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1. INTRODUCTION

Let C be a nonempty subset of a real Hilbert space H and let 7 : C — H be a nonlinear mapping. We
denote the sets of attractive and fixed points of 7 by A(T) and F(T), respectively, i.e.,

A(T)={uecH:||Tv—u| <|v—ul,YveC}
and
F(T)={ueC:Tu=u}.
The concept of attractive points was first introduced in Hilbert space by Takahashi and Takeuchi [24].
The introduction was basically motivated to get rid of the closedness and convexity hypotheses imposed
on nonempty subset C C H in a celebrated Bailon’s [2] nonlinear ergodic theorem. They established

nonlinear ergodic theorem without convexity for generalized hybrid mappings in Hilbert spaces. Recall
that a mapping 7 : C — H is said to be (a, B)-generalized hybrid [14] if there exist o, B € R such that

o Tx—Ty|* + (1 — &) [lx = Ty|* < B||Tx—y[* + (1= B) x—y|* ¥ x,y € C.
Observe that mapping 7 is reduced to a nonexpansive mapping, i.e.,
[Tx=Ty|| <lx—yll, VxyeC
ifo=1and B =0.1f ¢ =3 and = 1, then it is said to be hybrid [15, 23], i.e.,
3ITx=Ty|* < e —=y> +ITx = y[> + || Ty —|*, VxyeC.

*Corresponding author.
E-mail addresses: bashiralik@yahoo.com (B. Ali), yulah121 @gmail.com (L.H. Yusuf).

Received March 5, 2019; Accepted April 27, 2019.
(©2019 Journal of Nonlinear and Variational Analysis

235



236 B. ALIL L.H. YUSUF

Also, it is said to be nonspreading [15, 16], i.e.,
20| Tx—Ty|*> < [ITx—y[* + Ty —x|>, VxyeC,

if @ =2 and B = 1. Recall that a mapping 7 is said to be normally generalized hybrid [27] if there exist
a,B,7,6 € R such that
@a+p+y+6>0,(b)ox+p >00ra+7y>0and

o[ Tx—Ty|+ B llx— Ty|P + 7 Tx—y]2 + 8|x—y|> <0, VxyeC.

As a generalization of the class of normally generalized hybrid mapping, the classes of normally 2-
generalized hybrid and further generalized hybrid mappings were introduced. Recall that a mapping T
is said to be

(i) normally 2-generalized hybrid [17] if there exist a;, &%, 03, B1, B2, B3 € R such that (a) Y3, (o +
Bi) >0and (b) ¥ | o > 0and

o || T%x = Ty||* + oo || Tx — Ty||* + o[ x — Ty|)?
+ BT =[P+ Bol|Tx—y|[*+ Bs|lx—y[* <0, VxyeC.

(ii) further generalized hybrid [22] if there exist &, B, 7,0, € € R such that
(@a+p+y+86>0,e>0(0b)a+p >00ra+y>0and

allTx=Ty|> + Bllx—Tyl> +¥ITx—y|
+ Sllx—y|P+ellx—Tx|*<0, VxyeC.

Weak and strong convergence theorems for attractive points of the above mentioned generalized
nonlinear mappings have been studied in Hilbert spaces by various authors recently; see, for exam-
ple, [18, 22, 25, 27] and the references contained therein. In 2018, Khan [22] proposed an iterative
scheme that converges weakly to a common attractive point of two further generalized hybrid mappings
in Hilbert spaces. For the strong convergence, Kondo and Takahashi [18] constructed a Halpern’s type
iterative scheme that converges strongly to a attractive point of normally 2-generalized hybrid mappings
in Hilbert spaces without the condition that the domain of the mapping to be closed. They proved the
following theorem.

Theorem 1.1. [18] Let C be a nonempty and convex subset of H, and let 7 : C — C be a normally 2-
generalized hybrid mapping with A(T') # 0. Let {A,,},{an},{b,} and {c,} be sequences of real numbers
in (0, 1) satisfying some conditions. Let x,z € C and define a sequence {x,} in C as follows

Xpl = AnzZ+ (1 — kn)(anxn +b,Tx, + Cnszn>
foralln € N. Thenx, — 7= PA(T)z.

Let (X,d) be a metric space and x,y € X. An isometry ¢ : [0,d(x,y)] — X satisfying ¢(0) = x and
c(d(x,y)) =y is called a geodesic path joining x to y. A geodesic segment between x and y is the image
of a geodesic path joining x to y, which is denoted by [x, y] when it is unique. A geodesic space is a metric
space (X,d) in which every two points of X are joined by a geodesic segment. It is said to be a uniquely
geodesic space if every two points of X are joined by only one geodesic segment. Let X be a uniquely
geodesic space and (1 —¢)x @ty denote the unique point z of the geodesic segment joining x to y for each
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x,y € X such that d(z,x) = td(x,y) and d(z,y) = (1 —t)d(x,y). Set [x,y] :={(1 —t)xPBty:t €[0,1]}.
Then a subset C C X is said to be convex if [x,y] C C for all x,y € C.

Lemma 1.1. [3] Let X be a uniquely geodesic space. The following are equivalent:

(1) X is a CAT(0) space.
(ii) X satisfies the CAT(0)(CN) inequality i.e. If x,y,z are points in X and q is the midpoint of the

segment [y, z], then

1 1 1
dz(xv Q) < Edz(xvy) + Edz(x’z) - Zdz(yaz)'

A complete CAT(0) space is called a Hadamard space. There are many Hadamard spaces such as
Hilbert spaces, the Hilbert ball [9], Euclidean space R”, R-trees, hyperbolic space [21] and any complete
simply connected Riemanian manifold having non-positive sectional curvature. Let {x,} be a bounded
sequence in a complete CAT(0) space X and for x € X,

r(x,{x,}) := limsupd(x,x,).

n—soo

The asymptotic radius of {x,} is given by

r({x,}) = inf{r(x,{x,}) :x € X}

and the asymptotic center of {x,} is the set

A{xa}) = {r e X (e {x}) = r({x})}-

In a complete CAT(0) sapce, it is known that A({x, }) consists of exactly one point; see [7]. A sequence
{xn} is said to be A-convergent to a point x € X if for every subsequence {x,, } of {x,}, A({xn }) = {x}.
In this case, x is called the A-limit of {x,} and it is written as A-lim,, . X, = x.

The concept of the quasilinearisation in a complete CAT(0) space was introduced by Berg and Nicolev
[1]. They denoted a pair (a,b) € X X X by CZ and called it a vector. The quasilinearisation is a map
(Lo:(XxX)x(XxX)—=R deﬁnedby

(@b, cd) d2 (a,d) +d2(b,c) —d?(a,c) — d*(b,d))

for every a,b,c,d € X. Following the definition, it is easy to see that, for all a,b,c,d,e € X,

(ab,ab) = d?(a,b),

ba ca’ % cd),
and
(ab,cd) = (@, cd) + (eb,cd).
The space X is said to satisfy the Cauchy Schwartz inequality if, for all a,b,c,d € X,

(ab,cd) = d(a,b)d(c,d).

It is known (see [1]) that a geodesically connected metric space is a CAT(0) space if and only if it satisfies
the Cauchy-Schwartz inequality.
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The concept of dual space in a complete CAT(0) space X was introduced by Kakavandi and Amini
[12] is as follow: Let C(X,IR) be the space of all continuous real-valued functions on X. Consider a map
®:RxX xX — C(X,R) defined by

O(t,a,b)(x) = t(ab, @), (t € R,a,b,x € X).
The Cauchy-Schwartz inequality implies ©(¢,a,b) is a Lipschitz function with Lipschitz semi-norm
L(O(t,a,b)) = |t|d(a,b)(t € R,a,b € X),

where the Lipschitz semi-norm L(¢) of any function ¢ : X — R is given by

() —9()

L(9) :sup{¢ d0ey) (x,y € X,x #y}.

A pseudometric D on R x X x X is defined by
D((t,a,b),(s,c,d)) = L(O(t,a,b) — O(s,c,d)),
fort,s € R and a,b,c,d € X. In a complete CAT(0) space, it was shown [12] that D((¢,a,b), (s,c,d)) =0
if and only if
tab,3) = s(cd, ), Va,yeX.
Thus D induces an equivalence relation on R x X x X with equivalence class defined by
ltab] := {scd : D((1,a,b), (s,c,d)) = O}.

The pair (X*,D) is called the dual space of the metric space (X,d), where

X* = {[tab] : (t,a,b) e R x X x X}

and the function D on X* is a metric.
The concept of attractive points of a nonlinear map 7 was first studied in the setting of CAT(0) spaces
by Kunwai, Kaewkhao and Inthakon [19]. They defined and denoted the set of attractive points A(T) by

A(T)={z€X:d(z,Ty) <d(z,y),Vx € C}

and established some of its properties. In 2015, Kaewkhao, Inthakon and Kunwai [10] proved the A-
convergence of a Mann-type scheme to a point in the set of attractive points of normally generalized
hybrid mappings. Recently, Cuntavepanit and Phuengrattana [5] studied the class of further generalized
hybrid mappings [22] in Hadamard spaces. They established the demiclosed principle and proved the
A-convergence for attractive points.

It is our purpose in this paper to introduce a further 2-generalized hybrid mapping, which includes
normally 2-generalized hybrid and further generalized hybrid mappings as special cases, in a complete
CAT(0) space. We then construct a Halpern’s type iterative scheme to find an attractive point of such
mappings. Our results improved and generalize many results in the literature.
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2. PRELIMINARIES

Throughout this paper, the symbols ” — ” and ” — ” represent the strong and the A-convergence,
respectively. The following results play vital roles in establishing our main result.

Lemma 2.1. [7] Let X be a CAT(0) space and x,y € X, t € [0,1]. Then
(i) d(z,tx@ (1 —1)y) <td(z,x)+ (1 —1)d(z,y);
(i1) dz(z’thB (1 _t)y) < tdz(z’x) + (1 _t)dz(z7y) _t(l _t)dz(xvy)'

The following notation was introduced by Dompongsa, Kaewkhao and Panyanak [8] in CAT(0) spaces.
Let x1,x2, ...,x, be points in CAT(0) spaces. For A1,22,...,A4, € (0,1) with 7 | A; = 1, we write

; A A At
D Aixi = (1 —A”)(l—ll,,xl @B e 1) @ Anx,
where the definition of @ is an ordered one in the sense that it depends on the order of points x1, ..., x,.

The following Lemma can be deduced from [4, Lemma 12]. For completeness, we give the shorter
proof here.

Lemma 2.2. Let X be a complete CAT(0) space and x,y € X, t; € (0,1). Then
n
d2(27@?:0tix,-) < Zt,-d2(z,x,-) —tjtkdz(xj,xk),
i=0

where j.k € {0,1,...,n} and Y} ot; =1

Proof. Without loss of generality, we assume j = 0,k = 1 and apply induction on n. For n = 1, the result
follows from (ii) of Lemma 2.1. Suppose the result is true for n = m, for some m > 1, i.e.,

& (z, & otixi) < Zt, (z,x;) — tot1d* (x0,x1).
i=0

We now prove for n = m+ 1. By convexity of distance function in a complete CAT(0) space, we get

hx tnX
d2<z7 @:igltixi) = d2(Z7(1 —am+1)( mem )@[m+1x’71+1)
1 —Im+1 1_tm—i-l
2 m IiX;
= d (Z,(l*l‘m+l)@i:0 1 EBthme)
_thrl

< Ztl Z xl _totld (x07x1)+tm+ld (Z -xm—i-l)

m+1
= Zt, (z,xi) —totld (x0,X1)-

This completes the proof. g
Lemma 2.3. [6] Let X be a CAT(0) space and x,y,z € X. Then, for allt € [0,1],
d2(z,tx€B (1 _t)y) < tzdz(zax) + (1 _t)de(Z,y) - 2t(1 _t)<ﬁay?>

Lemma 2.4. [13] Let X be a complete CAT(0) space. Then every bounded sequence in X has a A-
convergence subsequence.
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Kakavandi [11] introduced the notion of the S property for complete CAT(0) spaces and used it to
characterize the concept of the A-convergence in the space. A complete CAT(0) X is said to satisfy the S
property if, for any (x,y) € X x X, there exists a point y, € X such that [x] = [y].

Lemma 2.5. [11] Let X be a complete CAT(0) space that satisfies the S property. Let {x,} be a bounded
sequence in X and x € X. Then A —lim,_,.. x, = x if and only if lim;_, <m, x_>y) =0forallyeX.

Lemma 2.6. [11] Let X be a complete CAT(0) space, {x,} a sequence in X and x € X. Then {x,}
A-converges to x if and only if limsup,,_, ., <ﬁ, )7) <0, VyeX.

Kaewkhao, Inthakon and Kunwai [10] proved that the set of attractive points of map 7 is closed
and convex in a complete CAT(0) space that satisfy (Q4) condition. A complete CAT(0) space is said
to satisfy (Q4) condition [11] if, for any x,y,p,q € X, d(p,x) < d(x,q) and d(p,y) < d(y,q) imply
d(p,m) < d(m,q),Vm € [x,y].

Lemma 2.7. [10] Let (X,d) be a complete CAT(0) space satisfying the (Q4) condition. Let C be a
nonempty subset of X and T : C — X be any map. Then, A(T) is closed and convex.

Let [~ be the Banach space of bounded sequences with supremum norm and let u : [ — R be a
bounded and linear functional on [*. Let p(f) (or w,(x,)) denote the value of u at f = (x1,x2,x3,.....) €
. A mean U, is a linear functional defined on [~ satisfying u(e) = ||u|| = 1, where e = (1,1,1,...).
And a Banach limit on [* is a mean , such that i, (x,+1) = W, (x,). The existence a Banach limit on [*
is well known. In fact, if u is a Banach limit on [*°, then, for f = (x1,x2,x3,.....) € [,

h]ggigfxn < Up (xn) < liZILSEPXW
In particular, if f = (x1,x2,x3,.....) € [ and x, — [ € R, then u(f) = w,(x,) = . For the proof of the
existence of a Banach limit and its elementary properties; see [26].

Lemma 2.8. [10, 19] Let C be a nonempty subset of a complete CAT(0) space X and T : C — C be a
mapping. Let {x,} be a bounded sequence in C such that lim,_,.d(x,,Tx,) = 0. Then

(i) the sequences {d(x,,y)} and {d(Txy,y)} are bounded for all y € C;
(i) pnd(xn,y) = pud(Txy,y) for any Banach limit [, on I*.
Lemma 2.9. [28] Let {a,} be a sequence of nonnegative real numbers satisfying the following relation:
any1 < (1= 0t)an + 0,8y, n > no,
where {0,} C (0,1) and {8,} is a real sequence satisfying the following conditions 1im,_,. ¢, = 0,

Yo, 0y =o0andlimsup,_,. 8, <O0. Then lim,_,.a, = 0.

Lemma 2.10. [20] Let {a,} be a sequence of real numbers such that there exists a subsequence {n;} of
{n} such that a,, < an.+1 for all i € N. Then there exists a non-decreasing sequence {my} C N such that
my — o and the following properties are satisfied by all (sufficiently large) numbers k € N:

amk S aWIk"r]

and
ag < dp 11

Infact, my =max{j <k:a;<aj }.
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3. MAIN RESULTS

In this section, X is considered to be a complete CAT(0) space. We start by introducing a new gen-
eralized nonlinear mapping called further 2-generalized hybrid mapping in Hadamard spaces. We then
construct a Halpern type iterative scheme that converges strongly to a attractive point of a further 2-
generalized hybrid mapping.

Definition 3.1. Let X be a complete CAT(0) space and let C be a nonempty subset of X. A mapping
T : C — C is said to be further 2-generalized hybrid if there exist o, o, 3,81, B2, B3, €1,& € R such
that (i) Y3, (o + Bi) > 0,€1,& >0, (i) ¥, oy > 0 and

(i) o d®(T2x, Ty) + 0d*(Tx, Ty) + azd*(x, Ty) + B1d*(T?x,y)
+  Bod*(Tx,y) + B3d®(x,y) + €1d* (x, T*x) + £2d*(x, Tx) < 0.
for all x,y € C.

Remark 3.1. If oy = 1 = & =0, then the mapping is reduced to a further generalized hybrid mapping in
the sense of [5]. Also, the mapping is reduced to a normally 2-generalized hybrid mapping if £ =& =0,
i.e., there exist &1, 0, a3, B1, B2, B3 € R such that (i) Y7, (o + B;) > 0, (ii) Y-, & > 0 and

(i) o d*(T2x, Ty) + 0pd*(Tx,Ty) + ozd®(x, Ty) + Bi1d*(T*x,y)
+ ﬁZdz(Txay) +ﬁ3d2(x7y) <0.

forall x,y € C.

Lemma 3.1. Let C be a nonempty subset of a complete CAT(0) space X which satisfy the (S) property
and let T : C — C be a further 2-generalized hybrid mapping. Let {x,} be a bounded sequence in C such
that A —1im,, e x, = z and d(x,,Tx,) — 0, d(x,,T?x,) — 0 as n — oo. Then z € A(T).

Proof. Since {x,} is bounded, one sees from Lemma 2.7 that {d(x,,y)}, {d(Tx,,y)} and {d(T*x,,y)}
are bounded. Now replacing x with x,, in (iii) of Definition 3.1, we get

o1 d*(T?x,, Ty) + 0ad? (Tx,, Ty) + 03d? (x,, Ty) + B1d* (T*x,., y)
4+ Bod*(Txp,y) + Bsd?(xn,y) + €1d° (xn, T*x) + €2d° (x0, Tx) < 0.

for all y € C. By applying Banach limit on both sides of the above inequality and the boundedness of
{xn}, we get

01 tnd® (T2, Ty) + 0t d” (T, Ty) + 03 fhnd” (%, TY) + Br tnd? (T2, Y)
+ Bottnd® (T, y) + Battnd” (Xn,y) + &1 tnd® (xn, T ) + €2100d” (X, Tx) < 0.
for all y € C. This implies
(a1 + 0 + 03) tnd (Xn, Ty) + (B + B2 + B3) tnd” (X, ) <O,

forall y € C. Since Y}, a; > 0, we obtain from definition 3.1 that

(B1+ B2+ Bs)
(o + o+ 03)

for all y € C. Using the fact that Y3, (a; + ;) > 0, we get

Und? (X, Ty) < pind” (xn,y), 3.1)

I'Lndz(xnyTy) <- .undz(XmY),
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for all y € C. Since X satisfy S property and A — lim,,_,.. X, = z, we find from Lemma 2.5 that lim,,_,c
(zx,79) = 0 for all y € C. By definition of quasilinearization, we get

lim (a*(xy,2) — d*(xa,y) +d°(2,)) = 0,
for all y € C. Thus
1 (d* (xn,2) — d*(xn,y) +d*(2,)) = 0.
From (3.1), we get
_.undZ(XmY) < _undz(xna Ty)'
This implies
—tnd”(x,y)  +  (d*(x0,2) +d*(2,y) +d(2,Ty))
—nd® (X0, Ty) + 1 (d> (x0,2) + d (z,y) +d* (2, Ty)).

IN

By rearranging, we get
(2 Ty) + p(d*(xn,2) —d*(x,y) +d*(2,y))
< d(2,y) + u(d* (x,2) = d* (0, Ty) +d*(2,Ty)).
Thus, d(z,Ty) < d(z,y). Hence z € A(T). This completes the proof. O
Theorem 3.1. Let C be a nonempty, convex subset of a complete CAT(0) space X which satisfy property

(S) and condition (Q4). Let T : C — C be a further 2-generalized hybrid mapping such that A(T) # 0.
Let {x,} be a sequence generated by u,x; € C

(3.2)
Xn+1 = Ot D (1 - 6n)yn’

where {0, },{Bn},{ W} and {6,} are real sequences satisfying {ct,},{Bu},{ W} C |a,b] C (0,1) with

O+ B+ =1and (C) :limy 6, =0, (C2) : Y51 8, = +oo. Then {x,} converges strongly to z =

Pacry(u).

Proof. From Lemma 2.7, we see that A(T') is closed and convex. So, z = Pyr)(u) is well defined. Let

7= Py(q)(u) € A(T). From equations (3.2), Lemma 2.1 and definition of A(T'), we have

d(z,yn)

{ Vn = OpX, D BnTxn S¥ }/nszn

d(z, 0xy ® BuTx, ® YT x,)

0d (2,%,) + Bad (2, Txy) + Yod (2, T*xy,)
0nd (2,Xn) + Brd (2,%n) + Yad (2,%n).-
d(z,%,).

ININ

Similarly,

d(zaxn+1) = d(Za 5,,14@(1 _Sn)))n)
Ond (z,u) + (1 — 8,)d(z,yn) (3.3)
< Gud(zu) +(1—8,)d(z,xn).

By induction, we obtain

d(z7xn+1) < maX{d(z,u),d(z,xn)}, Vn>1,
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which implies that {d(z,x,)}, {x,}, {Tx,} and {T?x,} are bounded. By (3.2) and Lemma 2.2, we have

dZ(Z>)’n) = dz(za anxn@ﬁnTxn@'}/nszn)
< opd? (z,x0) + Bndz (z,Txn) + }/ndz(z, szn) - O‘nﬁnd2 (Xn, Txn)
< opd? (2,%a) + Bndz (2,%a) + yndz (2,%n) — O‘andz(xnv Txn)

d(2,%n) = O Bad” (X0, T ).
Thus,

d*(2,n) < d*(2,%n) — CuPud” (xn, Txy). (3.4)
Similarly,

d*(2,y0) < d*(2,%0) = O Yad” (30, T2, (3.5)
It follows from (3.2), Lemma 2.1, (3.4) and (3.5) that

& (zxm1) = d*(2,8,u® (1 8,)y)

Ond® (2,u) + (1= 8,)d* (2, yn)
8ud®(z,u) + (1 — 8,)d*(
(1= 8,) 0B (i, Txs)
8uld? (z,u) — d*(2,%n) + 0 Bud* (Xn, Tx)]
+ d*(2,%0) — OWBud? (X0, Ty).

IN

IN

van)

Putting
ki = sup{|d*(z,u) — d*(z,x,)| + 0t Bud*(xn, Tx,)}
and
ko = sup{|d®(z,u) — d*(z,xn) | + 0 Yad” (xn, T2x2) },
we get
d*(2,%n11) < d*(2,%n) — O Bud? (X0, TXn) + k1,
and
d*(2,%041) < d*(2,%0) = O Yud” (0, T*%) + 81k
These imply
0 Bud? (X, Tx) < d*(2,%0) — d*(2,%n11) + Sakr, (3.6)
and
O Yudd” (5, T%) < d® (2,2) — d* (2, 201) + Guka. (3.7)

We next consider the following cases.
Case 1. Assume sequence {d(z,x,)} is non-increasing. Since it is bounded, it is convergent. Thus, we
have that
d*(2,%,) —d*(2,%p41) — 0 as n — oo, (3.3)
Using Cy, equations (3.6), (3.7) and (3.8) we have o,,d>(x,,Tx,) — 0 and 0,%,d?(x,,T?x,) — 0 as
n — oo, Using the fact that a,, B, 1 € [a,b] C (0, 1), we obtain

lim d(x,,Tx,) =0, lim d(x,,T?x,) =0. (3.9)
n—oo

n—soo
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From (3.2) and (3.9) we get
d(xp,yn) < Oud(xXn,xn) + Bnd (x4, Txy) (3.10)
+ }/ndz(xn, szn) — 0 asn— oo,

Using (3.2) and C1, we get

d(YnXnr1) = d(Yn,0,u® (1 —68,)yn)

< 8ud(yn;u) + (1= 80)d (Y, yn)
= 8,d(yn,u) = 0asn— oo, (3.11)
It follows from (3.10) and (3.11) that
r}ij?od(xn,xn+1) =0. (3.12)

Since X is a complete CAT(0) space and {x,} is bounded, one obtains from Lemma 2.4 that there
exists a subsequence {x, } of {x,} such that A-limy_,x,, = z. From limy_,ed(xy, ,Tx, ) = 0 and
1imy e d (X, , Ty, ) = 0, we obtain from Lemma 3.1 that z € A(T). Using Lemma 2.6, we have
limsup (2, %,2) = limsup(uZ,%,.2) <0, (3.13)
n—oo k—so0
for all u € X. Using the quasilinearization property, the Cauchy-Swartz inequality, (3.10) and (3.13), we
have that

limsup( 7 j = limsup(<ﬂ,yn_x>n)+<ﬂ,ﬂ>)

n—eo n—eo

< limsup(d(u,2)d (yn, Xa) + (12, X,2)) < 0. (3.14)

n—soo
Using inequality (3.14) and condition C1, we get
limsup(8,d(z,u) +2(1 — 8,) (i, 3m2)) < (3.15)
n—soo

From (3.2) and Lemma 2.3, we get
d*(z,0011) < 87> (z,u) + (1= 8,)°d (2,30) +28,(1 = 8,) (i, 35).

Thus,
d*(2,3n41) < (1= 8,)d? (2, %) + 84(8,d> (z,u) +2(1 — 8,) (i, 722)). (3.16)

By Lemma 2.9, inequalities (3.15) and (3.16), we obtain that x,, — z as n — co.

Case 2. Assume sequence {d(z,x,)} is not non-increasing. Putting {a, } = {d*(z,x,)}, we find that there
exists a subsequence {n;} of {n} such that, for all i € N, a,,, < a,,41. For some sufficiently large N and
for all n > N, we define amap 7: N — N by

t(n) =max{k <n:ay < ap1}.

Then, it follows from Lemma 2.10 that 7(n) is non-decreasing with 7(n) — e as n — oo and a(,) <
Ar(n)+1> Gn < Ar(n)41- Using the fact that 8;(,) — 0 as T(n) — oo, equation (3.6) and (3.7), we obtain
d(Xz(ny, TXz(n)) — 0, d (X7 (), szr(n)) — 0 as t(n) — 0. Following similar argument as in Case 1, we see
from (3.15) that

limsup (S d (z,u) +2(1 — 8yi)) (U2, Yo 2)) < (3.17)

n—soo
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It follows from equation (3.16) that
Ar(n)+1 < Ar(n) + 51(11) [51:(n)d2 (z,u) +2(1— 5‘:(11)) <ﬂ>ﬁ> - ar(n)]'
From the fact that a(,) < a;(, 4 and ;(,) > 0, the above inequalities give
Agn) < Senyd”(z,u) +2(1 — 8)(uZ, yu2).-

Thus, using (3.17) we get

‘c(}qi)rgooar(n) - r(}qi)rgooaf(n)Jrl =0

Since 0 < g, < Ar(n)+15 this implies that lim,_,e @, = lim,,_,e d(z,x,) = 0. Therefore, x, — z as n — oo.
Hence in view of the above two cases, we see that {x, } converges strongly to z = P47 (u) € A(T). This
completes the proof. U

In view of Remark 3.1, the following results can be obtained by applying Theorem 3.1.

Corollary 3.1. Let C be a nonempty, convex subset of a complete CAT(0) space X which satisfy property
(S) and condition (Q4). Let T : C — C be a further generalized hybrid mapping such that A(T) # 0. Let
{xn} be a sequence defined by (3.2). Then {x,} converges strongly to z = Pyr)(u).

Proof. Since a further 2-generalized hybrid is reduced to a further generalized hybrid mapping if o =
Bi = & = 0. It follows from Theorem 3.1 that sequence {x,} converges strongly to z = P47)(u). This
completes the proof. O

Corollary 3.2. Let C be a nonempty, convex subset of a complete CAT(0) space X which satisfy property
(S) and condition (Qy). Let T : C — C be a normally 2-generalized hybrid mapping such that A(T) # 0.
Let {x,} be a sequence defined by (3.2). Then {x,} converges strongly to z = Py (7 (u).

Proof. If € = & = 0, then a further 2-generalized hybrid is reduced to a further generalized hybrid
mappings. From Theorem 3.1 we see that {x,} converges strongly to z = Pyz)(u). This completes the
proof. U
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