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Abstract. In this paper, a bilevel vector variational inequality problem is investigated in the setting of Ba-
nach spaces. We propose a method which consists in reducing the study of the bilevel vector variational
inequality problem to that of a one level vector problem. By introducing a vector auxiliary principle, we
propose an algorithm to approximate the solution of the considered bilevel vector variational inequality
problem. The strong convergence of the proposed iterative method is studied.
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1. INTRODUCTION

The theory of vector variational inequalities began with the pioneering work of Giannessi
[6] in 1980. He extended the classical variational inequality for vector–valued functions in the
setting of finite dimensional spaces. Since then, a large number of papers have appeared in
the literature on different aspects of vector variational inequalities. Later, it was shown that the
theory of vector variational inequalities is a powerful tool to study vector optimization problems.

Bilevel vector inequality problem is defined as a mathematical program, where an upper level
vector variational inequality problem contains another vector variational inequality problem as
a constraint, called the lower level problem. This problem is motivated by the work of many
researchers which we mention briefly. Harker and Pang [7] in 1988 considered the bilevel op-
timization problem, in which the constraint set is the solution set of a variational inequality or
complementarity problem. Afterwards, a large number of papers on this topic have appeared in
the literature, see, for instance, [1, 4, 14, 15] and the references therein. Bonnel and Morgan [2]
considered a bilevel optimization problem with a vector-valued objective function on the lower
level and a scalar-valued objective function on the upper level. They called it a semivectorial
bilevel optimization problem. Liou, Yang and Yao [12] also studied such problems and called
them mathematical programs with vector optimization. Recently, Ju, Zhu and Akram [9] stud-
ied Levitin-Polyak well posedness for bilevel vector variational inequalities. For applications,
many real life problems can be modeled as a bilevel problem. Such models appear for instance
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in the study of transportation (network design, optimal pricing) problems, economics (Stackel-
berg games, principal-agent problem, taxation, policy decisions), management (network facility
location, coordination of multi-divisional firms), engineering (optimal design); see [3].

In this paper, we study the existence and approximation of solutions for bilevel vector varia-
tional inequalities in the setting of Banach spaces. Our approach consists of reducing the study
of the bilevel vector variational inequality problem to that of a one level vector problem. By
considering a vector auxiliary principle, we generate an iterative sequence. This leads us to
propose an algorithm to approximate the solution of the considered bilevel vector variational
inequality problem. Afterward, we study the strong convergence of the sequence generated by
the algorithm to the solution of the bilevel vector variational inequality problem considered in
this paper.

The paper is organized as the following. In Section 2, we give a description of the problem
studied in this paper as well as some definitions and preliminary results. In Section 3, we study
the existence of solutions of the bilevel problem considered by a method which consists to re-
duce the study of the bilevel vector variational inequality problem to that of a one level vector
problem. First, we study the existence of solutions of the considered one level vector variational
inequality problem and then we use this approach to derive some existence results for the bilevel
vector variational inequality problem considered in this paper. Section 4 is devoted to the ap-
proximation of solutions for the bilevel vector variational inequality problem. By introducing
a vector auxiliary principle, we propose an algorithm and study the strong convergence of the
generated sequence to a solution of the bilevel problem considered.

2. PROBLEM FORMULATION AND PRELIMINARIES

Let X and Z be two Banach spaces, and let K be a nonempty, closed and convex subset of
X . Let C ⊂ Z be a proper convex cone such that its topological interior, denoted by int(C), is
nonempty. For M ⊆ X , we denote by conv(M) the convex hull of M and by cl(M) the closure
of M. We denote by Z∗ the dual space of Z and by C∗ the positive polar cone of C, i.e.,

C∗ = {λ ∈ Z∗ : 〈λ ,z〉 ≥ 0 for all z ∈C}.
Note that

int(C∗)⊂ {λ ∈ Z∗ : 〈λ ,z〉> 0 for all z ∈ int(C)}.
Further, we denote by L (X ,Z) the space of all bounded linear operators from X into Z, and by
〈l,x〉 the value of l ∈L (X ,Z) at x ∈ X . For ϖ ∈ int(C∗) and T : X →L (X ,Z), we define the
operator Tϖ : X → X∗ by 〈Tϖ(x),y〉= 〈ϖ ,〈T (x),y〉〉, for all x,y ∈ X .

Let F : K → L (X ,Z) be two operators and ϕ : K → Z be a vector-valued function. We
consider the following mixed vector variational inequality: Find x̄ ∈ K such that

〈F(x̄),y− x̄〉+ϕ(y)−ϕ(x̄) /∈ −int(C), for all y ∈ K. (2.1)

Our attention will be focused on the possibility of computing solutions of (2.1) with respect to
a given operators G : K→L (X ,Z). More precisely, we are interested in solving the following
problem: Find x∗ ∈ S such that

〈G(x∗),y− x∗〉 /∈ −int(C), for all y ∈ S, (2.2)

where the set of constraints S is the solution set of (2.1). That is,

S= {x ∈ K : 〈F(x),y− x〉+ϕ(y)−ϕ(x) /∈ −int(C), for all y ∈ K}.
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Problem (2.2) is referred to bilevel vector variational inequality, or of hierarchical type problem
in the literature, because the set of constraints S is it self given as subproblem.

We shall need the following lemma for the solution of our problem.

Lemma 2.1. For x,y ∈C, we have

x ∈C and y /∈ −int(C) implies x+ y /∈ −int(C).

Below, we give some definitions and preliminary notions that we will need in the sequel.

Definition 2.1. A vector-valued function ϕ : K→ Z is said to be C-convex if, for each x,y ∈ K
and t ∈ [0,1],

tϕ(x)+(1− t)ϕ(y)−ϕ(tx+(1− t)y) ∈C.

The function ϕ is said to be C-concave if −ϕ is C-convex.

Definition 2.2. The operator F : K→L (X ,Z) is said to be
(a) C-monotone if 〈F(x)−F(y),x− y〉 ∈C for all x,y ∈ K;
(b) C-upper hemicontinuous if, for all x,y,z ∈ K, the vector-valued function

t ∈ [0,1] 7→ 〈F(tx+(1− t)y),z〉 is C-upper semicontinuous at 0.

Let us recall the following notions of cone pseudomonotonicity involving a vector-valued
function h introduced in [11].

Definition 2.3. A vector-valued function h : K×X → Z is said to be
(i) explicitly C-pseudomonotone if, for all x,y ∈ K, x 6= y,

h(x,y) /∈ −int(C)⇒ h(y,x) ∈ −C;

(ii) weakly C-pseudomonotone if, for all x,y ∈ K, x 6= y,

h(x,y) /∈ −int(C)⇒ h(y,x) /∈ int(C).

Remark 2.1.

(1) When C =R+, both the notions above reduce to the following notion of pseudomono-
tonicity considered by Komlosi [8]

h(x,y)≥ 0⇒ h(y,x)≤ 0.

(2) It is easy to verify that every explicitly C-pseudomonotone function is weakly C-
pseudomonotone. The converse is not true, consider for instance the following example:
Take X = R, K = R, Z = R2, C = R2

+ = {(x,y) ∈ R2 : x ≥ 0 and y ≥ 0} and h : X ×
K → Z is defined by h(x,y) = (x(y− x),y− x). We can verify that h is weakly C-
pseudomonotone, but it is not explicitly C-pseudomonotone, since h(0,−1) /∈ −int(C)
and h(−1,0) /∈ −C.

Definition 2.4. [13, Definition 5.1] A vector-valued function ϕ : X → Z is said to be C-lower
semicontinuous at x ∈ X iff, for any open neighborhood V ⊂ Z of ϕ(x), there exists an open
neighborhood U ⊂ X of x such that ϕ(y) ∈V +C for all y ∈U .

ϕ is said to be C-lower semicontinuous on X iff it is C-lower semicontinuous at each point x
of X . ϕ said to be C-upper semicontinuous on X if −ϕ is C-lower semicontinuous on X .
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Lemma 2.2. [16] Let ϕ : X → Z be a vector-valued function. The following three statements
are equivalent:

(i) ϕ is C-lower semicontinuous on X;
(ii) For all a ∈ Z, ϕ−1(a+ int(C)) is open;

(iii) For each x0 ∈ X and for any d ∈ int(C), there exists an open neighborhood U of x0 such
that ϕ(x) ∈ ϕ(x0)−d + int(C) for all x ∈U.

3. EXISTENCE RESULTS FOR BILEVEL VECTOR VARIATIONAL INEQUALITIES

In this section, we propose a method which consists of reducing the study of the problem
of bilevel vector variational inequality (2.2) to that of a one level vector problem. For this, we
consider the following problem. Given ε > 0, find x ∈ K such that

(Pε) 〈F(x)+ εG(x),y− x〉+ϕ(y)−ϕ(x̄) /∈ −int(C), for all y ∈ K. (3.1)

Let us denote by Sε the solution set of the problem (3.1).

Theorem 3.1. Let X and Z be two Banach spaces, K be a nonempty, closed and convex subset
of X. Let F,G : K → L (X ,Z) be two operators and ϕ : K → Z be a vector-valued function.
Suppose that the following conditions hold:

(i) F is C-monotone and C-upper hemicontinuous;
(ii) ϕ is C-convex and C-lower semicontinuous;

(iii) for each y ∈ K, gy(x) := 〈G(x),y− x〉 is C-upper semicontinous on K;
(iv) (Coercivity condition) There exists a nonempty, compact and convex subset Dε of K

such that either
(C1) ∀y ∈ K \Dε , ∃x ∈ Dε such that 〈F(x)+ εG(y),x− y〉+ϕ(x)−ϕ(y) ∈ −int(C);

or
(C2) ∃x0 ∈ Dε such that 〈F(y)+ εG(y),x0− y〉+ϕ(x0)−ϕ(y) ∈ −int(C), for all y ∈

K \Dε .
Then, problem (Pε) has a solution x̄ε . Furthermore, Sε ⊂ Dε .

Proof. Let A = {x1,x2, · · · ,xn} be a finite subset of K, and let D̃ε := conv(A∪Dε) which is a
convex and compact set. For y ∈ D̃ε , let us consider the following sets

T(y) := {x ∈ D̃ε : 〈F(x)+ εG(x),y− x〉+ϕ(y)−ϕ(x) /∈ −int(C)},
U(y) := {x ∈ D̃ε : 〈F(y)+ εG(x),y− x〉+ϕ(y)−ϕ(x) /∈ −int(C)}.

Note that T(y)⊂U(y) since F is C-monotone. Furthermore, by using (ii) and (iii), we can verify
that U(y) is closed. Let us verify that∩y∈D̃ε

cl(T(y)) 6= /0. To this aim, let us verify that the family
{T(y)}y∈D̃ε

has the KKM-property. Suppose by contradiction that there exists {y1,y2, · · · ,yp}⊂
D̃ε such that conv({y1,y2, · · · ,yp}) * ∪p

i=1T(yi). Hence, there exists α1,α2, · · · ,αp ≥ 0 with

∑
p
i=1 αi = 1 such that ỹ =

p

∑
k=1

αkyk /∈ T(yi), for all i = 1, · · · , p. Thus,

〈F(ỹ)+ εG(ỹ),yi− ỹ〉+ϕ(yi)−ϕ(ỹ) ∈ −int(C), for all i = 1, · · · , p.

Multiplying the previous relation by αi and taking the sum over i, we obtain
p

∑
i=1

αiϕ(yi)−ϕ(ỹ) ∈ −int(C). (3.2)
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On the other hand, as ϕ is C-convex, we derive that

ϕ(ỹ)−
p

∑
i=1

αiϕ(yi) ∈ −C. (3.3)

By adding (3.2) and (3.3), we obtain that

0 ∈ −C− int(C) =−int(C),

which reaches a contradiction. Therefore,

conv({y1,y2, · · · ,yp})⊂ ∪p
i=1T(yi)⊂ ∪p

i=1cl(T(yi)).

Hence, {cl(T(y))}y∈D̃ε
has the KKM-property. Moreover, as cl(T(y)) is compact for each y ∈

D̃ε , we obtain from the Ky Fan lemma [5] that∩y∈D̃ε
cl(T(y)) 6= /0. It follows that∩y∈D̃ε

U(y) 6= /0
since ∩y∈D̃ε

cl(T(y))⊂ ∩y∈D̃ε
U(y).

Now, let x̃ ∈ ∩y∈D̃ε
cl(T(y)). We verify that x̃ ∈ Dε . To this aim, we shall use condition (iv).

Indeed,
• Suppose that (C1) is satisfied and that x̃ ∈ K \Dε . Then there exists z ∈ Dε such that
〈F(z)+ εG(x̃),z− x̃〉+ϕ(z)−ϕ(x̃) ∈ −int(C). Hence x̃ /∈ U(z), which is in contradic-
tion with the fact that x̃ ∈ ∩y∈D̃ε

cl(T(y))⊂ ∩y∈D̃ε
U(y).

• Suppose that (C2) is satisfied, then T(x0)⊂ Dε . It follows that x̃ ∈ Dε .
Consequently, we have proved that for any finite subset A = {x1,x2, · · · ,xn} ⊂ K

p⋂
i=1

{x ∈ Dε : 〈F(xi)+ εG(x),xi− x〉+ϕ(xi)−ϕ(x) /∈ −int(C)} 6= /0.

It follows that the family of subsets {M(y)}y∈K ⊂ Dε , where

M(y) := {x ∈ Dε : 〈F(y)+ εG(x),y− x〉+ϕ(y)−ϕ(x) /∈ −int(C)}
has the finite intersection property. As Dε is compact, it follows that ∩y∈KM(y) 6= /0. Hence,
there exists x̄ ∈ Dε such that

〈F(y)+ εG(x̄),y− x̄〉+ϕ(y)−ϕ(x̄) /∈ −int(C), for all y ∈ K. (3.4)

For y ∈ K and t ∈ (0,1], let us set

yt = x̄+ t(y− x̄) ∈ K.

As ϕ is C-convex, we obtain from (3.4) that

〈F(yt)+ εG(x̄),y− x̄〉+ϕ(y)−ϕ(x̄) /∈ −int(C), for all y ∈ K.

It follows by the C-upper hemicontinuity of F that

〈F(x̄)+ εG(x̄),y− x̄〉+ϕ(y)−ϕ(x̄) /∈ −int(C), for all y ∈ K.

Hence, x̄∈ Sε . Now, let us verify that Sε ⊂Dε . Suppose by contradiction that there exists x̄∈ Sε

such that x̄ ∈ K \Dε . If (C2) is satisfied, we deduce that

〈F(x̄)+ εG(x̄),x0− x̄〉+ϕ(x0)−ϕ(x̄) ∈ −int(C),

which is in contradiction with the fact that x̄ ∈ Sε . Hence x̄ ∈ Dε . If (C1) is satisfied, then there
exists y ∈ Dε such that

〈F(y)+ εG(x̄),y− x̄〉+ϕ(y)−ϕ(x̄) ∈ −int(C). (3.5)
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As F is C-monotone, we get
〈F(x̄)−F(y),y− x̄〉 ∈ −C. (3.6)

By adding (3.5) and (3.6), we obtain

〈F(x̄)+ εG(x̄),y− x̄〉+ϕ(y)−ϕ(x̄) ∈ −C− int(C) =−int(C).

This contradicts the fact that x̄ ∈ Sε . Hence x̄ ∈ Dε , which completes the proof. �

Theorem 3.2. Suppose that X is a reflexive Banach space endowed with the weak topology
σ(X ,X∗) and that the conditions (i), (ii) and (iii) of Theorem 3.1 are satisfied. Furthermore,
suppose that the following condition holds:

(C0) There exists r∈−int(C) and x0 ∈K such that for all s > 0, there exists Rs > 0 satisfying
the following: For all x ∈K with ‖x−x0‖ ≥ Rs, one has 〈G(x),x0−x〉 ∈ s‖x−x0‖r−C.

Then, the problem (Pε) (3.1) has a solution x̄ε .

Proof. We shall apply Theorem 3.1. We need only to verify that the condition (C0) implies
condition (C2), that is, we verify that there exists a nonempty, convex and compact subset Dε

of K with x0 ∈ Dε such that

〈F(x)+ εG(x),x0− x〉+ϕ(x0)−ϕ(x) ∈ −int(C),

for all x ∈ K \Dε . To this aim, let us consider the following weakly compact set

B = {x ∈ K : ‖x− x0‖ ≤ α},
where α > 0, and the vector-valued function hx0 : X → Z defined by

hx0(x) = 〈F(x0),x− x0〉+ϕ(x)−ϕ(x0).

As hx0(·) is C-lower semicontinuous, then, according to [10, Lemma 7], there exists r0 ∈ Z such
that

hx0(x)− r0 ∈ int(C), for all x ∈ B. (3.7)
On the other hand, as −r ∈ int(C), we have −αr ∈ int(C). Hence 0 ∈ αr+ int(C). It follows
that there exists q ∈ (0,1) such that, for all t ∈ (0,q), tr0 ∈ αr+ int(C). Hence, for s > 0 such
that s > 1

q , we have
r0 ∈ αsr+ int(C). (3.8)

Now, let x ∈ K \B and set

x̃ :=
α

‖x− x0‖
x+(1− α

‖x− x0‖
)x0 ∈ B.

From (3.7), we get hx0(x̃)− r0 ∈ int(C). As ϕ is C-convex, it follows

〈F(x0),x− x0〉+ϕ(x)−ϕ(x0)−
‖x− x0‖

α
r0 ∈ int(C).

Since F is C-monotone, we derive from the previous relation that

〈F(x),x0− x〉+ϕ(x0)−ϕ(x)+
‖x− x0‖

α
r0 ∈ −int(C).

Consequently, for any x ∈ K \B and ε ∈ (0,1), we have

〈F(x)+ εG(x),x0− x〉+ϕ(x0)−ϕ(x)+
‖x− x0‖

α
r0 ∈ ε〈G(x),x0− x〉− int(C). (3.9)
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On the other hand, for ε ∈ (0,1) and s > 0 such that s > 1
q , let us set s̃ = s

ε
> 0. By using (C0),

there exists βs̃ > 0 such that for all x ∈ K satisfying ‖x− x0‖ ≥ βs̃, one has

〈G(x),x0− x〉 ∈ s̃‖x− x0‖r−C.

It follows that for s > 1
q , ε ∈ (0,1) and x ∈ K satisfying ‖x− x0‖> βs̃, one has

ε〈G(x),x0− x〉 ∈ s‖x− x0‖r−C. (3.10)

Therefore, from (3.9) and (3.10), we deduce that for s > 1
q , ε ∈ (0,1) and x ∈ K \B such that

‖x− x0‖> βs̃ the following relation is satisfied

〈F(x)+ εG(x),x0− x〉+ϕ(x0)−ϕ(x) ∈ ‖x− x0‖
α

(αsr− r0)− int(C). (3.11)

Let Rε = max{α,βs̃} and let us set Dε := {x∈K : ‖x−x0‖ ≤ Rε}, which is a nonempty, convex
and compact subset of K. Then, from (3.8) and (3.11), we deduce that

〈F(x)+ εG(x),x0− x〉+ϕ(x0)−ϕ(x) ∈ −int(C), for all x ∈ K \Dε .

This completes the proof. �

Remark 3.1. If Z = R and C = [0,+∞[, the condition (C0) is equivalent to the following con-
dition:

〈G(x),x− x0〉
‖x− x0‖

−→+∞, when ‖x− x0‖ −→+∞.

Theorem 3.3. Let X and Z be two Banach spaces, K be a nonempty, closed and convex subset
of X. Let F,G : K → L (X ,Z) be two operators and ϕ : K → Z be a vector-valued function.
Suppose that the following conditions hold:

(i) F is C-monotone and C-upper hemicontinuous;
(ii) ϕ is C-convex and C-lower semicontinuous;

(iii) For each x,y∈K, h(x,y) := 〈F(x),y−x〉+ϕ(y)−ϕ(x) is explicitly C-pseudomonotone;
(iv) for each y ∈ K fixed, gy(x) := 〈G(x),y− x〉 is C-upper semicontinous on K;
(v) for each ε > 0, the problem (Pε) (3.1) has a solution x̄ε .

Then, every cluster point x̄ of {x̄ε}ε>0 is a solution of the bilevel problem (2.2).

Proof. Let {x̄ε}ε>0 ⊂ K such that x̄ε ∈ Sε and let x̄ be a cluster point of {x̄ε}ε>0.
Step 1. Let us verify that x̄ ∈ S. To this aim, as x̄ε ∈ Sε , it follows that

〈F(x̄ε)+ εG(x̄ε),y− x̄ε〉+ϕ(y)−ϕ(x̄ε) /∈ −int(C), for all y ∈ K. (3.12)

On the other hand, since F is C-monotone, we have

〈F(y)−F(x̄ε),y− x̄ε〉 ∈C. (3.13)

From (3.12) and (3.13), we deduce by using Lemma 2.1, that

〈F(y)+ εG(x̄ε),y− x̄ε〉+ϕ(y)−ϕ(x̄ε) /∈ −int(C), for all y ∈ K. (3.14)

We claim that 〈F(y),y− x̄〉+ϕ(y)−ϕ(x̄) /∈ −int(C), for all y ∈ K. Indeed, suppose by
contradiction that there exists ỹ ∈ K such that

〈F(ỹ), ỹ− x̄〉+ϕ(ỹ)−ϕ(x̄) ∈ −int(C).
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Then there exists r ∈ int(C) such that

〈F(ỹ), ỹ− x̄〉+ϕ(ỹ)−ϕ(x̄)+ r ∈ −int(C). (3.15)

As 1
2r− int(C) is open and 0 ∈ 1

2r− int(C), there exists k1 > 0 such that

ε〈G(x̄), ỹ− x̄〉 ∈ 1
2

r− int(C), for all ε ∈ [0,k1). (3.16)

On the other hand, as gỹ(x) := 〈G(x), ỹ− x〉 is C-upper semicontinous on K and ϕ is
C-lower semicontinuous on K, it follows that the vector-valued function hỹ : K → Z
defined by hỹ(x) = 〈F(ỹ)+ εG(x), ỹ− x〉+ϕ(ỹ)−ϕ(x) is C-upper semicontinuous on
K. Therefore, there exists k2 > 0 and a neighborhood U of x̄ such that x̄ε ∈ U for
ε ∈ [0,k2) and hỹ(x) ∈ hỹ(x̄)+ 1

2r− int(C) for all x ∈U . Hence,

hỹ(x̄ε) ∈ hỹ(x̄)+
1
2

r− int(C), for all ε ∈ [0,k2). (3.17)

Let k = min{k1,k2}. From (3.15), (3.16) and (3.17), we deduce that

〈F(ỹ)+ εG(x̄ε), ỹ− x̄ε〉+ϕ(ỹ)−ϕ(x̄ε) ∈ −int(C), for ε ∈ [0,k),

which is in contradiction with (3.14). Thus,

〈F(y),y− x̄〉+ϕ(y)−ϕ(x̄) /∈ −int(C), for all y ∈ K. (3.18)

For y ∈ K and t ∈ (0,1], let yt = x̄+ t(y− x̄) ∈ K. From (3.18) and the C-convexity of
ϕ , we derive that

〈F(yt),y− x̄〉+ϕ(y)−ϕ(x̄) /∈ −int(C).

By using the C-upper hemicontinuity of F , we deduce that

〈F(x̄),y− x̄〉+ϕ(y)−ϕ(x̄) /∈ −int(C),

for all y ∈ K. Hence, x̄ ∈ S.
Step 2. We show that x̄ is a solution of the bilevel problem (2.2). Let w ∈ S and x̄ε ∈ Sε . Then

〈F(x̄ε)+ εG(x̄ε),w− x̄ε〉+ϕ(w)−ϕ(x̄ε) /∈ −int(C). (3.19)

Let us verify that 〈G(x̄ε),w− x̄ε〉 /∈ −int(C). Suppose by contradiction that

〈G(x̄ε),w− x̄ε〉 ∈ −int(C). (3.20)

As 〈F(w), x̄ε −w〉+ϕ(x̄ε)−ϕ(w) /∈ −int(C), it follows from condition (iii) that

〈F(x̄ε), x̄ε −w〉+ϕ(x̄ε)−ϕ(w) ∈C. (3.21)

Hence, from (3.19) and (3.21), it follows from Lemma 2.1, that

ε〈G(x̄ε),w− x̄ε〉 /∈ −int(C),

which contradicts (3.20). Thus, 〈G(x̄ε),w− x̄ε〉 /∈ −int(C). As x̄ is a cluster point of
{x̄ε}ε>0 and the vector-valued function gw(x) = 〈G(x),w−x is C-upper semicontinuous
at x̄, we derive that 〈G(x̄),w− x̄〉 /∈ −int(C). Therefore, x̄ is a solution of the bilevel
problem (2.2).

�
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Example 3.1. Let X = R, Z = R2, C = R2
+ = {(x,y) ∈ R2 : x≥ 0 and y≥ 0} and K = [0,+∞).

Consider the operator F : K → L (X ,Z) defined by 〈F(x),y− x〉 = (x(y− x),y− x) and the
function vector-valued function ϕ : K→ Z defined by ϕ(x) = (x,x). Then one can easily verify
that F and ϕ satisfy the conditions (i)-(iii) of Theorem 3.3.

Theorem 3.4. Suppose that the conditions (i), (ii), (iii) and (iv) of Theorem 3.3 are satisfied,
and the following condition holds:

(C ) There exist a nonempty, convex and compact set D⊂ X and x0 ∈D∩K such that for all
x ∈ K \D, we have 〈F(x)+ εG(x),x0− x〉+ϕ(x0)−ϕ(x) ∈ −int(C).

Then, bilevel problem (2.2) has a solution in D.

Proof. By using Theorem 3.1, we deduce that, for each ε > 0, problem (P)ε (3.1) has a solution
x̄ε and Sε ⊂ D. It follows that {xε}ε>0 has a cluster point. Therefore, by using Theorem 3.3,
we conclude that bilevel problem (2.2) has a solution in D. �

Theorem 3.5. Let X be a reflexive Banach space endowed with the weak topology σ(X ,X∗).
Suppose that the conditions (i), (ii), (iii) and (iv) of Theorem 3.3 are satisfied, and the following
conditions hold: there exists r ∈ int(C) and x0 ∈ K such that

(D1) For a certain R0 > 0 and any x ∈ K with ‖x− x0‖> R0, one has

〈G(x),x0− x〉 ∈ ‖x− x0‖r−C;

(D2) For all s > 0, there exists Rs > 0 such that for x ∈ K with ‖x− x0‖> Rs one has

〈F(x),x− x0〉+ϕ(x)−ϕ(x0) ∈ s‖x− x0‖r+C.

Then, problem (2.2) has a solution.

Proof. Let us verify that there exists a nonempty, compact and convex subset D of K, which
does depend on ε > 0 (sufficiently small) such that

〈F(x)+ εG(x),x0− x〉+ϕ(x0)−ϕ(x) ∈ −int(C), for all x ∈ K \D. (3.22)

From (D1), there exists R0 > 0 such that 〈G(x),x0− x〉 ∈ ‖x− x0‖r−C, for x ∈ K satisfying
‖x− x0‖> R0. Hence, for ε ∈ (0,1) and x ∈ K satisfying ‖x− x0‖> R, one has

ε〈G(x),x0− x〉 ∈ ε‖x− x0‖r−C. (3.23)

By considering s = 1 in (D2), there exists R1 > 0 such that

〈F(x),x−x0〉+ϕ(x)−ϕ(x0)∈ ‖x−x0‖r+C, for all x∈K satisfying ‖x−x0‖> R1. (3.24)

Let us set R = max{R0,R1}. By using (3.23) and (3.24), we get, for all x ∈ K such that ‖x−
x0‖> R,

〈F(x)+ εG(x),x0− x〉+ϕ(x0)−ϕ(x) ∈ −(1− ε)‖x− x0‖r−C. (3.25)

Since ε ∈ (0,1) and r ∈ int(C), we deduce that

−(1− ε)‖x− x0‖r ∈ −int(C), for all ε ∈ (0,1).

By taking D = {x ∈ K : ‖x−x0‖ ≤ R} (which does not depend on ε), we derive from (3.25) that

〈F(x)+ εG(x),x0− x〉+ϕ(x0)−ϕ(x) ∈ −int(C), for all x ∈ K \D. (3.26)

We conclude the desired conclusion by using Theorem 3.4. �
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4. THE VECTOR AUXILIARY PRINCIPLE FOR BILEVEL VECTOR VARIATIONAL

INEQUALITIES

Let T : X →L (X ,Z) be a linear continuous operator, w ∈ K, ε > 0 and ρ > 0. In order to
approximate the solutions of bilevel problem (2.2), we consider the following auxiliary vector
variational inequality problem (for short, (AVVIP)ρ,ε ): Find x̄ ∈ K such that

ρ [〈F(x̄)+ εG(x̄),y− x̄〉+ϕ(y)−ϕ(x̄)]+ 〈T (y)−T (x̄), x̄−w〉 /∈ −int(C), for all y ∈ K.
(4.1)

Definition 4.1. Let T : X →L (X ,Z) be an operator and a ∈ int(C).

(a) T is said to be a-C-strongly positive with modulus a if

〈T (x),x〉−‖x‖2a ∈C, for all x ∈ X .

(b) T is said to be a-C-strongly monotone with modulus a if

〈T (x)−T (y),x− y〉−‖x− y‖2a ∈C, for all x,y ∈ X .

Remark 4.1. It is easy to see that if a linear operator T : X →L (X ,Z) is a-C-strongly positive
then it is a-C-strongly monotone.

Theorem 4.1. Suppose that X is a reflexive Banach space and K is a nonempty, closed and
convex subset of X. Let F,G : K → L (X ,Z) be two operators and T : X → L (X ,Z) be a
bounded linear operator. Assume that there exists ϖ ∈ int(C∗) such that 〈ϖ ,z〉 ≥ 0 for all
z /∈ −int(C). Suppose that the following conditions hold:

(i) F and G are C-monotone and C-upper hemicontinuous;
(ii) ϕ is C-convex and C-lower semicontinuous;

(iii) T is a-C-strongly positive with modulus a ∈ int(C).

Then, for each w ∈ X, problem (AVEP)ρ,ε (4.1) has a unique solution x̄ ∈ K.

Proof. Let us consider the operator Fρ,ε : K→L (X ,Z) defined by Fρ,ε(x) = ρ(F(x)+ εG(x))
and the vector-valued function ϕρ : K→ Z defined by ϕρ(x) = ρϕ(x). It is easy to verify that
the operator Fρ,ε is C-monotone and C-upper hemicontinuous and that ϕρ is C-convex and C-
lower semicontinuous. By using these notations, we can rewrite the problem (AVEP)ρ,ε (4.1)
as the following: Find x̄ ∈ K such that

〈Fρ,ε(x̄),y− x̄〉+ϕρ(y)−ϕρ(x̄)+ 〈T (y)−T (x̄), x̄−w〉 /∈ −int(C), for all y ∈ K. (4.2)

We shall proceed by the three steps below.

Step 1. First, let us verify that there exists a compact convex subset Dρ,ε of K and x0 ∈ K, such
that

〈Fρ,ε(x),x0− x〉+ϕρ(x0)−ϕρ(x)+ 〈T (x0)−T (x),x−w〉 ∈ −int(C), for all x ∈ K \Dρ,ε .
(4.3)

To this aim, as Fρ,ε is C-monotone, it suffices to verify, by following a similar procedure
to the one used in the proof of Theorem 3.2, that there exist r∈−int(C) and x0 ∈K such
that for all s > 0, there exists Rs > 0 satisfying the following condition:

〈T (x0)−T (x),x−w〉 ∈ s‖u− v0‖r−C, for all x ∈ K with ‖x− x0‖> Rs. (4.4)
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Let x0 ∈ K be arbitrary and set r :=−a ∈ −int(C). Note that

〈T (x0)−T (x),x−w〉=−〈T (x− x0),x− x0〉+ 〈T (x0)−T (x),x0−w〉
Therefore, for s > 0, we have

s‖x− x0‖r−〈T (x0)−T (x),x−w〉
= s‖x− x0‖r+ 〈T (x− x0),x− x0〉+ 〈T (x− x0),x0−w〉

=
[
〈T (x− x0),x− x0〉−a‖x− x0‖2]
+a‖x− x0‖2− s‖x− x0‖a+ 〈T (x− x0),x0−w〉.

(4.5)

Let us set ψ(x) := 〈T (x− x0),x0−w〉. As T is a-C-strongly positive, it follows from
(4.5) that

s‖x− x0‖r−〈T (x0)−T (x),x−w〉 ∈ ‖x− x0‖2a− s‖x− x0‖a+ψ(x)+C. (4.6)

As T : X →L (X ,Z) is linear continuous, it follows that ψ(·) is continuous from X to
Z, and therefore it is C-lower semicontinuous. Hence, for α > 0 there exists r0 ∈ Z such
that

ψ(y)− r0 ∈ int(C), for all y ∈ B := {x ∈ K : ‖x− x0‖ ≤ α}. (4.7)

On the other hand, we have a∈ int(C). Hence αa∈ int(C) and 0∈−αa+ int(C). Thus,
there exists q ∈ (0,1) such that, for all t ∈ (0,q), tr0 ∈ −αa+ int(C). Therefore,

r0 ∈ −sαa+ int(C), for s >
1
q
. (4.8)

Now, let x ∈ K \B and y := α

‖x−x0‖x+
(

1− α

‖x−x0‖

)
x0 ∈ B. Note that

ψ(y) =
α

‖x− x0‖
ψ(x)+

(
1− α

‖x− x0‖

)
ψ(x0) =

α

‖x− x0‖
ψ(x).

From (4.7), we deduce that α

‖x−x0‖ψ(x)− r0 ∈ int(C). Therefore,

ψ(x) ∈ ‖x− x0‖
α

r0 + int(C), for all x ∈ K \B. (4.9)

Thus, from (4.6) and (4.9), we deduce
s‖x− x0‖r−〈T (x0)−T (x),x−w〉

∈ [‖x− x0‖−2s]‖x− x0‖a+
‖x− x0‖

α
[r0 + sαa]+ int(C).

(4.10)

By considering Rs := max{2s,α}, we deduce from (4.8) and (4.10) that for x ∈ K such
that ‖x− x0‖ ≥ Rs, we have

s‖x− x0‖r−〈T (x0)−T (x),x−w〉 ∈ int(C).

Hence, we obtain relation (4.4).
Step 2. In this second step, we show that the problem (AVEP)ρ,ε (4.1) has a solution. To this

aim, let A = {x1,x2, · · · ,xn} be a finite subset of K, and let D̃ρ,ε := conv(A∪Dρ,ε)
which is a convex and compact set. We follow the same procedure used in the proof of
Theorem 3.1 by considering, for y ∈ D̃ε , the sets below

T̃(y) := {x ∈ D̃ρ,ε : 〈Fρ,ε(x),y− x〉+ϕρ(y)−ϕρ(x)+ 〈T (y)−T (x),x−w〉 /∈ −int(C)},
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Ũ(y) := {x ∈ D̃ρ,ε : 〈Fρ,ε(y),y− x〉+ϕρ(y)−ϕρ(x)+ 〈T (y)−T (x),x−w〉 /∈ −int(C)}.
The rest of the proof is similar to the one of Theorem 3.1, where T(y) is replaced by
T̃(y), and U(y) is replaced by Ũ(y).

Step 3. We verify that the solution of (AVEP)ρ,ε is unique. Suppose that the problem (4.1) has
two solutions x1 and x2. Then,

〈Fρ,ε(x1),y−x1〉+ϕρ(y)−ϕρ(x1)+〈T (y)−T (x1),x1−w〉 /∈−int(C), for all y∈K, (4.11)

and

〈Fρ,ε(x2),y−x2〉+ϕρ(y)−ϕρ(x2)+〈T (y)−T (x2),x2−w〉 /∈−int(C), for all y∈K. (4.12)

Taking y = x2 in (4.11) and y = x1 in (4.12), we obtain

〈Fρ,ε(x1),x2− x1〉+ϕρ(x2)−ϕρ(x1)+ 〈T (x2)−T (x1),x1−w〉 /∈ −int(C),

and

〈Fρ,ε(x2),x1− x2〉+ϕρ(x1)−ϕρ(x2)+ 〈T (x1)−T (x2),x2−w〉 /∈ −int(C).

It follows that

〈ϖ ,〈Fρ,ε(x1),x2− x1〉+ϕρ(x2)−ϕρ(x1)+ 〈T (x2)−T (x1),x1−w〉〉 ≥ 0, (4.13)

and

〈ϖ ,〈Fρ,ε(x2),x1− x2〉+ϕρ(x1)−ϕρ(x2)+ 〈T (x1)−T (x2),x2−w〉〉 ≥ 0. (4.14)

Adding inequalities (4.13) and (4.14), we get

〈ϖ ,〈Fρ,ε(x1)−Fρ,ε(x2),x2− x1〉〉+ 〈ϖ ,〈T (x2)−T (x1),x1− x2〉〉 ≥ 0. (4.15)

Since Fρ,ε is C-monotone, it follows that 〈Fρ,ε(x1)−Fρ,ε(x2),x1− x2〉 ∈C. Hence

〈ϖ ,〈Fρ,ε(x1)−Fρ,ε(x2),x2− x1〉〉 ≤ 0

Thus, from (4.15), we deduce that

〈ϖ ,〈T (x2)−T (x1),x1− x2〉〉 ≥ 0. (4.16)

On the other hand, from Remark 4.1, we have that T is a-C-strongly monotone, and
hence

〈T (x2)−T (x1),x2− x1〉−‖x2− x1‖2a ∈C.

Therefore,

〈ϖ ,〈T (x2)−T (x1),x1− x2〉〉 ≤ −‖x2− x1‖2〈ϖ ,a〉.
In view of (4.16), we deduce that −‖x2− x1‖2〈ϖ ,a〉 ≥ 0. Since 〈ϖ ,a〉 > 0, it follows
that x1 = x2.

�

Remark 4.2. In the previous results, we have used the following condition:

There exists ϖ ∈ int(C∗) such that 〈ϖ ,z〉 ≥ 0 for all z /∈ −int(C).

We give the following example where this condition is satisfied: Let Z =R2 and C =R+×R=
{(x,y) : x≥ 0}. Then, int(C) = {(x,y) : x > 0}. Let s = (s1,0) with s1 > 0. Then s∈ int(C∗) and
〈s,z〉 ≥ 0 for all z /∈ −int(C). When Z = R and C = [0,+∞), this condition is trivial. We point
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out this condition has been used in several works, see, for instance, [17, Theorem 3.6,Theorem
4.2].

Now, we present an iterative method to approximate the solution of bilevel problem (2.2) and
study its convergence.

Algorithm 4.1. Take {εn}n∈N⊂ ]0,+∞[ and {ρn}n∈N⊂ ]0,+∞[ such that {εn}n∈N is decreasing
to 0 and {ρn}n∈N is increasing.

STEP 1: Let x0 ∈ X be given and set n := 0.
STEP 2: Calculate xn+1 ∈ X such that, for all y ∈ K,

〈Fρn+1,εn+1(xn+1),y− xn+1〉+ϕρn+1(y)−ϕρn+1(xn+1)+ 〈T (y)−T (xn+1),xn+1− xn〉 /∈ −int(C).

STEP 3: Set n := n+1 and go to Step 2.

Theorem 4.2. Suppose that X is a reflexive Banach space and K is a nonempty, closed and
convex subset of X. Let F,G : K → L (X ,Z) be two operators and T : X → L (X ,Z) be a
bounded linear operator. Assume that there exists ϖ ∈ int(C∗) such that 〈ϖ ,z〉 ≥ 0 for all
z /∈ −int(C). Suppose that the following conditions hold:

(i) F is C-monotone and C-upper hemicontinuous;
(ii) G is b-C-strongly monotone and C-upper hemicontinuous;

(iii) ϕ is C-convex and C-lower semicontinuous;
(iv) there exists m ∈ int(C) such that 〈G(x),y− x〉+‖x− y‖2m ∈C for all x,y ∈ K;
(v) T is a-C-strongly positive with modulus a ∈ int(C).

Moreover, suppose that the following conditions are satisfied:

(H1) there exists k ∈ (0,1) such that ρn+1
ρn

‖Ts‖
[σ3+ρn+1(σ1εn−σ2(εn−εn+1))]

< k,
where σ1 = 〈ϖ ,b〉, σ2 = 〈ϖ ,m〉 and σ3 = 〈ϖ ,a〉;

(H2) the sequence αn := [ρnεn]
−1 is bounded.

Then, the iterative sequence generated by Algorithm 4.1 converges strongly to a solution x̄ of
(2.2).

Proof. From Algorithm 4.1, we have
ρn+1 [〈F(xn+1)+ εn+1G(xn+1),y− xn+1〉+ϕ(y)−ϕ(xn+1)]

+〈T (y)−T (xn+1),xn+1− xn〉 /∈ −int(C), for all y ∈ K.
(4.17)

and
ρn [〈F(xn)+ εnG(xn),y− xn〉+ϕ(y)−ϕ(xn)]+ 〈T (y)−T (xn),xn− xn−1〉 /∈ −int(C),

for all y ∈ K.
(4.18)

By taking y = xn in (4.17) and y = xn+1 in (4.18), we get
[〈F(xn+1)+ εn+1G(xn+1),xn− xn+1〉+ϕ(xn)−ϕ(xn+1)]

+
1

ρn+1
〈T (xn)−T (xn+1),xn+1− xn〉 /∈ −int(C),

and
[〈F(xn)+ εnG(xn),xn+1− xn〉+ϕ(xn+1)−ϕ(xn)]

+
1
ρn
〈T (xn+1)−T (xn),xn− xn−1〉 /∈ −int(C).
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It follows that
〈ϖ ,〈F(xn+1)+ εn+1G(xn+1),xn− xn+1〉+ϕ(xn)−ϕ(xn+1)〉

+
1

ρn+1
〈ϖ ,〈T (xn)−T (xn+1),xn+1− xn〉〉 ≥ 0

(4.19)

and
〈ϖ ,〈F(xn)+ εnG(xn),xn+1− xn〉+ϕ(xn+1)−ϕ(xn)〉

+
1
ρn
〈ϖ ,〈T (xn+1)−T (xn),xn− xn−1〉〉 ≥ 0

(4.20)

By adding (4.19) and (4.20), we obtain

〈ϖ ,〈F(xn+1)−F(xn),xn− xn+1〉〉+ εn〈ϖ ,〈G(xn+1)−G(xn),xn− xn+1〉〉

+(εn+1− εn)〈ϖ ,〈G(xn+1),xn− xn+1〉〉+
1

ρn+1
〈ϖ ,〈T (xn− xn+1),xn+1− xn〉〉

+
1
ρn
〈ϖ ,〈T (xn+1)−T (xn),xn− xn−1〉〉 ≥ 0. (4.21)

Since F is C-monotone and G is b-C-strongly monotone, we derive from (4.21) that

(εn+1− εn)〈ϖ ,〈G(xn+1),xn− xn+1〉〉− εn〈ϖ ,b〉‖xn+1− xn‖2

+
1

ρn+1
〈ϖ ,〈T (xn− xn+1),xn+1− xn〉〉+

1
ρn
〈ϖ ,〈T (xn+1)−T (xn),xn− xn−1〉〉 ≥ 0.

(4.22)

In view of condition (iv), we deduce from (4.22) that

(εn− εn+1)〈ϖ ,m〉‖xn+1− xn‖2− εn〈ϖ ,b〉‖xn+1− xn‖2

+
1

ρn+1
〈ϖ ,〈T (xn− xn+1),xn+1− xn〉〉+

1
ρn
〈ϖ ,〈T (xn+1)−T (xn),xn− xn−1〉〉 ≥ 0.

(4.23)

Let us set σ1 := 〈ϖ ,b〉 and σ2 := 〈ϖ ,m〉 which are strictly positive since ϖ ∈ int(C∗) and
b,m ∈ int(C). Therefore, from (4.22), we have

‖xn+1− xn‖2 ≤ 1
ρn+1

〈ϖ ,〈T (xn− xn+1),xn+1− xn〉〉

+
1
ρn
〈ϖ ,〈T (xn+1)−T (xn),xn− xn−1〉〉.

(4.24)

On the other hand, since T is a-C-strongly positive, we have

〈ϖ ,〈T (xn+1− xn),xn+1− xn〉〉 ≥ 〈ϖ ,a〉‖xn+1− xn‖2.

Hence, by setting σ3 := 〈ϖ ,a〉 which is strictly positive, we deduce from (4.24) that[
σ3

ρn+1
+σ1εn−σ2(εn− εn+1)

]
‖xn+1− xn‖2 ≤ 1

ρn
〈ϖ ,〈T (xn+1− xn),xn− xn−1〉〉.

Therefore,[
σ3

ρn+1
+σ1εn−σ2(εn− εn+1)

]
‖xn+1− xn‖2 ≤ 1

ρn
‖Tϖ‖ ‖xn+1− xn‖ ‖xn− xn−1‖.
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Consequently, we obtain

‖xn+1− xn‖ ≤
ρn+1

ρn

‖Tϖ‖
[σ3 +ρn+1(σ1εn−σ2(εn− εn+1))]

‖xn− xn−1‖.

Hence, by using condition (H1), we deduce that

‖xn+1− xn‖ ≤ k ‖xn− xn−1‖ with k < 1.

Thus, xn converges strongly to a point x̄ ∈ K.
Now, let us show that x̄ is a solution of the bilevel problem (2.2). To this aim, from Algorithm

4.1, we have that, for all n ∈ N and all y ∈ K,

〈Fρn+1,εn+1(xn+1),y− xn+1〉+ϕρn+1(y)−ϕρn+1(xn+1)+ 〈T (y)−T (xn+1),xn+1− xn〉 /∈ −int(C).
(4.25)

As Fρn+1,εn+1 is C-monotone, it follows that

〈Fρn+1,εn+1(y)−Fρn+1,εn+1(xn+1),y− xn+1〉 ∈C, for all y ∈ K. (4.26)

From (4.25), (4.26) and Lemma 2.1, we obtain, for all y ∈ K

〈Fρn+1,εn+1(y),y− xn+1〉+ϕρn+1(y)−ϕρn+1(xn+1)+ 〈T (y)−T (xn+1),xn+1− xn〉 /∈ −int(C).

Hence, we have, for all y ∈ K,

〈ϖ ,〈F(y),xn+1− y〉+ϕ(xn+1)−ϕ(y)〉+ εn+1〈ϖ ,〈G(y),xn+1− y〉〉

≤ 1
ρn+1

〈Tϖ(y− xn+1),xn+1− xn〉.
(4.27)

By considering the limit when n→+∞ in (4.27), we obtain

〈ϖ ,〈F(y), x̄− y〉+ϕ(x̄)−ϕ(y)〉 ≤ 0, for all y ∈ K.

Since ϖ ∈ int(C∗) and int(C∗) = {λ ∈ Z∗ : 〈λ ,z〉> 0 for all z ∈ int(C)}, it follows that

〈F(y),y− x̄〉+ϕ(y)−ϕ(x̄)〉 /∈ −int(C), for all y ∈ K. (4.28)

For t ∈ (0,1) and y ∈ K, let us set yt := x̄+ t(y− x̄) ∈ K. As ϕ is C-convex, it follows that

tϕ(y)+(1− t)ϕ(x̄)−ϕ(yt) ∈C. (4.29)

Therefore, from relation (4.28) considered for yt , relation (4.29) and Lemma 2.1, we obtain

〈F(yt),y− x̄〉+ϕ(y)−ϕ(x̄)〉 /∈ −int(C). (4.30)

As F is C-upper hemicontinuous, we deduce from (4.30) that

〈F(x̄),y− x̄〉+ϕ(y)−ϕ(x̄)〉 /∈ −int(C), for all y ∈ K.

Hence, x̄ is a solution of the vector variational inequality problem (2.1), i.e. x̄ ∈ S.
Now, let us verify that 〈G(x̄),z− x̄〉 /∈ int(C) for all z ∈ S. From Algorithm 4.1, we have, for

all y ∈ K,

〈Fρn+1,εn+1(xn+1),y− xn+1〉+ϕρn+1(y)−ϕρn+1(xn+1)+ 〈T (y)−T (xn+1),xn+1− xn〉 /∈ −int(C).
(4.31)

Let us take z ∈ S. By using the C-monotonicity of Fρn+1,εn+1 , we deduce from (4.31) that

〈Fρn+1,εn+1(z),z− xn+1〉+ϕρn+1(z)−ϕρn+1(xn+1)+ 〈T (z)−T (xn+1),xn+1− xn〉 /∈ −int(C).
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Hence,

〈ϖ ,〈Fρn+1,εn+1(z),z− xn+1〉+ϕρn+1(z)−ϕρn+1(xn+1)+ 〈T (z)−T (xn+1),xn+1− xn〉〉 ≥ 0.

It follows that
ρn+1 [〈ϖ ,〈F(z),xn+1− z〉+ϕ(xn+1)−ϕ(z)〉]+ρn+1εn+1〈ϖ ,〈G(z),xn+1− z〉〉

≤ 〈ϖ ,〈T (z)−T (xn+1),xn+1− xn〉〉.
(4.32)

As z∈ S, we have 〈ϖ ,〈F(z),xn+1−z〉+ϕ(xn+1)−ϕ(z)〉 ≥ 0. Therefore, from (4.32), we obtain

〈ϖ ,〈G(z),xn+1− z〉〉 ≤ 1
ρn+1εn+1

〈ϖ ,〈T (z)−T (xn+1),xn+1− xn〉〉. (4.33)

By considering the limit when n→ +∞ in (4.33) and by taking account of condition (H2), it
follows that

〈ϖ ,〈G(z), x̄− z〉〉 ≤ 0.

Hence, 〈G(z), x̄− z〉 /∈ int(C). As G is C-upper hemicontinuous, we can show, by proceeding
similarly as before, that

〈G(x̄),z− x̄〉 /∈ −int(C), for all z ∈ S.

This completes the proof. �

Remark 4.3. The conditions (H1) and (H2) hold if we consider, for instance, εn =
1

nβ
(β ≥ 1)

and ρn =
1
ε2

n
.
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