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Abstract. The aim of this paper is to introduce an iterative process for a common solution of fixed point problem of a continuous
pseudocontractive mapping, a variational inequality problem and an equilibrium problem provided their common solution

exists. Moreover, a numerical example which supports our main convergence results is presented.
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1. INTRODUCTION

Let C be a nonempty subset of a real Hilbert space H. A mapping A : C — H is said to be y-inverse
strongly monotone if there exists a positive real number Y such that

(x —y,Ax — Ay) > v||Ax — Ay||*, Vx,y€C.
If A is y-inverse strongly monotone, then it is Lipschitz continuous with constant jl,, ie.,
Ae=ayl| < lls=l, VayeC
A is said to be strongly monotone if there exists k > 0 such that
(x—y,Ax—Ay) > k||x—y||*>, Vx,yeC.
A is said to be monotone if

(x—y,Ax—Ay) >0, Vx,yeC.

Apart from being an important generalization of strongly monotone and y-inverse strongly monotone
mappings, interest in monotone mappings stems mainly from their firm connection with the important
class of nonlinear pseudocontractive mappings. Recall that a mapping 7 : C — H is said to be pseudo-
contractive if

<TX—Ty,X—y>SHX—yH2, an}’GC
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T is said to be strongly pseudocontractive if there exists k € (0, 1) such that
(x—y,Tx—Ty) <k|llx—y||*>, Vx,yeC.
T is said to be k-strict pseudocontractive if there exists a constant 0 < k < 1 such that
(x— 3 Tx—Ty) < [[x—yIP —K| (I =T)x— (=T, VxyeC.
A mapping T : C — H is said to be L-Lipschitz if there exits L > 0 such that
ITx—Ty[ < L[lx—yl|[, Vx,yeC.

If L =1 then A is said to be nonexpansive and if L < 1, then A is said to be contractive.

We observe that the class of pseudocontractive mappings includes the class of nonexpansive mappings,
and 7 is pseudocontractive if and only if A := I — T is monotone. Thus the fixed point set of 7', F(T) :=
{x € D(T) : Tx = x}, is the zero point sete of A, N(A) := {x € D(A) : Ax=0}.

Suppose that A is a monotone mapping from C to H. The variational inequality problem is formulated
as finding

a point u € C such that (v — u,Au) > 0, forall v € C. (1.1)

The set of solutions of the variational inequality problem is denoted by VI(C,A).

Variational inequality problem is connected with the convex minimization problem, the complemen-
tarity problem, the problem of finding a point u € C satisfying 0 € Au. It was initially studied in [7, 9]
and ever since considerable research efforts have been devoted to iterative methods for approximating
solutions of variational inequality and/or fixed points of 7', when T is nonexpansive or its generalizations;
see, for example, [5, 6, 20, 21] and the references contained therein.

In [3], liduka, Takahashi and Toyoda studied the projection algorithm given by

Xnt1 = Po(xy — 0Axy,), VYn>1, (1.2)

with an initial point x; € C, where P¢ is the metric projection from H onto C and {,} is a sequence
of positive real numbers. They proved that if A is y-inverse strongly monotone, then the sequence {x,}
generated by (1.2) converges weakly to some element of VI(C,A). They also studied the following
iterative scheme:

xo € C, chosen arbitrarily,

Y = P (%, — 0,AX,),

Co={z€C:lyn—zll < lxa—2[l}, (1.3)
On={z€C: (xy—2z,x0—x,) >0},

Xn+1 = Pe,ng, (%0), n>1,

where {a,} is a sequence in [0,2y]. They proved that the sequence {x,} generated by (1.3) converges
strongly to Pyy(c a)(x0), where Pyj(c ) is the metric projection from H onto VI(C,A) provided that A is
Y-inverse strongly monotone.

Recently, the problem of finding a common element in the fixed point set of a nonexpansive mapping
and the solution set of a variational inequality problem for a y-inverse strongly monotone mapping has
been considered by many authors; see, for example, [2, 7, 8, 10, 18, 19] and the references therein.
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In 2005, Iiduka and Takahashi [4] considered a common element problem for a fixed point problem
of nonexpansive mappings and a variational inequality problem via the following iterative algorithm:

X0 =x€C, xpi1 = Opx+ (1 — ) TPc(xy, — AyAx,), n>0,

where T : C — C is a nonexpansive mapping, A : C — H is a y-inverse strongly monotone mapping, {7, }
is a sequence in (0,1), and {A,} is a sequence in (0,2y). They proved that the sequence {x,} strongly
converges to some point z € F(T)NVI(C,A).

Recently, Zegeye and Shahzad [25] investigated the problem of finding a common element in fixed
point sets of a Lipschitz pseudocontractive mapping 7" and solution sets of a variational inequality prob-
lem of a y-inverse strongly monotone mapping A by considering the following iterative algorithm:

Yn = (1 - Bn)xn +BnTxn7
Xn+1 = PC[(I - an)((snxn + OnTYn + ’)/nPC[I_ 'yA]xn)]a

where {5, },{6.},{W},{an},{B.} are in (0,1) satisfying certain conditions. Then, they proved that the
sequence {x,} converges strongly to the minimum-norm point of F(7)NVI(C,A).
In this paper, one of our concerns is the following:

Question 1. Is it possible to construct an iterative scheme which converges strongly to a common element
in the fixed point set of a pseudocontractive mapping and the solution set of a variational inequality
problem of a monotone mapping?

Let f : C x C — R be a bifunction, where R is the set of real numbers. The equilibrium problem for f
is to

find x* € C such that f(x*,y) >0, VyeC. (1.4)

The set of solutions of (1.4) is denoted by EP(f). A number of real world problems can be investigated
via the framework of the equilibrium problem; see, e.g., [1, 10].
For studying equilibrium problem (1.4), we assume that f satisfies the following conditions:
(A1) f(x,x) =0forall x € C,
(A2) f is monotone, i.e, f(x,y)+ f(y,x) <0 for all x,y € C,
(A3) for each x,y,z € C, }gréf(tz—i- (I=t)x,y) < f(x,y),
(A4) for each x € C,y — f(x,y) is convex and lower semicontinuous.

Recently, many authors have considered the problem of finding a common element in the fixed point
set of a nonexpansive mapping, the solution set of an equilibrium problem and the solution set of a
variational inequality problem of y-inverse strongly monotone mappings; see, e.g. [8, 13, 15, 16, 20,
21] and the references therein. In [15], Tada and Takahashi investigated fixed points of nonexpansive
mappings and solutions of equilibrium problem (1.4). They obtained the following result.

Let f be a bifunction from C x C into R satisfying (A1)-(A4), and let S be a nonexpansive mapping
of C into H such that F(S)NEP(F) # 0. Let {x, } and {u, } be sequences given by

xo € C, chosen arbitrarily,
uy € C, such that f(u,,y) + %(y—un,un —xp) >0,V y€eC,

Xn+1 = OpXp + (1 — 0t;)Sup,n >0,
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where {o,} C [a,b] for some a,b € (0,1) and {r,} C (0,00) satisfies liminf, .7, > 0. Then {x,}
converges weakly to w € F(S) NEP(F), where w = lim,,_,o. F (S) N EP(F )xy,.

In connection with the strong convergence, Tada and Takahashi [15] also introduced the following
iterative scheme for approximating the common element. Their algorithm is as follows.

xo € C, chosen arbitrarily,

u, € C, such thatf(un,y)—i-i(y—un,un—x,ﬁ >0,V yecC,
wp = (1 — aty)xn + 06, Ty,

Co={z€H:||lw,—2|| <||]xa—2[|},

0, ={z€C: {x,—z,x0—x,) >0},

[ Xnt1 = Fe,ng, (x0),n > 0,

(1.5)

where {0, } C [a,b] for some a,b € (0,1) and {r,} C (0,0) satisfies liminf,_,. r, > 0. They proved that
{xn} and {u,} converge strongly to z € EP(f) N F(T), where z = Pgp()np(1)(X0)-

For finding an element in F(7)NVI(C,A) NEP(f), Kumam [8] introduced the following iterative
scheme:

(xo € C, chosen arbitrarily,
u, € C, such that f(u,,y) + r]fn(y—un,un—xﬁ >0,V yeC,
Wy = Xy + (1 — o) TPe(uy — AyAuy,),
Co={z€H:|wy—zl| < |lxn—2|[},
O, ={z€C: {xy—2z,x0—x,) >0},

xn+l = PCann (x0)7n 2 07

(1.6)

where A : C — H is a y-inverse strongly monotone mapping and 7 is a nonexpansive mapping. They
proved that {x,} and {u,} converge strongly to z € F(T)NVI(C,A) NEP(f).

We remark that the computation of x,,; in Algorithms (1.5) and (1.6) are not simple in applications
because of the involvement of computation of C, | from C, for each n > 1.

This brings us to the second concern in this paper

Question 2. Can we construct an iterative scheme for a common element in the fixed point set of a
pseudocontractive mapping, the solution set of a variational inequality problem for a monotone mapping
and the solution set of an equilibrium problem?

It is our purpose in this paper to introduce an iterative scheme {x,} which converges strongly to
a common element in the fixed point set of a continuous pseudoconcontractive mapping, the solution
set of a variational inequality problem for a Lipschitz monotone mapping and the solution set of an
equilibrium problem. In addition, a numerical example which supports our main convergence result is
presented. Our scheme does not involve computation of C,, and Q, to obtain x,,; for each n > 1. Our
theorems extend and unify most of the results that have been proved for this important class of nonlinear
mappings.
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2. PRELIMINARIES

Let C be a nonempty, closed and convex subset of a real Hilbert space H. We recall that for each point
x € H, there exists a unique nearest point in C, denoted by Pcx, satisfying

= Pex|| < |lx =y, VyeC.

The mapping Fc is called the metric projection of H onto C. We know that F¢ is a nonexpansive mapping
and is characterized by the following property (see, e.g., [17])

|y = Pex|* < |lx—y[|> = [[x— Pex||?, VxeH,yeC. 2.1)
In the sequel, we shall make use of the following lammas.

Lemma 2.1. [24] Let C be a nonempty closed and convex subset of a real Hilbert space H. IfA :C — H

is continuous monotone mapping, then VI(C,A) is closed and convex.

Lemma 2.2. [23] Let H be a real Hilbert space. Then for all x,y € H and o € [0, 1] the following equality
holds:
o+ (1= o)yl > = efx]|* + (1 = a)|ly[|* — (1 — &) || — yI .

Lemma 2.3. [17] Let H be a real Hilbert space. Then for any given x,y € H, the following inequality
holds:

[+ 211 < Il ? +2(r,x+ ).

Lemma 2.4. [17] Let C be a nonempty, closed and convex subset of a real Hilbert space H and x € H.
Then xy = Pcx if and only if
(z—x0,x—x0) <0, VzeC.

Lemma 2.5. [18] Let {a,} be a sequence of nonnegative real numbers satisfying the following relation:
ant1 < (1—04)a, + 0,8,, n>ny,

where {0, } C (0,1) and {8,} C R satisfying the following conditions: 1im,_,e 0y =0, Y | 04, = oo, and
limsup,,_.., 6, < 0. Then, lim,_,a, =0.

Lemma 2.6. [11] Let {a,} be sequences of real numbers such that there exists a subsequence {n;} of
{n} such that a,, < a1, for all i € N. Then there exists a nondecreasing sequence {my} C N such that
my — oo and the following properties are satisfied by all (sufficiently large) numbers k € N:

Ay, < Amy41 and ax < 11
Infact, my =max{j <k:a;<ajq}.

Lemma 2.7. [22] Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let T : C —
H be a continuous pseudocontractive mapping. For r > 0 and x € E, define a mapping T, : E — C as
follows:

1

Tx:={zeC:(y—2z,Tz)— ;(y—z, (1+r)z—x) <0,Vy e C}.
Then the following hold:

(C1) T, is single-valued;

(C2) F(T,) = F(T);
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(C3) F(T) is closed and convex.
(C4) |Tx = p|[? +[|Tx —x|* < [lx— p|I?, Vp € F(T,),x € H.

Lemma 2.8. [16] Let C be a nonempty, closed and convex subset of a real Hilbert space H. Let f be a
bifunction from C X C to R satisfying (Al)-(A4). For r > 0 and x € H, define a mapping F, : H — C as

follows:
1
Fai={z€C: flzy)+ {y-22-x) 20,VyeC}

forall x € E. Then the following hold:
(1) F, is single-valued;

(2) F(F,) = EP(f);

(3) EP(f) is closed and convex;

(4) ||Fx = plP +||Fx —x|* < [lx— pl>, Vp € F(F,),x € H.

3. MAIN RESULTS

Let C be a nonempty, closed and convex subset of a real Hilbert space H. Let T : C — H be a
continuous pseudocontractive mapping and let f : C x C — R be a bifunction satisfying (A1)-(A4). In
what follows, T, ,F,, : H — C are defined as follows.

For x € H and {r,} C (0,0) satisfying inf, .. r, > 0, define

1
T, x:={z€eC:(y—2zTz) — r—(y—z,(l +ry)z—x) <0,VyeC}
n
and

1
F.x:={z¢€ C:f(z,y)+r—<y—z,z—x> >0,VyeC}.

n

For the rest of this paper, P is the metric projection from H onto C and {a,} C (0,c] C (0,1) for all
n > 0 satisfying lim, .. 0, =0 and } ;" 0, = oo.
Now, we prove our main convergence theorem.

Theorem 3.1. Let C be a nonempty, closed and convex subset of a real Hilbert space H. Let T : C — H
be a continuous pseudocontractive mapping and let A : C — H be a L-Lipschitz monotone mapping
with Lipschitz constant L. Let f : C x C — R be a bifunction satisfying (Al)-(A4). Assume that F =
F(T)NVI(C,A)NEP(f) is nonempty. Let {x,} be a sequence generated from an arbitrary xo,u € C by

zm=rFc [xn - }/nAan

3.1
Xn1 = O+ (1 — @) [Bnyn +(1- ﬁn)un} ’

where y, = F,, Ty, Xn, ty = Pc[xy — %Aza), {¥a} C [a,b] C (0,1) and {B,} C [e,1) C (0,1). Then, {x,}
converges strongly to a point x* in % which is nearest to u.

Proof. Let p € .% and v, = T, x,. Then, we get that y, = F,, v,. From Lemmas 2.7 and 2.8 we have

|| Fy,,Vn _FrnPH2

[y = vII?
< a=pIP = v = yall?
< b =PI = 1w =25l = [[vn = yul * < [ = P11 (3.2)
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From (2.1) and (3.1) we get

IN

[lun— plf? 1% = %Azn — > = | n — A2y —

= o= pIIP = P — > + 2% (A2, p — )

= |t —=pII = P — tal* +2% ((Aza — Ap, p — 20)
+(Ap, p—zn) + (AZn, 20 — )

<l = pIP = [n = ] [* + 29(A20, 20— )

=[x _PHZ_ % _ZnHZ_ HZrt_”rtH2
F2(YnAZn — X+ Zny Zn — un>- (3.3)
Using the Lipschitz property of A, we obtain
(Azn = Xn+Zns2n—Un) = (X — YaAXn — Zny Un — Zn) + (VuAXn — VaAZn, Un — Zn)
< <ynAxn — YuAZn, Un — Zn>
< ’J/nLHxn_ZnHHun_ZnH~ (3.4)

Thus, from (3.3) and (3.4), we obtain

luw—plI> < Nlxa— Pl = 60— 2al* = l12n — ua]
+27 L% — zn||[[ttn — 2|
< ln = Pl = [1xn = zal ] = [0 — unl?
%L (|10 — zal > + |20 — a]|*)
< = pIP A+ (L= 1) [|xn = 2al > + |z — ual
< —pll- (3.5

Using (3.1), (3.2), (3.5), Lemma 2.2 and the fact that Ly, < 1, we have

a1 =PI = [ou+ (1= ) [Buyn + (1= Bu)un] — plI?
= [low(u—p)+ (1 = ) ([Bayn + (1= Ba)ua] — p)|I?
< ol |u—pl* + (1= 06,)Bullya — pl?
+(1 = o) (1= Bu)|un — pl|?
< ol |u—pl* + (1= 06,) Bl [xa — pl?
+(1 =) (1= B)|Jxa — plI?
< apllu—pl|*+ (1 - a)| o — plI*. (3.6)

Therefore, by induction, we get that
w1 =l < max{[Ju—pl]?,|lxo = pl[*}, Yn>0,

which implies that {x,}, {v»}, {z.} and {u,} are bounded.
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Let x* =1 zu. From (3.1), (3.2), (3.5), Lemma 2.2 and 2.3, and the fact that Ly, < 1, we obtain

a1 =217 = [0ttt (1= 0) [Bay + (1= Bu)un] — x|
= lom(u—x*) + (1= ) [Buyn + (1 = Ba)un — 2] |°

< (L= o) [Ba (= ") + (1= B) (un — x|
+2 (X1 — X, Oy (u —x7))
< (1= 0)[Ballyn =¥+ (1= Bo)llun —x*( %]
+204, (xp41 — X" u—x¥)
< (=) Bu(|ln =" |* = |y =5l > = v = yal )
(1= 0) (1= Bo) (110 =212+ (L2 = 1) [l = 20l P+ llzn = ] ] )
+20t; (xXpr1 — X" u—x").
Hence
[t =2 |P < (1= ) = (1> = (1= 06) Ba|[vae =l >+ [V =yl )
(1= ) (1= Ba) (LY — 1) | Pon = 2al I + ||z — ]
20, (Xpp1 — X u—x")
< (1=l =17 4208 ne 1 — [ 26— x*]]

+200, (x, —x"u—x"). (3.7)

Next, we consider two cases.
Case 1. Suppose that there exists ny € N such that {||x, —x*||} is decreasing for all n > ng. Then, we get
that, {||x, —x*||} is convergent. Thus, from (3.7) and the fact that J, < b < 1 forall n > 0 and @, — 0 as
n — oo, we have that

V=X, > 0,v,— v, = 0,x,— 2, > 0,2, —u,, >0 as n — oo, (3.8)
Moreover, from (3.1), we also have

Hanrl_anZ = HO‘nM‘F(I_an)[BnYn+(1_Bn)”n]_xn”z
< O — ul [P (1= ) [Bal[yn — xal[* (1= Bu) [t — 22| °]-

A

This together with (3.8) implies that
[|Xn+1 —Xn]| — 0 as n — oo, (3.9

Furthermore, since {x,} is bounded in H, we can choose a subsequence {x;, } of {x,} such that x,;, — z

and

limsup(x, —x*,u —x") = lim (x,, —x*,u — x%).
n—soo J—r°

This implies from (3.8) that Yn; = 2o Un; =2, Vn; — 2 and Zn; — 2 S j —> oo
Now, we show that z € F(T'). From the definition of v, we have

1
V=V, TVn;) — r—(y—v,,j, (Fa; +1)vn; —x,,) <0 VyeC. (3.10)

nj
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Putz, =tv+ (1 —¢)z forall 7 € (0,1] and v € C. Consequently, we get z; € C. From (3.10) and pseudo-
contractivity of 7', it follows that

1
<an_Zt,TZt> 2 <an_ZI)TZI>+<ZI_VI1]‘5TVI’LJ'>_7<Zt_vnj7(l+rnj)vnj_xnj>

rnj
1
= _<Zl _an,TZ[ _Tvn_,'> - 7<Zl _an,vn/- _xl’lj>
nj
_<Zl - an7vnj>
1
Z —HZt—anHZ—;@z—Vn_/-,an—Xn_/->—<Z[—an,vnj>
J
V. — Xn,
= <Vn/-_Zt’Zt>_<Zt_ana & nt)-
In.:

J

. . Vn.—Xn.
Since v, — x, — 0 as n — oo, we obtain that —L—

—- — 0 as j — oo. Thus, as j — oo, it follows that
(z—z,Tz) > (z—2z,z). Hence —(v—2z,Tz) > —(v—2z,z), Vv € C. Letting r — 0 and using the fact
that 7' is continuous, we obtain that —(v —z,7z) > —(v —z,z) Vv € C, which implies that z = T'z.
Next, we show that z € EP(f). From (A2), we note that

1

— =y ¥n = Xn) 2 —fOnsv) = fvi3n) Vv €C, (3.11)

n
which implies that f(v,z) <0,VveC. Putz, =tv+ (1 —¢)zforall € (0,1] and v € C. Consequently,
we get that z; € C and f(z;,z) < 0. Therefore, from (A1), we obtain that

0=f(z,2) <tf(z,v) + (1 =1)f(z,2) <tf(z,v).
Thus, f(z;,v) > 0, Vv € C. Furthermore, as t — 0, we have from (A3) that f(z,v) > 0, for all v € C. This
implies that z € EP(f).
Next, we show that z € VI(C,A). Since A is Lipschitz continuous, we have
||Atty; — Azp;|| — 0 as j — oo

Let

Ax+Ncx, xeC
Bx— ¢ (3.12)
0, xé¢C,

where N¢(x) is the normal cone to C at x € C given by
Ne(x)={weH: (x—u,w)>0forall u € C}.

Then, B is maximal monotone and 0 € Bx if and only if x € VI(C,A) (see, [14]). Let (v,w) € G(B). Then,
we have w € Bv = Av+ N¢v and hence w — Av € N¢v. Thus, we get (v —u,w —Av) >0, forall u € C. On
the other hand, since u,; = Pc(Xn; — ¥1,Azs;) and v € C, we have (x,; — ¥,,AZq; — Un;, U, —v) > 0. Hence,
(v —ttn;, (Un; — Xn;) [ Yu; +Azn;) > 0. Thus, as u,; € C, the above inequality implies that

V—ttn;,w) = (v—uy,Av)
> (V= , AV) = (v =ty (Un; — Xn;) [ YVo; +AZn)
= (Ve AV = Att) 4 (v — bt Att; = Azy) = (v =t (tn; = Xn;) [ ;)
> v =ty Aty = Azn;) = (v =t (un; = Xn;) [ Yoy ) -
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Therefore, we obtain that (v —z,w) > 0. Then, the maximality of B gives that z € B~!(0). Therefore,
z€VI(C,A). Using Lemma 2.4, we immediately obtain that

limsup(x, —x",u—x") = lim (x,, —x",u—x")
n—oo Jree
= (z—x",u—x") <0. (3.13)

It follows from (3.7), (3.13) and Lemma 2.5 that x,, — x* =1 zu.
Case 2. Suppose that there exists a subsequence {n;} of {n} such that
[, =21 < [ 1 =572,
for all i € N. Then, by Lemma 2.6, there exists a nondecreasing sequence {my } C N such that my — eo,
and

[P, = 2| < [ =" and [boe =[] < [ b1 = ¥7]], (3.14)

for all kK € N. Now, from (3.7) and the facts that §;,, < % for all n > 0 and o, — 0 as n — oo, we get that
Vi — Xm — 0.V, — Y, — 0, X, — 2, — 0, and z,,, — Uy, — 0 as k — co. Thus, following the method
in Case 1, we obtain

limsup(x,,, —x*,u—x") <0. (3.15)
k—oo
Now, from (3.7), we have that
mek-i-l _X*”z < (1 - amk)mek _X*Hz +2amk <'xmk —x*,u _X*> (3.16)

+2amk”xmk+1_xmkHHu_X*H’
Hence, (3.14) and (3.16) imply that
Ot [, = 211> < [ =2 = [t = [ 4 208 (=50 = x7)
200, | [m+1 = X [ = 17|
< 20, (X, — XU —X7) A+ 200, | X1 — X || || — x| (3.17)
which implies that
[, =12 < 20, =2 0= ") 4 2 Xt — o || ]2 — 2

Thus, using (3.9) and (3.15) we get that ||x,,, —x*|| — 0 as k — oo. This together with (3.16) implies that
X1 —x*|| = 0 as k — eo. But ||xx —x*|| < ||, +1 —x*|| for all k € N gives that x; — x*. Therefore,
from the above two cases, we can conclude that {x,} converges strongly to a point x* = I1zu. The proof
is complete. g

If, in Theorem 3.1, we assume that A = 0, then we obtain the following corollary.

Corollary 3.1. Let C be a nonempty, closed and convex subset of a real Hilbert space H. Let T : C — H
be a continuous pseudo-contractive mapping. Let f : C x C — R be a bifunction satisfying (Al)-(A4).
Assume that F = F(T) N EP(f) is nonempty. Let {x,} be a sequence generated from an arbitrary
xo,u € C by

X1 = O+ (1= 0t) [BnYn +(1- Bn)xn] )
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where y, = F,, T, x, and {B,} C [e,1) C (0,1). Then, {x,} converges strongly to a point x* in .F which

is nearest to u.

If, in Theorem 3.1, we assume that 7 = I, the identity mapping on C, then we obtain the following

corollary.

Corollary 3.2. Let C be a nonempty, closed and convex subset of a real Hilbert space H. Let A:C — H
be a L-Lipschitz monotone mapping with Lipschitz constant L. Let f: C x C — R be a disfunction
satisfying (Al)-(A4). Assume that F =VI(C,A)NEP(f) is nonempty. Let {x,} be a sequence generated
from an arbitrary xy,u € C by

zn=Fc [xn - '}/nAxn]y
Xn+1 = O+ (1= 0t) [ﬁn)’n +(1- Bn)un] )

where y, = Fy, Xy, un = Pc[xy — YuAzs), {W} C la,b] C (0,7) and {B,} C [e,1) C (0,1). Then, {x,}
converges strongly to a point x* in % which is nearest to u.

If, in Theorem 3.1, we assume that f = 0, then we obtain the following corollary.

Corollary 3.3. Let C be a nonempty, closed and convex subset of a real Hilbert space H. Let T : C — H
be a continuous pseudocontractive mapping and A : C — H be a L-Lipschitz monotone mapping with
Lipschitz constant L. Assume that % = F(T)NVI(C,A) is nonempty. Let {x,} be a sequence generated
from an arbitrary xo,u € C by

n=Fc [xn - '}’nAxn]y
Xng1 = Opu+ (1 — @) [ﬁnyn +(1— ﬁn)”n] )
where yo = Tyn, tn = Pelin — e, () C [a,b] € (0, 1) and {B} C [e,1) € (0,1). Then, {x,}

converges strongly to a point x* in % which is nearest to u.
If, in Theorem 3.1, we assume that f = A = 0, then we obtain the following corollary.

Corollary 3.4. Let C be a nonempty, closed and convex subset of a real Hilbert space H. Let T : C — H
be a continuous pseudocontractive mapping. Assume that F(T) is nonempty. Let {x,} be a sequence

generated from an arbitrary xo,u € C by
Xpr1 = Oy + (1 - an) [ﬁnTrnxn + (1 - ﬁn)xn] s

where {B,} C [e,1) C (0,1). Then, {x,} converges strongly to a point x* in F(T) which is nearest to u.

From Theorem 3.1, we can also obtain the following result on the common minimum norm solution for
the fixed point problem of a continuous pseudocontractive mapping, the variational inequality problem
for Lipschitz monotone mappings and the equilibrium problem.

Theorem 3.2. Let C be a nonempty, closed and convex subset of a real Hilbert space H. Let T : C — H
be a continuous pseudocontractive mapping and A : C — H be a L-Lipschitz monotone mapping with
Lipschitz constant L. Let f : C x C — R be a bifunction satisfying (Al)-(A4). Assume that % = F(T)N
VI(C,A)NEP(f) is nonempty. Let {x,} be a sequence generated from an arbitrary xo € C by

{ in = PC[xn - ’YnAxn]a

X1 = Pe[(1— 06) (Buyn + (1= Bu)un) ], (3.18)
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where y, = Fy, T, xn, n = Pclxy — %:Aza), {%} C la,b] C (0,7) and {B,} C [e,1) C (0,1). Then, {x,}

converges strongly to a minimum norm point x* of .

Remark 3.1. Theorem 3.1 extends Theorem 3.1 and 4.1 of Tada and Takahashi [15] and Theorem 3
of Kumam [8] to a more general class of continuous pseudocontractive and monotone mappings. Our
scheme does not involve computation of C,, and Q,, to obtain x,, | for each n > 1. Corollary 3.3 extends
Theorem 3.1 of Nadezhkina and Takahashi [12] and Theorem 3.1 of Zegeye and Shahzad [25] to a
general class of continuous pseudocontractive mapping and Lipschitz monotone mappings. Our results
provide affirmative answers to the questions raised in Section 1.

4. THE NUMERICAL EXAMPLE

In this section, we give an example of a continuous pseudocontractive mapping 7', a Lipschitz mono-
tone mapping A and a bifunction f satisfying (A1)-(A4) with all the conditions of Theorem 3.1 and a
numerical experiment result to support the conclusion of the theorem.

Example 4.1. Let H = R with the Euclidean norm. Let C = [—1,10] and let 7 : C — R be a mapping
defined by

_— —4x—%, xe| —%),

1,
X, x € [—1,10].

Then, we see that (I — T') is continuous and monotone and hence 7 is a continuous pseudocontractive
mapping on C. In addition, if x € [~1,—1), and z € [-1,1), we have that

1
<y—z,Tz>—;<y—z,(1+r)z—x> <0, Vyec,

is equivalent to

[(1+r)z—x+(4zr+%r)]y > [(1+r)z—x+(4rz+%r)]z, vy eC.

_ar
2. If x € [-1,10], we get from z € [—1, 10] that

But this holds, if z = 7=

1

=2Tz) =~ (y—z(1+r)z-x) <0, WyeC,

is equivalent to (y —z)z— 1(y —z)[(1 +r)z—x] <0, Vy € C, which is further equivalent to (z —x)y >
7—X)Z, € C. But this holds, 1if z = x. erefore, we get that

(z—x)z, ¥y € C. But this holds, if Theref get th

3

)ﬁy XG[—I,_%),

T, x:=
X, x € [—3,10].
Let A : C — R be a mapping defined by

0, x€[-1,1],
(x—1)%, xe€(1,10].

Ax =

Then, we easily see that A is monotone. Now, we show that A is Lipschitz.
Case 1: If x,y € [—1,1], then
[Ax —Ay| = |0 — 0] < [x — ],
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Case 2: If x € [-1,1] and y € (1,10], then

Ax—Ay] = [0-(—1?=@-1)<|y—xf =[x—y]

IN

et yllx =y < 1=yl
Case 3: If x,y € (1,10], then

|[Ax — Ay| [(x=1)% = (y—1)*|

o =+ 2lx -y

e+ y[lx—y[+2]x =y

20|x —y|+2jx —y| =22|x—y|.

IAIAIA

From Cases 1, 2 and 3, we obtain that A is Lipschitz with Lipschitz constant L = 22.
Let f: C x C — R be defined by

07 XE[—l,O),

flxy) = )
2xy —2x°, x€(0,10].

Then, we observe that f(x,x) =0, f(x,y)+ f(y,x) <0, lim,0 f(rz+ (1 —1)x,y) < f(x,y) forall x,y,z € C
and for each x € C, y — f(x,y) is convex and lower semicontinuous. Furthermore, if x € [—1,0), the
inequality

1
F,x:{zeC:f(z,y)—i—;(y—z,z—x)20, VyeC}, 4.1
shows that we may take F,(x) = x and if x € |0, 10], we obtain from (4.1) that

2r(zy—22) +(y—2)(z—x) >0, WEC,

which implies that F,(x) =z = 377~ Hence,
X, x€[-1,0),
Fi(x) := i
2410 X E [0, 10]
It is also clear that F(T) NVI(C,A)NEF(f) = [-5,10]N[-1,1]N[-1,0] = [-3,0]. If ot = ;55

Y = m +0.01, B, = Wlloo 4+0.05, r, =10, Vn > 1, and u = 4.0, then the conditions of Theorem 3.1
are satisfied and iterative scheme (3.1) is reduced to

n :PC[xn_YnAxn]a (4.2)
Xn1 = Oyt + (1 — ) [ﬁn)’n +(1- ﬁn)un] )
where y, = F,, T,,x, and u, = Pc[x, — 14Az,]. Thus, for xo = —1.0, the sequence generated in iterative

scheme (4.2) converges strongly to 0 = Pz (u). See the following table and Figure

n 0 100 200 500 | 1000 | 2000 | 3000 | 4000
rp | -1.0000 | 0.00426 | 0.0211 | 0.0084 | 0.0042 | 0.0021 | 0.0014 | 0.00001
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