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Abstract. In this paper, we propose a simultaneous projected subgradient-proximal type iterative algorithm to solve a split
equality equilibrium problem with pseudomonotone bifunctions in 2-uniformly convex and uniformly smooth Banach spaces.
We obtain convergence results under some mild conditions on the bifunctions. Furthermore, we also give applications to the
domain decomposition for PDEs.
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1. INTRODUCTION

Let E;, E; and E3 be Banach spaces. Let C; and C, be nonempty closed and convex subsets of E
and Ej, respectively. Let f1 : C; X C; — R and f, : C; x C; — R be bifunctions. Let A : E; — E3 and
A, : E; — E3 be bounded linear operators. The split equality equilibrium problem (SEEP) is to find
x* € Cy and y* € C; such that

filx",x) >0, Vx € Cy, fo(y",y) >0Vy ey, (1.1)

and
Ax* = Ay, (1.2)

We denote by S the solution set of SEEP (1.1)-(1.2).
Observe that if E; = E3 and A is the identity mapping of E,, then SEEP (1.1)-(1.2) is reduced to the
following Split Equilibrium Problem (SEP) (see, [19, 25, 26]): find

x* € Cy such that fi(x*,x) >0, Vx € Cy, (1.3)
and
y* =Ax" € C; such that f>(y*,y) >0, Vx € C;. (1.4)
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If f, =0 and C, = E;, then SEP (1.3) -(1.4) is reduced to the following Equilibrium Problem (EP)
(see [9, 23]): find x* € C such that

f(¥,y) >0, VyeC. (1.5)

Let us denote the set of solutions of EP (1.5) by EP(C, f). EP (1.5) has been applied to various im-
portant problems such as physics, optimization and economics (see [27, 33]). If for i = 1,2, we let
fi(x,y) = (Bix,y —x), where B; : E; — E; is an operator. Then SEEP (1.1)-(1.2) becomes the split equal-
ity variational inequality problems studied in [18]. Consequently, we have that SEEP (1.1)-(1.2) is also a
generalization of the split variational inequality problem considered in [14]. Another special case of SEP
(1.3) -(1.4) is the Split Feasibility Problem (SFP). The SFP was first considered in Euclidean spaces by
Censor and Elfving [12] for modelling inverse problems which have applications in phase retrievals and
medical image reconstruction. The SFP has been studied in more general frameworks including Hilbert
spaces and Banach spaces; see [13, 28, 29, 30] and the references therein. The SFP has also been ap-
plied in image restoration, computer tomography and radiation therapy treatment planning; see [11, 13]
and the references therein. Authors also considered some generalisations of the SFP such as the Split
Common Fixed Point Problem (SCFPP) [15], Split Equality Fixed Point Problem (SEFPP) [12, 16], etc.

Recently, Gebrie and Wangkeeree [19] proposed a projected subgradient-proximal algorithm for solv-
ing the following Fixed Point-Set Constrained Split Equilibrium Problems (FPSCSEPs) in Hilbert spaces:

x* e F(T),

filx*,y) >0, Vy € Cy,
u*'=Ax" € F(V),
f(u*u) >0, Vu e G,

find x* € C; such that (1.6)

where T : C; — C; and V : C; — C, are nonexpansive mappings. They assumed that bifunctions f5 :
C, xCy — Rand f] : C; x C; — R satisfy the following Condition A and Condition B respectively.

Condition A

(A1) fo(u,u) =0 forall u € C,.

(A2) f> is monotone on Cy, i.e., f2(u,v) + fo(v,u) <0, for all u,v € C;.
(A3) For each u,v,w € C,,

limsup f2(tw+ (1 —t)u,v) < fo(u,v).
110

(A4) f>(u,.) is convex and lower semicontinuous on C;, for each u € C;.

Condition B

(B1) fi(x,x) =0forall x € C.

(B2) f is pseudomonotone on C; with respect to x € EP(f1,C), i.e., if x € EP(f1,C}) then fi(x,y) >0
implies f(y,x) <0Vy e C;.

(B3) f) satisfies the following condition, which called the strict paramonotonicity property:

x € EP(f1,C1), y € C1, fi(y,x) =0=y€ EP(f1,C1).

(B4) fi is jointly weakly upper semicontinuous on C; X C; in the sense that, if x,y € C; and {x;}, {yx} C
C) converge weakly to x and y, respectively, then fi (xx,yx) — f1(x,y) as k — oo.
(B5) fi(x,.) is convex, lower semicontinuous and subdifferentiable on Cj, for all x € C.
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(B6) If {x} is a bounded sequence in C; and & — 0, then the sequence {wy} with wy € g, fi(xx,.)(xk)
is bounded.

Motivated by the works of Chidume, Romanus and Nnyaba [17], Gebrie and Wangkeeree [19], Og-
buisi [26] and Shukla and Pant [31], we study SEEP (1.1)-(1.2) in the frame work of 2-uniformly convex
and uniformly smooth Banach spaces. Our contributions in this paper are that:

(1) We consider a projected subgradient proximal method for split equality equilibrium problem in
2-uniformly convex Banach spaces which is uniformly smooth while the results of Gebrie and
Wangkeeree [19] and Shukla and Pant [31] are restricted to Hilbert space.

(2) The monotonicity assumption imposed on the bifunctions in Chidume, Romanus and Nnyaba
[17], Ogbuisi [26] and Shukla and Pant [31] is relaxed by assuming that the bifunctions in this
paper are pseudomonotone. We also improve the results in Gebrie and Wangkeeree [19]. In
Gebrie and Wangkeeree [19], they assumed that one of the bifunctions is pseudomomotone and
the other bifunction is monotone. For example, take f : (0,00) X (0,00) = R, fo(x,y) := %ﬂ(y—
x), x,y € (0,00). It is easy to see that f> is pseudomonotone but not monotone on (0, o).

(3) The results of this paper generalize the results in Gebrie and Wangkeeree [19] and Ogbuisi [26]
and other variant results on the split equilibrium problem in the literature to the split equality

equilibrium problem in Banach spaces.

2. PRELIMINARIES

Let B = {x € E : ||x|| = 1}. A Banach space E is said to be strictly convex if for any x,y € Bg and
x # y implies Hx;—y” < 1. E is also said to be uniformly convex if for each € € (0,2], there exists 6 > 0
such that for any x,y € Bg, ||x —y|| > € implies w < 1 —&. The modulus of convexity of E is the

function & : (0,2] — [0, 1] defined by
Or(€) ::inf{l - H?H X,y € Bgyg = ||x—y||}.

E is uniformly convex if and only if dg(€) > 0 for all € € (0,2] and p-uniformly convex if there exists a
C, > 0 such that 6g(€) > C,e? for any € € (0,2]. Clearly, every a p-uniformly convex Banach space is
uniformly convex. For example, see [32] for more details.
A Banach space E is said to be smooth if
ooyl ]
t—0 t
exists for all x,y € Bg. It is also said to be uniformly smooth if the limit is attained uniformly for x,y €
Bg. It is well known that Hilbert and the Lebesgue L,(1 < p < 2) spaces are 2-uniformly convex and
uniformly smooth.
The normalised duality mapping Ji : E — 2" is defined by

Je(x) = {x* € E*: (x,x") = [|x[|* = "}, vx € E.

Let E be a reflexive, strictly convex, smooth Banach space and let J be the normalised duality mapping
from E into E*. Then J; !is also single-valued, one-to-one, surjective, and is the duality mapping from
E* into E. The normalised duality mapping Jg possesses the following properties [3]:

(1) If E is a smooth Banach space, then Jg is single-valued.
(2) If E is a strictly convex Banach space, then Jg is one-to-one and strictly monotone.
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(3) If E is a uniformly smooth Banach space, then Jg is uniformly norm-to-norm continuous on each
bounded subset of E.

(4) If E is a smooth, strictly convex and reflexive Banach space, then Jg is single-valued, one-to-one
and onto.

Let E be a smooth Banach space. Alber [2] introduced the following Lyapunov functional

9 (x,y) = [lxl* = 24x, g () + Iy 1> 2.1)

It can be seen from the definition that ¢ satisfies the following conditions.

(Il = Iy1)? < @ (o) < (el + 11D

Lemma 2.1. [2, 4] Let E be a real uniformly convex and smooth Banach space. Then, the following
identities hold:

L ¢(x,y) = ¢(x,2) + ¢(z,y) +2(x — 2,Je(2) = J(¥))-
2. ¢(X,y)+¢<y,)€) :2<X—y7JEX—JE)’>; Vx,y €E.

If E is a strictly convex and smooth Banach space, then for x,y € E,¢(y,x) =0 if and only if x =y
(see Remark 2.1 in [22]).

Lemma 2.2. [22] Let E be a uniformly convex and smooth Banach space and let {x,} and {y,} be two
sequences in E. If ¢ (x,,y,) — 0, and either {x,} or {y,} is bounded, then ||x, — y,|| — 0.

Let C be a nonempty, closed and convex subset of a reflexive, strictly convex and smooth Banach space
E. Then for each x € E (see Alber [2]), there exists a unique element xy € C (denoted by II¢(x)) such
that ¢ (xp,x) = mig(]) (y,x). The mapping I1¢ : E — C, defined by Il¢(x) = xo, is called the generalized

ye

projection operator from E onto C and xj is called the generalized projection of x. In a Hilbert space,
I1¢ = Pc (the metric projection operator).

Lemma 2.3. [22] Let C be a nonempty closed and convex subset of a smooth Banach space E and x € E.
Then, xo = Ic(x) if and only if (xo —y,Je(x) —Je(x0)) > 0,Vy € C.

Lemma 2.4. [22] Let E be a reflexive, strictly convex and smooth Banach space, let C be a nonempty
closed and convex subset of E and let x € E. Then ¢ (y,IIc(x)) + ¢ (Ilc(x),x) < ¢(y,x),Vy € C.

Lemma 2.5. [24] Let E be a 2-uniformly convex and uniformly smooth Banach space. Then for every
x,y € E, ¢(x,y) > 0|jx —y||*>, where 8 > 0 is the 2-uniformly convexity constant of E.
Lemma 2.6. [34] Let E be a real Banach space. Then the following are equivalent.

1. E is 2-uniformly smooth.

2. There exists a constant D > 0 such that

e+ ylI? < el + 200, Jp (x)) +2D(y][?, Vx,y € E,

where D is the 2-uniformly smooth constant of E. In Hilbert spaces, D = %@

Lemma 2.7. [7] Let % + é =1, p,q > 1. A Banach space E is q-uniformly smooth if and only if its dual

E* is p-uniformly convex.
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Let C be a nonempty closed and convex subset of a reflexive Banach space E. Let f:CxC — R
be a bifunction where f(x,-) is a convex function for each x € C. Then the -subdifferential (e-diagonal
subdifferential) of f at x, denoted by dg f(x,-)(x) is given by

e f(x,-)(x) ={w € E*: f(x,y) = f(x,x) + € = (w,y —x),Vy € C}.

3. PROPOSED METHOD

Let Ey, E; and E3 be 2-uniformly convex Banach spaces which are uniformly smooth and let C; and
C> be nonempty closed and convex subsets of E| and E, respectively. We assume that f; and f, satisfy
Condition B above and D1, D, the 2-uniformly smooth constants of E', EJ respectively. Throughout this
paper, we also assume that S # (.

We now describe the iterative method we proposed for solving SEEP (1.1)-(1.2).

Algorithm 1

1: Initialization: For each i = 1,2, pick x(()i) € C; and choose { p,Ei)}, { Bk(i)}, {5,@}, {elgi)} and {1 } such
that p” > p@ > 0, ﬁk(’) >0,e>00<a<8) <b<1,0<A< <y<
Yi- ofjk)—“’azk oﬁk< <ooand )7 O(Bk )? < oo

Py

2: Find w,E) € E/,(i=1,2) such that

S S
(D7]A1][2+D3lA2]?)

w}'C € 38,?) f,-(x,(f), ) (x,(j)).

i f i i @
Let T],E) = max{p,ﬁ >, Hw,(C)H} and o) = f’k@.
k
3: Compute
1 _ 1 ) (1
{ y’i‘z; e JE]l (JElxléz; - a’%ziwlézi)’ (3.1)
Ve = HCzJE]l(Jszk — oy w).
4: Compute
1 . 1 1
{ 0 =75 8 )+ (1= )l 52
0 = Ig (80 Tex? + (1= 8y,
5: Compute 1 1 1 .
)y = Te g Unty — mays (i - a01), (3.3)
A2 = e dg et + mAsde, (A —Ax?).

6: Set k:=k+1 and go to 2.

4. MAIN RESULTS
Lemma 4.1. Let {y,({l)}, {t,El)}, {x,(cl)}, {y,(cz)}, {tlgz)} and {x,Ez)} be sequences generated by the Algorithm
1. For (x*,y*) € S, we have
o) < o020 (1= 8 fi )
~(1-8")0 0" 1) + & (4.1)



210 F.U. OGBUISI, Y. SHEHU

and
o0 1) < o0 ) +207 (1-8) A0 y)
~(1-8)00 7 ) +2,
where .
g0 —2(1- 50 )ﬁ’;)(ik +2(1—5<'>)(B'éi).
fori=1,2. ‘

Proof. From y,(cl) =TIl JE_I1 (JElx,(cl) - Oc,El)w,(cl)), we have
1 1 (1 ) (1) o«
et~ ol g o) 2 0

Thus

(x* (1) (1) (1)

1
X =V 7JE1xk _JElyk > a]g )< W ()>

Wy ,X — Vi

IA

1 1 1
Otlg )(w,(< ),x —x,(c )>+Ot,£ )<w,(€ ),x,g ) —y,(c )>
( (1) (1) (1)

< a1 = ).

. 1
Moreover, since x,({ ) € C1, we have

(1), (1)

(1 1
<JE1'xl((1) =0 Wy _‘IElyl(c )7yl(< : _xl(c ) zo.

Therefore, it follows from Lemma 2.5, Lemma 2.1(2) and (4.4) that

2011 312 < o )+ o0 A

= 2<JE1x](<)_JE1y](<)7X](() y]EI)>
< 20" (w KV —yDy

1 1 1 1
< 20wl =y M.

From (4.5), we obtain

)
1 1 o 1
e

Thus,
(D (1 1 Loy a
o 1 < g
1)
= o (B
61\l k
( (1)

_ B >2< il )< (B2
_ 1 .
max{p,", lw( ||}
Sincex,(cl) €Cy and w,(cl) € 8 ) fi (xk ) (x (1)) we have

fl(x,i”,x*>+e,£” = A = A 1) e
< 1 (1)>.

WX — X

Y

(4.2)

(4.3)

4.4)

4.5)

(4.6)

“4.7)

(4.8)
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Using the definitions of (X,El) and n,El), we obtain

1 1 1
OB SR S v
0" max{p), W}~ plV

From (4.3)-(4.9), we have

(1) (1) (D2
£

(= g e < a,f”fl(xil),x*)Jrﬁk (1;c + (ﬁkGl) '
Py

By Lemma 2.1(1), we have
2<X* _y]((])7JE|x](<l) _‘]Ely]((l)> = ¢(X*7y](<l)) + ¢<y](<])7x]((1>) - ¢<X*,X]((]))-
Combining (4.10) and (4.11), we have

o) < o ) — ol )

(1)

Furthermore, by the definition of tkl , we have

o0 ity = oI5 (8 Tg " + (1= 8y "))
< 8o M)+ (1=8)p(x H).
It then follows from (4.12) and (4.13) that
o) < 8o )+ (1= A ) — oY 2y
255", 28"

S

+2aM () )+

which means

o,y < o) 20 i ) — (1= 8o o 1) +- &L

Similarly, we have

o017y < o0 AP 120 L ) — (1= 8o P 1) + 2.

211

4.9)

(4.10)

4.11)

4.12)

4.13)

(4.14)

4.15)

(4.16)

g

Lemma 4.2. Let {y,(cl)}, {y,({z) |3 {t,El)}, {t,Ez)}, {x,({]) } and {x,(cz)} be the sequences generated by the Algo-

rithm 1. Let (x*,y*) € S. Then

o0 )00 ) < ot ) Fo ) 21— 8o i (Y,

+2(1- 8ol (P vy + eV + €MV — ki,

where

4.17)

Ke=(1-8" oM M)+ (1-8)0 061 xP) + 20 [1 — (DAL >+ D3 A P)] A1z —Axtl |12,
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Proof.
o0 ) = O Te g Ut — mAie (A" - Ax))
< oI5 Upt — mAE (A —Ax)))
= et — AT (A — At P =206 Jg, 1)
F2x, kA*JE3(A1r,§1)—A2z,§ )+ [l
= NP =2 e )+ 1P - 2mdn) g (ArY — A P))
2 (A T (A — AgtP)) + 202 D2 AL P At — Axr| 2
— o i) +2m A — Al g (A — Ax?)))
+2u2D3 AP A — Ay |12 (4.18)
Similarly, we have
00" ) < 00" 1) +2mlAn) — Aoy Jp (At — Aar?))
+2u? D3|z |2 A" — At . (4.19)
Adding (4.18) and (4.19) and noting that A1x™ = A;y*, we obtain
o)) o0 ) < o)+ o077
+2ﬂk<A2t,£ )_Alt/E )7JE3(AIIIEI) —A t1£2>)>
+2u,?<02||A1H2+D%||Az\|2>r|An,£ — A2
= (") + o0, 17) —2mlAi” — AP
+2uk<D 14112+ D|Az|®) A1 — Axr P
= o(x" tk )+¢(Y o ))
—2414[1 — e (DH|A P + D3| AP A1 — Ao |2 (4200
From Lemma 4.1 and (4.20), we get
o (x", x£21>+¢<y* ) @.21)
< o)+ 90" xk>>+2a,5”<1 ~ M AEY a0
~(1-§' >>¢<y£% % >+§k
+2a“< Ay~ (1= 87047 )
+&7 2uku— (DR A2+ D3 Aol )] A" — At |2
= 9l >+¢< )+ 20 (1= 8 i x)
207 (1= ) A ) — K+ €V + €0 (4.22)
O

Lemma 4.3. Let {y,(cl)}, {y,(cz)}, {x,(cl)}, {x,(cz)}, {t,il)} and {tlgz)} be the sequences generated by the Algo-

rithm 1. Then, for (x*

y*) €S,
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i. The limit of the sequence {¢(x* xk )+ o>y xk )} exists and therefore {xk } and {xk } are

bounded.
ii. limsupfi (x\") x) = 0 and limsup f,(x\*) ) = 0 for all (x,y) € S.
k—ro0 k—o0
iil.
. (1) @) —
tim 410"~ 47 =0,
1i M _ My 2 _,@n_g
tim [~ 1" = lim |5~ =0,
lim 12D — O = 1im 1:® —x@ = 0.
kgroloH Xl kgfoloH PR
Proof. i. Let (x*,y*) € S. Since f (x,((l),x*) <0, fg(x,((z),y*) <0, and K > 0, from Lemma 4.2, we
have

o0t V) +o0 ) < ot ) o0t ) e+ g (4.23)

Observing that, fori = 1,2,

()
g0 =2(1-8 )ﬁ" f)" +2(1—6('))(ﬁ"9)2
Px i

Be (ﬁk )?

<Pk ,
p,ﬁ’) o

and using the initialization condition of the parameters we can see that } ;7 ék(i) <ooi=1,2.
Therefore, it follows (4.23) that limy_..((¢ (x* xk ) + oy, x; ))) exists and this implies that the
sequences {x,(cl)} and {x,(f)} are bounded.

ii. From Lemma 4.2, we have

Ke+2(1— MotV =i (M )] +2(1 - 8 <2>[—fz<x§3>,y*>]
< <¢<x*,x,£”>+¢<y*7x,iz>>> O 1))+ o0t 2P )+ &N + &P
< (0 M) 400 ) — (0 1)+ 0%, xY)
(1) (1) (12 (2) .(2) (2)y2
+2B’< (‘ff +2(ﬁk9) 425k (‘;’;‘ Jrz(ﬁ’z9 ) . (4.24)
Py 1 Py 2
Summing up the above inequalities for every N, we obtain
N
0 < ¥ (Ke+201 -8 Al x))+201- 8o - 1o )] )
k=0
u @)
< Y [0 o0 — (o0l + 007 )
(1) (1) (D2
+2ﬁk & +2( )+2l3 k +2(ﬁk) (4.25)

plgl) 91 pIEZ) 92 ’
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which gives

0 < ZKk+Z21— D i 2]
+ Z 2(1- )0 [~ fole? y")]
< (@) 007 xD)) — (0 xL ) + 07 aGL))
(! N 2.2 N p@\2
+2Zﬁ’< & +2Z B")+2Zﬁ’<(g< +2Z(k). (4.26)
k=0 Py i 6
Letting N — oo, we have
0 < YK+ Y 200-8"a £ )]
k=0 k=0
+ Y 2(1- 80P [~ fr(xPy)] < oo. (4.27)
k=0
Hence,
Y Ki < oo, (4.28)
k=0
Y 2(1- 8" oV [ fi(x) x)]) < oo (4.29)
k=0
and
Y 2(1- )0l [~ p ()] < eo. (4.30)
k=0

Since the sequence {x,(cl)} is bounded, by the Condition B (B6), the sequence {w,(cl)} is also

bounded. Thus there exists a real number w(!) > p(1) such that Hw,((l) | < w1, Therefore,

o B S L (431)
= o) — ) 0) - (1) HW(I)H = (1) (1) .
e’ max{p Ll I o maxgr, il
P
Note that

0 < 2(1-b Zock flxk,*)]

< Y 20—l - ey < (432)
k=0
From (4.31) and (4.32), we have
o0 B(l)p(l)
0 < 201-b) F A==l )
i=o p, wil)

< Z o =i () 1)) < . (4.33)
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That is

= By (n)
Y A a)] <. (4.34)

Similarly, we have

Q1 _pn = g2
2ol b)ZB ) [~ ol 2] < oo. (4.35)
k=0 Py,

0<

(i)
Since Y'i7 % =oo,i=1,2, —f) (x*,x,(( )) <0and —fo(y* x,(c )) < 0, we conclude that
Py

limsup f; (x,(cl),x) =0 and limsupfz(x](cz),y) =0, Y(x,y) €S.

k—boo k—>o0
From (4.28), the conditions
1
DuAE + Dol

€ (4,7) (0
and0<a <8/ <b<1,i=1,2, wehave

: (1)
]}gg”Altk Ath I =o.
Also limy_eo 9 (v, x1") = 0, which implies limy_,.. ") — y{"|| = 0.
Similarly, limy .. ¢(y\”,x{)) = 0, and consequently limy_,.. [\) — y{?)|| = 0. Since E; is uni-
formly smooth, we have that the duality mapping Jg, is uniformly norm to norm continuous.

From limy_,. ||x,(<1) — yl(cl) || =0, we have

1 1 1 1 1
Wt = el = 1875 + (1= 8)g ) — dp )|
= (1= ey —Je x| = 0,k — oo,

Moreover, since Ej is 2-uniformly convex, we have that E| is 2-uniformly smooth which implies
it is uniformly smooth and thus ngl is uniformly norm to norm continuous.
Therefore,

y

1 1 _ _ 1
1" — > = 105, e 1 — T x| = 0,k — oo

By the same line of argument, we have Ht,gz) —x,(cz) || = 0ask— oo.
U

Theorem 4.1. Assume that fi and f, satisfy condition B and let {yk1 1, {yk2 } {tkl 1, {tk2 } {xkl } and

%) be the sequences generated by the Algorithm 1. Then the sequences {(yk , yk )} {(tk ,tk )} and

(1

Therefore, there exists a subsequence {x,(cl)} of {x,(cl)} such that x;_

x, ,xk )} converge strongly to (p,q) € S.

Proof. Let (x*,y*) € S. From Lemma 4.3(i), we see that the sequence {x,(cl)} and {x,(cz)} are bounded.

() _ p, where p € C; and

hmsupfl(xk >,x ) =lim f; (x,({,l),x*).
j—yeo 1—0 !
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Also, there exists a subsequence {x,(j)} of {x,(cz)} such that x,(j) — g, where g € C; and

limsup f> (x,(f),x*) = lim f, (x,(c_z),x*).
jreo ! e
By the weakly upper semicontinuity of fj(-,x*) and Lemma 4.3(ii), we have

Ailp,x) > limsup fi (xp)),x*) = Tim fi (x),x) = limsup fi (), x*) = 0. (4.36)
i—oo !

Jj—roo k—roo

Since x* € EP(f1,Cy) and p € Cy, we have fj(x*,p) > 0. From the pseudomonotonicity of fj, we
have f(p,x*) < 0. This together with (4.35) gives fj(x*,p) = 0. Hence, by Condition B3, we have
p € EP(f1,C1). Similarly, we obtain ¢ € EP(f>,C,). By the fact that limy_, e Hx,((’) - t,E’) | =0, we have
(2)
kj

that t,EJD — pandt,’ — g. Moreover, since A| and A; are bounded linear operators, we have Altg) —Ap.

and A lt,g) — Ajq. Also, by weakly semi-continuity of norms, it follows that
|A1p—Asg|| < li]giilfHAltIEU — AP =o0. 4.37)

Hence, we have that (p,q) € S and (p, q) is a weak cluster point of the sequence {(x,(cl) ,x,(cz))}. By Lemma

4.3, {q)(p,x,((l)) + d)(q,x,((z))} converges. Hence, we conclude that {(x,({l),x,(f))} strongly converges to

(P,q)- O

We now give a convergence result which does not require the prior knowledge of the operator norm.

Lemma 4.4. Let {y,(cl)}, {y,(cz)}, {t,El)}, {tlgz) 1 {x,(cl)} and {x,((z)} be the sequences generated by the Algo-
rithm [ but with the step size [ chosen as follows:
20y~ Aar” |
D2\ AT, (A" — At |12 + D3| A3 gy (Ar ) — At
otherwise [, = [L(U being any positive real number), where Q = {k : Alt,EU —Agl]£2> #0}. Let (x*,y*) €.
Then

uke(e ))”2—£>,k6§2,

o D) +007x2) < o i)+ 0001, +2(1 -8 alM A (Y x)
+2(1 -8 (4 ) + 6V + 6V — B, (4.38)

where

P = (1= )+ (1= xP)
+e(D}||ATTg, (Al — At ) |2 + D3| A3, (Al — A ).

Proof. First we show that L is well defined. Since (x*,y*) € S, we have A;x* = By*.
Now

(Aidg (A = A1) —x%) = U (A - Aar) A — A (4.39)
and

(A5, (At — A ) .y = 1) = U, (A - 4 Ay = Ai?). (4.40)
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Thus, adding (4.39) and (4.40), we obtain, Vk € Q,

At — AP = (AT (A — A D), elY — )

(A3, (At —Azz,ﬁ”) ¥ —z,§2>>

1ATIE (A" — Aot >||||rk x|

A3z, (Ar) = At 1y — 1) (4.41)

IN

Therefore, for k € Q, HAltlgl) —Aztlgz) || > 0. We have
A1k (A~ Aa ) £ 0

or
A3, (A1 — Aar) | 0.

Hence py is well defined. Now,

o0 ) = oW e dp (et — mAi e (A — Ax))))

0 (" J5, (e 1" — AT, (Alt,ﬁ” )

" — A (Arry” — Ark P =26 Je )

+z<x*,ukA*JE3<A1t£> —Axt)) + |2

= 1P =20 Tt ) + 1P = 2 e (A - Aar))
20l T (A = Aar®)) + 202D AT, (A — )P

= o0 ")+ oA — Ay Jg, (A — Ay
+2u2D} AT (Al — Axt)) 2. (4.42)

IA

Similarly, we have

00" 22 < 007 1) + 2 (Aar?) — Asy* T (At — At
+2u2D3|AsTE, (Arrl) — AxtP))| 2. (4.43)

Adding (4.42) and (4.43) and noting that A1 x* = A,y*, we obtain

o ) +00" 20D < o)+ 007 2 Aot — A T, (Au — Au))
2 DZHA JE3(A1t,£) — Aot |12 + 202 D3| AT, (Arr) — AptP))| 2
= o ")+ 00" 07) —2mll A - AP
+1 (D} | AT, (At — Azrk o
+D%||A;JE3<A1r,E —Ax)|?)]
= o) +00" 1 )>—2e<DZ||A1‘JES<An,E> — A
D3| A3 (AretY — AgtPHY[P). (4.44)
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From Lemma 4.1 and (4.44), we get

¢ (x", x;(<+1)+¢(y S (4.45)
o0, )+ 90" xk>>+2a,§><1 S Y )
~(1=8"9 03" 1) + &
+207 (1-8) 07y — (1= 8)o 7 1)
+§,§2)—28(D2\|A*JE3(A1t,El)—Aztlgz))Hz+D§HA§JE3(A1t,E — AP
= o)+ 00y xk>)+2a,§>(1 5 A x)

207 (1= 8 o y') — P+ £V + £, (4.46)

O

IN

Lemma 4.5. Let {y,({l)}, {y,(cz)}, {x,(cl)}, {x,(cz)}, {tlgl)} and {t,Ez)} be the sequences generated by the Algo-
rithm 1 and Ly be as in Lemma 4.4. Then, for (x*,y*) € S:

i. The limit of the sequence {(l)(x*,xk )+ o0 xk )} exists and therefore {xk } and {xk } are

bounded.
ii. limsupfi (x\")x) = 0 and limsup f,(x\*),y) = 0 for all (x,y) € S.
k—>oo k—>o0
iil.
: (1) @) —
]}I_{I;HAltk —Agl‘k || =0,
li M _ Wy = g 2) _ @y _p
tim 51 =" = Jim [~ =0,
tim 1Y — 0 = fim 1@ — x@ ) = 0.
kg{}q” PR kg{}q” v x|
Proof. i. The proof is similar to the proof of Lemma 4.3 with K}, replaced with P, and Lemma 4.2

replaced by Lemma 4.4. Thus we omit the proof.
ii. From Lemma 4.4, we have

Pk+2<1—6“>>a£”[—f o +2(1 - 8P [ A y)]
< (9 xk Dot ) — (0 ) + 007 ) + &+ 67
< (9 xk >+¢< - (9 <x* xk+1>+¢<y* )
e (B ORI LN (. S0
+2 +2 +2 . (4.47)
P;fl) 0, P;EZ) 6,
Summing up the above inequalities for every N, we obtain
o< ¥ (P+201 = 8"V (£ ) + 201 = )P [ S v
k=0
N
< ¥ [00 )+ 007 — (005 007 7))
(1 2.2 (2)y2
+2ﬁ k +2(ﬁk ) +2ﬁk & +2( k ) (4.48)

e e
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which gives

N N
0 < Y A+Y 201-8")a" £ )]
k= =0

N
+ 320 -8 - ol )]
k=0

< (@) 007 xD)) — (0 x ) + 907 aG)))
ﬁk /E) N (Bk(l))z N /((2)8152) N (Bk(z))z
+2;0 R 2;0 ) +2;0 o7 szb o (4.49)
= k = = k =
Letting N — oo, we have
0 < Yr+Y 20— -G x)]
k= =0
+ Y 2(1- 80P [~ fr(xY,y)] < . (4.50)
Hence,
Y P <o, 4.51)
Y 21 -8 oV [ fi(x" x)]) < oo (4.52)
k=0
and
Y 2(1- 8o [~ p ()] < eo. (4.53)
k=0

Since the sequence {x,(cl)} is bounded, then by the Condition B (B6) the sequence {w,(cl)} is also
bounded. Thus there exists a real number w(!) > p(!) such that le(cl) | < w(l). Therefore, the
conclusion follows as in Lemma 4.3 (i1) ((4.31)-(4.35)).

From (4.51) and 0 <a < §/ <b < 1,i=1,2, we have

lim (D} A7 (At = 42t |? + D3|, (Arg — Aot |P) = (4.54)

Also limy_o. (v, ") = 0, which implies limy .. [Jx\") — y{"|| = 0.

Similarly, lim_e ¢ (\”, )

= 0, and consequently lim;_,. Hx,(cz) - y]((z) || = 0. Now since E| is
uniformly smooth, we have that the duality mapping Jg, is uniformly norm to norm continuous.

From limy_,c ||x,(<1) — yl(:) || =0, we have
1 1 1 1 1
Vet =T = 188k + (1= 8 g — Tl |
1 1
= (1= e = Ie x|l
As k — oo, one has
HJE(l)tlEl)

Moreover, since E| is 2-uniformly convex, we have that E7 is 2-uniformly smooth which implies

. =)

it is uniformly smooth and thus J, gll is uniformly norm to norm continuous.
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Therefore,

1 1 _ 1
et — >V = 15 g )

— I T x| 5 0,k = oo,
By the same line of argument, we have
1187 — x| = 0,k — oo,

From (4.54), we have

lim 4] Tey(Arl) — Ayt = (4.55)
and
lim A5 g, (Arel) — Agt P2 = (4.56)

Thus, from (4.41), (4.55) and (4.56), we have
e N A s >||urk x|
[ ATE (At — At ||y = 1P| = 0. (4.57)
O
Theorem 4.2. Assume that f| and f, satisfy condition B and let {y,(cl)}, {y,((z)},{tlgl)}, {tlgz)} {x,(cl)} and

{xk2 } be the sequences generated by the Algorithm 1 and Ly, be as in Lemma 4.4. Then the sequences
{00 3 A" 1)} and {(5 xP)} converge strongly 10 (p.q) € 5.

Proof. The proof is similar to the proof of Theorem 4.1 with Lemma 4.3 replaced with Lemma 4.5 and
therefore it is omitted. U

5. APPLICATIONS TO THE DOMAIN DECOMPOSITION FOR PDES

Let E|, E; and E3 be Banach spaces. Let i : E} — RU{+o0} and h; : E; — RU{+e0} be two convex,
lower semicontinuous and subdifferentiable functionals functionals. Let A; : E; — Ez and A, : E; — E;
be bounded linear operators. Let f : E; X E; — R and f : E» X E; — R be defined respectively as

J1(x,y) = hi(y) =i (x)
and

fa(x,y) == ha(y) = ha(x).
The SEEP (1.1)-(1.2) is reduced to the following split equality convex minimization problems: Find
x* € Ey, y* € E; such that

hi(x*) < hi(x), Vx € Ey; ha(y") < ha(y), Yy € Ea, (5.1)
and
Ax* = Axy”. (5.2)
Equivalently, we have the following optimization problem with weak coupling in the constraint
(x,y)rgier.lez{hl (x) +ha(y);A1x = Asy}. (5.3)

Let us now convert the following problem arising from the domain decomposition for PDEs, (see [6])
to split equality convex minimization problems (5.1)-(5.2).
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Let Q C R” be a bounded domain with C> boundary. Supposed that the set Q is decomposed into
two nonoverlapping Lipschitz subdomains Q; and Q, with a common interface I'. Let 2 € L*>(Q) be a
function and consider the following Neumann boundary value problem on Q

—Aw = Q
{ ®=honQ, (5.4)

%—szon&Q,

where %—f‘; =Vw-n and n is the unit outward normal to dQ2. We make the assumption that [, h = 0,

which is a necessary and sufficient condition for the existence of a solution. The weak solutions of the
above Neumann problem satisfy the following minimization problem

nm{;LWwF—LmeeH%m}, (5.5)

see, for example, [5, 10]. Furthermore, denoting by @ a particular solution, the solution set of (5.5) is of
the form

{®+k,keR}.

If Qs of class C?, we have from the regularity theory of weak solutions that & € H?(Q), see, for instance,
[1, 20]. Observe that, if @ € H'(Q), then the restrictions u = ®|q, and v = ®|q, belongs respectively to
H'(Q) and H'(Q,). Moreover u|r = v|r. Conversely, if u € H'(Q;),v € H'(Q3) and u|r = v|r, then
the function @ defined by

o
w:{ womEA, (5.6)
von Q,

belongs to H'(Q). As a consequence, problem (5.5) can be reformulated as
min{fy () + ha(u); (u,v) € H'(Q) x H'(Q,) and u|r = v|r}, (5.7)
where
1 2
hﬂ@:f/|w4— hu
2o Q
and
1 2
hy(v) = f/ |Vv|— [ hv.
2Jo, Q

We can apply our Algorithm 1 to solve Problem (5.7) as follows: Let E; = H'(Q1),E, = H' () and
E; = Lz(F). Let the operators Ay : Ey — E3 and A : E; — E3 be the trace operators on I';, which are
well-defined by the Lipschitz character of the boundaries of Q; and €, (see ([8], Theorem 11.46) and
([21], Theorem 2])). Consequently, we propose the following method for solving Problem (5.7) (we take
8}51‘) = 0 for the sake of simplicity) .
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Algorithm 2

1: Initialization: For each i = 1,2, pick x(()i) € H'(Q;) and choose {plgi)}, {ﬁk(i)}, {5,@}, {elgi)} and

{uk}suchthatp,5>>p >0, [3 >0,0<a<8k(")<b< LO<A< iy <y< —5—2 o —,
A1l g ) 142l o,

B o (pl)y2
Yico ( = oo, and Y7 (B, )" < oo
k

2: Find w,(C) € H'(Q;), (i = 1,2) such that
hi(y) 2 hiC) + Wiy =), Wy € H'(Q).

i i i i (@)
Let n,E) = max{plg ), Hw,(C)HHl(Ql)} and a() = 5@_)_
k

3: Compute
1 1 1. (1
-
yl(c =X T Wi
4: Compute
1
L
12 = 8P 1 (1 -8y
5: Compute
1 x 1 2
x%r)] Zf(;) _.ukAl(Alflgl) —A2f152))7 (5.10)
x,({Jr)1 :t,E )+ukA§(A1t,§ )—Azt]E )).

6: Set k:=k+1 and go to 2.

Theorem 5.1. Let Q C RN be a bounded domain which can be decomposed in two nonoverlapping
Lipschitz subdomains Q and Qo with a common interface T'. We assume that Q is of class C>. Let
h € L*(Q) be such that [oh = 0 and let the functions hy : H'(Q) — RU {40} and hy : H'(Q,) —
RU{+oeo} be as defined above. Let {yk1 1, {ykz) 1 {tkl)} {tk2 } {xk1 } and x,(CZ) be the sequences generated
by the Algorithm 2. Then the sequences {(yk , yk )} {(tk ,tk )} and {(xk xk )} converge strongly to
(4,9) € H'(Qq) x H'(Q,), where (i1, V) is such that the map

ion Q
@:{ wonsa, (5.11)
von Q,

is a solution of the Neumann problem (5.4).
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