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Abstract. The paper is concerned with the problem of finding a common solution of a variational inequality problem governed
by Lipschitz continuous monotone mappings and a fixed point problem of nonexpansive mappings. To solve this problem, we
introduce a new iterative algorithm which is based on Tseng’s extragradient method. Moreover we prove the strong convergence
of the algorithm to a solution of the above-stated problem without the hypothesis of the asymptotical regularization.
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1. INTRODUCTION

Throughout the paper, .77 is a real Hilbert space and C is a nonempty closed convex subset of 7.

A variational inequality problem (VIP) is formulated as a problem of finding a point x* € C with the
property:

(Ax*,z—x") >0, VzeC, (1.1)

where A : C — 7 is a single-valued mapping. We denote the solution set of VIP (1.1) by VI(C,A). A
fixed point problem (FPP) is to find a point X with the property:

feC, Si=3%, (1.2)

where S : C — C is a nonlinear mapping. The set of fixed points of S is denoted as Fix(S).
In this paper, we are interested in finding a common solution of VIP (1.1) and of FPP (1.2). Namely,
we seek a point x* such that

x* € Fix(S) NVI(C,A). (1.3)

This problem was first introduced by Takahashi and Toyoda [11]. Since then, many algorithms have been
built for approximating a solution of problem (1.3); see, e.g., [3, 4, 8, 9, 13, 14, 16] and the references
therein.
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In the case where A : C — ¢ is inverse strongly monotone and S : C — C is nonexpansive, Takahashi
and Toyoda [11] introduced an algorithm which generates a sequence {x, } by the iterative procedure:

Xn+1 = (1 - an)xn'i‘anSPC(xn_lnAxn)a (1.4)
where Pc is the projection of C onto .7#. The Halpern-type algorithm:
Xnt1 = Ot + (1 — 0y SPe(xy — ApAxy), (1.5)

where u € C is fixed, was introduced by liduka and Takahashi [3]. In both algorithms (1.4) and (1.5), the
sequence { &, } is chosen from the interval [0, 1]. Under certain assumptions, the sequence {x, } generated
by algorithm (1.4) (resp., (1.5)) can be weakly (resp., strongly) convergent to a solution of problem (1.3).

In general, the above algorithm dose not work whenever A is only a k-Lipschitz-continuous and mono-
tone mapping. In this situation, the following iterative method:

Yn = PC<xn - )LnAxn)7
2n = Po(Xn — AAyn), (1.6)
Xnt1 = (1 — 0ty)xn + Sz,

where A, € (0,1/k) and o, € (0, 1), was proposed by Nadezhkina and Takahashi [7] for solving problem
(1.3). It is worth noting that this algorithm is motivated by Korpelevich’s extragradient method [5]
for solving varational inequalities. For any initial guess xg € C, Korpelevich’s extragradient method
generates an iterative sequence recursively by

yn = Po(x, — AAx,),
Xn+1 = PC(xn - )vAyn)a

where A € (0,1/k). Subsequently, Zeng and Yao [16] introduced a Halpern-type algorithm, which gen-
erates an iterative sequence recursively by

Yn = PC(xn - )vnAxn)y
Zn :PC(xn_Aanyn% (17)
Xnt1 = Ouu+ (1 —04)Szy,

where A, € (0,1/k) and o, € (0,1). Under some mild assumptions, the sequence (x,) generated by
algorithm (1.6) (resp., (1.7)) can be weakly (resp., strongly) convergent to a solution of problem (1.3).

We note that one sufficient condition for the convergence of algorithm (1.7) is ||x,+1 — x,|| — O (see
[16, Theorem 3.1]). However, from a practical point of view, such condition is often difficult to verify.
In this paper, we propose a new algorithm for solving problem (1.3) in the case where the governed
mapping is only Lipschitz-continuous monotone. The potential advantage of this algorithm is that we
can prove its strong convergence without assuming ||x,4+1 — x,|| — 0. Our algorithm is mainly based on
Tseng’s splitting method [12] for solving variational inequalities. For any initial guess xy € C, Tseng’s
splitting method generates an iterative sequence recursively by

Yn= PC(xn - len)a
Xn+1 = PC()’n - )*(Ayn —Axn))a
where A € (0,1/k). The paper is organized as follows. In the next section, some useful lemmas are

given. In Section 3, we propose our algorithm and prove its strong convergence to a solution of problem
(1.3).
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2. PRELIMINARY AND NOTATION

We shall use the following notation:

e x, — x: strong convergence of (x,) to x;
e x, — x: weak convergence of (x,) to x;
e [ the identity mapping, and @, (x,) := {x: Ix,, — x}.

A mapping S : C — C is said to be k-Lipschitz continuous if there exists a constant £ > 0 so that
||Sx—SyH Sk”x_yHa Vx,yGC.

In particular, if k = 1, then we say S is a nonexpansive mapping. A mapping A : C — S is said to be
monotone if

(Ax—Ay,x—y) >0, Vx,yeC;
k-inverse strongly monotone if there exists a constant k£ > 0 so that
<Ax—Ay7x_y> ZkHAx_AyHZa Vx7yec'

We use Pc to denote the projection from .7 onto C, namely, for x € .77, Pcx is the unique point in C with
the property:

— Pcx|| = min ||x —y||.
Il = Pex|| = min .x —y]|
It is well known that Pcx is characterized by the inequality:
Pex e C, <x—PCx,Z—ch> <0, VzeC. 2.1
The lemma below is referred to as the demiclosedness principle for nonexpansive mappings (see [2]).

Lemma 2.1 (Demiclosedness principle). Let T : C — S be a nonexpansive mapping with Fix(T) # 0.
If {x,} is a sequence in C such that x, — x and (I — T )x, — y, then (I — T)x = y. In particular, if y = 0,
then x € Fix(T).

A multi-valued mapping T : 5 — 27 is said to be monotone if (4 —v,x—y) > 0, for any u € Tx,v €
Ty; maximal monotone if its graph

G(T)={(x,y):x€ P(A),u € Ax}

is not properly contained in the graph of any other monotone operator. The normal cone to C at x € C' is
a multi-valued mapping defined by

Nex={we & : (x—u,w) >0, ucC}.

It is known that N¢ is maximal monotone, and its resolvent is P, that is, Pc = (I 4+ AN¢) ™! (see [1, p.
334]). Define a mapping T : 77 — 27 by

2.2)

Ax+Ncx, xeC,
Tx =
0, x¢&C.

Lemma 2.2. Let T be defined as (2.2) and A a single-valued monotone mapping. Then

(i) 9(T) is sequentially weakly-strongly closed, that is, if u,, € Txy, X, — X, and u, — u, then u € Tx;
(ii) VI(C,A) =T~1(0) = {x € 2,0 € Tx};
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(iii) for A >0, y = Pc(x — AAx) iff

)% +Ay —Ax € Ty;

in particular, x = Pc(x — AAX) iff x € VI(C,A).

Proof. (i) It is known (see [1, Pro. 20.33]) that if 7' is maximal monotone, then its graph ¢(T) is sequen-
tially weakly-strongly closed. Since A is single-valued, by [10, Theorem 3], T is maximal monotone and
thus the first assertion follows.

(ii) To see this, we note that 0 € Tx = (A + N¢)x if and only if —Ax € Nex. By the definition of the
normal cone, this is equivalent to (Ax,x —z) < 0,Vz € C.

(ii1) Since Fc is the resolvent of N, it follows

y=Pc(x—AAx) &y = (I+AN¢c) ' (x — AAx)
< y+ANcy 3 x— AAx
S A(A+Nc)y 2 x—y+A(Ay—Ax).

Particularly, we have x = Pc(x — AAx) if and only if O € Tx. By part (ii), we get the desired assertion. [J
We end this section by some useful lemmas.

Lemma 2.3. [6] Let {s,} be a real sequence that does not decrease at infinity, in the sense that there

exists a subsequence {sp, } so that

S < Sppt1 forall k> 0.
For every n > ng define an integer sequence {t(n)} as
T(n) =max{ng <k <n:sp <Sgi1}-
Then t(n) — oo as n — oo and for all n > ny
max (Sz(n),Sn) < St(n)+1- (2.3)
Lemma 2.4. [15] Let {s,} be a nonnegative real sequence satisfying
Sl < (1= 0 )sn + O,

where the sequences {a,} C (0,1) and {€,} is a real sequence. Then s, — 0 as n — oo provided that

(i) Zan = °°7hmn o, =0;
(ii) lim, &, <0 or ¥ a,|€,

< oo,

Lemma 2.5. Let x,y € 5 and let t,s > 0. Then

(i) Ix+yl* < [Ix[|* + 20, x+y);
(i) |lex—+syl|* =1(r+s5)||x]|* + 5(t + ) ||y[|* — st]]x — y]|>.
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3. A STRONG CONVERGENCE THEOREM

We now introduce our iterative algorithm. Take an initial guess xo € C; choose {0, } € (0,1),{B,} C
(0,1),{w} € (0,1) and {A,} C (0,1/k); and define a sequence {x,} by the iterative procedure:

yn = Pe(xn — AAxy),
Zn:PC(Yn_An(Ayn_Axn)); 3.1
Xpt+1 = Oy + ﬁnxn + Y1SZn,

where u € Cis fixed, {a, },{B,} and {y,} are positive real sequence such that o, + 3, + ¥, = 1. To state
the convergence of the algorithm, we need the following lemma.

Lemma 3.1. Let {x,},{y,} and {z,} be defined by (3.1). Then, for any solution z to problem (1.3), there
holds the inequality:

20 =21 < Jln =2l = (1 = (kA)*)lyn = x> (3.2)
Proof. Since F¢ is nonexpansive, we have
2 —2l* = (1P (n — A (Ayn — Axa)) — 2|
< 1y —2— An(Avn —Axa) ||
= [lyn —z® + A7 1Ay, — Axa >
=220 (Yn — 2,Ayn — AXy)
= [bon =2l 4 [lyn = xal|* + A7 Ay — A |
+2(xn = 2,90 — Xn) — 22 (yn — 2,Ayn — Ax)
= [bn —2l® = [lyn =l > + A7 [ Ay — Ay ||
+ 2000 = 2,0 = Xn) = 2 (yn — 2,Ayn — AXy).
Having in mind that y, = Pc(x, — A,Ax,), we deduce from (2.1) that
O =2, yn =) < =2 (yn — 2, An).
Since A is k-Lipschitz continuous, it follows that
e =2l < 1 = 2l =l =5
+ A2 (| Ay — Ax| 2 = 22 (yn — 2. Ayn)
< o =zl = (L= A [[yn —xal®
— 22 (Yn — 2,AYn)-
On the other hand, we observe that
(¥n = 2,Ayn) = (yn — 2,Ayn — AZ) + (yn — 2,A2).

Since z € VI(C,A) and A is monotone, this implies (y, — z,Ay,) > 0. Hence the desired inequality (3.2)

at once follows. O

Below is the convergence of algorithm (3.1).
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Theorem 3.1. Let A : C — 7 be a k(> 0)-Lipschitz continuous monotone mapping and S : C — C a

nonexpansive mapping. Suppose that
(i) 0 <1i7mnﬁn < Enﬁn <l
(ii) lim, o, =0,), 0t = oo;
(iii) 0 < lim, A, < lim, A, < 1/k.

If the solution set of problem (1.3), denoted by Q, is nonempty, then the sequence (x,) generated by (3.1)
converges strongly to Po(u).
Proof. Let z := Po(u). We first show that {x,}, {y,} and {z,} are bounded. By Lemma 3.1, one has
120 =2l <l —2]|-
Thus
X1 = 2]l = [l 0wte + Bon + 1820 — 2|
< Ol =2l + Ballon — zl| + Tallzn — 2]
< Ol — 2+ (1 = o) [ — 2],
where the last inequality follows from the fact that o, + 8, + 7, = 1. By induction, we have
[0 = z[| < max{]|u—z|, [lxo —z[|}.
Then {x,} is bounded and so is {z,}. Since P is nonexpansive, one has
[[yn = zll = [1Pe(xn — AnAxn) — Pe(z — AnAZ) |
< ||xn —z— An(Ax, — Az)||
< loen = 2l + Ank]lon — 2
<2||x, —2]|-
Therefore {y,} is bounded.
We next show the following inequality:
[|Xn+1 —Z”2 <(1— O‘n)szn _Z”z + 206, (U — 2, X511 —2)
— (2 —l+ Iy~ ). o
where o is a positive number. Indeed, it follows from Lemmas 2.5 and 3.1 that
o1 = 2012 = Nt (4= 2) + Bk — ) + 1 (S0 —2) I
< 1B (n —2) + Y2 (52— 2) 1 + 200 (1 — 2,311 —2)
= BB+ )30 — 2l1” + 9 (B + %0) 520 — 21
— Bl Szn — X2 + 204, (4 — 2, X1 — 2)
< BB+ W)l — 2lI* + W (B + ) 12w — 2]
— YaBallSzn — x> 204 (1 — 2,041 — 2)
< (1= 0) w2 = 91 = 0) (1 = (k) |0 — 25|

- ynﬁnHSZn _anZ +206n(u—z,xn+1 —z>,
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By our hypothesis on {4, }, {B.}, {%} and { o, }, we may assume without loss of generality that there is
0 > 0 so that

yomin(B,, (1 —a,)(1 - (kA,)?)) > o, Vn.

Hence, inequality (3.3) immediately follows. If we let s, = ||x, —z||* and
cn = 0 (1820 =21+ [[yn —xal*),
then inequality (3.3) has the form:
St < (1= @)%+ 200 (U — 2, %11 —2) — €. (3.4)

Finally, we prove s, — 0 by considering two possible cases on {s;,}.
CASE 1. {s,} is eventually decreasing (i.e., there exists N > 0 such that {s, } is decreasing for n > N).
In this case, {s,} must be convergent. In view of (3.4), one has

0<cy <M+ (Sy—Sni1),

where M > 0 is a sufficient large number. Letting n — oo in the last inequality yields ¢, — 0, this implies
that {||Sz, — x,||} and {||y, —x»||} both converge to 0. Hence
l|zn = %all = [[Pc(yn — An(Ayn — Axy)) — Pexa|
< lyn = xn — An(Ayn — Axn) |
< (1K) [l yn = xall
< 2lyn —xul[ =0,
where we use the fact x,, € C, the nonexpansive property of Pc and the Lipschitz continuity of A. By the
nonexpansiveness of S, we have
(o6 = Soxu| < [|xn = Szal| + Sz — Sxa|
< ||xn — Sza | + ||z — Xl — 0.
Using the demiclosedness principle yields @,,(x,) C Fix(S).
We next show @,,(x,) C VI(C,A). Having in mind that ||y, — x,|| — 0, we have @, (x,) = @, (y,). Let
Vo= Xn = Yn
n ln
It then follows from Lemma 2.2 that v, € (A+ Nc¢)(yn) =: T(yn). By the Lipschitz continuity, one has
|Ax,, — Ay, || — 0. Hence v,, — 0. Using Lemma 2.2 yields @, (x,) € T~!(0) = VI(C,A). Altogether, we
have m,,(x,) C Q. Consequently,

— (Ax, — Ayy).

lim (u—2z,x,01—2) = max (u—z,x' —z) <0,
n—yoo X ewy,(x,)

where the inequality follows from (2.1). In view of (3.4), one has
Spp1 < (1 —an)25n+2an<u_zaxn+l —Z>- (3.5)

We therefore apply Lemma 2.4 to (3.5) to conclude s,, — O.
CASE 2. (s,) is not eventually decreasing. Hence, we can find a subsequence {s,, } so that s, < s, 41
for all k > 0. In this case, we may define an integer sequence {7(n)} as in Lemma 2.3. Since s¢(,) <
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Sz(n)+1 for all n > ny, it follows again from (3.4) that c;(,) < Moty(,) — 0, so that [[S¢(,)Ze(n) — Xzl = 0
and [[yz(y) —X¢(n) || — 0 as n — 0. In a similar way to Case 1, we deduce that @,,(x;(,)) € Q. Therefore

1im (4 — 2, x5, —2) < 0. (3.6)

n—soo

On the other hand, we note that

er(n) —Xg(n)+1 | = ”O‘T(n)(” _xr(n)) + Yz(n) (S‘L'(n)z’r(n) _xr(n)) |
< Oz (n) (| —Xz(n) |+ Ye(n) ”S‘E(n)zr(n) —Xz(n) I
< M(0(ny + [[Se(n)2e(n) — Xem ) = 0,

which together with (3.6) yields

1im (i — 2, X¢()41 —2) <O. (3.7)

n—soo

Since St(n) < St(n)+1 (see (2.3)), it follows from (3.4) that

St(n) < 2<Lt —ZX7(n)+1 _Z>
for all n > ng. This together with (3.7) yields
A Se(a) <0

Hence s;(,) — 0. Moreover we have

VSt 1 = 1 (ern) = 2) = (Ke(n) = Xe(y 1)
< Sty + 1%y = Xemy1 || = 0.

Consequently, s, — 0 follows from (2.3) immediately. O

Remark 3.1. In a similar way to [16], we can apply our algorithms for finding a common fixed point
of Lipschitz pseudocontractive and nonexpansive mappings, and for finding a common zero for two
monotone mappings.
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