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Abstract. In this paper, a bilevel vector variational inequality problem is investigated in the setting of Ba-
nach spaces. We propose a method which consists in reducing the study of the bilevel vector variational
inequality problem to that of a one level vector problem. By introducing a vector auxiliary principle, we
propose an algorithm to approximate the solution of the considered bilevel vector variational inequality
problem. The strong convergence of the proposed iterative method is studied.
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1. INTRODUCTION

The theory of vector variational inequalities began with the pioneering work of Giannessi
[6] in 1980. He extended the classical variational inequality for vector—valued functions in the
setting of finite dimensional spaces. Since then, a large number of papers have appeared in
the literature on different aspects of vector variational inequalities. Later, it was shown that the
theory of vector variational inequalities is a powerful tool to study vector optimization problems.

Bilevel vector inequality problem is defined as a mathematical program, where an upper level
vector variational inequality problem contains another vector variational inequality problem as
a constraint, called the lower level problem. This problem is motivated by the work of many
researchers which we mention briefly. Harker and Pang [7] in 1988 considered the bilevel op-
timization problem, in which the constraint set is the solution set of a variational inequality or
complementarity problem. Afterwards, a large number of papers on this topic have appeared in
the literature, see, for instance, [1, 4, 14, 15] and the references therein. Bonnel and Morgan [2]
considered a bilevel optimization problem with a vector-valued objective function on the lower
level and a scalar-valued objective function on the upper level. They called it a semivectorial
bilevel optimization problem. Liou, Yang and Yao [12] also studied such problems and called
them mathematical programs with vector optimization. Recently, Ju, Zhu and Akram [9] stud-
ied Levitin-Polyak well posedness for bilevel vector variational inequalities. For applications,
many real life problems can be modeled as a bilevel problem. Such models appear for instance
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in the study of transportation (network design, optimal pricing) problems, economics (Stackel-
berg games, principal-agent problem, taxation, policy decisions), management (network facility
location, coordination of multi-divisional firms), engineering (optimal design); see [3].

In this paper, we study the existence and approximation of solutions for bilevel vector varia-
tional inequalities in the setting of Banach spaces. Our approach consists of reducing the study
of the bilevel vector variational inequality problem to that of a one level vector problem. By
considering a vector auxiliary principle, we generate an iterative sequence. This leads us to
propose an algorithm to approximate the solution of the considered bilevel vector variational
inequality problem. Afterward, we study the strong convergence of the sequence generated by
the algorithm to the solution of the bilevel vector variational inequality problem considered in
this paper.

The paper is organized as the following. In Section 2, we give a description of the problem
studied in this paper as well as some definitions and preliminary results. In Section 3, we study
the existence of solutions of the bilevel problem considered by a method which consists to re-
duce the study of the bilevel vector variational inequality problem to that of a one level vector
problem. First, we study the existence of solutions of the considered one level vector variational
inequality problem and then we use this approach to derive some existence results for the bilevel
vector variational inequality problem considered in this paper. Section 4 is devoted to the ap-
proximation of solutions for the bilevel vector variational inequality problem. By introducing
a vector auxiliary principle, we propose an algorithm and study the strong convergence of the
generated sequence to a solution of the bilevel problem considered.

2. PROBLEM FORMULATION AND PRELIMINARIES

Let X and Z be two Banach spaces, and let K be a nonempty, closed and convex subset of
X. Let C C Z be a proper convex cone such that its topological interior, denoted by int(C), is
nonempty. For M C X, we denote by conv(M) the convex hull of M and by cl(M) the closure
of M. We denote by Z* the dual space of Z and by C* the positive polar cone of C, i.e.,

C*={AeZ :(A,z) >0forall z € C}.
Note that
int(C*) C{A €Z": (A,z) >0forallz€int(C)}.

Further, we denote by .Z(X,Z) the space of all bounded linear operators from X into Z, and by
(l,x) the value of | € £ (X,Z) atx € X. For @ € int(C*) and T : X — Z(X,Z), we define the
operator T : X — X* by (T (x),y) = (@,(T (x),y)), for all x,y € X.

Let F: K — Z(X,Z) be two operators and ¢ : K — Z be a vector-valued function. We
consider the following mixed vector variational inequality: Find X € K such that

(F(¥),y— )+ 9(y) — 9(x) ¢ —int(C), forall y € K. @.1)

Our attention will be focused on the possibility of computing solutions of (2.1) with respect to
a given operators G : K — £ (X,Z). More precisely, we are interested in solving the following
problem: Find x* € S such that

(G(x™),y—x*) ¢ —int(C), forall y € S, (2.2)
where the set of constraints S is the solution set of (2.1). That is,
S={xeK:(F(x),y—x)+¢(y)—¢(x) ¢ —int(C), forally € K}.
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Problem (2.2) is referred to bilevel vector variational inequality, or of hierarchical type problem
in the literature, because the set of constraints S is it self given as subproblem.
We shall need the following lemma for the solution of our problem.

Lemma 2.1. For x,y € C, we have
x€Candy¢ —int(C) implies x+y ¢ —int(C).

Below, we give some definitions and preliminary notions that we will need in the sequel.
Definition 2.1. A vector-valued function ¢ : K — Z is said to be C-convex if, for each x,y € K
andr € [0, 1],

to(x)+ (1 =1)o(y) —@(x+(1-1)y) € C.
The function ¢ is said to be C-concave if —¢@ is C-convex.

Definition 2.2. The operator F : K — £ (X,Z) is said to be

(a) C-monotone if (F(x) — F(y),x—y) € C for all x,y € K;
(b) C-upper hemicontinuous if, for all x,y,z € K, the vector-valued function
t€10,1] — (F(tx+ (1 —1)y),z) is C-upper semicontinuous at 0.

Let us recall the following notions of cone pseudomonotonicity involving a vector-valued
function 4 introduced in [11].

Definition 2.3. A vector-valued function 4 : K X X — Z is said to be
(1) explicitly C-pseudomonotone if, for all x,y € K, x # y,

h(x,y) ¢ —int(C) = h(y,x) € —C;
(i1) weakly C-pseudomonotone if, for all x,y € K, x # y,
h(x,y) ¢ —int(C) = h(y,x) ¢ int(C).
Remark 2.1.

(1)  WhenC =R", both the notions above reduce to the following notion of pseudomono-
tonicity considered by Komlosi [8]

hx,y) > 0= h(y,x) < 0.

(2) It is easy to verify that every explicitly C-pseudomonotone function is weakly C-
pseudomonotone. The converse is not true, consider for instance the following example:
Take X =R, K=R,Z=R?, C=R2 = {(x,y) e R?:x>0andy >0} and & : X x
K — Z is defined by h(x,y) = (x(y —x),y —x). We can verify that & is weakly C-
pseudomonotone, but it is not explicitly C-pseudomonotone, since 4(0,—1) ¢ —int(C)
and h(—1,0) ¢ —C.

Definition 2.4. [13, Definition 5.1] A vector-valued function ¢ : X — Z is said to be C-lower
semicontinuous at x € X iff, for any open neighborhood V C Z of ¢(x), there exists an open
neighborhood U C X of x such that ¢(y) € V+C forally € U.

@ is said to be C-lower semicontinuous on X iff it is C-lower semicontinuous at each point x
of X. ¢ said to be C-upper semicontinuous on X if —¢ is C-lower semicontinuous on X.
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Lemma 2.2. [16] Let ¢ : X — Z be a vector-valued function. The following three statements
are equivalent:
(1) @ is C-lower semicontinuous on X;
(i) Foralla € Z, 9~ '(a+int(C)) is open;
(iii) For each xo € X and for any d € int(C), there exists an open neighborhood U of xq such
that @(x) € ¢(x9) —d +int(C) forallx € U.

3. EXISTENCE RESULTS FOR BILEVEL VECTOR VARIATIONAL INEQUALITIES

In this section, we propose a method which consists of reducing the study of the problem
of bilevel vector variational inequality (2.2) to that of a one level vector problem. For this, we
consider the following problem. Given € > 0, find x € K such that

(Ze)  (F(x)+€G(x).y—x)+9() — 9(¥) ¢ —int(C), forall ye K. (3.1)
Let us denote by S¢ the solution set of the problem (3.1).

Theorem 3.1. Let X and Z be two Banach spaces, K be a nonempty, closed and convex subset
of X. Let F,G: K — £ (X,Z) be two operators and ¢ : K — Z be a vector-valued function.
Suppose that the following conditions hold:
(1) F is C-monotone and C-upper hemicontinuous;
(1) @ is C-convex and C-lower semicontinuous;
(iil) for eachy € K, gy(x) := (G(x),y —x) is C-upper semicontinous on K
(iv) (Coercivity condition) There exists a nonempty, compact and convex subset D¢ of K
such that either
(¢1) Yy € K\ D¢, 3x € D¢ such that (F (x) +€G(y),x—y) + @(x) — @(y) € —int(C);
or
(¢2) 3xo € D¢ such that (F(y) +€G(y),xo —y) + @ (x0) — @(y) € —int(C), forall y €
K\ D.
Then, problem (¢) has a solution X¢. Furthermore, Sg¢ C Dg.

Proof. Let A = {x1,x2, -+ ,X,} be a finite subset of K, and let D, := conv(A U Dg) which is a
convex and compact set. For y € De, let us consider the following sets

T(y) :={x € De : (F(x) + £G(x),y —x) + ¢(y) — 9(x) ¢ —int(C)},

U(y) :={x € D¢ : (F(y) +€G(x),y —x) + ¢(y) — ¢(x) ¢ —int(C)}.
Note that T(y) C U(y) since F is C-monotone. Furthermore, by using (ii) and (iii), we can verify
that U(y) is closed. Letus verify that N, 5 _cl(T(y)) # 0. To this aim, let us verify that the family

{T(y) }ye b, has the KKM-property. Suppose by contradiction that there exists {y1,y2,-+,yp} C

D¢ such that conv({yy,ys,- - Yp}) & Ule’]l‘(y,-). Hence, there exists oy, 00, -, 0, > 0 with

p
Y/, a; =1 such that § = Z ok ¢ T(yi), foralli=1,---,p. Thus,
k=1

(F(5)+eG(y),yi—=3) + @) — @(¥) € —int(C), foralli=1,---,p.
Multiplying the previous relation by ¢; and taking the sum over i, we obtain

Y. a9(3) ~ 9(7) € ~int(C). 62)
i=1
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On the other hand, as ¢ is C-convex, we derive that

14
o) - Y aip(y;) € —C. (3.3)
i=1

By adding (3.2) and (3.3), we obtain that
0 € —C —int(C) = —int(C),
which reaches a contradiction. Therefore,

conv({y1,y2, -, yp}) C UL T(yi) € UL el(T(vs)-
Hence, {cI(T(y))},cp, has the KKM-property. Moreover, as cI(T(y)) is compact for each y €
De, we obtain from the Ky Fan lemma [5] that Nyep CI(T(y)) # 0. It follows that Ny p U(y) # 0
since ﬂyef)scl(’ﬂ‘(y)) C ﬂyGDEUO;)‘
Now, let £ € N,cp cl(T(y)). We verify that X € Dg. To this aim, we shall use condition (iv).
Indeed,

e Suppose that (%)) is satisfied and that ¥ € K \ D¢. Then there exists z € D, such that
(F(z) +€G(%),z— %) + ¢(z) — ¢(x) € —int(C). Hence & ¢ U(z), which is in contradic-
tion with the fact that £ € Ny p cl(T(y)) C Nyep, U(y).

e Suppose that (%) is satisfied, then T (xp) C Dg. It follows that ¥ € D,.

Consequently, we have proved that for any finite subset A = {x1,xp,--+ ,x,} CK

P
({x € De : (F(xi) +€G(x),x; — x) + @ (x;) — ¢(x) ¢ —int(C)} # 0.

i=1
It follows that the family of subsets {M(y) }yex C De, where
M(y) := {x € De : (F(y) +€G(x),y =x) + @(y) — ¢(x) ¢ —int(C) }

has the finite intersection property. As D is compact, it follows that N,cxM(y) # 0. Hence,
there exists X € D¢ such that

(F(y) +€G(X),y—%) +¢(y) — @(x) ¢ —int(C), forall y € K. (3.4)
Fory e K andr € (0, 1], let us set
y=x+t(y—x) €Kk.
As ¢ is C-convex, we obtain from (3.4) that
(F(y)+€G(x),y—%) +o(y) — 9(x) ¢ —int(C), forall y € K.
It follows by the C-upper hemicontinuity of F that
(F(X)+eG(x),y—x)+o(y) — @(x) ¢ —int(C), forall y € K.

Hence, X € S¢. Now, let us verify that S¢ C D¢. Suppose by contradiction that there exists X € S¢
such that ¥ € K \ Dg. If (63) is satisfied, we deduce that

(F(X) +€G(x),x0 — %) + ¢(x0) — ¢(x) € —int(C),

which is in contradiction with the fact that x € S;. Hence x € D¢. If (%)) is satisfied, then there
exists y € D¢ such that

(F(y)+eG(x),y = %) + o(y) — ¢(¥) € —int(C). (3.5)
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As F is C-monotone, we get
(F(x)—F(y),y—x) € —C. (3.6)
By adding (3.5) and (3.6), we obtain
(F(X)+eG(x),y—x)+o(y) —¢(x) € —C —int(C) = —int(C).
This contradicts the fact that ¥ € S¢. Hence X € D¢, which completes the proof. U

Theorem 3.2. Suppose that X is a reflexive Banach space endowed with the weak topology
o (X,X*) and that the conditions (i), (ii) and (iii) of Theorem 3.1 are satisfied. Furthermore,
suppose that the following condition holds:

(60) There existsr € —int(C) and xo € K such that for all s > 0, there exists R; > 0 satisfying
the following: For all x € K with ||x — xo|| > Ry, one has (G(x),xo —x) € s||x—xo|jr —C.
Then, the problem (;) (3.1) has a solution Xe.
Proof. We shall apply Theorem 3.1. We need only to verify that the condition (%)) implies
condition (%3), that is, we verify that there exists a nonempty, convex and compact subset D¢
of K with xo € D¢ such that
(F(x) +€G(x),x0 —x) + @(x0) — @(x) € —int(C),
for all x € K\ D¢. To this aim, let us consider the following weakly compact set
B={xeK:|x—x| < a},

where o > 0, and the vector-valued function Ay, : X — Z defined by

hyy(x) = (F (x0),x —x0) + @(x) — @ (x0).
As hy, (+) is C-lower semicontinuous, then, according to [10, Lemma 7], there exists ro € Z such
that
hy,(x) —rp € int(C), forallx € B. (3.7)

On the other hand, as —r € int(C), we have —ar € int(C). Hence 0 € or +int(C). It follows
that there exists ¢ € (0,1) such that, for all r € (0,q), tr¢o € ar+int(C). Hence, for s > 0 such
that s > é, we have

ro € asr+int(C). (3.8)
Now, let x € K \ B and set

+(1

From (3.7), we get hy,(X) —rg € int(C). As ¢ is C-convex, it follows

— % xeB.

Xi=—x —
[l —xol [Ix —xol

X
(F(x0),x —x0) + @(x) — @(x0) — ———
Since F is C-monotone, we derive from the previous relation that

[l = xoll

(F(x),x0 —x) + ¢(x0) — @(x) + ro € —int(C).

Consequently, for any x € K\ B and € € (0, 1), we have

Jx =0l

(F(x) +€G(x),x0 —x) + @ (x0) — (x) + 0 € &(G(x),x0 —x) —int(C).  (3.9)
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On the other hand, for € € (0, 1) and s > 0 such that s > é, let us set § = 3 > 0. By using (%),
there exists B; > 0 such that for all x € K satisfying ||x — xo|| > Bs, one has
(G(x),x0 —x) € §|jx —xo|lr —C.
It follows that for s > 611, € € (0,1) and x € K satisfying ||x — xo|| > Bs, one has
€(G(x),x0 — x) € s||x —xp|jr —C. (3.10)

Therefore, from (3.9) and (3.10), we deduce that for s > %1, € € (0,1) and x € K \ B such that
||x — xo|| > Bs the following relation is satisfied

[lx = xol]

(F(x)+€G(x),x0—x)+ @(x0) — @(x) € (asr—rp) —int(C). (3.11)

Let Re = max{«, s} and letus set D¢ := {x € K : ||x—xo|| < R¢}, which is a nonempty, convex
and compact subset of K. Then, from (3.8) and (3.11), we deduce that

(F(x)+€G(x),x0 —x)+ @(xg) — @(x) € —int(C), forall x € K\ Ds.
This completes the proof. 0J

Remark 3.1. If Z =R and C = [0, 4o}, the condition (%)) is equivalent to the following con-
dition:
(G(x),x —xo)

— 400, when |Jx—xp|| —> 0.
[lx = o

Theorem 3.3. Let X and Z be two Banach spaces, K be a nonempty, closed and convex subset
of X. Let F,G: K — £ (X,Z) be two operators and ¢ : K — Z be a vector-valued function.
Suppose that the following conditions hold:

(1) F is C-monotone and C-upper hemicontinuous;
(1) @ is C-convex and C-lower semicontinuous;
(iii) Foreachx,y € K, h(x,y) := (F(x),y—x) +@(y) — ¢(x) is explicitly C-pseudomonotone;
(iv) for eachy € K fixed, g,(x) := (G(x),y —x) is C-upper semicontinous on K;
(v) for each € > 0, the problem (Z;) (3.1) has a solution Xe.
Then, every cluster point X of {Xe }e~0 is a solution of the bilevel problem (2.2).

Proof. Let {X¢}¢>0 C K such that X¢ € S¢ and let % be a cluster point of {%¢ }¢~o0.
Step 1. Let us verify that X € S. To this aim, as X¢ € Sg, it follows that

(F(x¢) +€G(xXe),y—Xe) + 0(y) — @(%¢) ¢ —int(C), forally € K. (3.12)
On the other hand, since F is C-monotone, we have
(F(y)—F(xe),y— %) €C. (3.13)
From (3.12) and (3.13), we deduce by using Lemma 2.1, that
(F(y) +€G(xe),y —Xe) + @(y) — @ (%) ¢ —int(C), forall y € K. (3.14)

We claim that (F(y),y — %) + @(y) — ¢(x) ¢ —int(C), for all y € K. Indeed, suppose by
contradiction that there exists § € K such that

(F(¥),5—%) + ¢@(F) — ¢(x) € —int(C).
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Then there exists r € int(C) such that
(F(3),5=%) + @) — ¢(x) +r € —int(C). (3.15)
As %r —int(C) is open and 0 € %r —int(C), there exists k; > 0 such that
e(G(%),5—%) € %r —int(C), for all & € [0, k). (3.16)

On the other hand, as gg(x) := (G(x),§ —x) is C-upper semicontinous on K and ¢ is
C-lower semicontinuous on K, it follows that the vector-valued function Ay : K — Z
defined by hy(x) = (F(F) + €G(x),y —x) + ¢(¥) — @(x) is C-upper semicontinuous on
K. Therefore, there exists k; > 0 and a neighborhood U of x such that X € U for
€ € [0,ky) and hy(x) € hy(x) + %r —int(C) for all x € U. Hence,

1
hs(¥e) € hy(E) + 5 —int(C), for all & € [0,k2). (3.17)
Let k = min{ky,k; }. From (3.15), (3.16) and (3.17), we deduce that
(F(9)+€G(xe), 5 — %) + 0(F) — @(¥e) € —int(C), for € € [0,k),
which is in contradiction with (3.14). Thus,

(F(y),y—X)+o(y) — @(x) ¢ —int(C), forall y € K. (3.18)

Fory e K and 7 € (0,1], let y, = X+¢(y — X) € K. From (3.18) and the C-convexity of
¢, we derive that

(F(y),y =) +0(y) — @(x) ¢ —int(C).
By using the C-upper hemicontinuity of F', we deduce that

(F(x),y=X) +0(y) — ¢(x) & —int(C),
for all y € K. Hence, € S.

We show that X is a solution of the bilevel problem (2.2). Let w € S and X¢ € S¢. Then
(F (%) + £G(%e), w—Fe) + 0(w) — 9(%e) & —int(C). (3.19)
Let us verify that (G(X¢),w —X¢) ¢ —int(C). Suppose by contradiction that
(G(Xe),w—Xe) € —int(C). (3.20)

As (F(w),xe —w) + @(Xe) — @(w) ¢ —int(C), it follows from condition (iii) that
(F(Xe),%e —w) + @(Xe) —@(w) € C. (3.21)
Hence, from (3.19) and (3.21), it follows from Lemma 2.1, that
e(G(Xe),w — %) ¢ —int(C),

which contradicts (3.20). Thus, (G(X¢),w —Xe) ¢ —int(C). As X is a cluster point of
{Xe }e>0 and the vector-valued function g,,(x) = (G(x),w —x is C-upper semicontinuous
at X, we derive that (G(x),w — x) ¢ —int(C). Therefore, X is a solution of the bilevel
problem (2.2).

0
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Example 3.1. Let X =R, Z=R?,C=R3 = {(x,y) € R?:x>0and y > 0} and K = [0, +0).
Consider the operator F : K — £ (X,Z) defined by (F(x),y —x) = (x(y —x),y —x) and the
function vector-valued function ¢ : K — Z defined by ¢(x) = (x,x). Then one can easily verify
that F' and ¢ satisfy the conditions (i)-(iii) of Theorem 3.3.

Theorem 3.4. Suppose that the conditions (i), (ii), (iii) and (iv) of Theorem 3.3 are satisfied,
and the following condition holds:

(%) There exist a nonempty, convex and compact set D C X and xo € DN K such that for all
x € K\ D, we have (F(x)+€G(x),xo —x) + ¢(x0) — ¢(x) € —int(C).
Then, bilevel problem (2.2) has a solution in D.

Proof. By using Theorem 3.1, we deduce that, for each € > 0, problem (), (3.1) has a solution
Xe and Sg C D. Tt follows that {x¢}¢~0 has a cluster point. Therefore, by using Theorem 3.3,
we conclude that bilevel problem (2.2) has a solution in D. [

Theorem 3.5. Let X be a reflexive Banach space endowed with the weak topology o (X,X™).
Suppose that the conditions (i), (ii), (iii) and (iv) of Theorem 3.3 are satisfied, and the following
conditions hold: there exists r € int(C) and xo € K such that

(21) For a certain Ry > 0 and any x € K with ||x —xo|| > Ry, one has
(G(x),x0 —x) € ||[x—x0||r—C;
(2) Forall s > 0, there exists Ry > 0 such that for x € K with ||x — xo|| > R; one has
(F(x),x—x0) + @(x) — @(x0) € s]x—xo[[r+C.
Then, problem (2.2) has a solution.

Proof. Let us verify that there exists a nonempty, compact and convex subset D of K, which
does depend on € > 0 (sufficiently small) such that

(F(x)+€G(x),x0 —x) + @(x0) — @(x) € —int(C), forallxe K\D. (3.22)

From (2;), there exists Ry > 0 such that (G(x),xp — x) € ||x — xp||r — C, for x € K satisfying
l|x — xo|| > Ro. Hence, for € € (0,1) and x € K satisfying ||x —xo|| > R, one has

e(G(x),xg—x) € g||lx—xp|lr—C. (3.23)
By considering s = 1 in (%), there exists R; > 0 such that
(F(x),x—x0)+@(x) —@(x0) € ||[x—xo|lr+C, forallx € K satisfying ||x —xo| > R;. (3.24)
Let us set R = max{Ry,R;}. By using (3.23) and (3.24), we get, for all x € K such that ||x —
xo|| > R,
(F(x)+€G(x),x0—x)+ @(x0) — @(x) € —(1 —€)||x —x0||r — C. (3.25)
Since € € (0,1) and r € int(C), we deduce that
—(1—¢€)||x—xo||r € —int(C), forallee (0,1).
By taking D = {x € K : ||x —xo|| <R} (which does not depend on €), we derive from (3.25) that
(F(x)+€G(x),x0 —x) + @(x0) — @(x) € —int(C), forallxe K\D. (3.26)

We conclude the desired conclusion by using Theorem 3.4. U
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4. THE VECTOR AUXILIARY PRINCIPLE FOR BILEVEL VECTOR VARIATIONAL
INEQUALITIES

Let T : X — £ (X,Z) be a linear continuous operator, w € K, € > 0 and p > 0. In order to
approximate the solutions of bilevel problem (2.2), we consider the following auxiliary vector
variational inequality problem (for short, (AVVIP), .): Find X € K such that

P(F(X)+eG(x),y—%) +o(y) — ()] +(T(y) —T(x),x—w) ¢ —int(C), forallyeK.
(4.1)
Definition 4.1. Let 7 : X — Z(X,Z) be an operator and a € int(C).

(a) T is said to be a-C-strongly positive with modulus a if
(T(x),x)—|jx|*)acC, forallxeX.
(b) T is said to be a-C-strongly monotone with modulus a if
(T(x)=T(y),x—y)—|x—y||*aeC, forallx,ye€X.

Remark 4.1. It is easy to see that if a linear operator 7 : X — .Z(X,Z) is a-C-strongly positive
then it is a-C-strongly monotone.

Theorem 4.1. Suppose that X is a reflexive Banach space and K is a nonempty, closed and
convex subset of X. Let F,G : K — £ (X,Z) be two operators and T : X — £ (X,Z) be a
bounded linear operator. Assume that there exists @ € int(C*) such that (®,z) > 0 for all
z ¢ —int(C). Suppose that the following conditions hold:
(1) F and G are C-monotone and C-upper hemicontinuous,

(1) @ is C-convex and C-lower semicontinuous;

(iii) T is a-C-strongly positive with modulus a € int(C).
Then, for each w € X, problem (AVEP),, ¢ (4.1) has a unique solution X € K.

Proof. Let us consider the operator Fp ¢ : K — Z(X,Z) defined by Fj ¢(x) = p(F(x) + €G(x))
and the vector-valued function ¢, : K — Z defined by ¢, (x) = p@(x). It is easy to verify that
the operator Fj, ¢ is C-monotone and C-upper hemicontinuous and that ¢, is C-convex and C-
lower semicontinuous. By using these notations, we can rewrite the problem (AVEP), ¢ (4.1)
as the following: Find x € K such that

(Fp.e(®),y=X) +@p(y) = @p (%) + (T (y) =T (x),x—w) ¢ —int(C), forallyeK. (4.2)
We shall proceed by the three steps below.
Step 1. First, let us verify that there exists a compact convex subset Dy ¢ of K and xo € K, such

that

(Fp.e(x),x0 —x) + @p(x0) — @p(x) + (T (x0) = T (x),x —w) € —int(C), forallx € K\ Dpe.
(4.3)
To this aim, as F, ¢ is C-monotone, it suffices to verify, by following a similar procedure
to the one used in the proof of Theorem 3.2, that there exist r € —int(C) and xp € K such
that for all s > 0, there exists Ry > 0 satisfying the following condition:

(T(x0) —T(x),x—w) € s|jlu—vp|r—C, for all x € K with ||x —xp|| > R;. (4.4)
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Let xp € K be arbitrary and set r := —a € —int(C). Note that
(T(x0) —T(x),x—w)=—(T(x—x0),x—x0) + (T (x0) — T(x),x0 — w)
Therefore, for s > 0, we have
v — (T (x0) = T (x),x—=w)
= s||x — xol|r + (T (x — x0),x — x0) + (T (x —x0),X0 — W)

s|lx—xo
4.5)
= [(T(x—xo),x—xo> —a||x—x0||2}

+ajx —xo|* — s]jx —xol|]a+ (T'(x — x0),x0 — w).

Let us set y(x) := (T (x—xp),x0 —w). As T is a-C-strongly positive, it follows from
(4.5) that

sl —xollr = (T (x0) = T (x),x = w) € [x—xo0[*a —s|x —xola+ y(x) +C.  (4.6)

AsT : X — Z(X,Z) is linear continuous, it follows that y(-) is continuous from X to
Z, and therefore it is C-lower semicontinuous. Hence, for ¢« > 0 there exists rg € Z such
that

y(y)—rp €int(C), forallyeB:={xecK:|x—xo| <oa}. 4.7
On the other hand, we have a € int(C). Hence aa € int(C) and 0 € —aa+int(C). Thus,
there exists ¢ € (0, 1) such that, for all# € (0,q), tro € —aa+int(C). Therefore,

1
ro € —saa+int(C), fors> —. (4.8)
q

Now, letx € K\Bandy:= —%x+ (1 — L)xo € B. Note that

[[x—xoll [x—xol

o (04 (04
W(y) = Hx_xOH l[/(X)+ (1 - H-x_xOH) V/(X()) = HX_XOH l[/(X)

From (4.7), we deduce that —%—y(x) —r¢ € int(C). Therefore,

[x—xoll

[lx = xoll

y(x) € ro+int(C), forallxe K\B. 4.9)

Thus, from (4.6) and (4.9), we deduce
sl = xolr — (T (x0) = T'(x),x—w)

[lx —xoll (4.10)

€ [||x—xo|| — 2s]||x — xo|la+ [ro + saa] +int(C).

By considering R, := max{2s, &}, we deduce from (4.8) and (4.10) that for x € K such
that ||x — xo|| > Ry, we have

s||x —xol|r — (T (x0) — T (x),x —w) € int(C).
Hence, we obtain relation (4.4).
In this second step, we show that the problem (AVEP), ¢ (4.1) has a solution. To this
aim, let A = {x1,x2,---,x,} be a finite subset of K, and let l~)p78 :=conv(AUDp¢)

which is a convex and compact set. We follow the same procedure used in the proof of
Theorem 3.1 by considering, for y € De, the sets below

T(y) := {x € Dp.e : (Fp.e(x),y = %) + @p(y) = @p(x) + (T (y) = T (x),x = w) ¢ —~int(C)},
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U() :={x€Dpe: (Fp.e(y),y = %) + @p(y) = @p (x) + (T (y) = T(x),x —w) ¢ —int(C)}.
The rest of the proof is similar to the one of Theorem 3.1, where T(y) is replaced by
T(y), and U(y) is replaced by U(y).
Step 3. We verify that the solution of (AVEP),, ¢ is unique. Suppose that the problem (4.1) has
two solutions x; and x,. Then,

(Fpe(x1),y=x1) +@p(¥) = @p(x1) + (T (y) =T (x1),x1 —w) & —int(C), forally €K, (4.11)
and
(Fpe(x2),y —x2) + @p () — @p (x2) + (T (y) = T (x2),x2 —w) ¢ —int(C), forally€eK. (4.12)
Taking y =x; in (4.11) and y = x1 in (4.12), we obtain
(Fpe(x1),%2 —x1) + @p (x2) — @p (x1) + (T (x2) — T (x1),x1 —w) ¢ —int(C),
and
(Fpe(x2),x1 —x2) + @p (x1) — @p (x2) + (T (x1) — T (x2),x2 —w) ¢ —int(C).
It follows that

(@, (Fp.e(x1),02 = x1) + @p (x2) = @p (x1) + (T (x2) = T (x1), 21 —w)) >0, (4.13)
and
(@, (Fpe(x2),x1 —X2) + @p(x1) — @p (x2) + (T (x1) — T (x2),x2 —w)) > 0. (4.14)
Adding inequalities (4.13) and (4.14), we get

(@, (Fpe(x1) = Fpe(x2),x0—x1)) +(@,(T (x2) — T(x1),x1 —x2)) > 0. 4.15)

Since Fp ¢ is C-monotone, it follows that (Fp ¢(x1) — Fp ¢(x2),x1 —x2) € C. Hence

(@, (Fpe(x1) —Fpe(x2),x—x1)) <0
Thus, from (4.15), we deduce that

(@,(T(x2) — T(x1),x1 —x2)) > 0. (4.16)
On the other hand, from Remark 4.1, we have that T is a-C-strongly monotone, and
hence
<T(x2) — T(X]),XQ —x1> — HX2 — X1 Hza eC.
Therefore,

(@, (T (x2) = T(x1),x1 —x2)) < —|lx2 —x1 | (@, a).

In view of (4.16), we deduce that —||x, — x{||*(®@,a) > 0. Since (@,a) > 0, it follows
that x; = x».

O
Remark 4.2. In the previous results, we have used the following condition:
There exists @ € int(C*) such that (@,z) > 0 for all z ¢ —int(C).

We give the following example where this condition is satisfied: Let Z=R>and C=R, xR =
{(x,y) : x>0}. Then, int(C) = {(x,y) : x > 0}. Let s = (51,0) with s; > 0. Then s € int(C*) and
(s,z) > 0forall z¢ —int(C). When Z = R and C = [0, +o0), this condition is trivial. We point
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out this condition has been used in several works, see, for instance, [17, Theorem 3.6,Theorem
4.2].

Now, we present an iterative method to approximate the solution of bilevel problem (2.2) and
study its convergence.

Algorithm 4.1. Take {¢&, },ey C]0,+oo[ and {py }nen C 0, +oo[ such that {€, },en is decreasing
to 0 and {p, },en is increasing.

STEP 1: Letxo € X be given and set n := 0.

STEP 2: Calculate x,4; € X such that, forall y € K,

<Fpn+1,8,1+1 (xn+1)>y _xn+1> + Pp, ) — Do (xn—H) + <T(Y) - T(xn—i-l)axn—i—l _xn> ¢ —il’lt(C).
STEP 3: Setn:=n+1 and go to Step 2.

Theorem 4.2. Suppose that X is a reflexive Banach space and K is a nonempty, closed and
convex subset of X. Let F,G: K — £ (X,Z) be two operators and T : X — £ (X,Z) be a
bounded linear operator. Assume that there exists @ € int(C*) such that (@,z) > 0 for all
z ¢ —int(C). Suppose that the following conditions hold:

(1) F is C-monotone and C-upper hemicontinuous,
(i1) G is b-C-strongly monotone and C-upper hemicontinuous;
(1) @ is C-convex and C-lower semicontinuous;
(iv) there exists m € int(C) such that (G(x),y — x) + ||x — y||?m € C for all x,y € K;
(v) T is a-C-strongly positive with modulus a € int(C).
Moreover, suppose that the following conditions are satisfied:

: Pn 173
(Hy) there exists k € (0, 1) such that pil GG

where 61 = (0,b), 0 = (®,m) and 03 = (O ,a);
(Ho) the sequence O, := [p,€,|~" is bounded.

<k,

Then, the iterative sequence generated by Algorithm 4.1 converges strongly to a solution X of
(2.2).

Proof. From Algorithm 4.1, we have

Pt [(F (Xnt1) +€11G(Xn41),Y — Xns1) + 0 () — @(xn11)] @.17)
+<T<y) - T(xn+1)7xn+1 _xn> ¢ —int(C), forally € K. .

and

P [(F (xXn) +€.G(x0),y — Xu) + @) — @(x2)] + (T (y) = T (Xn), %0 — Xp—1) & —int(C),
(4.18)
forally e K.
By taking y = x,, in (4.17) and y = x;,+1 in (4.18), we get

[<F(xn+1> +£n+1G(xn+1)7xn _xn+1> + q)(xﬂ) - q)(anrl)]

+ (T (xn) =T (Xp41),%n 11 — Xn) ¢ —int(C),

Pn+1
nd
) [(F () + E0G () 1 — ) + P (s 1) — @ ()]

+ pin(T(an) — T (xn),%n — Xp—1) ¢ —int(C).
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It follows that
(@, (F(xXn+1) + €0+1G(Xn11), %0 — Xn1) + @(xn) — @(Xn+1))

(@, (T (x3) = T (Xn1) X1 — X)) >0 (4.19)

_|_

Pr+1
and
<G)', <F<Xn) "'enG(xn)ver—l _xn> + (p(xn—H) - (P(xn)>

1 4.20
(@ (T (Xn1) = T () %0 — 2n1)) > 0 (4.20)

n

By adding (4.19) and (4.20), we obtain

(@, (F(Xp+1) = F (%n), %0 — Xn41)) + €{@, (G (xnt1) — Gxn), Xn — Xn41))
1

Pn+1

+ pi(ax (TConst) = Tx) 60 — g 1)) > 0. (421)

n

+ (gn-i-l - 8,1)<G7, <G(xn+l)7xn _xn+1>> + <(D-7 <T<xn _xn—l—l)aer—I _xn>>

Since F is C-monotone and G is b-C-strongly monotone, we derive from (4.21) that

(€ns1 = &n)(@, (G (n 1) %n = Xn41)) — & (@, ) 1 — 00|
1 1 (4.22)

(@, (T (6 = Xn 1) X1 = X))+ —=A@ (T (1) =T () X = Xn—1)) 2 0.
Pn+1 Pn

+
In view of condition (iv), we deduce from (4.22) that

n — En+1 ) Xn+1 —Xn|| — &(W, Xn+1 —Xn
(& — €nt1) (@D, m) || 1> — & (@, b)]| [&

1 (4.23)
(@, (T (xp — Xpt1) s Xno1 — %)) + — (@, (T (Xp1) — T (%), X — X)) > 0.
Pn+1 Pn

_|_

Let us set 0] := (@,b) and 0, := (@, m) which are strictly positive since @ € int(C*) and
b,m € int(C). Therefore, from (4.22), we have

<(D, <T<xn _xn+l)7xn+1 _xn>>
! (4.24)
+ P_<w’ (T (xXns1) = T (Xn), %0 — Xn—1))-

On the other hand, since T is a-C-strongly positive, we have

(@, (T (1 =) X4 1= X)) 2> (@, 8) [t — x|

Hence, by setting o3 := (®@,a) which is strictly positive, we deduce from (4.24) that

a1 =% <

O3 1
{ + 018, — Gz(gn—8n+1)} X1 —Xn|* < —(@, (T (X1 —Xn), X0 — Xn1))-
pn—H pn

Therefore,

O3 1
{ +618n—62(8n—8n+1)} i1 = xall* < — 1Tl [Pns1 = Xnll 1160 =201 |-
Pr+1 Pn
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Consequently, we obtain

_ P |7l

Pn [03+ Pur1(018 — O2(&r — €1
Hence, by using condition (H;), we deduce that

))] Hxﬂ —Xn—1 H

%01 — Xn|| <k |[xn —x,—1]] with k< 1.

Thus, x,, converges strongly to a point X € K.
Now, let us show that i is a solution of the bilevel problem (2.2). To this aim, from Algorithm
4.1, we have that, foralln € Nand all y € K,

(Fpuit net Xnt1),Y = Xnt1) + @p, o (V) = Op,y (Xnv1) (T (¥) = T (K1) Xn1 — Xn) & —int(C).
(4.25)

As Fp,  e,., 18 C-monotone, it follows that
(Fppirens ) = Fp, 160y (Xng1),y —Xng1) €C,  forally € K. (4.26)
From (4.25), (4.26) and Lemma 2.1, we obtain, for all y € K

<Fpn+l78n+] ),y —Xnt1) + Poysi () — Ppyii (1) F(T () = T (Xng1), Xn 1 —Xp) & —int(C).
Hence, we have, forall y € K,
(@, (F (), X1 =) + @Xns1) — @) + E41(B, (G(Y), Xnt1 =)

(4.27)
< <Ta7(y_xn+l)axn+l _xn>'
Pn+1
By considering the limit when n — +o0 in (4.27), we obtain
(@, (F(y),X=y)+¢(x) —9(y)) <0, forallyeKk.
Since @ € int(C*) and int(C*) = {A € Z* : (1,2) > 0 for all z € int(C)}, it follows that
(F(y),y =% +o(y) — (X)) ¢ —int(C), forallye K. (4.28)
Fort € (0,1) andy € K, let us set y, :=x+1t(y —x) € K. As ¢ is C-convex, it follows that
tp(y) + (1 =0)e(x) — o) € C. (4.29)
Therefore, from relation (4.28) considered for y;, relation (4.29) and Lemma 2.1, we obtain
(F(vi),y =%+ ¢(y) — ¢(x)) ¢ —int(C). (4.30)

As F is C-upper hemicontinuous, we deduce from (4.30) that

(F(x),y—%)+¢(y) —¢(x)) ¢ —int(C), forallye€ K.

Hence, X is a solution of the vector variational inequality problem (2.1), i.e. X € S.
Now, let us verify that (G(X),z — ) ¢ int(C) for all z € S. From Algorithm 4.1, we have, for
ally e K,

<Fp,,+178n+1 (xn+l)7y _xn+1> + (Per—l (y) - (an+1 (xn+1) + <T(y) - T(Xn+l)7xn+1 _xn> §§ —int(C).
4.31)

Let us take z € S. By using the C-monotonicity of Fp, ., e,,,, we deduce from (4.31) that
(Fpui1.n1 (2):2 = Xn41) + P, (2) = Ppyy (K1) (T (@) = T (1) s Xn 1 = Xn) ¢ —int(C).
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Hence,
(@, (Fp, 16041 (2): 2= Xnt1) + @p, (2) = Pp, s (g 1) +(T(2) = T (K1), X1 — %)) > 0.
It follows that
Prt1 (@, (F(2), X1 — 2) + @ (xnt1) — @(2)] + Prt1€0+1(D, (G (2), X1 — 2))
<(@,(T(2) = T (Xng1)s X1 = Xn))-
Asz €S, wehave (@, (F(z),Xn+1—2) + @(xn+1) — ©(z)) > 0. Therefore, from (4.32), we obtain

(4.32)

(0.(G()tns1 —2)) € ———(@ATQ) ~ T ) — ). (4.33)
Pr+1€n+1

By considering the limit when n — +o0 in (4.33) and by taking account of condition (Hj), it
follows that

(@,(G(z),x—z)) <0.
Hence, (G(z),Xx—z) ¢ int(C). As G is C-upper hemicontinuous, we can show, by proceeding
similarly as before, that

(G(X),z—x) ¢ —int(C), forallz€S.
This completes the proof. U

1
Remark 4.3. The conditions (H;) and (H,) hold if we consider, for instance, &, = 5 B=>1)
n

1
and p, = ol
n
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