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Abstract. In this paper, we present extragradient and modified extragradient iterative algorithms for solving a common solution
of a finite family of split variational inequalities and generalized split feasibility problems. Applications of our main results to
equilibrium and optimization problems are provided. A numerical experiment is provided to illustrate the convergence of the
sequences generated in our proposed algorithms.
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1. INTRODUCTION

LetM;, i=1,--- ,N,and Q;, j=1,---,p, be nonempty closed and convex subsets of real Hilbert
spaces Hy and Hy, respectively such that M = N¥_,M; # @ and Q = ﬂ‘;.’:le #0. LetG;: H — Hy, i=
l,---,Nand A;: Hy — H,, j=1,---, p be given mappings and let B be a bounded linear map from H;
to H,.

The common solution of split variational inequality problem denoted by (CSSVIP) is to find an ele-
ment u* € M such that

(u—u*,Gi(u*))>0,YueM;,i=12,--- /N, and (1.1)
v =Bu" € Qsuchthat (v —v*,A;(v*)) >0,VveQ;, j=12,---,p.
Let Z be the solution set of the (CSSVIP) given by:
9 ={u* € MLVI(M;,G;) : Bu* € _VI(Q),A))}.

We observe that u* € (CSSVIP) if and only if u* = Py, (I — uB;)u*, for each i = 1,---,N, such that
Bu* = Py, (I — YA;)Bu* for each j = 1,-, p, where Py, Pp, are the metric projections of M; on H; and
Qj on H», respectively, and u > 0 and y > 0. Obviously, if N = 1, then problem (1.1) is reduced to
the well-known split variational inequality problem (SVIP), which was introduced by Censor, Gibali and
Reich [5]. The motivation for studying problem (1.1) with N > 1 stems from a simple observation that
if we choose G; = 0, then the problem is reduced to finding u* € ﬁﬁi M;, which is the known convex
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feasibility problem (CFP) that Bu* € ﬂj-): \VI(Qj,A;j). If the sets M; are the fixed point sets of mappings
S; : Hl — Hj, then, the common feasibility problem, (CFP) is the common fixed points problem (CFPP)
whose image under B is a common solution to (CSVIP). If we choose G; =0 and A; = 0, then problem
(1.1) is reduced to finding u* € NI, M; such that Bu* € N°_,Q;. This is the well known multiple-sets split
feasibility problem which serves as a model for many inverse problems where constraints are imposed
on the solutions in the domain of a linear operator as well as in the range of the operator.

In 1976, Korpelevich [11] proposed the following projection extragradient method in finite dimen-
sional spaces

x| €H,
Yn :PM(xn_Tf(xn))v (1.2)
X1 =Py (%2 — Tf (7))
for each n > 1. It was shown that the sequence converges to some point in VI(f,M) if f is monotone
and L-Lipschitz.

In recent years, the extragradient method has received a lot of attention (see, e.g., [2, 6, 7, 10, 13,
14, 17] and the references therein). In 2006, Nadezhkina and Takahashi [15] introduced a hybrid ex-
tragradient method and proved a strong convergence theorem in a real Hilbert space. In 1994, Censor
and Elfving [4] proposed a split feasibility problem (SFP) for modelling medical image reconstruction
problems. Recently, this SFP has been extended to the intensity-modulation therapy treatment planning.
The SFP is to find an element u* € M satisfying the conditions:

uweM and Bu'€Q,

where M and Q are nonempty closed and convex subsets of real Hilbert spaces H; and H;, respectively,
and B is a bounded linear mapping from H; to H>. In 2010, Censor, Gibali and Reich [5] proposed a
split variational inequality problem (SVIP), which is to find an element u* € M satisfying the following
conditions:

u*€VIM,G) and Bu* €VI(Q,A),
where M and Q are nonempty closed and convex subsets of real Hilbert spaces H; and H», respectively, G
is a mapping from H; to Hy, A is a mapping from H, to H;, and B is a bounded linear mapping from H; to

H,. They proposed the multiple set split variational inequality problem: finding an element u* € ﬁfi M;
satisfying the following conditions:

u € ML VI(M;,G;) and Bu* € N_ VI(Q),A)). (1.3)
Recently, Tian and Jiang [19] studied the following algorithm for approximating a solution of the SFP
in a real Hilbert space:
x1=x€C,
yn = Pc(xy — 1A* (I — T)Ax,),
tn = Pc(yn— Anf (yn))
Xnp1 = Pe(Yn— Anf(tn)), V> 1,

where {7,} C [a,b] for some a, b € (O,W), and {A,} C [c,d] for some ¢, d € (0, ).
More precisely, they proved the following theorem.

(1.4)
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Theorem 1.1. Let H| and H, be real Hilbert spaces. Let C be a nonempty closed and convex subset of H,.
Let A : Hy — Hj be a bounded linear mapping such that A # 0, f : C — H| a monotone and K-Lipschitz
continuous mapping and T : Hy — H, a nonexpansive mapping. Assume that T = {z € VI(C,f) : Az €
F(T)} #0. Let {x,}, {yn} and {t,} be sequences generated by (1.4). Then, {x,} converges weakly to a
point z € T, where 7 = lim Prx,,.

Furthermore, they proved a weak convergence theorem for a split variational inequality problem in a
real Hilbert.

In this paper, motivated by the results announced in Censor et al. [3], we propose an extragradient and
a modified extragradient iterative algorithms, and prove strong convergence theorems in a real Hilbert
space. Our theorems improve and complement the related results in Censor ef al. [3], Tian and Jiang
[19]. We present numerical experiments to illustrate the convergence of our algorithms. This paper is
organized as follows. In Section 2, we present some preliminaries. In Section 3, we present our main
convergence results. In Section 4, we give some applications of our main results. In Section 5, we present
a numerical experiment to illustrate the convergence of our algorithms, and compare our theorems with
some recent important results to conclude this paper.

2. PRELIMINARIES

Let M be a nonempty closed and convex subset of a real Hilbert space H. We denote v, — x* and v,, —
x* to indicate that a sequence {v, } converges weakly to x* and converges strongly to x*, respectively, and
use ism to stand for the inverse strongly monotone.

Lemma 2.1. (Goebel and Reich, [9]) Let M be a nonempty closed and convex subset of a real Hilbert
space H. Then, the following hold.

(1) ||v—Pyul|®+||Pyu—u|* < ||[v—u||>, VvEM, uc H,

(2) z=Pyu < (z—v,u—z) >0, Vv €M, where Py is the metric projection of H onto M.
Definition 2.1. Let 7 : H — H be a mapping.

(1) T is said to be a-averaged if T = (1 — &)l + aS, where o € (0,1), S: H — H is a nonexpansive
mapping and / is the identity mapping.

(2) T is closed if for any sequence {v,} C H with v, — x* and Tv,, — y, then Tx* = y.

- i i- i n n — * n— n ’
(3) (I —T) is demi-closed at O if for any sequence {v,} C H with v, — x* and v, — Tv, — 0, then

Tx* =x*.

Remark 2.1. The set of fixed points of a mapping 7 denoted by F (7). If T is nonexpansive, then F (T')
is closed and convex.

Definition 2.2. Let B: H — H be a mapping.

(1) B is said to be monotone if, for each u, v€ H, (u—v,Bu— Bv) > 0.
(2) B is said to be n-ism with constant n > 0 if, for each u,v € H,

(u—v,Bu—Bv) >n||Bu—Bv||.



130 C.E. CHIDUME, M.O. NNAKWE

Lemma 2.2. [20]

(1) T is nonexpansive if and only if (I —T) is 5-ism.

(2) If T is v-ism and y > O, then, YT is 7%-ism.

(3) T is averaged if and only if (I — T) is v-ism for some v > % Indeed, for n € (0,1), T is n-averaged
ifand only if (1 —T) is ﬁ-ism.

(4) If Ty is ny-averaged and T, is My-averaged, where 10y, M € (0,1), then TyoT, is N-averaged, where
n=m+m-mmn.

(5) If Ty and T, are averaged and have a common fixed point, then F(TyoT,) = F(T1) N F(T3).

Lemma 2.3. [18] Let H; and H, be real Hilbert spaces. Let A : Hy — H, be a bounded linear operator
with A #0. Let T : Hy — H, be a nonexpansive mapping. Then, A*(I — T)A is m-ism.

Lemma 2.4. [19] Let H| and H, be real Hilbert spaces, and let M be a nonempty closed and convex
subset of Hy. Let A : Hl — H» be a bounded linear operator. Let T : Hy — H, be a nonexpansive mapping.
Let y> 0 and z € Hy. Suppose that MNA~'F(T) # 0. Then, the following are equivalent:

(1) z=Py(I—yA*(I-T)A)z, (2)0€A*(I-T)A)z+Nyz and (3)ze MNA~'F(T).

Lemma 2.5. [12] Let f : H — H be a monotone and L-Lipschitz mapping on M. Let U := Py (I — Tf),
where T > 0. If {x,} is a sequence in M such that x,, — x* and x, — U (x,) — O, then x* € VI(M, f) =
F(U).

Definition 2.3. The generalized split feasibility problems (GSFP) is to find an element x* € M such that
the following conditions hold:

x*eV(C,f)and Ax* € F(T), (2.1)
where C is a nonempty closed and convex subset of real Hilbert space H;, f is mapping on H;, T is a
mapping on H, and B is a bounded linear mapping from H; to H,.

Definition 2.4. Let M be a nonempty closed convex subset of a real Hilbert space H, and let ¥ : M x M —
R be a mapping. The equilibrium problem is to find x* € M such that

G(x"y)>0,VyeM. (2.2)
In this paper, we denote the set of solutions of the equilibrium problem by EP(¥).

Remark 2.2. Let M be a nonempty closed and convex subset of a real Hilbert space H. For solving the
equilibrium problem, we assume that ¢ : M x M — R satisfies the following conditions:

(P1) 9 (x,x) =0, forallxe M,

(Py) ¢ is monotone, i.e. 4(x,y) +¥(y,x) <0, forall x,y e M,

(P3) limisup G(x+t(z—x),y) <Y(x,y), forall x,y,z €M,
£10
(

Py) For all x € M, ¥ (x,) is convex and lower semi-continuous.

Definition 2.5. Let M be a nonempty closed convex subset of a real Hilbert space H. The convex

minimization problem is to find x* € M such that

O(x") = min®(x). (2.3)
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In this paper, we denote the set of solutions of the convex minimization problem by Argmin(M,®).

Lemma 2.6. (Tiang and Jiang [19]) Let M be a nonempty closed convex subset of a real Hilbert space
H. Let ® be a convex function of H into R. If © is differentiable, then z is a solutions of constrained
convex minimization problem (2.3) if and only if z € VI(M,@').

3. MAIN RESULTS
3.1. A hybrid method for the generalized split feasibility problem (GSFP).

Theorem 3.1. Let H| and H, be real Hilbert spaces. Let M;, i = 1,--- N be nonempty closed and
convex subsets of Hy such that M = ﬂ?’: \M; # 0. Let V : Hl — H, be a bounded linear map such that
V # 0 and let V* be the adjoint of V. Let B; : M; — H| i = 1,--- N be a finite family of monotone and
L-Lipschitz mappings and let T; : Hy — H> i = 1,--- N be a finite family of nonexpansive mappings such
that 9 = {z € "¥_ \VI(M;,B;) : Vz € " F(T;)} # 0. For vi =v € Hy, C; = Hy, and Wy = Hy, let {v,}
be a sequence given by:

yln :PM,(Vn_lV*(I_E)an)a i= 17 7N7
ul, = Py, (', — 6Bi(y')), i=1,--- N,

till :PMt(yil_6Bl(u;z))7 = 17 7N7
Cr=A{zeH: |ty —z|| < [va—zll},

Wy ={z€H: {z—vy,v—,) <0},

(3.1)

Va1 = FPe,rw,v, YR > 1,
where C, = NY_,Ci, A € (0, W) and § € (0,1). The {v,} converges strongly to Pyv.

Proof. Step 1. The sequence {v,} is well defined and Z C C, N W,,.

First, we show that C,’; and W, are closed and convex. Clearly, from the definition of Cfl and W, they
are either half-spaces or the whole space H. Thus, they are closed and convex. Therefore, {v,} is well
defined.

Next, we prove that ¥ C C,\'W,, for eachn > 1.

Claim 1. 2 C C', foreachn > 1. Let u € 2. Then, we compute as follows. From (3), (4) of Lemma
2.2, and Lemma 2.3, we see that Py, (I— AVH(I — T,-)V) is w - averaged, foreachi=1,--- | N.
Hence, y! can be expressed as

o= (1=B)va+BQyvn, (3.2)
where § = w and Q' is a nonxpansive mapping, for each n > 1 and for eachi=1,--- ,N.
b —ull? = [[(1=B)vu+BOvn—ull?
= (1=B)vn—ull? +BlIQyvn —ul* = B(1 = B)[[va — Qpvul
< v —ull? =B =B)llva— Qvul > (3.3)
Since uil € M; and B; is monotone, for eachi =1,---,N, we have that

<uf1—u,B,-(u£,) —Bi(u))>0,Yn>1,i=1,--- ,N.

Since
ty = Py, (v, — 6Bi(u},)),
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we have

(u—1,,B;(u)) < (uly— i, B;(u)). (3.4)
Set zi, =y — 8B;(u). For each i = 1,--- ,N, we obtain from Lemma 2.1(1) that

ey —ull® <l =l =[]z, — 5]

= ||}, —u) — 8Bi(un)||* — || 0}, — 1) — SBi(ud})||*
= | —ul? =t} = yul > +28(u—1t},Bi(u})). (3.5)

From inequality (3.4), one has

ey —ull® <y —ull® = |l = yul1? +28 (s, — 1, Bi(uy))
=y —ull® = o = | = [y = 53] [* + 21, — 16,3, — 8By ) — )
=y —ull® = llyh = w2 = [y, = 1] 1P +2{05 = 10,3, — 8Bi(¥},) — 1)
+28(t), — u,, Bi(yy) — Bi(y))
<y = ull® = 1y =l = [y = 53] [* + 28t — 0, Bi(y) = Bily)).— (3.6)

Since B, is L-Lipschitz, for each i =1,--- N, we see from inequality (3.6) that
[len —wll® < s =l P = |lyh — | = ey — 2312 2L 5, — w13 — |
< Ay ulP = 1y =l = g, =232+ L ([t — w1+ [y, — 4] *)
1V = ul [ = (1= L&) [y, — | |* = (1 = L8) |y, — 1, (3.7)

From inequality (3.3), we obtain
3, = ul[* < ||vi = ul [P = (1= LE)|lyp — 1y 12 = (1= L&)ty — 131 < [[v — ] [*. (3.8)

This implies that 2 C C!, for alln > 1 and forall i = 1,--- ,N. Hence, 2 C C, = N¥_|CL.

Claim 2. 2 C C,NW, for all n € N. Clearly, ¥ C C; "W). Assume that Z C C,, "W, for some n > 1.
From v, = Pc,nw,v and Lemma 2.1(2), we have that (z — v41,v—vu41) <0, forall z € C,NW,. In
particular, u € 2 C C, NW,,. Using the definition of W, |, Z C W1, which implies 2 C C,.x1 N W;11.
Hence, 9 C C, W, foreachn > 1.

Step 2.

tim v, — ]| = lim [y}, — ]| = lim [u, — ]| = lim i, v, [ =0, V=1, N,
First, we prove that {v,} is bounded. From the definition of {W,}, we have that v, = Py,v, V. n > 1.
Hence, by Lemma 2.1 (1), we obtain that
[1va = I[2 = 1B,y = VI < [Ju=vIP = [Ju=val > < [fu=VI]*, ¥4 2 C W (3.9)

This implies that {||v, —v||} is bounded. Hence, {v,} is bounded. Consequently, {z.}, {y’}, and {u’}
are bounded for each i =,1---,N. Since v, = Fc,nw,v € W,, and v, = Py, v, we conclude from the
definition of v, = Py, v that ||v, —v|| < ||vs1 — V||, ¥ n > 1. This implies that {||v, —v||} is monotone

nondecreasing. Hence, lim ||v, — v|| exists.
n—soo
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From Lemma 2.1(1) and v, = Py, v, we obtain, for arbitrary m,n € N, with m > n, that

Vi =val P = [[vm = P[P < [y —v> = ||Pw,y —vI]?

= v —=V|]> = |[va—V||* = 0 (as n,m — o). (3.10)

Hence, {v,} is Cauchy. Thus, there exists x* € M such that limv, = x*. Since v,, € C,, C C, =NY_|C.,

n—soo0
we obtain from the definition C! that ||/ —v,,|| < [|v, — vm||. Using this and inequality (3.10), we have

that
v =221 < Ve = vinl| 4 | [V — 2| | < 2||v — V|| — O (foreachi=1,--- ,N). (3.11)

From inequality (3.8), we set ¥ = (1 — L&)~ such that

IN

A Y(Iva = ul | =1t = ul?) < ¥(llva = ul[ + [l = ull) (|[va —1,]]), and

[ty =l 1P <y (llva—aal* = [l = ul ) < ¥(llva =l |+ = ull) ([[va = 23]1)-

A

From inequality (3.11), we obtain that
Tim [y, — | = lim i, — 5[] = 0, foreachi=1,--- .
From (3.3) and (3.7), we obtain that
B = B)l[va— Qpval P < (v —ul P = llyy = ul? < [l — ] > =[], — ul .
Hence, we conclude from inequality (3.11) that, for each i = 1,--- N, lim||v, — Q\v,|| = 0. We obtain
n—oo
from equation (3.2) that lim ||y} —v,|| = 0. Hence,
n—yoo
: i — Tl i | — T AT, T 1
tim[[v, £ = lim |1y} ~ || = lim|ud, ~ ] = lim [, ~ v || =0, foreachi=1,.--.N.

Step 3. Qo (va) C MY, (M;NB;'F(T)) and Qg (v,) C MY VI(M;,B;), where Qq(vg) is the set of
weak sub-sequential limits of {v,}.

Let x* € Qq(vy) and {v,; }7_, be a subsequence of {v,},”_, such that
Vp; — X" as j — oo. Consequently, uilj —x*as j— o, foreachi=1,--- ,N.
From the definition of y',, we have that
}i_ngVn,- — Py, (vp; = AV (I =T;)Vv,,)|| =0,

foreachi=1,---  N. Since, for eachi=1,--- N, V*(I = T;)V is ism, then it is Lipschitz. By Lemma
2.5, we obtain that x* € F (Py,(I — AV*(I —T;)V)), for each i = 1,--- ,N. By Lemma 2.4, we have that
Qu(v,) C M;NB~'F(T;), foreachi=1,--- N.

Next, we show that Qg (v,) C N, VI(M;,B;). Let x* € Qg(v,) and {uj,j .1 be a subsequence of
{u,}_, such that Uy, — x* as j — oo foreachi=1,---,N. From a result of [16, Rockafellar], we define
mappingsR;: H - Hi=1,--- ,N by

Biu+ Ny (1), ifue M;,
R = ) (3.12)
0, ifu §é Mi,
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where Ny (-) is the normal cone of M;, for each i = 1,--- ,N. Then, R; is maximal monotone and
R71(0) =VI(M;,B;), for each i = 1,--- N. Let (u,w) € G(R;), where G(R;) is the graph of R;, for

1

eachi=1,--- /N. Then,
wE Riu= B,-u+NMl.(u).
Hence, we get that w — Bju € Ny, (u). This implies that (u —t,w — Bju) > 0, ¥Vt € M;. In particular,
(u—ul,w—Biu) > 0. (3.13)

But u!, = Py, (', — 6B;(y,)), ¥ n > 1 and for each i = 1,--- ,N. By a characterization of the metric

projection, we obtain that
<ui;—u,yi;—63,-(yi;>—un> >0,YueM,. (3.14)

This implies that

i ,
<u—u;,,”"5y” +Bi(y;)> >0,V ucM,. (3.15)

Using inequalities (3.13) and (3.15) for some My > 0, and the fact that B; is monotone and L-Lipschitz,
foreachi=1,---,N, we have that

<u— uilj,w> > <u — uné,Biu>
. Coul —y .
> <u_u£ljﬂBiu>_<u_ulﬂj’nI6nI+Bi(yi’j)>

i i
= <u - uij,Biu —Bi(uilj)> + <u — ”Z,-»B(”Z_,-) —B,'(yf”)> — <u — uflj, ”n,éyn,>
> —Mo(1+L)[uy, =y, |- (3.16)
Taking limit of both sides of inequality (3.16) as j — oo, for eachi=1,---, N, we obtain that
<u —x*,w> > 0.

Since R; is maximal monotone for each i = 1,---,N, it follows that x* € R; ' (0) = VI(M;,B;), which
implies that Q¢ (v,) C VI(M;,B;), foreachi=1,--- ,N. Hence, Qy(v,) C 2.
Step 4. limv,, = Pyv.
n—voo

From Lemma 2.1(1), we have that
[[v =Pyl < []v—x7]|. 3.17)

For x* € 9 C Wy, v, = Py, and Lemma 2.1(1), we obtain that ||v — v,|| < ||v — Py||. Since, limv, = x*,
n—oo

we get that ||[v — x*|| < ||v— PyV||. Using this and inequality (3.17), we obtain that ||v —x*|| = ||v — PyV||.

By uniqueness of Pyv, we conclude that x* = Pgv. This proof is complete. O

3.2. A hybrid method for the common split variational inequality problem (CSSVIP).

Theorem 3.2. Let H| and H, be real Hilbert spaces. Let M and Q be nonempty closed convex subsets of
Hy and H,, respectively, such that M = ﬂﬁ.\':IMi #0and Q = ﬂﬁ.\’:IQi #0. Let V : H — H, be a bounded
linear map such that V # 0, and V* be the adjoint of V. Let B;: M; - H) i=1,--- N, be monotone
and L-Lipschitz maps. Let %;:Hy — Hp i=1,--- N, be 1n-inverse strongly monotone map such that
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2 ={zen \VI(M;,B;) : Vz€ ") \VI(Q;,. %)} # 0. For vi =v € Hy, C = Hy, and Wy = H,, with
T; =Py,(I—n.%;) and p € (0,2n). Then {v, } generated by equation (3.1) converges strongly to Pyv.

Proof. From Lemma 2.1, it is easy to see that u € VI(Q;,.%;) if and only if u = Py, (I — u.%;)u, for u > 0.
Furthermore, Py, (I — 11.%;) is nonexpansive if u € (0,21). Hence, by Theorem 3.1, the result of Theorem
3.2 is immediate. g

3.3. A modified hybrid method for the generalized split feasibility problem.

Theorem 3.3. Let H| and H, be real Hilbert spaces. Let M;, i = 1,--- N be nonempty closed and
convex subsets of Hy such that M = ﬂfy: \M; # 0. Let V : H — H, be a bounded linear map such
that V # 0 and V* be the adjoint of V. Let B; : M; — Hy i = 1,--- N be a finite family of monotone
and L-Lipschitz maps and T; : Hy — Hy, i = 1,--- |N be a finite family of nonexpansive maps such that
2 ={zenl \VI(M;,B;) : Vz€ MY |F(T;)} # 0. Forvi =v € Hy, C} = Hy, let {v,} be a sequence given
by:

¥ =Py, (va—AV*(I=T)Vv,),i=1,--- N,

, = Py, (, = 8Bi(33)), i=1,--+ N,

ty = Py, (yi, — 0Bi(u},)), i=1,--- N, (3.18)
G =12 € Gt [ty —2ll < llva—zlI},

Var1 = Fe, v, Vn > 1,

where Cyy =N CL. 1, A € (0, W) and § € (0,1). Then, {v,} converges strongly to Pov.

Proof. Step 1. Show that {v,} is well defined and 2 C C,.

By induction, we can easily show that C, is the intersection of finitely many closed half spaces which
are also convex. Therefore, {v, } is well defined. Next, we prove that Z C C, for each n > 1.

Claim 1. 2 C C,’; for each n > 1. Clearly,  C Ci = H,. Assume that ¥ C C,i for some n > 1. Let
u € 9. By a similar argument as in Claim 1 of Theorem 3.1, we obtain that

[ty — wl* < {|vi = ul[> = (1= L&) Iy}, — uy | |* = (1 = L) [uaf, — 3] > < [ — u] %, (3.19)
which implies that 7 C Cly. Hence, 7 C Cop1 = ﬂﬁi;CL b V=l
Step 2. lim ||v, —z}|| = lim ||y}, — u},|| = lim||u}, —¢}|| = lim||u}, — v,|| = O, foreachi=1,--- |N.
n—yoo n—y0 n—r n—yoo
First, we prove that {v,} is bounded. From the definition, we have that v, = Pc,v, V n > 1. Hence, by
Lemma 2.1(1), we obtain that

(v =v[|? = ||Pe,v —v|[* < |Ju— V| = [Ju—va|* < |lu—v|]>, Vu 2 CC,. (3.20)
This implies that {||v, — ||} is bounded. Hence, {v,} is bounded. Consequently, {z.}, {y’}, and {u’}
are bounded for each i =,1---,N. Since v,y = Fc,,,v € C, and v, = Fc,v, we have that

v =l < [vari =V, Vr=1,

which implies that {||v, —v||} is monotone nondecreasing. Hence, lim||v, — v|| exists. From Lemma
n—roo

2.1(1) and v,, = P¢,v, we obtain, for arbitrary m,n € N, with m > n, that

Vi = val > = [vm = PevI[* < v = vI* = [|Pe,v = vII®

= v —V|]* = |[va —V|]* = 0 (as n,m — o). (3.21)
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Hence, {v,} is Cauchy. Thus, there exists x* € M such that hm nv, = x*. Since v, € C,, C G, = NMiL lC’,

we obtain from the definition C!, that ||t} — v, || < |[vi — V| | Usmg this and inequality (3.21), we have
that

v =22 ]] < Ve = Vil 4 [V — £|| < 2]|ve — V|| — O (foreachi=1,--- ,N). (3.22)

From inequality (3.19), we set y = (1 — L&) ™! such that

v =l < ¥l —ull® = [l = ul?) < ¥(llva —ull + [l — ull) ([[va —1,]]), and

=1l 1> < v(lva =l P = Nty = 2l ?) < (Iva =l |+ |l = aal ) ([Jvw = 2,11
From inequality (3.22), we obtain that

lim| |y}, — || = lim|[uf, — ]| =0, foreachi=1,,N.
Furthermore, from inequality (3.3), as in the proof Theorem 3.1, we can obtain that
B = B)l[va— Qpval P < (v —ul P — vy — ul? < |l =l * — [, —ul >

Hence, from inequality (3.22), we conclude that, for each i=1,--- N, lim||v, — Qiv,|| = 0. From
n—yoo

equation (3.2), as in the proof of Theorem 3.1, we obtain that lim |[y/, — v,|| = 0. Hence,
n—soo
i v, 23] = Tim [y} — || = lim [[u, —2}[| = Tim ||, — v,]| =0, foreachi=1,--,N.
Step 3. The rest of the proof of Theorem 3.3 is similar to Theorem 3.1. This completes the proof. [
3.4. A modified hybrid method for the common split variational inequality problem (CSSVIP).

Theorem 3.4. Let H| and H be real Hilbert spaces. Let M and Q be nonempty closed convex subsets
of Hy and H,, respectively such that M = " M; # 0 and Q = NY_,Q; # 0. Let V: Hy — H, be a
bounded linear mapping such that V # 0, and let V* be the adjoint of V. Let B :M; - Hyi=1,--

be monotone and L-Lipschitz mappings. Let %;: Hy — Hy i=1,--- N be 1n-inverse strongly monotone
mapping such that 9 = {z € "¥_|\VI(M;,B;) : Vz € " VI(Q;,.F, )} #0. Forvy =v € Hy, C} = H, with
T; = Pp,(I — u.%;) and p € (0,2n), let {v,} be a sequence generated in (3.18). Then {v,} converges
strongly to Pgv.

Proof. From Lemma 2.1, it is easy to see that u € VI(Q;,.%;) if and only if u = Pp,(I — u.%;)u, for u > 0.
Furthermore, Py, (I — 1.%;) is nonexpansive if i € (0,27n). From Theorem 3.3, one can obtain the desired
conclusion immediately. U

4. APPLICATIONS

In this section, we apply our theorem to solve equilibrium problems and optimization problems.

Theorem 4.1. Let H) and H; be real Hilbert spaces. Let M and Q be nonempty closed and convex subsets
of Hy and Ha, respectively such that M =Y M; # 0 and Q = "Y_Q; # 0. Let V : H; — Hy be a bounded
linear mapping such that'V # 0, and let V* be the adjoint of V. LetB;:M; —H;i=1,--- N be monotone
and L-Lipschitz maps and let 9;: Q; x Q; =R i=1,--- N, be bifunctions satisfying conditions (P;)-
(Py) such that 9 = {z € " \VI(M;,B;) : Vz € N lEP( )} #0. Forvy=veHy, C, =H, W, =Hj,
let {v,} be a sequence generated in equation (3.1). Then {v,} converges strongly to Pyv.
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Proof. Set T; = Trgf foreachi=1,---,N, in Theorem 3.1. By Remark 2.2, results of Blum and Oettli
[1], Combettes and Hirstoga [8], Theorem 4.1 is immediate. O

Theorem 4.2. Let H) and H; be real Hilbert spaces. Let M and Q be nonempty closed and convex subsets
of Hy and Ha, respectively such that M =Y M; # 0 and Q = "Y_Q; # 0. Let V : H; — Hy be a bounded
linear mapping such that V # 0, and let V* be the adjoint of V. Let B; : M; — H i=1,--- N be monotone
and L-Lipschitz maps and let ®; : H, — R i=1,--- |N, be differentiable convex functions. Suppose that
@ is n-inverse strongly monotone such that 9 = {z € " VI(M;,B;) : Vz € Y Argmin(Q;,©;)} # 0.
For vi=v € Hy, C; = H;, Wy =H,, let {v,} be a sequence generated in equation (3.1). Then {v,}
converges strongly to Pyv.

Proof. SetT; = Py,(I — u®;), foreach i=1,--- N, in Theorem 3.1 with .%; = @/, foreach i=1,---,N,
in Theorem 3.2. Using Lemma 2.6, Theorem 4.2 is immediate. U

5. NUMERICAL EXPERIMENTS

In this section, we present numerical examples to illustrate the convergence of our sequence {v,} in
Theorem 3.1 and Theorem 3.2, respectively. Set N = 1.

Example 5.1. Let H = R, M = [-20,10], v; = 30, Vv = 5v, Bv = 10v, .#v = 3v, Tv = sinv. Clearly,
vi € R, T is nonexpansive and F(T) = {0}, V, B and .% satisfy the conditions of Theorems 3.1 and
3.2, respectively. The parameters A = 0.04, § = 0.01,u = 0.335. A = 0.05 and 6 = 0.015. The graph
of numerical experiments are given below. The y-axis represents the values of |v, — 0|, while the x-axis
represents the number of iterations ().

=== S5VIP
— G5FP
25 1

20 1

15 A1

|wal

10 1

FIGURE 1. Numerical example with v; = 30
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50 1 -=- (SSVIP
— GSFP

[val

20 1

10

0 20 a0 &0 80 100

FIGURE 2. Numerical example with v; = 50

=== (55VIP
— (5FP

FIGURE 3. Numerical example with v; =50

All computations and graphs were implemented in python 3.6 using some abstractions developed at
the African University of Science and Technology and other open source python library such as numpy
and matplotlib on Zinox with intel core i7 process.

Discussion. Theorem 3.1 and Theorem 3.2 improve the recent results in Censor et al. [3], Tian and Jiang
[19] as follows.

Even for a single operator, the algorithms in Theorems 3.1 and 3.2 are slightly different from the
algorithms studied by Tian and Jiang [19].
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(DT =Py, =(I—pn%)=0,V=1Iand A = §, then, the (CSSVIP) is reduced to the (CSVIP) and
equation (3.1) in Theorem 3.2 is reduced to the theorem of Censor et al. [3] for solving (CSVIP).

(2) Theorems 3.1 and 3.2 are strong convergence theorems while there are only weak convergence
results in Tian and Jiang [19].

Finally, we remark that the Lipschitz constant L > 0 and the norm || V|| used in equations (3.1) and
(3.18) of this paper and the norm ||A|| used in the theorems of Tian and Jiang [19] need not to be known
precisely. Any upper bound for these constants which are not difficult to obtain will do. Theorems 3.1 -
3.4 can not be proved if we use Halpern-type techniques in our algorithms.
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