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INFINITELY MANY HOMOCLINIC SOLUTIONS FOR FOURTH-ORDER DIFFERENTIAL
EQUATIONS WITH LOCALLY DEFINED POTENTIALS

MOHSEN TIMOUMI

Department of Mathematics, Monastir University, 5000 Monastir, Tunisia

Abstract. In this paper, we are concerned with the existence of infinitely many homoclinic solutions for a class of fourth-order
differential equations
ul® (x) + ou” (x) + a(x)u(x) = f(x,u(x)), VxeR,

where the function a € C(R,R) may be negative on a bounded interval and the potential F (x,u) = [¢ f(x,t)dr is only locally
defined near the origin with respect to the second variable. Some recent results in the literature are generalized and improved.
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1. INTRODUCTION

Consider the following fourth-order differential equation
() u™® (x) + ou” (x) + a(x)u(x) = f(x,u(x)), VxeR,

where o is a constant, a € C(R,R) and f € C(R x R,R) are two given functions. Here as usual, we
say that a solution u of (.%) is homoclinic (to 0) if u € C*(R,R) and u(x) — 0 as x| — co. In
addition, if u # 0, then u is called a nontrivial homoclinic solution. This equation arises from some
problems associated to mathematical models for the study of pattern formation in physics and mechanics,
for example, the well-known extended Fisher-Kolmogorov equation proposed by Coulet, Elphick and
Repeaux [4], in the study of phase transitions, the fourth-order elastic beam equation in describing a
large class of elastic deflection [13], the Swift-Hohenberg equation which is a general model for pattern-
forming process derived in [5] to describe vandom thermal fluctuations in the Boussinesque equation and
the propagation of lazers [7].

With the aid of variational methods and the critical point theory, the existence and the multiplicity
of homoclinic solutions for (%) have been extensively investigated in the literature over the past years,
see, e.g., [1, 2, 3, 8,9, 10, 15, 11, 12, 14, 16, 17, 18, 19, 20] and the references therein. Many results
are on the existence of homoclinic solutions to equation (.%) when a(x) and f(x,u) are independent of
x or periodic in x; see [1, 2, 3, 8, 14] and the references cited therein. Compared to the periodic case,
the problem is quite different in nature for the nonperiodic case due to the lack of compactness of the
Sobolev embedding. After the work of Li [9], there are some results concerning the nonperiodic case;
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see [9, 10, 15, 11, 12, 16, 17, 18, 19, 20] and the references therein. For this case, function a plays an
important role. Most of these papers consider the following condition
(«7) There exists a constant ao > 0 such that

ap < a(x) — +ooas |x| —> oo

and

o < 2y/ap,

which is used to establish the corresponding compact embedding lemmas on suitable functional spaces.
However, if there exists the function a satisfying a < 0 in some finite interval I of R, the condition (.27)
does not hold. Besides, we also note that all these papers required F (x, ) to satisfy some kinds of growth
conditions at infinity with respect to u, such as, superquadratic, asymptotically quadratic or subquadratic
growth.

In the present paper, we will study the existence of infinitely many homoclinic solutions for (.#) when
a is unnecessarily positive in all R and the nonlinearity F(x,u) = [ f(x,7)dt is still only locally defined
near the origin with respect to u. More precisely, let f : R x I5(0) — R be a continuous function, where
0 is a positive constant and I5(0) is the open interval in R centered at zero with radius 6. We make the
following assumptions:
(#5) There exists a constant ¢ < 0 such that

1V a(x) — +ooas |x| —> oo;

|x
(F1) There exist constants v €]0, 1[, & € [1,e0[, b > 0 and p € L*(R,R™) such that

IVE ()| < pl) +blul” , Y(x,u) € R x 15(0);

(F») F(x,—u) = F(x,u), V(x,u) € R x I5(0);

|F(x,u)|

) P

= 4o, uniformly for all x € R.

|u|—0

Our main result reads as follows.

Theorem 1.1. Assume that () and (Fi) — (F3) are satisfied. Then (%) possesses infinitely many
nontrivial orbits (uy) such that maxcp |ug(x)| — 0 as k — oo.

Example 1.1. Let 0 < v < 1 and b > 0 be some given constants, and define

v+1

1 v 2 b
F = In(1 —_—
(1) = () i1+ JuP) + = |

It is clear that F' satisfies (F>) and (F3) with § = 1. An easy computation shows that

ul" L xeR, |ul < 1.

[fGeu)] < p(x) +blul”, Vx €R, Ju] <1

where

P = ()

Moreover, for ot = % > %, we have

[y = [ <o



HOMOCLINIC SOLUTIONS FOR FOURTH-ORDER DIFFERENTIAL EQUATIONS 307

Hence assumption (F)) is satisfied. Therefore by Theorem 1.1, the corresponding system (%) possesses

infinitely many homoclinic orbits.

2. PRELIMINARIES

In this section, we will assume that function a satisfies the following condition
(#5) There exist two constants 6 < 0 and ap > 0 such that

x| a(x) — oo as |x| — oo;

and
o < 2\/ag, ap < a(x), Vx € R.

In the following, we shall use ||.||;, to denote the norm of L*(R) for any s € [1,]. Let H*(R) be the
Sobolev space with inner product and norm given respectively by

< U,y >p= /R[u"(x)v”(x) + 1 (x)V' (x) + u(x)v(x)]dx

and 1
[utl| o =< w,u >
for all u,v € H*(R).

Lemma 2.1. [3] Assume that there exists ag > 0 such that ® < 2,/ap, ap < a(x), Vx € R. Then, there

exists a constant co > 0 such that
/ ' () — @i (x)2 + a(x)u(x)2)dx > colull%, Vu € HA(R).
R
By Lemma 2.1, we define the Hilbert space

E= {uGH2 // 2_ ou )2+a(x)u(x)2]dx<°°}
with the inner product
<u,v >—/ ") (x) — @u (x)V' (x) + a(x)u(x)v(x)]dx
and the corresponding norm

Jull = ([ [ (0 - onf (5 + (el
R
In order to prove our result, the following compactness result is necessary.

Lemma 2.2. Assume that (JZZ;) is satisfied. Then E is compactly embedded in L*(R) for all s € [1,eo].
Moreover, for all s € [1,00|, there exists s > 0 such that

oall sy < s [luall s Ve € E. (2.1)

Proof. Define
B(R) = inf a(x), R € [0,].

[xI>R
Since a(x) — +oo as |x| — oo, we have that 3 (R) increases and tends to +oo as R — +oo. Let (ux) CE
be a sequence such that u; — u in E. The Banach-Steinhauss theorem implies that

M = sup||uy — ul| < oo.
keN
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By Lemma 2.1, we have, for all k € N,

1 M?
g —ull7> < flux —ullfp < — llug—ul]* < —.
Cco Cco

Therefore, it holds

/a(x)\uk—ulzdxg/[u;{’—u”‘z—(ﬂ|u;(—u/{2+a(x)\uk—umdx
R R

0 [ Ju =il < =l + o] 1 =
M*
<M? +|o|— =M.
€0
-Step 1. For any € > 0, we take Ry > 0 large enough such that
M €2
< —=. (2.2)
B(Ro) ~ 2

By the Sobolev embedding theorem, H?(—Ry, Ry) is compactly embedded in L?(—Ry,Ro). So by going

to a subsequence if necessary, there exists kg such that, for all £ > ko,

2
/ g (x) — ()P dx < & 2.3)
¥|<Ro 2
Combining (2.2) and (2.3) yields
=l = [ ) —u@Par+ [ ) — ()P
[x[<Ro [x|>Ro
e’ a(x) [ug (x) — u(x)|?
<= +/ dx
2 Ju=r, B(Ro)
< & + M < €’
~ 2 B(Ro)

Consequently, uy — u in L?(IR) and then E is compactly embedded in L?(R).

-Step 2. Since forany n € N, v € E and 7 € R, we have

v(x) :/: [vr(s)(s_f)nﬂ +V(S)w} ds

(x—1)" (x—1)"
T+l (t+1—s)"*! (n+1)(t+1—3s)" .
[ [T ) 5
x (t+1—x)" (t+1—x)"
By the Holder’s inequality, (2.4) implies, forall T <x <741,
1 T+1 2 (n+1)2 T+1
2 2
()| gan/T V(s) s+ / Iv(s) | ds.
In particular, for any k € N, R > 0 and |x| > R, one has
1 2,1
2 / /
ur(x) —u(x <7/ u(s)—u'(s)| ds)?
()~ < e ([ i)~ ()
n—l—l / 2 1
+ — ur(s) —u(s)|"ds)2
M n+1 \uk(s)—u(s)lzds)%.

< + al s
T coV2n+3 V241 Jis=R B(R)
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For any € > 0, taking first n large enough such that
M _ g2
Veov2n+3 8

and then R large enough satisfying
(n+1)M e

L A < -
AY 2n+ 1[3 (R()) 8
we see from (2.5) that
€
_ < 2, 2.6
lﬁ;}){({) |ug (x) — u(x)| 3 (2.6)

for all kK € R. Again by the Sobolev compact embedding theorem, there exists an integer kg such that, for
all k > ko,

&€
max |Ug(x) —ux)| < =
ma (1) —u()] < 3.

which together with (2.6) sends to [|lux —ul[;g) < €. Hence ux — u in L(R) and E is compactly
embedded in L*(R).

-Step 3. For any s €]2, 0|, since, for all v € E,

—2q012
G dx < Jull= .
one sees immediately by Steps 1 and 2 that uy — u in L*(R). Thus, E is compactly embedded in L*(R).

-Step 4. Finally, let s € [1,2[. For any R > 0, let

Then by (<7;), H(R) —> +o0 as R —> oo. Set y = 1{_‘5. Then s > 2%3 and ys > 1. Note that, for any
R>1landveEE,

() dx = / ()| dx+ / ()| dx
/xlzk KR 7 (l<1 2R ()51

<[ e [ (7 o)) bl
K[=R Pl =R, || [v ()| >1

< / x|~ dx + / ()2 1)@ dx
W2 >R

g/ T axt [ )Pl dx
[x|>R [xI>R

1
S/ x71+6dx+7/ a(x) [v(x)|*dx
[t [ o)

2.7)

RO 2
NN
o U(R)
Set € > 0. There is R > 0 such that
2R" N M? _€
c uR) 2

It follows from (2.7) that
/ lug(x) — u(x)*dx < £, vk e N. 2.8)
x|>R 2
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Since uy — u uniformly on [—R, R}, there is ky € N such that
£
/ lug (x) —u(x)"dx < =, Vk > ko. (2.9)
x|<R 2

Combining (2.8) and (2.9), we get uy — u in L*(R) and then E is compactly embedded in L*(R). The
proof of Lemma 2.2 is completed. O

To study the critical points of the variational functional associated with (%), we need to recall the
following variant symmetric mountain pass lemma due to Kajikiya [6]. We will first recall the notion of
genus. Let E be a Banach space and let A be a subset of E. A is said to be symmetric if # € A implies
—u € A. For a closed symmetric set A which does not contain the origin, we define the genus y(A) of A
by the smallest integer k for which there exists an odd continuous mapping from A to R*\ {0}. If such a
k does not exist, we define y(A) = +oo. Moreover, we set ¥(¢) = 0. Let

I't ={A C E/A is a closed symmetric subset, 0 ¢ A, y(A) > k}.
The properties of genus used in the proof of our main result are summarized as follows.

Lemma 2.3. [6] Let A and B be closed symmetric subsets of E that do not contain the origin. Then the
following hold.

a) IfA C B, then y(A) < y(B).

b) The n—dimensional sphere S" has a genus of n+ 1 by the Borsuk-Ulam theorem.

Lemma 2.4. [6] Let E be an infinite-dimensional Banach space and ® € C'(E,R) satisfies the following
(@) ®(0) =0, @ is even and bounded from below and P satisfies the (PS)—condition;
(D,) For each k € N, there exists Ay C T'y such that

sup ®(u) < 0.

UEA

Then @ possesses a sequence of critical points (uy) such that

CID(uk) <0, u 75 0, Vk e Nand lim u; = 0.
k—>oo

3. PROOF OF THEOREM 1.1

From (7;), we know that there exists a positive constant ag such that a(x) + 2ag > ao for all x € R
and w < 2,/ag. Let
a(x) =a(x)+2ap

and

f(x7 Lt) = f(xv M) +2a0u-

Consider the following fourth-order differential equation

(7). u® (x) + ou”" (x) + a(x)u(x) = F(x,u(x)), Vx € R

Then (.%) is equivalent to (.%#). Moreover, it is easy to check that the hypotheses (F;) — (F3) still hold
for F(x,u) = [ f(x,t)dt, with b in (Fy) is replaced by b = b+ 2ap8' ", provided that those hold for F,
and a satisfies the condition (<) whenever a satisfies (<% ). Hence, in what follows, we will always

assume without loss of generality that a satisfies (7).
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In order to prove our main result via critical point theory, we need to modify f(x,u) for u outside
a neighborhood of the origin to get f(x,u) and F(x,u) = I f(x,t)dt as follows. Choose a constant
r €10, [and define a cut-off function y € C!'(R,R) such that y(s) = 1 for 0 < s <r, x(s) =0 for s > 2r
and

—=<x'(s)<0

r

forr < s <2r. Let
F(x,u) = x(Ju|)F (x,u), ¥(x,u) € R x R. (3.1)
Combining (F}), (F») and the definition of ) yields
‘f(x,u)‘ p() |u| +b]ul" Y, Y(x,u) € R x R 3.2)
and
‘f(x,u)‘ < 5(p(x) +bul”), V(x,u) € R x R. (3.3)
Now, we introduce the following modified damped vibration system

(EZV) u® (x) + ou”" (x) + a(x)u(x) = f(x,u(x)), Vx e R

and define on E the variational functional ® associated with (:?E) by

2 / — ou (x)? +a(x)u(x)2]dx—/ F(x,u(x))dx
R (3.4)
= S IulP — ()
where
:/f(x,u)dx, uckE.
R
To prove our result, we will apply Lemma 2.4 to the functional ® on E.
Lemma 3.1. Assume that (<) and (Fy) hold. If u, — u in E, then f(x,u,) — f(x,u) in L*(R).
Proof. From Lemma 2.2, we may assume that there exists a subsequence (uy, ) such that
up, — uin LY*(R) and u,, — ua.e. in R as k —» o (3.5)
and
~ ~ o
/ ‘f(x,unk)—f(x,u) dx > &, Vk e N (3.6)
R

for some positive constant &. By (3.5) and up to a subsequence if necessary, we can assume that
Yoot —ul|jva <oo. Let w(x) = Y5 |un, (x) —u(x)| for all x € R, then w € LY*(R). By (3.3), there



312 MOHSEN TIMOUMI

< (| )|+ | Fom] )
< 29| f ()| * | f () [*)
<2a-1[< (x)+b\unk|v)°‘+(p(x)+b|u!”)“]

holds forallk € Nand x € R

f(x, unk) _f(x7 ”)

fxunk

027 (ftg — ] %) % [u] %)
() 2% (] %+ Ju] ") + 5 u] %]
< erl(p() ™+ ol "+ u]"] = 8C)

2(p(x

2(P( ) A% Jutn, —ul +[u]) " + 5% [u]"]
2(p(x))*

2(p

where ¢ is a positive constant. Since g € L!(R), which together with (3.5), we find that the Lebesgue’s
Dominated Convergence Theorem implies

lim / ‘f(x, Up, ) — f(x,u) OCdx =0

k—o0 JR

which contradicts (3.6). Hence f(x, Up, ) — f(x,u) in L%(R) and the proof of Lemma 3.1 is completed.
O

Lemma 3.2. Under assumptions (JZZ;) and (Fy), the functional @ is continuously differentiable on E and
o' (u)yy = /R]”V(x,u)vdx, Yu,v € E. (3.7)
Proof. For any u € E, define an associated linear operator K (u) : E — R by
< K(u),v>= /Rf~(x, u)vdx, veE. (3.8)

By (2.1), (3.3) and the Holder’s inequality, one has, for all v € E,

|< K(u),v > §/ ‘f(x,u)

[v]dx
<5/ x)+bul"]|[v|dx

< 5/ p(x) \v|dx+5b/ lu]” [v] dx

<5(/ adxé/|v )@ T dr)
+55( [ a0 )1 o] de)
<S|pllpe vl ey + 50 l[ull vt V] v
<5[n_e 1plle+bny ull "Il
Hence K (u) is bounded. By (3.3), for any s € [0,1], € R and u,v € E, there holds
‘f(x,u—i—sv)v‘ <S5[p(x)|v|+blu+sv|¥ |v|]

< S[p(x) I+ b(u"| vl + )],
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which is integrable in R. Consequently, for all u,v € E, by the Mean Value Theorem and Lebesgue’s
Dominated Convergence Theorem, there holds

lim 20 5) = 0(1) // F(t,u+ 0sv)vdOdx
s—0 s sHO

= / flx,u)vdx =< K(u),v
R

This implies that ¢ is Gdteaux differentiable on E and the Gdteaux derivative of @ at u € E is K(u).

(3.9)

Next, we prove that K is weakly continuous. Suppose that u, — u in E. Using Lemma 3.1, we have
f(x,up) —> f(x,u) in L*(R). By Holder’s inequality and (2.1), it holds

1K () = K ()| g = sup | (F(x,un) = flx,u)).vdx

Ivll=1/R

< sup /’fxun xu)’ dx)é(/ |v\%dx)mT_1
R

[vl=1

<o (] [Pl =) |

1
dx)a — 0 as n —> oo.

This means that K is weakly continuous and then continuous. Thus ¢ € C'(E,R) and (3.7) holds with
¢’ = K. In addition, due to the form of @, it is clear to see that ® € C ! (E,R) and, for all u,v € E,

2/ ") (x) — ou (x)V (x )—i—a(x)u(x)v(X)]dX—/Rf(xa”(x))v(x)dx

Finally, a standard argument shows that nontrivial critical points of ® on E are homoclinic solutions of
(%). The proof of Lemma 3.2 is completed. O

Lemma 3.3. Assume that (fQ’%;), (F1) and (F») are satisfied. Then ® is bounded from below and satisfies
the (PS)—condition.

Proof. First, we prove that ® is bounded from below. By (2.1), (3.2) and the Holder’s inequality, it holds,
forallu € E,

/}F X, U ‘dt</ )|+ bu” T dx

1
< 1Pl el e, + bl
< e [pllge lall + BrE ul !, € E.

Thus, forall u € E,

®(u) E;HMHQ—/R‘FV(JC,M)‘dx

] (3.10)
2 1
> > ull” = me 1Pl e ol = By
Since v < 1, it follows that f is bounded from below.
Next, we show that & satisfies the (PS)-condition. Let (u,) C E be a (PS)-sequence, that is,
|D(u,)| <M, VneN, & (u,) — 0asn —s oo (3.11)

for some constant M > 0. By (3.10) and (3.11), we get

v+1 v+1

M= *Ilunll =N 1Pl e llnll = bny iy [



314 MOHSEN TIMOUMI

which implies that (u,) is bounded in E since v < 1. Hence, up to a subsequence if necessary, we can
assume that

tn — uin E and uy, —> uin La1(R) as n —» oo, (3.12)
for some u € E. We have
= P = (@) = @ @)t )+ [ (Flx) = Flx) o~ (13)
It is clear that
(@ (1) — D' () (uy, — u) — 0 as as n — oo. (3.14)

Thanks to Holder’s inequality, (2.1) and Lemma 3.1, we have

[ (F) = ) s —
R

as n —» oo, Combining (3.13)-(3.15), we deduce that u,, — u in E and the proof of Lemma 3.3 is
completed. 0

< ‘f(xmnk) — f(x,u)

LMl =l e =0 315)

Lemma 3.4. Suppose that (LQZ;) and (F3) are satisfied. Then, for each k € N, there exists an Ay C E with
genus Y(Ay) = k such that sup,,c,, ®(u) < 0.

Proof. Let (e,) be an orthonormal basis of E. For any k € N, let
E,= @fn:]Xm, X = span{en} .
Since E}, is with finite-dimensional, there exists a constant o > 0 such that
llul|l < oy ||ull;2, Vu € Ex. (3.16)
By (F3), there exists a constant R > 0 such that
F(x,u) > o [ul*, Vx € R, |u| <R. (3.17)

Let u € E be such that R
Juf| < —.

By (2.1), we know that |u(x)| < R for all x € R. It follows from (3.17) that
F(x,u(x)) > o |u(x)|*, Vx e R. (3.18)
Therefore, by (3.16) and (3.18), for all u € E;, with

1
0 < ||u|| = % = min{r,R} n—,

oo

where r is defined in the beginning of the proof of Theorem 1.1, one has
1 -
() =l = [ Flxuwjax
2 R
[ 2
<5l = [ o () ax
R

1
2 2
el — Null* = —> ¢

S 2](7

| =

which implies

{ueEk/||u|:rk}CAk:{ueE/dD(u)g—;TkZ}. (3.19)
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Thanks to Lemma 2.3, (3.19) implies

Y(Ax) > Y({u € Ey/ |lul| = w}) > k.

Hence, by the definition of I'y, we have A; C I'y. Moreover, the definition of I'; implies

1
sup ®(u) < —=12 <0,
UEAL 2

which ends the proof of Lemma 3.4.
O

Finally, assumption (F,) implies that ®(0) = 0 and @ is even. It follows from this and Lemma 3.3
that the condition (@) of Lemma 2.4 is satisfied. Lemma 3.4 shows that ® satisfies (®,) of Lemma 2.4.
Consequently, by Lemma 2.4, there exists a sequence of nontrivial critical points (u;) for ® satisfying
up —> 0 in E as k —> oo. By virtue of Lemma 3.2, we have that (u;) is a sequence of homoclinic

solutions of (.%). By (2.1), it follows that sup, . |ux(x)| — 0 as k — oo. Hence, there exists a positive
constant ko such that, for all k > ko, sup,p |ux(x)| < r, where r is defined above. Therefore, for all k > ko,
uy, is a solution of (.%). This completes the proof of Theorem 1.1.
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