sequence {x,} defined by xo € H and
Yo =%n, n>0,
o= (U= By By i= 1,2, N, 20, T =T, (3.16)
Nyt = (= AgltF)(5), 1> 0

converges strongly to an element p € S, which is the unique solution of VI(F,S).

3.2. A parallel algorithm. In this section, we introduce a new parallel algorithm for solving Problem
(3.1).
Algorithm 3.2. For any x( € E, we define the sequence {x,} by

Vo= (1= B)xn+ Bidinxn, i=1,2,..;N, n.> 0, Jy, = J7,

chosse i, such that ||y’ —x,|| = nllaxN{Hyil — x|}, lety, = yir, (3.17)
i=1,...,
X1 = (I = 2 F)(yn), n >0,
where {4,,}, {ri}, and {Bi},i=1,2,...,N, are sequences of positive real numbers.
The strong convergence of Algorithm 3.2 is given by the following theorem.

Theorem 3.3. Let {x,} be a sequence generated by Algorithm 3.2. If the sequences {A,}, {ri}, and
{Bi}, i=1,2,...,N satisfy the following conditions:

.....

i) {B} C (a,B) with ot, B € (0,1) foralli=1,2,...,N;
iii) {4} C(0,1), lim, s Ay =0, Yo o A, = o0,

then the sequence {x,} converges strongly to an element p € S, which is the unique solution of VI*(F,S).
Proof. First, we show that {x, } is bounded. Indeed, letting u € S, we have
lyi = ull = (1= Bo)xn + Baiwn —u
< (1= Bl —ull + Billinxn — i
< (1= Ba)llxn — ull + Byllxa —uf

< Jlon —ull, (3.18)
foralli=1,2,...,N. From Lemma 2.2, we have
et =] = 1= ) 00) — ]
= = ) 00) ~ (1~ A ) ~ 2,0
<= MF) ) = (= AF) @]+ Al F (0
< (=202 el + A @)

1-0
< max{ly, —ull, (1= /=) IF )]} (3.19)
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From (3.18), (3.19), and the definition of y,, we get

1-6 _
e — uf} < max{flxy —ull, (1 =/ —=) "M IF ()]},

By induction, we obtain

1-6
[0 —u]| < max{[lxo —uf, (1 - T)_l [1F ()1} (3.20)

Thus, {x,} is bounded. So {y.}, {F(y.)}, i =1,2,...,N are also bounded. Let p is the unique solution
of VI*(F,S), that is,

(F(p),j(p—u)) <0, Vues,

From (3.2), we have

[Pen1 = pII? = (I = XuF) () = P, j(ns1 = P))
= <(1_lnF)(yn) - (I_lnF)(p)vj(xrﬁl _p)>
+ 2n(F (p), j(P = Xnt1))

1-6
< (l_ln(l_ T))Hyn_p”*HXIHI_PH

+ 4 (F(p),j(p = Xn11))

[1—0 n— P>+ X1 — plI?

+ X (F (P), J(P — Xnt1))-

This implies that

/1 5
A
[Xn1 — p|* < = 3 IIynﬂDH2
1+ A, ( -\
2,
5 P xn+1)>
1+M l )

=( Jls)h P

2,11 5) -
+ A\ D s G
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From Lemma 2.1, we have
lyn = pI* = (1= By )on + By iy i — 1
< (1= B ben = pII* + By iy xn — I
=By (1= B ([l = Ji, xall)- (3.22)

From (3.21) and (3.22), we obtain

22(1— 1/ A%
T <( L )Hxn ol
L+ (1= =
1y /! 5)
-0 _ .
A \/ ) UE(p), J(p—Tns1))
1—|—7L - 5
A
21— 15>
—a(l—ﬁ)<1— ))w(Hxn—J,-mnxnr). (3.23)
A (1— /129
" A
Putting
Sn = |[xn _PHZa
1—06
21—/ 12
bn: l)L 3 3
1+ A, (1~ TTJ
and

= (1[0 () o =),

0, = (1 =bu)a(1 = B))@(|[xn — Ji, n%Xnl|)-

we obtain that inequality (3.23) can be rewritten as
Snt1 < (1 =by)sp+ bpcy — O (3.24)
We will show that s, — 0 by considering two possible cases.

Case 1. {s,} is eventually decreasing, i.e., there exists Ny > 0 such that {s,} is decreasing for n > N
and thus {s, } must be convergent. It then follows from (3.8) that

0 S On S (sn _sn-H) +bn(cn _Sn) — O,
which implies that
|1%0 — i, nXn|| — 0.
Thus, we have

lyn —2all = Brlzn [ —JiynXn| = 0. (3.25)

From the definition of y,, we get
[1Yn = %all = O,
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foralli=1,2,...,N,. Hence

1 .
X0 — JinXn|| = Eﬂy; —Xu|| = 0, (3.26)
n

1
foralli=1,2,...,N. Let T = NZ?LJ;“". Then T is a nonexpansive mapping and S = Fix(7'). From
||x, — T;(xn)|| — O for all i = 1,2,...,N and by the following estimate

[l =T () | < ZHxn Xn)

we get lim, e ||X, — T'(x,)|| = 0. From Proposition 1.1 and Proposition 1.2, we obtain

limsup(F (p), j(p —xa)) < 0. (3.27)

n—oo

Letting K = sup, {||F (y»)||}, from (3.25) and Lemma 2.2, we have
1 = Xall = | (7 = 2F) (yn) — 2|
< H(I_)“nF)(xn) - (I_A'nF)(yn)H +)~nK

1-6
< (1=2,(1— T))Hxn—ynH +1,K—0,

which implies that
|| %041 — xn|| — 0. (3.28)

Thus, by (3.27) and the fact that the duality map j is uniformly norm-to-weak* continuous on bounded
set, we get

1imsup<F(p),j(p—xn+1)> < 07 (329)

n—oo

that is, limsup,,_.,.. ¢, < 0. From (3.24), we have
Spt1 < (1 - bn)sn + bncy.
Applying Lemma 2.6, we obtain lim,_,. s, = 0.

Case 2. {s,} is not eventually decreasing. Hence, there exists a subsequence {s,, } of {s,} such that
¢ < Spp1 forall k > 0. By Lemma 2.3, we can define a subsequence {s(,)} such that

max{Sz(y),Sn} < Sg(n)41, V1 > no. (3.30)

From (3.24), we have
0< O (n) < br(n) (Cf(n) — ST(,,)) — 0. 3.31)

Thus 67(,) — 0. By a similar argument to Case 1, we get

limsup(F(p), j(p _XT(n)+1)> <0,

n—yoo

or limsup,,_,., ¢z(,) < 0. From s(,) < S¢(n41)> bn > 0, 0, > 0 and the following estimate

St(nt1) < (1= be(n))Se(n) T Dr(n)Co(n) — Or(n)
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we obtain s¢(,) < ¢(,). Hence, it follows from limsup, ., c;(,) < 0 that limsup,,_,., s¢(,) < 0. Thus

lim sr(n) =0. (332)

n—soo
Similar to (3.28), we have
Hx‘L'(n)—‘rl — Xg(n) H — 0.

Thus, from the boundedness of the sequence {x, }, we get

‘S‘L’(n)-‘rl _S’r(n)| = H|xr(n)+l _pHZ - ||x’r(n)+] _p||2|
< )1 = Xl (e 1 — Pl X2y — pII) — 0.

Hence, [s7(5)4+1 — Sz(n)| — 0. From (3.30) and (3.32), for all n > ng, we have
0 <sn < Se(nyr1 = Se(n) T (Szn)+1 = Sz(n)) — 0,

which implies that s, — 0. Consequently, we obtain s, — O in both cases, that is, x, — p. This completes
the proof. g

So, by using Lemma 3.1 and by a similar argument to the proof of Theorem 3.3, we get the following
theorem.

Theorem 3.4. Let H be a real Hilbert space. Assume that F : H — H is an L-Lipschitz and 1n-
strongly monotone operator. Let A;: H — 21, i=1,2, ..., N, be maximal monotone operators such that
S =Y ,A;7'0#0. If the sequences {A,}, {ri}, and {BL}, i =1,2,...,N satisfy the following conditions:
i) min,-:1727___,N{infn{r,"1}} >r>0foralli=1,2,...,N;

i) {Bi} C (a,B) witha, B € (0,1) foralli=1,2,...,N;

iii) {A,} C (0,1), limyedy, =0, Yo g Ay = oo,
then, for any u € (0,21 /L?), the sequence {x,} defined by xo € H and

Vo= (1= B)xa + Bidinns i = 1,2, ,N. > 0, Jyy = T,

chosse iy such that ||y — x,|| = l_znllaxN{Hyil — x|}, lety, = yi, (3.33)

X1 = (I = AaltF)(yn), n > 0

converges strongly to an element p € S, which is the unique solution of VI(F,S).

4. APPLICATIONS

By the careful analysis of the proof of Theorem 3.1 and Theorem 3.3, we can obtain the following
result for the problem of finding a common fixed point of a family of finite nonexpansive mappings in a
uniformly convex Banach space.

Theorem 4.1. Let E be a real uniformly convex Banach space with a uniformly Gdteaux differential
norm. Assume that F : E —> E is 8-strongly accretive and A-strictly pseudocontractive with 6 + A >
1. Let T;: E— E, i=1,2,...,N, be nonexpansive mappings such that S = ﬂ?’:IFix(Ti) # 0. If the
sequences {A,} and {B}}, i =1,2,...,N satisfy the following conditions:

i) {Bi} C (a,B) witha, B €(0,1) foralli=1,2,....N;

i) {4} C(0,1), limyye Ay =0, Y g Ay = oo,
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then the sequence {x,} defined by xo € E and
Yo =2%n, n>0,
o= =By + BTy, i=1.2,..N, n >0, 1)

Xpi1 = (I—?LnF)(yﬁlv), n>0,
or

y;.z =(1 _Bri)xn‘i‘ﬁriTixna i=1,2,..,N,n>0,

chosse iy, such that ||y — x,| = i:rglaxN{Hyﬁz — x|}, lety, =y, (4.2)

goouy

Xnt+1 = (I_)LnF>(yn)7 nz> 07
converges strongly to an element p € S, which is a unique solution of VI*(F,S).
Remark 4.1. Theorem 4.1 is more general than the result of Yamada [18] (Theorem 3.3), it does not
require the conditions:
C= FiX(TN...Tl) = FiX(T]TN...Tz) = ...= FiX(TNfl...TlTN),

and Y, |Asn — Au| < 0. Moreover, iterative method (4.2) is a new result for solving the variational
inequality over the set of common fixed points of a finite family of nonexpansive mappings in Banach
spaces.

Let H be a real Hilbert space. We consider variational inequality (1.1) with the fact thats F : H — H
is L-Lipschitz and 1-strongly monotone operator and C = NY_,C;, where C; is a nonempty closed convex
subset of H. Let T; = Fc,, where Fc, is metric projection from H onto C; for all i = 1,2,...,N. By the
careful analysis of Theorem 3.2, we obtain the following theorem.

Theorem 4.2. If the sequences {A,} and {B;}, i=1,2,...,N satisfy the following conditions:
i) {Bi} C (a,B) witha, B €(0,1) foralli=1,2,....N;
i) {4} C(0,1), limyye Ay =0, Yo g Ay = oo,
then, for any u € (0,21 /k?), the sequence {x,} defined by xo € H and
Yo =xa, n>0,
v =(1=BHy + Bircyt i=1,2,..,N, n >0, (4.3)
Xni1 = (1= At F)(y)), n> 0
or
yo = (1= BDxy+ BiPexn, i=1,2,...,N, n >0,

chosse iy, such that ||y’ — x,|| = ijrllaxN{|]yﬁ; — x|}, lety, =yi, (4.4)

Xnt1 = (I = AU F)(yn), >0

converges strongly to an element p € C, which is the unique solution of VI(F,C).
We have the following corollary for the convex feasibility problem.

Corollary 4.1. Let C; be a nonempty closed convex subset of a real Hilbert space H, i = 1,2, ...,N, with
C =nY.,C; # 0. If the sequences {A,} and {B;}, i =1,2,...,N satisfy the following conditions:
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i) {Bi} C (a,B) withat, B € (0,1) foralli=1,2,...,N;
i) {An} C(0,1), limy e Ay =0, ¥ Ay = o0,
then the sequence {x,} defined by u, xo € H and
Yo =Xp, n >0,
Vo= =By +BPey,  i= 1,2, N, n >0, (4.5)
X1 = At 4 (1= 2n)yy, >0
or
yo = (1= B)xy+BiPexy, i=1,2,...,N, n >0,

chosse iy, such that ||y — x,| = i*nilaXN{”yL — x|}, lety, =yi, (4.6)

=l1,...,

Xnp1 = A+ (1 =A)yn, n >0

converges strongly to an element Pcu € C, where Pc : H — C is the metric projection from H onto C.

1
Proof. Let f(x) = EHX_ ul|> for all x € H. Then F = </ f = x — u, for all x € H, is a 1-Lipschitz and
1-strongly monotone operator in H. So, applying Theorem 4.2 with u = 1, we get the proof of this
corollary. This completes the proof. O

5. A NUMERICAL EXAMPLE

Example 5.1. Consider the problem of finding an element x* € S such that

¢(x*) = min@(x),

xes

where @(x) = (x1 +1)2+ (x2 — 1)? +x3 for all x = (x1,x2,x3) € R?, § = N/%NC; with
Ci={(x1,x2,x3) 0 (x1 +1/i)*+ (xa— 1/i)* +x3 <2}, i=1,2,...,100.

It is easy to show that ¢ is a convex function for F = /¢ is a 2-Lipschitz, 2-strongly monotone
operator, and x* = (—1,1,0) is the minimum point of ¢ on S.

a) Numerical results for Algorithm 3.1
- Applying iterative process (4.3) with u = 9/10, Bi = 1/2 and A, = 1/n for all n > 1 and for all
i=1,2,...,N, and x° = (3,4,5), we obtain the following table of results:

n

TOL ||x" —x*|| n X
1075 9.96x107% 193  (
1076 9.97x1077 692  (
1077 9.99x 1078 2483 (
(
(

—1.000003,9.99993 x 10!, —6.95 x 1079)
—1.000000,9.99999 x 10~!, —6.96 x 10~7)

—1.000000,9.99999 x 10!, —6.98 x 1073)
1078 9.99x107° 8922  (—1.000000,9.99999 x 10~!, —6.98 x 10~9)

1072 9.99x 10710 32063 1.000000,9.99999 x 10~!,—6.98 x 10~17)
TABLE 1. Table of numerical results

- Applying iterative process (4.3) with u =9/10, Bi =1/2+1/4\/n and A, = 1//n for all n > 1 and

for all i = 1,2,...,N (note that in this case the sequences {3} } and {A,} do not satisfy the conditions
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TOL  ||x" —x*|] n x"

1075 3.69%x107% 8 (—1.000001,9.99998 x 10~!, —2.62 x 10~°)
1076 6.37x1077 10 (—1.000000,9.99999 x 10~!,—4.52 x 10~7)
1077 7.00x107% 13 (—1.000000,9.99999 x 10~!, —4.97 x 10~8)
1078 6.03x107° 17 (—1.000000,9.99999 x 10~!,—4.28 x 10~7)
107° 7.39x10719 21 (—1.000000,9.99999 x 10~!,—5.25 x 10~1?)

TABLE 2. Table of numerical results

Yo 1Bl — Bil <eoforalli=1,2,..,N and Y5 |1 — Ay| < o), and x” = (3,4,5), we obtain the
following table of results:

The strong convergence of iterative process (4.3) is also described in Fig. 1.

Il

TOL=lx,
3

T T T
—e— lter. (4.3):u=9/10, %, =1/n, =05

- B - lter. (4.3):u=9/10, 2, =1/n"%, B =0.5+1/(4n®%) |

b) Numerical results for Algorithm 3.2
- Applying iterative process (4.4) with g = 9/10, Bi = 1/2 and A, = 1/n for all n > 1 and for all
i=1,2,...,N,and x° = (3,4,5), we obtain the following table of results:

80 100 120 140 160 180 200
Number of interations

FIGURE 1.

TOL  ||x" —x*|| n x"

1075 9.97x107% 412 (—1.000004,9.99994 x 10~!, —7.05 x 1079)

107 9.99x 1077 1478  (—1.000000,9.99999 x 10!, —7.07 x 10~7)

1077 9.99x107% 5308 (—1.000000,9.99999 x 10!, —7.07 x 10~3)

1078 9.99x107° 19075 (—1.000000,9.99999 x 10~!, —7.07 x 10~?)

1072 9.99x 10719 68548 (—1.000000,9.99999 x 10~!, —7.07 x 10~1?)
TABLE 3. Table of numerical results

- Applying iterative process (4.4) with 4 =9/10, B} =1/2+1/4\/n and 4, = 1/+/n for all n > 1 and
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for all i = 1,2,...,N (note that in this case the sequences {f;} and {4,} do not satisfy the conditions
Y1 1Bl — Bl <eoforalli=1,2,..,N and Y5 |Ass1 — Ay| < e0), and x” = (3,4,5), we obtain the
following table of results:

n

TOL ||x" —x*| n
1075 4.08x107° 9 1.000002,9.99997 x 10~!, —2.90 x 10~°
8

X

(_

107% 8.05x10°7 11 (—1.000000,9.99999 x 10~!,—5.72 x 107
1077 537x1078 15 (—1.000000,9.99999 x 10!, ~3.82 x 10~
1078 9.59x 107 18 (—1.000000,9.99999 x 10!, -6.82 x 10~°
(

1072 7.86x 10719 23 1.000000,9.99999 x 10—, —5.59 x 10! )
TABLE 4. Table of numerical results

)
)
)
)
0

The strong convergence of iterative process (4.4) is also described in Fig. 2.

T T T
—e— lter. (4.4):u=9/10, 2, =1/n, § =0.5

10 : : - B - lter. (4.4):=9/10, 2 =1/n®®, ] 0.5+1/(4n"%) |

=l

TOL:

1078 1 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180 200
Number of interations

FIGURE 2.
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