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SECOND-ORDER EFFICIENCY CONDITIONS FOR C"!-VECTOR EQUILIBRIUM
PROBLEMS IN TERMS OF CONTINGENT DERIVATIVES AND APPLICATIONS

TRAN VAN SU

Department of Mathematics, Quang Nam University, 102 Hung Vuong, Tam Ky, Vietnam

Abstract. In this paper, we study the Fritz John and Kuhn-Tucker second-order necessary and sufficient optimality conditions
for C!-!-vector equilibrium problems in terms of contingent derivatives. By applying the strong separation theorem of disjoint
convex sets in convex analysis, we establish the Fritz John necessary optimality conditions for a local weakly efficient solution
of VEPC. We also propose the Kurcyusz-Robinson-Zowe constraint qualification in order to obtain the Kuhn-Tucker neces-
sary optimality conditions. By making use of both the second-order contingent derivatives and the second-order asymptotic
contingent derivatives for the class of locally Lipschitz functions in which its derivatives are locally Lipschitz, we obtain a
second-order sufficient optimality condition for the problem considered above. As an application, we derive Fritz John and
Kuhn-Tucker second-order necessary and sufficient optimality conditions for constrained vector variational inequalities and
constrained vector optimization problems.
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1. INTRODUCTION

Vector equilibrium problems have widely investigated in recent years by many researchers, see [4, 5,
10, 11, 12, 13, 14, 18] and the references therein. They provide a unified mathematical model includ-
ing vector complementarity problems, vector saddle point problems, vector optimization problems and
vector variational inequality problems as special cases. Nowadays, the optimality condition for efficient
solutions of vector equilibrium problems play an important role in nonlinear and variational analysis.
Results in second-order conditions of vector equilibrium problems have taken a main part in the achieve-
ments for optimality conditions, see [2, 7, 8, 9, 11, 15] and the references therein.

There are many papers dealing with optimality conditions for vector equilibrium problems with the
C%! and C"! data. Guerraggio and Luc [4, 5] established the necessary and sufficient second-order opti-
mality conditions for the weak efficient solutions of constrained multiobjective programming problems
CP in terms of second-order subdifferentiables in finite-dimensional spaces. They used the first-order
Bouligand tangent cone and the second-order tangent cone to a set at an optimal point given to obtain
the optimality conditions for weak efficient solutions of problem CP. Recently, by using the concepts of
second-order contingent derivatives, second-order asymptotic contingent derivatives and second-order
composed contingent derivatives, Khanh and Tung [16] received the Karush-Kuhn-Tucker second-order

E-mail address: suanalysis@gmail.com.
Received May 22, 2018; Accepted August 5, 2018.
(©2019 Journal of Nonlinear and Variational Analysis

317



318 TRAN VAN SU

optimality conditions for nonsmooth set-valued optimization problems with attention to the envelope-like
effect, Su [19, 20] obtained second-order optimality conditions for vector equilibrium problems in terms
of contingent derivatives and epiderivatives with stable functions, and Luu [14] established second-order
necessary optimality conditions for nonsmooth vector equilibrium problems using the Palés-Zeidan type
second-order directional derivatives.

In this paper, we establish the second-order optimality conditions for C!'!-constrained vector equilib-
rium problem based on the main tools of second-order contingent derivatives, second-order asymptotic
contingent derivatives and metric regularity. Moreover, as an application, we also receive the second-
order optimality condition results for local weakly efficient solutions of constrained vector variational
inequalities and constrained vector optimization problems with the C!*! data.

The rest of this paper is organized as follows. After some preliminaries and definitions in Section 2, we
provide the Fritz John and Kuhn-Tucker second-order necessary optimality conditions for local weakly
efficient solutions of VEPC in terms of second-order contingent derivatives with the objective functions
of C! in Section 3. Section 4 is devoted to establish the second-order sufficient optimality conditions
based on both second-order contingent derivatives and second-order asymptotic contingent derivatives.
As applications, in Section 5, we obtain the Fritz John and Kuhn-Tucker second-order necessary and
sufficient conditions for vector variational inequalities and vector optimization problems.

2. PRELIMINARIES

Throughout this paper, let X,Y,Z and W be real Banach spaces. Let C be a nonempty subset in X. Let
Q C Y be a closed convex cone, which defines a partial order on Y (note that cone Q is not necessarily
pointed). Let S be a convex cone in Z with its interior nonempty, which defines a partial order on Z.
Given a vector bifunction F : X x X — Y such that F(x,x) = 0 for all x € X, and the objective functions
g:X—=Z h:X—>W WesetK={xecC: g(x) € —S, h(x) =0}. Then the vector equilibrium problem
with constraints (to short, VEPC) is defined as follows: Finding a vector X € K such that

F(x,x) ¢ —intQ (Vx € K).

Vector x € K is called a weakly efficient solution to the VEPC. If there exists a neighborhood U of X in
X such that F(¥,x) ¢ —intQ for all x € KNU, then one says that X is a local weakly efficient solution to
the VEPC. Let L(X,Y) be the space of all bounded linear mappings from X to Y, and let [ : X — Y be
a vector-valued mapping. Denote by (T, x) the value of T € L(X,Y) at x. Assume that Tx € L(X,Y) for
all x e X. If F(x,y) = (Tx,y—x), x,y € X (resp., F(x,y) =1(y) —I(x), x,y € X) and if X € K is a local
weakly efficient solution to the VEPC, then X is called a local weakly efficient solution to the constrained
vector variational inequality problem, say VVIC (resp., constrained vector optimization problem, say
VOPCQ). Let Y* be the topological dual space of Y and let Q" be the dual cone of Q defined by

Q" ={£ecY"[(£.9) >0V g€ 0},

where (., .) denotes the canonical pairing of any pair of dual spaces.
We use N (resp., R) to denote the set of natural numbers (resp., real numbers). For each A C X, denote
by intA,clA, bdA, and cone(A) the interior, the closure, the boundary and the cone generated by A, where

coneA={ta:t>0,acA}.
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We denote By instead of the open unit ball of X. For x € X and 8 > 0, Bx(x,d) denotes the open ball
centered at x and radius § > 0in X. Let F : X — 2Y be a set-valued mapping from X into 2. The effective
domain, the graph and the epigraph of F are given respectively as

dom(F) = {x € X|F(x) # 0},

graph(F) = {(x,y) e X x Y [y € F(x)},
and
epi(F) ={(x,y) e X xY : x€dom(F), y € F(x) + Q}.
We denote by F(A) = UAF (a) and Fy(x) = F(x) + Q for any x € X. Note that F, is called a profile
ac

set-valued mapping. If F is a single-valued mapping, then we write f instead of F. Furthermore, let us
denote by

(frr8+)(x) = (f(x) + Q) x (g(x) +5)

and (f,g)(x) = (f(x),g(x)) for every x € X. Let us denote by S, := cone(S+ g(x)). It is not difficult
to see that

(Sew) " ={nes : (£,g(x) =0}
We set kerVA(x) = {u € X : Vh(x)(u) =0}, VA(X) : X =W, V2h(X):X x X — W indicate the first-order
derivative and the second-order derivative of 4 at X, respectively. The first and second order derivatives
for f and g are similarly illustrated. Finally, we use t,, — 0" to stand for a sequence of positive numbers
with limit 0, and (z,,x,,,y,) — (07, x,y) indicates z, — 0", x, — x, y, — y.
Next, Let us provide the definitions on the tangent sets, which will be used in this paper.

Definition 2.1. [1, 6, 16] Let M be a subset of X and let x,u € X.
(i) The contingent cone (resp., adjacent cone and interior tangent cone) of M at X is defined as

T(M,x)={x€ X :3t, — 0" 3x, — x such that X+ 1,x, € M Vn € N}
(resp.,A(M,X) ={x€ X :Vt, — 0",3x, — xsuch thatx +1,x, € MVn € N},
IT(M,x) = {x € X : Vt, — 07, Vx, — x such that X +#,x, € Manarge}).

(ii) The second-order contingent set (resp., adjacent set and interior tangent set) of M at (X,u) is
defined as
T?(M,%,u) = {x € X : 31, — 0", 3x,, — x such that

1
X+ tyu+ 5t,%xn €MVneN}

(resp.,Az(M,X,u) ={xeX:Vt,— 0", 3x, — x such that

1
XA+ tou+ Et,%xn € MV¥n € N},
ITZ(M,X,u) ={x€X:VYt,— 0", Vx, — x such that

1
X+ tu+ Et,%xn EMVn large}).
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(iii) The asymptotic second-order contingent cone (resp., adjacent cone) of M at (X, u) is defined as

" t
T (M,x,u) = {x : ty,rn) — (01,07), = — 0%, Ix, — x such that
I'n
1
X+ tyu+ Etnrnxn eEMVne N}
n t
(resp.,A (M, %,u) = {x 2V (ty, rn) — (01,07), = — 07, Ix, — x such that

T'n

1
X+t,u+ Etnrnxn eEMVne N})

Note that u is called the direction of second-order contingent sets and X € cIM. In fact, from the
definitions, it is not difficult to check that if X & cIM, then all the above tangent cones are null. In
addition, if u ¢ T (M,X), then all the above second-order tangent sets are empty. Hence, we always have
an assumption that X € ¢/M, u € T(M,X) in all the statements.

Definition 2.2. [1, 16] Let f : X — Y be a single-valued mapping and let X € X, (u,v) € X x Y.
(i) The contingent derivative of f (resp., f1) at point X is defined by

graph(Dcf (%)) = T (graph(f), (¥, /(x)))
(resp., graph(Def (%, £(R))) = T(epi(f). (%, /(3)) ).
(ii) The second-order contingent derivative of f (resp., f) at point X in direction (u,v) is defined by
graph (D f (%, f (%), u,v)) = T*(graph(f), (%, £ (%)) (u,v))
(vesp., graph (D27 (%, £(%),u,v)) = T2(epi(), (% £ (%)), (w,v)) )

(iii) The second-order asymptotic contingent derivative of f (resp., ) at point X in direction (u,v) is
defined by

graph (D, f (%, f(x),u,v)) = T (graph(f), (%, f (%)), (u,v))
(esp., graph (D (£ )%, f(2),1)) = 7" (epi(), (%, £ (), (1)),
Definition 2.3. [8] A mapping f: X — Y is said to be stable at X if there exist a neighborhood U of X and
L > 0 such that
[f(x) = f@ <Lllx—%] VxeU.
If, in addition,
£ () = fOI < Llx—=X|| Vx,x' €U,

then one says that f is Lipschitz around x. If for each x € X, there exists a neighborhood U of X such that

f is Lipschitz around X, we say that f is locally Lipschitz on X. Notice that if f Lipschitz around X, then
f is stable at X, which leads to f must be continuous at that point.

3. FIRST-AND SECOND-ORDER NECESSARY CONDITIONS

We recall (see [4, 5]) that f is of class C%! if it is locally Lipschitz on X, and f is of class C!'! if it is a
differentiable vector function from X to ¥ whose its derivative is C*!. For each M C Z, the normal cone
of M at z € Z is given as (see [8])

N(M,z) =—(T(M,z))".
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In order to obtain the Fritz John and Kuhn-Tucker second-order optimality conditions for local weakly
efficient solutions of VEPC, the following directionally metrically regular will be needed in the paper.

Definition 3.1. [17] Let X,u € X with u # 0, T C W and k : X — W. We say that k is directionally
metrically regular at (x,u) with respect to 7, if there exist 4 > 0, p > 0 such that, for every z € (0, p) and
v € By (u,p),

d(@+1v, k(1)) < pd(k(x+m),T),
where

d(x,A) := inf||x —al|
acA
and ||. || stands for a norm in real Banach spaces.

From now on, if not otherwise stated, for eachx € X, we put f = F(X, .) : X — Y such that f(x) =0. A
Fritz John and Kuhn-Tucker necessary optimality condition for local weakly efficient solutions of VEPC
can be stated as follows.

Theorem 3.1. Let X be a local weakly efficient solution of VEPC. Assume, furthermore, that u € ker Vh(X) N
IT(C,x) and h is directionally metrically regular at (X,u) with respect to T = {0} when u # 0. The fol-
lowing assertions hold.

(i) For f and g of class C%' with V f(%)(u) and Vg(x)(u) exist, 34 € QF, 3Ny € N(—S,g(x)) with
(A0,M0) # (0,0) such that

(A, Vf(x)(u)) + (M0, Vg(x)(u)) = 0. 3.1

(ii) For f and g of class C"' with V2 f(%)(u,u) and V?g(%)(u,u) exist, 3 (A,n) € O x N(—S,g(%)),
not all zero, such that ¥ x € A*(C,X,u), ¥Yv € D.f+ (%, f(%))(u) N (—bdQ) and Vw € D.g (%,8(x))(u) N
(—clSe),

inf{ (1,3) +(n,2) | (5:2) € DA(f1. 84 )% (£, ) (5). 1, (v, w)) ()}
> (A VFE @)+ VR (u) + (0, Ve®) (x) + V(%) (u,u)) - (32)
In addition, A # 0 if the following qualification condition of the KRZ type holds.
{2€7:(0.2) € cone (D118 ) (%, (£,8) (%), 4, () (AX(C.%,u))
— {0} x Vg(®)(AX(C. %)) ~ {(0,Vg(®) (w,u))} ) } + Sy = Z (KRZ)

Proof. Case (i). If u = 0, then there is nothing to prove. Next, let us consider the case u € ker VA(X) N
IT(C,x)\ {0} and prove that

(V) (w), V8(X)(u)) & (—intQ) X IT (=5, 8(X))- (3.3)

In fact, two cases can occur as follows:

Case I. If Vg(X)(u) € IT(—S,g(X)), then obviously condition (3.3) is fulfilled.

Case IL If Vg(x)(u) € IT(—S,g(X)), then, for every #, — 0, w — Vh(x)(u), which yields
that (”t" ) 0. By the metric regularity of A, there exist 4 > 0, p > 0 such that for every 7 € (0,p) and
ve BX(u p), dXx+tv,H) < wl||h(x+1v)|, where H := h~'(0). By virtue of the definition of infimum,
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x+t,, X+ThU—Yn

one finds y, € H such that, for sufficiently large n, » — 0. Setting u, = )”n_x (Vn > 1), one sees

that u, converges to u € IT(C,Xx). Therefore, for n large enough, X+ t,u, € C, which is equivalent to
X+t,u, € HNC for n large enough. (3.4)

Applying the Taylor expansion, we express

g(x'i'tnun) - g(i)
In

— Vg(X)(u) e IT(-S,g(x)).

(X+tpun)—g(x)

For the preceding sequences t,, and £ ; , one gets

(g(ﬂtnun) —g(i)>

In

g(xX) + 1y € —§ for n large enough,

which is equivalent to
g(X+1tyu,) € =S for n large enough.

Using (3.4), we obtain that
X+ty,u, € K forn large. (3.5

On the other hand, by virtue of the definition of local weakly efficient solutions (see Section 2), there
exists a neighborhood U of X such that

f(x) & —intQ VxeKnNU.
It follows from (3.5) and the fact X+ t,,u,, — X € U that, for n large enough,
fx+tu,) & —intQ.

Again applying the Taylor expansion, we express

(& +taun) — f(X)

In

= V() (w).
Because —intQ is a convex cone, #, > 0 for all n, and f(X) = 0 by the initial hypotheses,

f(x"i‘tnun) —f(f)

In

€Y\ (—intQ) Vn large enough.

Consequently, Vf(x)(u) € Y \ (—intQ), which yields that (3.3) holds. By a separation theorem, one finds
the pair (o,M0) € O x N(—S,g(x)) \ {(0,0)} such that (3.1) is fulfilled.

Case (ii). As f,g € CH!, f,g € C¥!. Making use of (i), one finds the pair (Ao, 7o) satisfying (3.1). We
put (A,7n) = (Ao, No) and then fix x,v,w as in the assumption (ii). For every (y,z) € Y x Z such that

(1:2) € DX (F18+) (® (f,8)(X),u, (vyw)) (%),
one has

(x,3.2) € T*(epi(f.g). (%, (f.8) (X)), u, (n,w)).

This leads to the facts that 3¢, — 0", 3x,, — x and 3(y,,z,) — (),2) such that

1, 1,

f(f)+th+2tnyn ef(x+tnu+2t X))+ 0, (3.6)
1, 1,

g(x) +t,w+ 2t,,z,1 € g(x+tu+ 2t,,xn) + . (3.7)
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It follows from (3.6) that
PG tatt 312%2) = F(2) = 1,V £ () () + 1a(VF(F) (1) — v)
yn € 2-1z2
From (3.6) and (3.7), one also has
8 et 32) — 8(0) ~ 6 VE(E) () + 10 (Ve () (1) ~w)
" 27112

Consequently

+0 Vn>1.

+S Vn>1.

Oy 4 (m.2) > fim VoS Gt 3105) = £() VS (©)w)

n—oo 2- 11‘3
(N, g(x+ tau+ 512x,) — g(%) — 1, V(%) (u))
i == ‘ =

Since ve —Qand A € Q7 it yields that (A, —v) > 0. It can be seen that € (cone(S+g(x))) ", and this
along with the fact that —w € cl cone(S + g(X)), we deduce that (1, —w) > 0. Consequently,

</17—V>+<777—W> > 0.

This together with the obtained inequality in (3.1) deduces that the inequality of (3.8) holds. Again using
the Taylor expansions, we express

o o f G tatt 4 585300) = (%) =tV (%) ()
ngrolo 2711‘,%

= (A, V(@) () + V2 f (%) (u,u))

and
lim <77 ) g(?c—i— thu + %tr%xl’l) - g(f) - l‘an(f) (u)>
n—soo 27142
This combines with (3.8) yields the result (3.2) holds.
If, furthermore, the qualification condition of (KRZ) type is fulfilled, then A # 0. In fact, if it was not,
then 2 = 0 and hence 1 # 0. Note that 1 € N(—S,g(x)) \ {0}, which yields that 17 € (S,(x))" \ {0} and

a consequence is (1,z2) > 0 for all z € S,(). Consequently, for all z € Z, there exists

= (N, Ve(®) (%) + VZ¢(®) (w,u)).

ae{a ez (n,a) € cone(DA(f1,8)(F (,8) (0, () (42(C. %)

—{0} x Vg(x)(A*(C,x,u)) — {(O,VZg(f)(u,u))})}
such that
<777Z> > (TI7ZI>~

In other words, one can find a real number ¢ > 0, a direction x € Az(C,X, u) and a pair (y2,22) €

D(f+,8+)(%; (f:8)(X),u, (v,w))(x) such that
(v1,21) = 1(32,22 = Vg(¥) (x) + V(%) (u,w).
By initial hypotheses, it follows that
(,2) > (,21) =1((n,22) = (0, VgD (x) + Vg(@) (w,0)) ) > 0.
Since z € Z is arbitrary, one gets 7 = 0, a contradiction. This completes the proof. U

Next, we give an example to illustrate Theorem 3.1 as follows.
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Example 3.1. Let X =R, C=[0,1],x=0,Y =R*, Z=R* 0=R} W=R,S={(x,y,2) € R : x
0,y>0,z>0}. Let us consider the objective functions f = F(0,.): R —+R? g:R —R3and h: ]R—>R
be defined respectively by

f(x) =F(0,x) = (x* —x,2¢* —x) Vx € R;
gx) = (x+ 1,22 = 1,2* —x), h(x)=0VxeR.
It is easy to check that f and g are of class C"'!, and its Fréchet derivatives at X are given respectively as

Vi@ =( -1 —1), V@)= (22 4 ),
vg(x)z(l 0 —I ) vzg(x)(u,u)z(o, 2%, 2u2).

It can easily be seen that & is directionally metrically regular at (x,u) with respect to 7 = {0}. The
feasible set K of VEPC (see Section 2) is given by

K={xeC:gx)e—S hx)=0}=C.
By directly calculating, one gets ker VA(X) NIT(C,X) = (0,+), 07 =R?, ST =R_ xRy x R4,
N(=S8,8(x)) = {0} x {0} xRy, A*(C,%,u) =R,

—bdQ =—(Q\intQ) = U{aO}UU{Ob

a<0 b<0
—clSyz) = —clcone(S+{(1,-1,0)}) =R xR xR_.

For all u € ker Vh(X) NIT (C,X), it follows that u > 0. Moreover,

Def+ (%, f(%))(u) = {(—u,—u)} + R,

ch+()?,g(f))(u) = {(M,O, —Lt)} +R* X R+ X IRJr'
We pick A = (A1,4,) € IR%F and N = (0,0,13) € {0} x {0} x Ry = N(=S,g(x)) with (A;,42,13) #
(0,0,0). If we put x =0, v=(0,0) and w = (u,0,—u), then the right-hand side of (3.2) is equal to
2u?(A1 +22, +n3). Furthermore, one has

D (f1,8+) (X (f,8)(®),u, (,w)) (x) =R X R X R_ x [2u?,+00) x [2u*, +00),

Therefore the left-hand side of (3.2) is less than 2u2(7tl + 21, + n3). It is obvious that the (KRZ) is
satisfied. Applying Theorem 3.1, ¥ = 0 is not a local weakly efficient solution of VEPC.

Theorem 3.2. Let X be a local weakly efficient solution of VEPC. Assume, furthermore, that u € ker Vh(X) N
IT(C,x) and h is directionally metrically regular at (X,u) with respect to T = {0} when u # 0. Then the
following assertion holds.

(iii) For f and g of class C*', 3 (A,1) € 0 x N(=S8,2(x)) \{(0,0)} such thatVx € A" (C,X,u), Vv e
Def+ (%, f(x)) (1) N (=bdQ), Vw € Dcg(¥,8(X)) (1) N (—cl Sy(x)),

inf{(A,y) + (1,2) |(1:2) € De(f1,84) (X (£,8) (%), (v, w)) (1)} > (A, V(%) (x)) + (1, Ve (®) (x))

Moreover, A # 0 if the following qualification condition of the KRZ’ type holds.
{262 :(3,2) € cone (D (11,8 ) (& (£.8)(®).m, (v w))

(A"(€.%,) ~{(0, V8@ A (CHuN)}) } + Syeo = (KRZ)
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Proof. Argue similarly as for Theorem 3.1. Use the adjacent cone A" (C,x,u) instead of the adjacent set
A%(C,%,u) and the second-order asymptotic contingent derivative D, (f,g. )X, (f,&)(X),u, (v,w))(x)
stands for the second-order contingent derivative D?(f,,g+) (X, (f,g)(X),u, (v,w))(x). we note here that,
for all (,,,r,) — (0%,07), % — 0" and x,, — x,

f@+ tat + Gtaran) = f(%) =12V F (%) (10)

i, T = VI
and
. g(x“‘tnu"’ %tnrnxn) —g(f) —t,,Vg(X)(u) o _
i > = V)
which completes the proof. O

Example 3.2. Let us consider problem VEPC in which X,Y,Z,W,C,Q,S,x,F (X, .),g and h are given as
in Example 3.1. By directly calculating, we obtain the following results

AN(C,X’M) = Rv D/ci(f+7g+)(x’ (fag)(x)aua (050)5 (M,O, 7”))(0) =RxRXR_x RJr X R+'
By choosing A,1,x,v,w as in Example 3.1, we find that

(A, Vix) (X)) + (n,Vex)(x)) =0,

inf { (L3)+ (1,2 | (02) € Di(fr84) (% (£,8)(®)ote, (o w)) () }
= inf { (A, A2,Mm3), (1,32,23)) = (1,72) ER?, 23 > 0}
—inf { (A1, 22), (1,32)) & (31,32) € R} <0

On the other hand, by direct computation, it holds that

U Delfe.84)E (£,0)®),u, (v,w))(x) = R? x (R x Ry x R),
x€A"(C x,u)

U  (0,0,Vg(®)(x)) = {0} x {0} xRx {0} xR, S 109 =RxRxR,.
x€A"(C X,u)

Consequently, the qualification condition of (KRZ") type also is fulfilled. Making use of Theorem 3.2 to
conclude that X = 0 is not a local weakly efficient solution to the VEPC.

4. FIRST-AND SECOND-ORDER SUFFICIENT CONDITIONS

In this section, we consider problem VEPC in which dim(X) < +4oo. A first-order sufficient optimality
condition for local weakly efficient solutions of VEPC can be stated as follows.

Theorem 4.1. Let X € K and f, g and h are of class C*'. Suppose, in addition, that, for each u €
ker Vh(X)NT(C,x)\ {0}, there exist 2o € OF, ng € N(—S,g(X)) with (Ag,Mo) # (0,0) such that

(A, Vf(x) () + (Mo, Vg(x)(u)) > 0. 4.1)

Then X is a local weakly efficient solution of VEPC.
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Proof. Assume to the contrary that, X is not a local weakly efficient solution of problem VEPC. Then
there exists a sequence x, € K \ {x} C C\ {x} with x, — X such that f(x,) € —intQ Vn > 1. Setting
th = ||xn —X|| and u, = % for all n > 1, we find #, — 0". Taking a subsequence if necessary, we
may assume that u,, — u. According to [3], it follows that u € T (C,X) with the norm of u equals 1, i.e.,
||lu|| = 1. By using the Taylor expansions, one obtains

f(x+taun) — f(X)

. — V(X)(u),
g(x +tnb;:> —80) _, vom) (),
and
MEHtattn) =hD) G5 )

In
Obviously, Vf(x)(u) € —clQ = —0Q, Vg(x)(u) € —cl cone(S+g(x)), and u € ker Vh(X) N T (C,x) \ {0}.
By the initial hypotheses, there exist 29 € O, 1o € N(—S,g(x)) with (A9, 10) # (0,0) such that (4.1) is
fulfilled. From the fact no € N(—S,g(x)), it follows that € (cone(S+ g(x))) ™. Consequently

{0,V f (%) (u)) + (Mo, Vg (X) () <0,

which conflicts with (4.1) and the claim follows. O

Example 4.1. Let us consider problem VEPC given as in Example 3.1. Then, for every g = (4,4,) €
Q" and Mo = (N1, M2,M3) € N(—S,g(%)),f 41 > 0,4, >0, =1 =0, 73 > 0. By picking u as in
Example 3.1, we find that that u > 0 and

{0, V(X)) + (Mo, V8(x) () = —u(A1 + X2+ 13) <O.

It can be seen that X is not a local weakly efficient solution of VEPC, as was to be checked.

Theorem 4.2. Let X be a feasible point of VEPC and f,g and h are of class C'"'. Assume, furthermore,
that the following conditions are fulfilled.
(i) For allu € T(C,x) Nker Vh(X), D.f(X)(u) N (—intQ) = 0 and D.g(x)(u)NT(—S,g(x)) # 0;
(ii) For all u € T(C,x) Nker Vh(X) \ {0}, v € D.f (%) (u) N (=bdQ) and w € D g(¥)(u) N (—clS,)),
there exists (A,M) € Q7 x N(—S,g(x)) such that
(a) For all x € T*(C,X,u), (y,2) € DZ(f,8)(%, (f,8)(X),u, (v,w)) (),

Ay +(n,2) > (A, VF(E)(x) + V2F(E) (,u)) + (0, Vg(®)(x) + Vg (%) (1, 1)) ; (4.2)
(b) For all x € T"(C,X%,u) Nut \ {0}, (,2) € D.(f,8) (%, (f,8)(®),u, (v,w)) (x),
(A, y)+(n,2) > (A, Vf(X)(x)) + (n,VeX)(x)), (4.3)

where u™ is the orthogonal complement of u in X. Then X is a local weakly efficient solution of VEPC.

Proof. We assume, to the contrary, that X is not a local weakly efficient solution of VEPC. By a similar
argument as in the proof of Theorem 4.1, there exist sequences (x,),>1 C K\ {x}, (t;)n>1 C (0,+00) with
Xp — X, 1, — 0, and (u,),>1 C cone(C —Xx) with u,, — u. Clearly, u € T(C,x) Nker Vh(x) \ {0}. By taking
(v,w) = (Vf(X)(u), Vg(x)(u)), and making use of Definition 2.2, we deduce that v € D.f(X)(u) N (—Q),
w € Dcg(X)(u) N (—cl Sy(x)). In other words, by hypotheses (i), it follows that v € D.f(x)(u) N (—bdQ).
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Again making use of assumption (ii), it follows that there exists (A,1m) € O x N(—S,g(x)) such that
(4.2) holds when any

(x,(.2)) € A*(C.%,u) x DZ(f,8) (X, (f,8) (%), u, (v, w)) (x),

and (4.3) holds when any

(3, (12)) € (T'(C, %) N \ {OF) x DL 8) (5 (£.) (st () ().

For the sequence (wy),>1 is given by

Two cases can occur as follows:
(I) (Wn)n>1 is bounded. Note that dim(X) < +oo. Hence there exists the limit of sequence (wy)n>1
(taking a subsequence if necessary) and assume that w, — x € X. It is easy to check that x € T?(C,X, u)

and (v,z) € D2(f,8) (%, (f,&)(X),u, (v,w))(x) if and only if
(%,2) = (VA(E) (%) + V2 £ (3) (w,10), V() (x) + V() (u, ),

which contradicts condition (4.2).
(IT) (wy)p>1 is unbounded. Let us may assume that ||w,|| — +oo and

Wn

= —x1€XN{ueX ||u|=1}.
[[wa
For the preceding sequence #,, we consider sequence r, =t,||w,|| ¥n > 1. It is not difficult to check
that (see [6]) r,, — 07, ;—: — 0" and x,, = X+ t,u+ %rnthn Vn > 1. For the sequence
(f,8) (xn) — (f,8) (%) — tn (v, w)

O ) = = 5 (VAR (1), Vg ()

In the similar way as in (I) (see the proof of case (ii) in Theorem 3 [6]), we conclude that x| € 7' (C,x,u)N
ut\ {0}, and

(VL) (x1), Ve®@)(x1)) € D(f,8) (% (f,8) (), u, (v,w)) (x1),
which contradicts (4.3). This completes the proof of Theorem 4.2. O

To illustrate the above results, we give the following example.

Example4.2. LetX =Y =R% Z=R3> W=R,C=1(0,1] x[0,1], 0=R2, S = {y1,y2,y3 € R® : yoy3 >
2y1,y2 <0},x=(0,0) and the mappings f = (f1,f2) : R* = R? g = (g1,82,¢3) : R* = R}, h : R* - R
be defined respectively by

ax% — x4 ¢ sin(In|x \)x% if x; #0,

Ji((x1,%2)) = _
X2 1fx1 :0,

f((x1,x2)) =x2 —x3 forall (x;,x;) € R?,

g((x1,2)) = (x1, 1 +x3,g3((x1,x2))) forall (x1,x2) € R?,

h((X],Xz)) =x1 —x, forall (xl,)Q) S Rz.
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with a and ¢ are real numbers such that a > ¢ > 0,

xp+exp(|x) —x|(sinE —2)) —1, ifx; #0,
83((x1,72)) = ( w2 .
3x2, if X1 =0.

It is obvious that Q and S are closed convex cones with nonempty interiors, g(x) = (0, 1,0), the mappings
f,g,h are of class C"! and the Fréchet derivatives of them at X are given respectively as

10
01
V() = < 00 ) ve®) =| 00 |, Vh(i)z( 1 -1 )
03

It is easy to see that T(C,X) = R%, kerVh(X) = {(x1,x2) € R? : x; = x»}, which yields that 7(C,x) N
kerVh(x) = cone{(1,1)}. For every u = (up,up), where up € R, we have that D, f(X)((uo,u0)) =
{(—MQ,O)}, —intQ = _int(R%&-)a T(—S,g()?)) = _Cng(X) =RxRXxR4 anchg(X)((MOaMO)) = {(M(),O,I/to)}.
Thus, the assumption (i) is fulfilled.

On the other hand, by hypotheses (ii), it follows that u = (ug,ug) (Yuo > 0), v = (—up,0). More-
over, w = (uo,0,ug). By directly calculating, it holds that N(—S,g(X)) = cone(0,0,—1), T*(C,%,u) =
T"(C,%,u) = R?, and for every x = (x,x2) € R?,

D (f.8) (%, (f,8)(X),u, (v,w))(x1,x2) = (2u[a—c,a+c] —x2) x {0}
x L} x {2ug} x (=301 — x|, =i —xa ] +x2),
D/ (f,8) (%, (f,8)(X),u, (v;w)) (x1,x2) = {—x2} x {0}
x L} x {2ug} x (=31 — x|, =1 —xa] +x2).
Choose (1,1) = (1,0,0,0,—1) € R2 x cone{(0,0,—1)}. For all x = (x1,x2) € T*(C,%,u), (y,2) :=
o'y Z" 7" 7) € D2(f,8)(%, (f,8)(x),u, (v,w))(x), it follows from (4.4) that
Ay +(n,2) =y =7 > 2ud(a—c) — 2x2 + [x2 —x1]. (4.6)
The right-hand side of (4.2) equals

4.4)

4.5)

X2 —3xp = —2x5. “4.7)
Combining (4.6) and (4.7) yields that (4.2) because |x; —x2| >0, 2u3(a—c) > 0.

For any x = (x1,x3) € T (C,X,u) Nu’\ {(0,0)}, one gets x;,x € R, (x1,x) # (0,0), < x,u >=
0, ie., x; +x2 = 0, x; # 0,xp # 0. Thus, |x; —xp| = 2|x;| > 0. For any (y,z) := (/,y",7",7",7) €
D{(f,8)(x, (f,8) (%), u, (v, w))(x), (4.5) yields that

A3y +(n,2) =y =7 > —2x+2|x1| > —2x. (4.8)

It can easily be seen that

(A, Vf(x)(x)) +(n,Vg(@)(x)) = —2x2.
This combines with (4.8) to find that (4.3) holds. Theorem 4.2 leads to X = (0,0), which is a local weakly
efficient solution of VEPC.

Corollary 4.1. Let problem VEPC with X,Y,Z be finite-dimensional real Banach spaces and let C C X
be a convex subset. Let X € K and the mappings f,g and h be of class C"' such that graph(f,g) is

convex. Assume, furthermore, that the following conditions are fulfilled

(i) Forallu € T(C,X)NkerVh(x), Dof (x)(u) N (—intQ) = 0 and D.g(x)(u) T (—S,g(x)) # 0;
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(ii) Forallu € T(C,x) Nker Vh(x)\ {0}, v € D.f(x)(u) N (=bdQ), w € D.g(X)(u) N (—clSy(z)) with
T'(C.%,u) # 0, T" (graph(f.g), (. (f,8) (X)), u, (v,w)) # 0 and
0€ T(C.%,u) N T*(graph(f,8). (%, (f.8) (%)), u, (v, ),

there exists the pair (A,m) € Q7 X N(—S8,g(X)) satisfying, either (4.2) or (4.3) holds for all
x € T*(C%,u), (v,2) € DI(f,8) (%, (f,8) (%), u, (v,w)) (x).
Then X is a local weakly efficient solution of VEPC.

Proof. Since dim(X) < +eo, we find that X is reflexible. By hypotheses dim(Y x Z) < e, we see that
Y x Z is reflexible. It follows from assumption (ii) and the well known properties in [2, 6] that

T'(C.%,u) =T*(C,%,u), T (graph(f,g), (% (f.8)(X)),u, (v,w)) = T*(graph(f,g), %, (f.8) (X)), u, (v,w)).
Therefore,
D(f,8) (%, (f,8)(®),u, (v,w)) (x) = D,(f,8)(, (f,8) (®),u, (v,w))(x).

Hence, the right-hand side of (4.2) equals the right-hand side of (4.3). The rest proof follows Theorem
4.2. This completes the proof. g

5. APPLICATIONS TO VECTOR VARIATIONAL INEQUALITIES AND VECTOR OPTIMIZATION
PROBLEM

In this subsection, we give some applications of Theorem 3.1, Theorem 3.2 and Theorem 4.2 to vector
variational inequalities with constraints and vector optimization problems with constraints. From now
on, on sufficient optimality conditions, we always assume that, for all k € C%!, Vk(¥)(x) exists, and, for
all k € CY!, V2k(X) (u, u) exists.

Theorem 5.1. Let T : X — L(X,Y) be a vector-valued mapping and let X be a local weakly efficient
solution of VVIC. Suppose, in addition, that u € ker Vh(X) NIT (C,X) and h is directionally metrically
regular at (x,u) with respect to T = {0} when u # 0. The following assertions hold.

(i) For g of class C%' with Vg(x)(u) exists, 3Ao € O, 3N € N(—S, g(%x)) with (X9, Mo) # (0,0) satisfying

(o, (TX,u)) + (N0, Vg(x)()) > 0.
(ii) For g of class C1' with V?g(x)(u,u) exists, IA € O, 3N € N(=S,g(x)) with (A,n) # (0,0) satis-
fying
(a) VxeAX(C,x,u),Vve ((Tx,u)+ Q)N (—bd Q), and ¥ w € Dcg (x,8(x)) (1) N (—cl Sg(x)),
inf{ (Ay)+(n.2) | (nz) € D?(Tivg+)(f,(T’,g)(%),u,(v,w))(x)}
> (A,(Tx%,x)) + (0, Ve@) (x) + V(%) (u,u)) -
(b) Vx €A (C,%,u),Vve (TX,u) + Q)N (—bd Q), and ¥ w € D.g. (%, g(%))(u) N (—cl Sg(x),
inf { (A,3)+(0.2) | (02) € DUT] ) (R (T, ) (%), (vw)) ()}
> (A(Txx) + (n,Vg(x)(x)),

where the mapping T' = (Tx,. —x) : X =Y.
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Proof. Case (i). Repeat the proof of Theorem 3.1 with a note that Tx € C%! and VF (x,%)(u) = (T%,u),
which implies that (i) holds.

Case (ii). It is not difficult to check that Tx € C!! and, as Q is closed, thus D F (X, .). (¥,0)(u) =
(Tx,u) + Q. Arguing similarly as in the proof of Theorem 3.1 and Theorem 3.2, we get the desired
conclusion immediately. U

Theorem 5.2. Let T : X — L(X,Y) be a vector-valued mapping, X € K, and the mappings g, h of class
CY1. Suppose, in addition, that dim(X) < oo and the following conditions are fulfilled.
(i) For allu € T(C,X) Nker Vh(x), (Tx,u) ¢ —intQ and D.g(X)(u) T (—S,g(X)) # 0;
(ii) For allu € T (C,x) Nker Vh(x) \ {0}, (TX,u) € —bdQ and w € D g(x)(u) N (—cl Sy()), there exists
n € N(—S,g(X)) such that
(a) Forall x € T*(C,X,u), z € D2g(%,8(%),u, w)(x) satisfying (1,z) > (1, Vg(X)(x) + V2g(*)(u,u));
(b) Forallx € T" (C,%,u) Nu™\ {0}, z € ch(x,g(f),u,w)(x) satisfying (n,z) > (n,Vg(x)(x)).
Then X is a local weakly efficient solution of VVIC.

Proof. Assume that (i) and (ii) of Theorem 5.2 are fulfilled. It is easy to see that D.F(X,X)(u) =
{(Tx,u)}. Taking v = (TX,u), and setting 7’ = (TX, . —X) : X — Y, one obtains the results similar to
Proposition 3.3 (ii) in [8] as follows:

DX(T',8)(x,(T",8) (%), u, (v,w)) (x) = {(T%,x)} x DZg(%,8(x),u,w)(x),

D(T',8)(%,(T',8) (X),u, (v,w)) (x) = {{T%.x)} x Dg(%, g(X),u, w) (x).
In other words, forany A € O, x € TZ(C X,u), and (y,z) GDZ(T’,g)( (T',8)(X),u,(v,w))(x), one gets

(A,y)+(n,2) > (A,(Tx,x)) —|—<11 Vg(x x) + V2 g2(x)(u, u)>
and forany A € 07, x € T”(C,X,u)ﬂul\{O}, (y,2) €D, (T’,g)( (f,8)(X),u, (v,w))(x), one also has
Ay)+(m,z) > (A, (Tx,x) + (n,Ve®x)(x)).

Therefore the proof of Theorem 5.2 follows from Theorem 4.2, which completes the proof. O
Theorem 5.3. Let [ : X — Y be a vector-valued mapping and let X be a local weakly efficient solution
of VOPC. Suppose, in addition, that u € ker Vh(X) NIT (C,X) and h is directionally metrically regular at
(x,u) with respect to T = {0} when u # 0. The following assertions hold.

(i) For | and g of class C*! with VI(¥)(u) and Vg(%)(u) exist, 34 € Q*, ANy € N(—S,g(%)) with

(%0, 1M0) # (0,0) satisfying (Ao, VI(x)(u)) + (10, Vg(¥)(u)) > 0.
(ii) For | and g of class C"' with V?1(X)(u,u) and V?g(xX)(u,u) exist, IA € O, 3N € N(—S,g(X))

with (A,n) # (0,0) satisfying
(a) VxeA*(C,X,u),¥veD(x,1(X))(u)N(—bd Q),andV w € D g (%,8(X))(u) N (—cl Sy(x)),

inf{</l,y>+<n,z> | (7:2) € D2(Ly,84)(%, (1,8) (%), u, (v, w))(x)}
> (A, VI()(x) + V() (u,0)) + (1, VE(F) (x) + VZ¢(X) (u,1))
(b) VxeA (C,X,u),YveEDI (%1(X)(u)N(—bd Q), and Vw € Deg 4 (%,8(%)) (u) N (—cl Sy(x),
inf{</1,y>+<n7z> | (1,2) € D(l4,84) (%, (1,8)(®), u, (v, w))(x)} > (4, VI(x)(x)) + (1, Vg(x)(x)).

Proof. Argue similarly as for Theorems 3.1 and 3.2, with [ replacing F (X, . ). This obtains the claim. [J
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Theorem 5.4. Let [ : X — Y be a vector-valued mapping, X € K and assume that 1,g and h of class C"'.
Assume, furthermore, that dimX < oo and the following conditions are fulfilled.
(i) For all u € T(C,x) Nker Vh(X), D I (X)(u) N (—intQ) = 0 and D.g(X)(u) NT(—S,g(x)) #0
(ii) For all u € T(C,X) Nker Vh(x) \ {0}, v € DI(x)(u) N (—bdQ) and w € D g(xX)(u) N (—clS,)),
there exist (A,n) € Q" x N(—S8,g(x)) such that
(a) For all x € T*(C,%,u), (y,z) € D>(1,8)(%,(1,g)(X),u, (v,w))(x),

)
(Ay)+(n,2) > (A, VIE)(x) + V() (,u)) + (0, Ve(®) (x) + Vg(X) (u,u) )5
(b) For all x € T"(C,%,u) Nut \ {0}, (y,2) € D.(1,8)(X, (1,8)(X),u, (v,w)) (x),

A:y)+(n,2) > (A, VIE)(x) + (0, Ve®) () -

Then X is a local weakly efficient solution of VOPC.

Proof. It is an immediately consequence from Theorem 4.2. 0
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