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Abstract. An existence result of the Filippov type for the mild solutions of a class of nonconvex second-order integro-
differential inclusions is obtained. By using a selection theorem due to Bressan and Colombo concerning the existence of
continuous selections of lower semicontinuous set-valued maps with decomposable values, we obtain the existence of mild
solutions continuously depending on a parameter for the problem considered. Based on this result, we deduce the existence of
a continuous selection of the solution set of the problem considered.
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1. INTRODUCTION

In this paper we study second-order integro-differential inclusions of the form

X (t) € A(t)x(t) +/()IK(t,s)F(s,x(s))ds, x(0) = x9, x'(0) = yo, (1.1)

where F : [0,T] x X — Z2(X) is a set-valued map lipschitzian with respect to the second variable, X is a
separable Banach space, {A(7) },>¢ is a family of linear closed operators from X into X that generates an
evolution system of operators {S(z,5)}; sepo,7], A = {(t,5) € [0,T] x [0,T];¢ > s}, K(.,.) : A— Ris con-
tinuous and xg,yo € X. The framework of operators {A(¢) };,>0 that define problem (1.1) was introduced
by Kozak [14] and, afterwards, improved by Henriquez [11].

Over the last years, one may see an increasing interest in the study of integro-differential equations
and inclusions; see, for instance, [1, 6, 13, 16] and the references therein. Even if there are first-order or
second-order integro-differential equations or inclusions, the results are, mainly, concern with existence,
uniqueness, controllability or other qualitative properties of the solutions. Most of the results on this
topic are based on fixed point techniques. The goal of this paper is to consider a second-order integro-
differential inclusion defined by a relatively new class of operators and to obtain several existence results
in the situation when the set-valued map that defines the problem is Lipschitz in the state variable.

In control theory, the infinitesimal properties of the reachable sets may be characterized only by tan-
gent cones in a generalized sense. It is essential to identify such kind of tangent cones existence results
like the ones in this paper. Our aim is to show that Filippov’s ideas [9] can be suitably adapted in order
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to prove the existence of mild solutions to problem (1.1). On one hand, using the classical measurable
selection theorem of Kuratowsky and Ryll-Nardzewski [15], we obtain a Filippov type existence result
for problem (1.1). In the general theory of differential inclusions, a Filippov type theorem [9] means a re-
sults which proves the existence of a solution of a differential inclusion defined by a Lipschitz set-valued
map starting from a given “almost” solution. At the same time, the result gives an estimate between the
“almost” solution and the solution obtained. The proof of our result follows the general ideas in [9],
where a similar result was proved for semilinear differential inclusions.

On the other hand, using a selection theorem due to Bressan and Colombo [5] concerning the existence
of continuous selections of lower semicontinuous set-valued maps with decomposable values, we deduce
the existence of mild solutions of problem (1.1) continuously depending on a parameter. The proof of
follows the general ideas presented in [6, 8]. This result is, in fact, a continuous (parametrized) version
of Filippov theorem for the problem considered.

In [2, 3,4, 7, 11, 12], existence results and qualitative properties of mild solutions were obtained for

the following problem
x'(1) € A(t)x(t) + F(t,x(t)), x(0) =xo, X'(0) = yo, (1.2)

with A(.) and F(.,.) are as above.

On one hand, our results extend some results in [7] obtained for problem (1.2) to the integro-differential
framework (1.1). On the other hand, our results extend similar results in [1, 6] obtained for some classes
of first-order integro-differential inclusions to second-order integro-differential inclusions.

The paper is organized as follows. In Section 2, we present the notations and definitions which will
be used in the sequel. Section 3 and Section 4 are devoted to our main results.

2. PRELIMINARIES

Denote the interval [0,7], where T > 0, by J, and let X be a real Banach space with the norm |.|.
Denote by B the closed unit ball in X, by .#(J) the o-algebra of all Lebesgue measurable subsets of J,
by #(X) the family of all nonempty subsets of X and by %(X) the family of all Borel subsets of X. If
A C J, then xa(.) : J — {0,1} denotes the characteristic function of A. For any subset A C X, we denote
by cl(A) the closure of A. C(J,X) is the Banach space of all continuous functions z(.) : J — X endowed
with the norm |z(.)|c = sup,,|z(t)|. L'(J,X) is the Banach space of all (Bochner) integrable functions
z(.) : J — X endowed with the norm |z(.)|; = fi |2(¢)|dt and B(X) is the Banach space of linear bounded
operators on X.

Recall that a subset M C L'(J,X) is said to be decomposable if, for any v(-),w(-) € M and any subset
Be ZL(J),vxp+wxa € M, where A=1\B. Z(J,X) denote the family of all decomposable closed subsets
of L'(J,X). Let (A,d) be a separable metric space. We recall that a multifunction H(-) : A — Z(X)
is said to be lower semicontinuous if, for any closed subset A C X, {4 € A;H(A) C A} is closed. In
what follows, {A(f) };>0 is a family of linear closed operators from X into X that generates an evolution
system of operators {S(z,s)}; sc;. One knows from the hypothesis that the domains of A(z) and D(A(z))
are dense in X and are independent of 7.
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Definition 2.1. [11, 14] A family of bounded linear operators S(z,s) : X — X, (¢,5) € A :={(t,s) €
J x J;s <t} is called an evolution operator of the equation

x'(t) = A(t)x(¢) 2.1

if the following conditions are satisfied:
i)if x € X, (¢,5) — S(z,5)x is continuously differentiable and
a)S(t,t) =0,r€J,
b)if t € J and x € X, then %S(t,s))d,:v =x and %S(z,s)x\tzs = —x;
ii) if (1,5) € A, then £.8(t,s)x € D(A(t)), the function (t,s) — S(t,s)x is C> and
a) g—;S(t,s)x =A(1)S(t,5)x,
b) 258(1,5)x = S(1,5)A(r)x,
¢) 525 S(t,8)x| =5 = 0
iii) if (¢,s) € A, then there exist %S(r,s)x, %S(t,s}x and
a) %S(t,s)x = A(I)%S(I, s)x and the function (z,s) — A(I)%S(I,s)x is continuous,
b) %S(l,s)x = %S(Z,S)A(s)x.

As an example of equation (2.1), one may consider the following problem ([11])

0%u 9u du
W(I’T):T‘CZ(I’T)—i_a(t)E(t?T)? Z‘EJ,TE[O,ZHT],

du du
a—f(t,o) =52
where a(.) : J — R is continuous. The problem is modelled in the space X = L*(R,C), 2x-periodic
dzur(f) with domain H?(R,C) and the Sobolev space of
27-periodic functions whose derivatives belong to L?>(R,C). It is known that A; is the infinitesimal

u(t,0) =u(t,m) =0, (t,2m), t € J,

2-integrable functions from R to C and Aju =

generator of strongly continuous cosine functions C(¢) on X. In addition, the spectrum of A; consists of
L ¢ n e N. The set u,, n € N is an

V2m
orthonormal basis of X. In particular, Aju =Y,z —n® < u,up > Uy, U € D(A;). The cosine function is

eigenvalues —n?, n € Z with associated eigenvectors u,(7) =

given by

C(t)u= Z cos(nt) < u,up > uy
neZ

with the associated sine function

sin(nt)

St)z=1t <uug>up+ Y
nel*

< U,Uy > Uy.
It remains to define the operator A (¢)u = Ot(t)% with domain D(A,(¢)) = H'(R,C) and put A(t) =
A +Ay(t). In [11], it was proved that this family generates an evolution operator as in Definition 2.1.

Definition 2.2. A continuous mapping z(.) € C(J,X) is called a mild solution of problem (1.1) if there
exists a (Bochner) integrable function g(.) € L' (J,X) such that

g(t) € F(t,z(t)) a.e.(J), (2.2)

(1) = —;SS(t,O)xo—i—S(t,O)yo—ir /0 "S(.s) /O "K(s,7)g(t)drds, t € J. 2.3)
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In what follows, we say that (z(.),g(.)) is a trajectory-selection pair of (1.1) if g(.) verifies (2.2) and
z(.) is defined by (2.3). The solution set of (1.1) will be denoted by

L (x0,y0) = {(z(.),8(.)); (z(.),g(.)) is a trajectory-selection pair of (1.1)}.
Next we assume the following hypothesis.

Hypothesis 2.1. (i) There exists an evolution operator {S(z,s) }; scs associated with the family {A(7)};>o.
(ii) There exist m,mo > 0 such that [S(z,s)|px) < m, |%S(t,s)| < my, for all (z,s) € A.

Obviously, condition (2.3) can be rewritten as
z(t) = —;SS(I,O)xo +5(7,0)y0 +/Otg2/(t,s)g(s)ds Vi e J, (2.4)
where % (t,s) = [/ S(t,7)K(7,s)dt. Denote ko := Sup(; )ca |K(t,5)| and note that |% (t,s)| < mko(t —
s) < mkoT.
3. A FILIPPOV TYPE THEOREM

In what follows, v, wo € X, f(.) € L' (J,X) and x(.) € C(J,X) is a mild solution of the Cauchy problem

t
X(6) = A)x(t) + / K(t,)f(s)ds  x(0) = vo, ¥'(0) = wo.
0
Hypothesis 3.1. (i) Hypothesis 2.1 is satisfied.
@) F(.,.) : I xX — Z(X) has nonempty closed values and, for every x € X, F(.,x) is measurable.
(iii) There exists /(.) € L'(I, (0,0)) such that
dH(F<t7y1)7F(t7y2)>Sl(t)‘yl_y2’7 VyLy €X,
where d (B,C) is the Hausdorff distance between B,C C X,
dy(B,C) = max{d*(B,C),d"(C,B)}, d*(B,C)=sup{d(b,C);b € B}.
(iv) The function t — p(t) :=d(f(¢),F(t,x(t)) is integrable on 1.
V) A={(t,s) e JxI;J > s}, K(.,.) : A— Ris continuous.
Set L(t) = e"&oT lo!()du ¢ ¢ J. The next technical results summarized are well known in the theory of

set-valued maps. For their proof, we refer the reader to [10].

Lemma 3.1. Let X be a separable Banach space. Let G : J — P (X) be a measurable set-valued map
with nonempty closed values and f,h: 1 — X, L: I — (0,00) measurable functions. Then

(i) The function t — d(h(t),G(t)) is measurable,

(i) If Gt)N(f(t) +1(t)B) # 0 a.e. (J) thent — G(t) N (f(¢) +1(t)B) has a measurable selection.

If Hypothesis 3.1 is satisfied and x(.) € C(J,X), then set-valued map t — F(t,x(t)) is measurable.

We are ready now to prove the main results of this section.

Theorem 3.1. Let 1(t) = L(t)(8 +mkoT [} p(s)ds), where § > 0. If Hypothesis 3.1 is satisfied, then,
Sor any xo,y0 € X with mg|xo — vo| + m|yo — wo| < 6 and any € > 0, there exists (z(.),g(.)) a trajectory-
selection pair of (1.1) such that

|z(t) —x(¢)| < n(t) + emkoTtL(t) VreJ,
lg(t) — ()| <1(t)(n(t) + emkoTtL(t)) + p(t) + € a.e. (J).
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Proof. Consider € >0 and set y(t) = & +mkoT [y p(s)ds+emkoTt, z0(t) = x(t), go(t) = f(t),t €J. One
constructs the sequences z,(.) € C(J,X), g,(.) € L'(J,X), n > 1 with the following properties

() = —gsS(t,O)xo +8(t,0)y0 + /0 tS(t,s)gn(s)ds, VteJ, (3.1)
21(t) —z0(t)| < ¥(1) Ve e, (32)

|g1(t) —go(t)| < p(t) +& a.e. (J), (3.3)

gn(t) EF(t,zy-1(t)) ae.(J),n>1, (3.4)

181 (1) —8n(t)] < 1(1)|2n(t) = zn-1(1)] a.e.(J),n> 1. (3.5)

From (3.1), (3.2) and (3.5), we have, for almost all ¢ € 1,
t
a1 () =20 < [ 12 (1.0) g () = gt
t
< mkoT /0 111 2n(11) = 2ns (1) d

t 1
gmkoT/O z(n)/o % (11,12)),

and
|gn(t2) — gn—1(t2)|dt2

< (mkoT)? /0 ) / U 1) 201 (12) = 2na (1) dtadt
< (mkoT)" [ 11 / I(t2).. / 1(t) |21 () — x(t) |dt...dty

< (1) (mkoT)" / (t / 1(1). /t'” (tn)dty...d1,
(ko fy1(5)ds)"

n!

= ()

Thus {z,(.)} is a Cauchy sequence in Banach space C(J,X). From (3.5) for almost all 7 € J, sequence
{gn (1)} is Cauchy in X. Using(3.2) and the last inequality, we have

|20 (1) —x(2)[ < |21 (1) —x(1)| + Z |21 ()
koT [11(s)ds)?
gy(z)[1+mkoT/0 l(s)ds—i—(m 0 fg'(s) LA (3.6)
< ,},(t)emkoT Jo1(s)ds
=1(t)+emkoTtL(t).
From (3.3), (3.5) and (3.6), we obtain, for almost all r € I,
lgn(t) = f(1)] < Z |gi+1(1) = &i(0)[ + |g1(2) — f(1)]

3.7
Z|z, ()] plr) e G7)

< U(e)((e) + etL(e)mkoT) + ple) +e.
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Denote by z(.) € C(J,X) the limit of the Cauchy sequence z,(.). From (3.7), the sequence g,(.) is
integrably bounded. We have already proved that, for almost all ¢ € J, the sequence {g,(¢)} is Cauchy
in X. Consider g(.) € L'(J,X) such that g(t) = lim, . g,(¢). Taking the limit, we deduce that (2.2) for
almost all # € J. Taking the limit in (3.1) and using theLebesque’s dominated convergence theorem, we
get (2.4). From (3.6) and (3.7), we obtain the desired estimations.

Next, we construct the sequences z,(.),g,(.) with the properties in (3.1)-(3.5). This will be done by
induction. Note that the set-valued map t — F(,x(¢)) is measurable with closed values and

F(t,x(t))N{f(t)+(p(t)+€)B} #0 a.e. (J).
From Lemma 3.1, we find g1 (.) a measurable selection of the set-valued map
Gi(t) = F(t,x(t)) N {f(t) + (p(r) +€)B}.
Obviously, gi(.) satisfies (3.3). Define z;(.) as in (3.1) with n = 1. It follows that

1 6) =501 < = 2-810,0) (30— w0) |+ 15(,0) 0 —w0) | [ % 0,561 6) — £ (5l
< 5+mko/ot(p(s) +e)ds.

Assume that, for some N > 1 z,(.) € C(J,X) and g,(.) € L'(J,X),n = 1,2,...N satisfy (3.1)-(3.5). We
define the set-valued map

Gn1(t) :=F(t,zn(t)) N {gn(t) +1(t)|zn(t) —zy—1(2)|B}, t€J.

From Lemma 3.1, the set-valued map t — F(¢,zy(¢)) is measurable. From the lipschitzianity of F(z,.),
we have that, for almost all # € I, Gy (¢) # 0. With the aid of Lemma 3.1, we find a measurable selection
gn+1(.) of F(.,zn(.)) such that

lgn+1(1) =gn ()] <L) |zn (1) —zv-1 (1) a.e. (J).

We define xy(.) as in (3.1) with n = N + 1 and the proof is complete. O

4. A CONTINUOUS VERSION OF THE FILIPPOV’S THEOREM

The the following lemma is essential in the proof of our main results in this section.

Lemma 4.1. [5] Let G(.,.) : J X A = P(X) be L (J) @ B(A)-measurable with closed values such that
G(t,.) is lower semicontinuous for any t € J. Then the set-valued map H(.) : A — P(J,X) defined by

HA)={feL'(J,X); f()eGt,A) ae (J)}

has nonempty closed values and is lower semicontinuous iff there exists a continuous mapping q(.) : A —
L'(J,X) such that
d(0,G(t,A)) < q(A)(t) a.e (J), VA €A.

Lemma 4.2. [5] Let F(.) : A — 9D(J,X) be lower semicontinuous and let ¢(.) : A — L'(J,X), y(.):
A — L'(J,R) be continuous such that the set-valued map G(.) : A — 2(J,X) given by

G(s) =cl{f() e F(A); |f(1) =0 M)@) <y(A)() ae. (J)}

has nonempty values. Then G(.) admits a continuous selection.
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Hypothesis 4.1. (i) A is a separable metric space and b(.),c(.) : A — X, a(.) : A — (0, 00) are continuous
mappings.
(ii) There exists the continuous mappings f(.), p(.) : A — L'(J,X), x(.) : A — C(J,X) such that

(1)) (¢ +/Ktu Wdu YA EAie]

and
d(f(A)(2),F(t,x(A)(t)) < p(A)(t) ae. (J),VAEA.
Next, We use the following notations L(t) = [;1(u)du and
E(A)(1) := ko™ M) (tTa(R) +mo|b(2) —x(A)(0)| +mlc(R) = (x(2))'(0)])

4.1)
+mT/ p(A kaT L) gy,

Theorem 4.1. Assume that Hypotheses 3.1 and 4.1 are satisfied. Then there exist the continuous map-
pings 72(.) : A — C(J,X), g(.) : A— L' (J,X) such that, for any A € A, (z(A)(.),g(A)(.)) is a trajectory-
selection of
(1) € Alr)z +/ K(t,)F (,2(u))du, z(0) = b(A), £(0) = ¢(A)
and
2(A)(1) =x(A) ()| < E(A) (1) V(,5) €T XA, (4.2)
8(A) (1) = f(A) ()| < UO)EA) () +p(A) (1) +a(d) ae.(J), VA €A (4.3)

Proof. We make the following notations &,(1) = a(1) Zié n=0,1,..,

d(A) = mo|b(A) = x(2)(0)] +mlc(A) — (x(1))'(0)]

and .
s,
+ (mkoT)" ) (&(f_))]")!l (mkoTte,(A)t+d(A)) n>1.
Setting zo(A) () = x(A)(¢), VA € A, we define the set-valued maps Hy(.),Go(.) by
Ho(A)={veL'(J,X); v(r) € F(t,x(A)(r)) a.e.(J)},

Go(A) =cl{ve Ho(A); [v(t) = f(A)(1)] < p(A)(r) +&0(A)}.

u

Po(R)(0) = (ko) [ p(3) ()

One has
d(f(2) (1), F(t,x(A)(1)) < p(A)(1) < p(A)(t) + & (2).
From Lemma 4.2, one finds that set Go(A) is not empty. Putting F;(t,A) = F(t,x(4)(t)), one has

d(0,Fy (1,4)) < [f(A)(0)[+ p(A)(1) = p«(A)(r)
where p.(.) : A — L'(J,X) is continuous. From Lemmas 4.1 and 4.2, we find a continuous selection go
of Gy such that
go(A)(t) € F(t,x(A)(¢)) a.e.(J), VA €A,
and

80(A)(#) = F(A) ()] < po(A) (1) = p(A)(t) +&(A) YA EA €.
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Define
z7(A)() = —jsS(t,O)b(/l) +5(2,0)c(R) —i—/ot%(t,r)go(l)(r)dr.
It follows that

|21(A)(t) — 20(2)(1)]
<mo|b(A) —x(A)(0)[+mle(A) — (x(1)) (0)] +mkoT/Ot g0(A) (u) — f(A)(u)|du
< d(A) +mkoT /0 " po(A) (@) ()du -+ mkoTego(A)

<p1(A)(@).

As in [6, 8], we construct the sequences g,(.) : A — L' (J,X), z,(.) : A — C(J,X) such that
a) gu(.) : A— L'(J,X), z4(.) : A— C(J,X) are continuous.

b) gn(A)(t) € F(t,z,(A)(2)), ae. (J), A € A.

O [8a(A)(1) — gut A)(O)] < 1O)pu(A) (1), 2. (1), 4 € A,

d) zpr1(A) (1) = —%S(t,o)b(k) +8(t,0)c(A) + Jo % (t,r)gn(A)(r)dr, ¥t € J,A € A.

If g;(.),z(.) with a)-c) are constructed, we define z,1(.) as in d). From c¢) and d), we have

ot ()0~ 2 (W)

<o [/ (R) 1)~ -1 ()@l

< mkoT [ 1)pa() )

= ko7 [0 O iy O kv -+ ()

n!
< pus1(A)(1).

We also have

d(gn(A) (), F (1,201 (A) (1)) < U0)]znr1(A) (1) = 22 (A) ()] < L(1) pat1(A) (7).

For any A € A, define the set-valued maps

Hyi(A) = {veL'(J.X): v(t) €F(t.2001(A)(1)  a.e.(J)},

Guit(A) = clfv € Hyt(A): [v() = ga(A)(0)] < L()pus1 (R) (1) ave. () ).
In order to show that G,11(A) is nonempty, we notice that
(mkoT )" 141(1) (L(1))"
(n+2)(n+3)n!
is strictly positive and measurable for any A. Taking into account (4.5), we deduce
d(gn(A) (1), F (t, 2011 (A)(1)) <L) |2011(A)(1) = 2(A) (1) = wa(A)(2)
< UO)Par1(A)(0).

t—=wy(A)(t) =a(A)-

4.4)

4.5)

From Lemma 4.2, one sees that there exists v(.) € L'(J,X) such that v(t) € F(t,z,(A)(t)) a.e. (J) and

V(1) = 8n(A)(1)] < d(gn(A) (1), F (2,22 (2) (1)) + wa(A)(1).
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Therefore, G,,+1(A) is not empty. Define F,", | (t,A) = F(t,z,+1(4)(t)). We may write
d(0,F, 1 (,2)) <11)|zar1(A)(1) = 2a(4) (1)
< gn(A) (@) +1(t) pria (A)(1)
=P (A1) ae(J)

)-
)
)
(
where p;,(.) : A — L'(J,X) is continuous. Using Lemmas 4.1 and 4.2, we find a continuous function
gni1(.) : A — L'(J,X) such that
enr1(AN)(t) €F(t,zn1(A)(1)) ae.(J), VAEA

and

gt (A)(0) — g (A0 < LOpus1 (A1) ae.(J), VAEA.
From (4.4) and d), we deduce

2ar1(A)() =20 (A) (e < mkoT |gn1(A)(-) — gn(A) ()

: j (4.6)
< WL k12 )+ mkoTa(3) +a(A).

n!
Thus g,(1)(.), z,(1)(.) are Cauchy sequences in L' (J,X) and C(J,X), respectively. Since the mapping
A — MKoT|[p(A)(.)]1 +MK T*(A) +d(A)
is continuous, we get that A — g(A)(.) is continuous from A into L'(J,X). As above, (4.6) implies that

zn(A)(.) is Cauchy in C(J,X) locally uniformly with respect to A. Therefore, A — z(A)(.) is continuous
from A into C(J,X). Note that z,(4)(.) converges uniformly to z(A4)(.) and

d(gn(A) (1), F(t,2(A) (1)) < 1(1)[za(A)(t) =2(A) (1) a.e. (J), VA €A
Passing to the limit along a subsequence of g,(.) which converges pointwise to g(.), we find that
g(A) () € F(t,z(A)(1)) a.e. (J), VA €A.

Passing to the limit in d), we obtain that

Z(A)(t):—aass@,()) b(A) +S(,0)c( +/@/ (t,r)g

On the other hand, adding inequalities c) for all n and using the fact that };~; p;(4)(r) < &(A)(1), we get

[8nt1(A) (1) = F(A)(1)] < Ii;,)\gm(l)(u) —gi(A) ()] +g0(A) () = F(A)(1)]

< Ifoz<r>pz+l<x><r>+p<x><r>+eo<z> @7
<HDERND) +p(A) 1) +ah).
In a similar way, we obtain from (4.4) that
o (4)0) ~(A)0)] < £ 30 < W), “8)
It remains to pass to the limit in (4.7) and (4.8) in orde; to obtain (4.2) and (4.3), respectively. O

Theorem 4.1 allows us to obtain a continuous selections of the solution set of problem (1.1).
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Hypothesis 4.2. Hypothesis 3.1 is satisfied and there exists po(.) € L'(J,(0,%0)) with d(0,F(£,0)) <
po(t) ae. (J).

Corollary 4.1. Assume that Hypothesis 4.2 is satisfied. Then there exists a function z7(.,.) : J x X — X?
such that

a)z(.,(&,m)) € L(€,m)). V(€,n) € X2
b) (&,n) — z(.,(E,M)) is continuous from X* into C(I,X).

Proof. Taking S =X2,b(E,n)=E&,c(E,n)=n,Y(E,n) €X?, a(.): X* — (0,0) an arbitrary continuous
function, £(.) =0,x(.) =0, p(&,1)(t) = po(t), V(E,1) € X?,t €J in Theorem 4.1, we obtain the desired
conclusion immediately. g
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