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Abstract. In this paper, we use the simultaneous and cyclic subgradient projection methods with per-
turbations and apply them to linear and nonlinear optimization problems arising naturally in IMRT. The
numerical results illustrate the mechanism of the perturbations and demonstrate that they lead to a sig-
nificantly faster termination of the algorithm than the unperturbed projection methods, especially when
the problem is ill-conditioned.
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1. INTRODUCTION

Consider the following general constrained convex optimization problem

Minimizex∈R f (x) (1.1)

s.t. g j(x)≤ 0, j = 1, ...,m,

where f : Rn → R and g j : Rn → R for j ∈ J = {1, . . . ,m} are convex functions. We further
assume that f is bounded from below to ensure the existence (if not uniqueness) of a solution
x∗ of (1.1).

In order to solve this problem, Gibali et al. [23] proposed to translate the model into an
equivalent epigraph form (2.1) and then apply the so-called level set scheme, which constructs
a sequence of convex feasibility problems. The general principle of this procedure is to sequen-
tially bound the function f from above and then use its level set as a new additional convex
constraint to the feasibility problem. A suitable algorithmic operator T is then used to solve the
feasibility problem, and the upper bound on f is lowered and the process continues.

As shown in [23], the result of the level set scheme x∗ε approximates x∗ (a solution of (1.1)) in
the sense that f (x∗ε)< f (x∗)+ε for ε > 0, and g j(x∗ε)≤ 0 for all j ∈ J. x∗ε is called an ε-optimal
solution of (1.1). The value of ε depends on the update strategy for the upper bound on f , which
we discuss later.
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For solving (1.1) via the level set scheme, we choose the simultaneous and cyclic subgradient
projection methods as operator T to solve the arising feasibility problems. Both methods are
bounded perturbation resilient and [2, Theorem 11 and Corollary 14] guarantees that the con-
vergence rate of the unperturbed methods is preserved. We introduce new perturbations in order
to solve the feasibility problems within even fewer iterations. We will formulate them both as
inner and outer perturbations, see, e.g., [16, 20, 34].

The most well-known approach to incorporate perturbations is the superiorization method-
ology which uses perturbations pro-actively during the performance of the iteration scheme to
steer the algorithm to an output that still solves the given problem, but is superior with respect
to a given secondary criterion; see, e.g., [5–7, 9, 10, 13]. This approach has been used in the
same application as the one we consider in this paper: Intensity-modulated radiation therapy
(IMRT) treatment planning [4, 23].

However, our motivation to use perturbations is a different one. In IMRT problems, a zigzag-
ging behavior of the projection methods is observed, which slows their progress down. This
happens due to the fact that we attempt to satisfy two main goals, which conflict with each
other: Irradiating the tumor and at the same time sparing surrounding healthy organs. Our goal
is to use perturbations to address this behavior and accelerate the progress of the projection
methods. In [3], we did this by constructing new non-zigzagging directions and using those di-
rections as perturbations; see also [37]. Clearly there exist many optimization techniques such
as [18, 21, 22, 31], but here we mainly focus on first order methods with perturbations.

Following the recent results in [3], in this work, we introduce new inner and outer pertur-
bations, called Nesterov perturbations, in order to address the zigzagging behavior in a new
way. These perturbations are then plugged into the level set scheme for solving (1.1) with the
simultaneous and cyclic subgradient projection methods as operator T . In contrast to the pertur-
bations used in [3], the Nesterov perturbations do not generate a new non-zigzagging direction.
Instead they enlarge the steps into the directions generated by T itself and thereby amplify the
movement towards the feasible set, which is already contained in those directions.

The outline of the paper is as follows. We start in Section 2 by presenting the mathemati-
cal background needed for introducing our results. In Section 3, we introduce the perturbation
developed by us and show that it is bounded. In Section 4, we present a linear feasibility prob-
lem on which we demonstrate the main numerical effects of the perturbed projection methods.
Finally we apply the perturbed projection methods to nonlinear optimization problems arising
from IMRT treatment planning and discuss the influence of several parameters on their perfor-
mance.

2. MATHEMATICAL BACKGROUND

Consider the general constrained convex optimization problem (1.1). Its equivalent epigraph
form is defined as follows

Minimizex∈Rn,t∈R t ∈ R (2.1)

s.t. f (x)− t ≤ 0

g j(x)≤ 0, j = 1, ...,m

with the optimal value denoted by t∗ ∈ R and there exists a point x∗ with f (x∗) = t∗, which
is feasible for (2.1). Now, (2.1) is transformed into a sequence of convex feasibility problems
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(CFP) of the form:

Find x ∈C :=
⋂
i∈I

Ci, (2.2)

where Ci := {x ∈ Rn | ϕi(x)≤ 0} and the functions ϕi are convex for all i ∈ I.
Now we describe the so-called level set scheme [23] which uses a decreasing sequence
{ts}∞

s=1. For any s≥ 1, define the functions

ϕ
s
1 := f (x)− ts,ϕs

j+1 := g j(x) j = 1, · · · ,m (2.3)

and then define the convex feasibility problem Ps:

Find x ∈Cs =
⋂
i∈I

Cs
i , (2.4)

where Cs
i := {x ∈ Rn | ϕs

i (x)≤ 0} for all i ∈ I = {1, ...,m+ 1}. If C 6= /0, a solution x∗s of Ps

is found by a suitable algorithmic operator T (T can produce a solution in a finite number of
iterations or approximate it up to a given accuracy based on the application). Next, the upper
bound ts is updated and ts+1 is determined according to some user-defined rule. Examples for
this rule are (a) ts+1 = f (x∗s )−εs and (b) ts+1 = f (x∗s )(1−εs), where εs > 0 for all s≥ 0. Using
ts+1 the next convex feasibility problem, denoted by Ps+1 is formulated and solved sequentially.
If CS = /0, then x∗S−1 is the result of the level set scheme and a ε-optimal solution of (1.1), where
ε = εS−1 for update strategy (a) and ε = f (x∗S−1)εS−1 for strategy (b).

In general, it is non-trivial to determine if CS = /0. Therefore, we consider x∗S−1 to be the result
of the level set scheme when the algorithmic operator T is unable to find a solution to PS within
a given number of iterations. There are many iterative methods for solving feasibility problems,
and one particular class of methods is the class of projection methods; see, e.g., [11,14,15,38].

We introduce two specific projection methods, which we use as the algorithmic operator T
for the level set scheme. We start with the cyclic subgradient projection method.

Let x0 ∈ Rn be an arbitrary starting point. Given the current iterate xk, the next iterate xk+1

can be calculated via

xk+1 = T (xk) = xk +λk p(xk) (2.5)

with

p(xk) =−
max{0,ϕi(k)(xk)}∥∥ξ k

∥∥2 ξ
k, (2.6)

where ξ k ∈ ∂ϕi(k)(xk) (subgradient of ϕi(k) at xk ) is arbitrary, λk ∈ [ε1,2− ε2] (relaxation pa-
rameters) for arbitrary ε1,ε2 ∈ (0,1] and {i(k)} is a cyclic control sequence, that is, i(k) =
(k modm)+ 1. Such methods belong to the class, which is also known as incremental subgra-
dient projection algorithm or also ε-subgradient methods. For further information and results,
the readers are referred to [1, 17, 19, 29, 32], just to name a few.

Our second option for choosing T is the simultaneous subgradient projection method.
Let x0 ∈ Rn be an arbitrary starting point. Given the current iterate xk, the next iterate xk+1

can be calculated via
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xk+1 = T (xk) = xk +λk p(xk) (2.7)

with

p(xk) :=−∑
i∈I

wi
max{0,ϕi(xk)}∥∥ξ k

∥∥2 ξ
k, (2.8)

where ξ k ∈ ∂ϕi(xk) is an arbitrary subgradient, wi > 0 are weights with ∑i∈I wi = 1 and λk ∈
[ε1,2− ε2] (relaxation parameters) for arbitrary ε1,ε2 ∈ (0,1].

In the following, we use the notation p̄(xk) := p(xk)/‖p(xk)‖, and refer to the simultaneous
subgradient projection method simply as simultaneous projection and to the cyclic subgradient
projection method as cyclic projection.

The convergence proof of the level set scheme [23, Theorem 3.6] relies on using the method
that is either finite convergence, if there exists such a method for the given problem, or a solution
in finite number of iteration is considered as an approximated solution with respect to some
accuracy ε given in advance. We can transform both the cyclic and the simultaneous projections
to fulfill this property by using the approach of [30]. Note that [23, Theorem 3.6], in contrast
to convergence proofs for other finite convergent projection methods, e.g., [8], is not based
on the assumption that the Slater Condition holds. A solution in finite number of iterations is
considered an approximate solution with respect to some accuracy ε . In our context, this means
that we do not rely on the existence of x∈Rn with ϕi(x)< 0 for all i∈ I for the level set scheme
to converge.

Definition 2.1. Given a problem P, an algorithmic operator T and a starting point x0 such that
the sequence {xk}∞

k=0 generated by xk+1 = T (xk) converges to a solution of P. Then T is called
bounded perturbation resilient if any sequence {yk}∞

k=0 with y0 = x0 generated using either
inner perturbations via

yk+1 = T (yk +βkvk) (2.9)

for all iterations k ≥ 0 or using outer perturbations via

yk+1 = T (yk)+βkvk (2.10)

for all iterations k ≥ 0, where βkvk are bounded perturbations (i.e., βk ∈ R≥0 for all k ≥ 0,
∞

∑
k=0

βk < ∞, vk ∈ Rn and ‖vk‖ ≤M ∈ R for all k ≥ 0) also converges to a solution of P.

Both the cyclic and the simultaneous projection method are known to be bounded perturba-
tion resilient; see e.g. [12].

2.1. The inner and outer perturbation scheme. In this section, we describe the specific
choices of operator T and sequences {βk} and {νk} that we refer to in the rest of our work.
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Given a function λ : Rn→ [ε1,2−ε2) with arbitrary ε1,ε2 ∈ (0,1] (this function is used in place
of the relaxation parameters λk in (2.5) or (2.7)). Let the algorithmic operator

T (x) = x+λ (x)p(x), (2.11)

where p(x) is either the simultaneous (2.8) or the cyclic projection step (2.6).
Let c : Rn→{false, true} and c̃ : Rn×Rn→{false, true} with

c̃(yk,yk−1) :=

{
¬c̃(yk−1,yk−2)∧ c(yk), k > 1,
c(yk), k ≤ 1

(2.12)

be functions, which determine whether perturbation is applied in a certain iteration. c̃(yk,yk−1)
is by construction only true, if c̃(yk−1,yk−2) is false and c(yk) is true, i.e., if iteration (k−1)→ k
has not been perturbed and the condition c is fulfilled at yk.

The function c we use in our work is the following

c(yk) =

{
true, if 〈p̄(yk−1), p̄(yk)〉 ∈ [−1+ εmin,−1+ εmax]∧ k >,0
false, otherwise,

(2.13)

where p̄(yk) = p(yk)/‖p(yk)‖ and 0 ≤ εmin < εmax ≤ 2. Choosing c like this means that an
iteration is perturbed when the current projection step p̄(yk) and the previous one p̄(yk−1) are
strongly opposing. What exactly strongly opposing means is determined by the threshold pa-
rameters εmin,εmax, which result in a maximum (corresponding to εmin) and minimum (corre-
sponding to εmax) angle between p̄(yk) and p̄(yk−1).

Let

βk =

{
1, k ≤ K,

0, k > K
(2.14)

for some K ∈ N. This specific choice of {βk}∞
k=0 fulfills the general requirements given in

Definition 2.1. It implies that in iterations k > K the unperturbed operator T is used. In terms
of convergence, this means that the perturbed and the unperturbed iteration scheme behave
the same way. For a more general choice of {βk}∞

k=0 (for which the properties required by
Definition 2.1 hold) [2, Theorem 11 and Corollary 14] ensures that the convergence rate of the
unperturbed method is preserved by its perturbed counterpart.

With regard to the numerical application of any method modified by bounded perturbations,
(2.14) is a natural way of choosing {βk}∞

k=0 because even if in theory all βk were chosen as
> 0, they would be treated as 0 by the computer after some iteration index due to the limited
machine precision. The second point we would like to raise about (2.14) is that, in practice, the
algorithm to solve a given CFP is terminated either when a solution has been found or when a
maximum number nmax of iteration has been reached. Our goal is to use perturbations to find
solutions to CFPs within fewer iterations. Thereby we are also able to find solutions with lower
objective function values when the perturbed iteration scheme manages to find them within
nmax iterations while the unperturbed scheme does not. Like this, we achieve a faster numerical
termination of the of the overall procedure. In line with this reasoning, we choose K as nmax in
our computations.
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Let {yk}∞
k=0 be the sequence of iterates produced by the outer perturbation scheme, which is

defined as follows.

yk+1 = T (yk)+βkvk, (2.15)

where

vk =

{
bk−λ (yk)p(yk), if c̃(yk,yk−1) = true,
0, otherwise,

(2.16)

and {bk}∞
k=0 is bounded.

Let {zk}∞
k=0 be the sequence of iterates produced by the inner perturbation scheme, which is

defined as follows.

zk+1 = T (zk +βkvk), (2.17)

where

vk =

{
bk, if c(zk) = true,
0, otherwise,

(2.18)

and {bk}∞
k=0 is bounded.

Proposition 2 in [3] implies that the inner and the outer perturbation scheme with βk chosen
as in (2.14) can be used interchangeably with regard to weak and strong convergence of the
resulting sequences of iterates {yk}∞

k=0 and {zk}∞
k=0 when y0 = z0.

3. PERTURBATION OF THE SIMULTANEOUS AND CYCLIC SUBGRADIENT PROJECTION

METHOD

Consider the unconstrained minimization problem:

Minimize f (x)

where f : Rn→ R is a convex function.
The Nesterov acceleration method [27] for solving the problem is phrased as follows. Choose

starting points x0 and y0 = x0 ∈ Rn. Define

xk = yk−1− s∇ f (yk−1), (3.1)

yk = xk +
k−1
k+2

(xk− xk−1). (3.2)

When s is a fixed step size with s < 1/L, where L is the Lipschitz constant of ∇ f , this method
has a convergence rate of

f (xk)− f (x∗) = O

(‖x0− x∗‖2

sk2

)
,

where x∗ is any minimizer of f . This convergence rate has been shown to be the optimal rate
among all methods, which use only use gradient information of f at each iteration [26].
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Since the introduction of Nesterov’s scheme, there has been much work on the development
of first-order accelerated methods, Theoretical developments can be found in [24–26] and [36]
offers a unified analysis of these ideas.

Inspired by the above, we introduce new perturbations which we call the Nesterov perturba-
tions. Observe that the update rule (3.1) for xk is structurally similar to simultaneous projection
in the sense that it uses only gradient information of yk−1. We adopt the momentum term yk−xk
from (3.2) as perturbation vector bk.

The inner perturbation scheme (2.17) using the Nesterov perturbation is

zk+1 = T (zk +βkbk), (3.3)

where

bk =

{
λ NE

k
k−1
k+2(z

k− zk−1), if c(zk) = true,
0, otherwise,

(3.4)

{βk}∞
k=0 is chosen as in (2.14), {λ NE

k }∞
k=0 is a user-chosen bounded sequence of step sizes with

λ NE
k ∈ [0,Λ] for all k ≥ 0 and c is defined as in (2.13).
We now show that the perturbations (3.4) are bounded in the sense of Definition 2.1 of

bounded perturbation resilience.

Lemma 3.1. Assume that there exists q ∈ R such that ‖p(zk)‖ ≤ q and ‖p(zk +βkbk)‖ ≤ q for
all k ≤ K. Then the perturbations βkbk defined in (3.4) are bounded for all k ≥ 0.

Proof. For all k≥ 0, we have k−1
k+2 < 1. With {βk}∞

k=0 chosen as described in (3.4) and {λ NE
k }∞

k=0
bounded from above by Λ ∈ R≥0, it suffices to show that ‖zk− zk−1‖ is bounded. If c(zk−1) =
false, then

zk = T (zk−1) = zk−1 +λ (zk−1)p(zk−1).

Therefore,

‖zk− zk−1‖= ‖λ (zk−1)p(zk−1)‖ ≤ 2q.

Otherwise, we get

‖zk− zk−1‖= ‖βk−1bk−1 +λ p(zk−1 +βk−1bk−1)‖.

We show by induction that this norm is bounded. k = 2 is the first iteration index k for which
c(zk−1) can possibly be true. If c(z2) = c(z1) true, then

z3 = T (z2 +β2b2)

and

‖b2‖ ≤ Λ

∥∥∥∥1
4
(z2− z1)

∥∥∥∥
≤ Λ‖z2− z1‖
= Λ‖λ (z1)p(z1)‖
≤ Λ2q.
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Now, we consider the induction step k→ k+1 and assume that c(zk−1) = c(zk) true.

‖bk‖ ≤ Λ

∥∥∥∥k−1
k+2

(zk− zk−1)

∥∥∥∥
≤ Λ‖zk− zk−1‖
= Λ‖T (zk−1 +βk−1bk−1)− zk−1‖
= Λ‖βk−1bk−1 +λ (zk−1 +βk−1bk−1)p(zk−1 +βk−1bk−1)‖
≤ Λ(βk−1‖bk−1‖+2q)

The induction assumption guarantees that ‖bk−1‖ are bounded. Therefore

‖βk−1bk−1 +λ p(zk−1 +βk−1bk−1)‖
is also bounded. For a general sequence {βk}∞

k=0 with ∑
∞
k=0 βk < ∞ and βk ≥ 0 for all k ≥ 0,

Definition 2.1 calls for a bound on ‖νk‖ for all k ≥ 0. With {βk}∞
k=0 chosen as in (2.14),

however, it clearly suffices to show a bound on ‖bk‖ for k ≤ K. This completes the proof. �

The outer perturbation scheme (2.15) using the Nesterov perturbation is

yk+1 = T (yk)+βkbk, (3.5)

where

bk =

{
λ NE

k
k−1
k+2(y

k− yk−1)−λ (yk)p(yk), if c̃(yk,yk−1) = true,
0, otherwise,

(3.6)

{βk}∞
k=0 is chosen as in (2.14), {λ NE

k }∞
k=0 is a user-chosen bounded sequence of step sizes with

λ NE
k ∈ [0,Λ] for all k ≥ 0 and the function c̃ is the same as in (2.12) with c as in (2.13).

Lemma 3.2. Assume that there exists q ∈ R such that ‖p(yk)‖ ≤ q for all k ≤ K. Then the
perturbations βkbk defined in (3.6) are bounded for all k ≥ 0.

Proof. With {βk}∞
k=0 and {λ NE

k }∞
k=0 chosen as described in (3.5) and bounded from above by

Λ ∈ R≥0, it suffices to show that

‖bk‖= Λ

∥∥∥∥k−1
k+2

(yk− yk−1)−λ (yk)p(yk)

∥∥∥∥
is bounded. For all k ≥ 0, we have k−1

k+2 < 1 and∥∥∥∥k−1
k+2

(yk− yk−1)−λ (yk)p(yk)

∥∥∥∥
≤ k−1

k+2
‖yk− yk−1‖+λ (yk)‖p(yk)‖

≤ ‖yk− yk−1‖+2q.

Therefore we need to show that ‖yk−yk−1‖ is bounded. We have c̃(yk,yk−1) = true. Hence, we
know by construction of c̃ that c̃(yk−1,yk−2) = false . Therefore,

yk = T (yk−1) = yk−1 +λ (yk−1)p(yk−1).
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This yields that

‖yk− yk−1‖= ‖λ (yk−1)p(yk−1)‖ ≤ 2q

is bounded. �

The assumptions made in Lemma 3.1 and 3.2, i.e. there exists q∈R such that ‖p(yk)‖< q or
‖p(zk)‖< q and ‖p(zk +βkbk)‖< q for all k ≤ K, is fulfilled if all of the functions ϕi defining
the feasible sets of the CFP are convex, which here of course is given by the definition of the
CFP. When the functions ϕi are convex for all i ∈ I, the boundedness of ‖p(yk)‖,‖p(zk)‖ and
‖p(zk +βkbk)‖ follows from the fact that the norm of the function argument of p is bounded for
all k ≤ K. The latter is the case because K is finite and due to their convexity, the functions ϕi
are bounded on any bounded closed subset of Rn.

4. NUMERICAL DEMONSTRATIONS

In this section, we present numerical results, which illustrate the behaviour of the perturbed
level set scheme. We only consider constant relaxation parameter functions and step sizes λ NE

k
and therefore we write λ and λ NE instead. The first numerical example is a system of linear
inequalities, which is clearly a convex feasibility problem.

4.1. Linear feasibility problem. To demonstrate the main numerical effects via the perturbed
and unperturbed cyclic subgradient projection method, we consider a linear feasibility problem,
which is stated below. We only present results corresponding to the cyclic projection method
because we chose our example in such a way that the simultaneous and cyclic projection method
perform very similarly to place our focus on the effect of the Nesterov perturbation.

The linear feasibility problem that we consider is

Ax≤ b, (4.1)

where

A = δx2

(
sin(α)cos(α) −sin(α)2

−sin(α)cos(α) −sin(α)2

)
,b =−sin(α)2

δ
2
x2

(
1
1

)
(4.2)

for an angle α ∈ (0,π/2) and δx2 ∈ R≥0. The feasible half-spaces H1,H2 corresponding to the
two inequalities given in (4.1) are illustrated in Figure 1. The matrix A is chosen such that the
normal vectors ν1,ν2 of the half-spaces H1,H2 both include the angle α with the x1-axis, i.e.,

〈(−1,0)T ,ν1〉/‖ν1‖= 〈(1,0)T ,ν2〉/‖ν2‖= cos(α).

The right hand side b is chosen such that the separating hyperplanes (i.e. lines) of H1 and H2
intersect at the point (0,δx2). In our calculations we chose δx2 = 10.

When α is small, the condition number κ(A) of course rises as 〈ν1,ν2〉/(‖ν1‖‖ν2‖)→−1.
In this paper, we focus particularly on ill-conditioned problems. So, our focus lies on those
cases where the condition number κ(A) of the matrix A is big. In Table 1, we give κ(A) for
α ∈ {5◦,3◦,1◦,0.5◦} . We observe that κ(A) grows significantly when α ≤ 1◦. Therefore the
cases α = 1◦ and α = 0.5◦ are of particular interest to us.
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ν1 ν2

α α

δx2

x2

x1

H1 H2

FIGURE 1. Illustration of the system of inequalities (4.1). H1 and H2 are the
solution sets of the individual inequalities. Their intersection, which is indicated
in green, is the set of solutions to (4.1). The normal vectors νi on Hi (i = 1,2)
include the angle α with the x1-axis.

TABLE 1. Condition number κ(A) of A resulting from different choices of the
angle α .

α 5◦ 3◦ 1◦ 0.5◦

κ(A) 11.43 19.08 57.29 114.59

In addition to the angle α ∈ {5◦,3◦,1◦,0.5◦}, we study the influence of different relaxation
parameters λ and consider λ = 1.0,1.5 and 1.9.

In what follows, we occasionally use abbreviations for the cyclic projection method (CP) as
well as for the Nesterov perturbation (NE). By KCP, we denote the number of iterations it takes
the unperturbed cyclic subgradient projection method to find a solution of (4.1). KCP, NE denotes
the number of iterations required by the perturbed cyclic subgradient projection method to find
such a solution (i.e. to terminate). In the following, we consider the ratio σCP, NE, which is
defined as

σCP, NE =
KCP, NE

KCP
. (4.3)

Values of σCP, NE < 1 serve as an indicator of the acceleration provided by the perturbed cyclic
projection compared to its unperturbed counterpart. For our calculations, we choose the starting
point x0 = (1,0)T and the parameters εmax = 6 ·10−2, εmin = 0. We consider an iterate x∗ to be
a solution of (4.1) if ‖Ax∗−b‖∞ ≤ 10−10.
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TABLE 2. Values of σCP, NE for all four values of α and all three values of λ .
We refer to values of KCP, NE resulting from step sizes λ NE , which were chosen
experimentally such that KCP, NE is as small as possible. The perturbed CP ter-
minates significantly faster than the unperturbed CP in most cases. Only λ = 1.9
and α = 5◦ or 3◦ result in σCP, NE > 1.

σCP, NE
λ α = 5◦ α = 3◦ α = 1◦ α = 0.5◦

1.0 3.26 ·10−3 1.22·10−3 1.51·10−4 4.04·10−5

1.5 4.86 ·10−2 3.28·10−2 1.24·10−2 6.74·10−3

1.9 1.42 1.29 8.01·10−2 3.92·10−2

In Table 2, we present the values of σCP, NE for α ∈ {5◦,3◦,1◦,0.5◦} and λ ∈ {1.0,1.5,1.9}.
The values of KCP, NE we refer to result from step sizes λ NE , which are chosen experimentally
such that KCP, NE is as small as possible. The values in Table 2 indicate that the perturbed
cyclic projection method terminates significantly faster than its unperturbed counterpart, es-
pecially when α is small and therefore κ(A) is big. However, there are two instances when
σCP, NE > 1. Those occur when λ = 1.9 and α = 5◦ or 3◦. Note that in these only slightly
ill-conditioned cases the overrelaxated unperturbed projection method terminates faster than its
perturbed counterpart.

Figure 2 illustrates how KCP and KCP, NE increase for decreasing α and λ ∈ {1.0,1.5,1.9}.
We observe that KCP increases by at least one order of magnitude for α ≤ 1 while the increase
of KCP, NE is far more moderate and its values for α ≤ 1◦ are at least one order of magnitude
lower than those of KCP for all λ ∈ {1.0,1.5,1.9}.

The trajectory of iterates presented in Figure 3(a) corresponds to α = 5◦ and λ = 1.5. It
illustrates why the aforementioned increase of KCP is to be expected for small α . As α gets
smaller, the zigzagging gets more severe and can not even be compensated by the beneficial
effect of overrelaxation, which amplifies the small progress in x2-direction contained in each
projection step p(xk).

In Figure 3(b), we demonstrate how the Nesterov perturbation can overcome these difficul-
ties. Again, we consider α = 5◦ and λ = 1.5 and depict the trajectory of the perturbed iteration
bu using the step size λ NE = 2. The progress in x2-direction is here increased by the perturbation
steps. Furthermore, an iterate yk resulting from perturbed steps violate one of the inequalities
in a more severe manner than an iterate xk that we would get from an unperturbed iteration.
Therefore the subsequent projection step p(yk) is large, which again amplifies the movement in
x2-direction. This effect is increased even more by a relaxation parameter λ > 1.

However, the same mechanism can lead to numerical difficulties when λ > 1 and we choose
λ NE too big. Then the more severe violation of the inequalities combined with the overrelax-
ation leads the iterates to regions where computers fail to evaluate Ax correctly while in theory
the iterates still converge to a solution of (4.1) if K ∈ N. If any knowledge on the magnitude of
the solutions to (4.1) exists it is therefore a good idea in order to circumvent that behavior to
e.g. only perturb an iteration if the coordinates of xk are within certain intervals and continue
the iteration in an unperturbed manner otherwise.
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FIGURE 2. KCP and KCP, NE increase for decreasing α for all λ ∈ {1.0,1.5,1.9}.
KCP increases by at least one order of magnitude for α ≤ 1 while the increase of
KCP, NE is far more moderate and its values for α ≤ 1◦ are at least one order of
magnitude lower than those of KCP for all λ ∈ {1.0,1.5,1.9}
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(B) CP with NE perturbations with α =
5◦,λ = 1.5 and λ NE = 2.

FIGURE 3. Trajectories of the iterates resulting from perturbed and unperturbed
CP. × marks the individual iterates. The separating hyperplanes of H1 and H2
are drawn in red.

The aforementioned step sizes λ NE that we use to produce the results presented in Table 2
are given in Table 3. We observe that, for a relaxation parameter λ = 1.5 or λ = 1.9, the chosen
step sizes λ NE do not vary much, but for λ = 1, they increase drastically. This happens due to
the fact that in this simple linear example the best strategy for λ = 1.0 is to choose λ NE so big
that the x2-coordinate of the first perturbed iterate yk is≥ δx2 . Thereby yk+1 is a solution to (4.1),
because it is an unperturbed iterate and as λ = 1.0 it is an exact (in contrast to overrelaxated)
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TABLE 3. Step sizes.

λ NE

λ α = 5◦ α = 3◦ α = 1◦ α = 0.5◦

1.0 90 230 2500 9000
1.5 2 2 1.6 1.55
1.9 0.5 0.25 0.25 0.2

metric projection onto the set of solutions to (4.1). Employing this strategy we get a constant
number KCP, NE of 5 iterations for any value of α , as shown in Figure 2.

4.2. Intensity-modulated radiation therapy. Intensity-modulated radiation therapy (IMRT)
is used as one treatment option in clinical oncology. With it, physicians aim to destroy the
tumor tissue with irradiation while sparing surrounding healthy organs as much as possible.
These goals are conflicting because of physical limitations like the proximity of the tumor to
healthy organs and the attainable decrease of the dose values over a given distance. Therefore,
the treatment planner usually has to decide for a compromise between several goals.

The IMRT planning problem, as we consider it in this paper, is to determine optimal intensity
maps, i.e. a set of fluence intensity values, which causes a dose distribution in the patient’s
body which will best fulfill the clinical goals formulated by the physician. In contrast to the
previous examples, the IMRT planning problem is a nonlinear one. The vector d of dose values
received by each voxel in the patient’s body when the fluence intensity given by the vector x is
applied can be calculated using the so-called dose matrix P, which only contains non-negative
values. Due to physical reasons, the vector x is restricted to be non-negative, which results in
dose values d = P · x, which are also non-negative.

We use the following set of functions to represent the dose prescriptions given by the clinical
goals. All functions refer to a biological structure and evaluate the dose received by the voxels
contained in the structure. From a mathematical point of view that structure is a set O of indices
which correspond to the voxels contained in the biological structure. By di = 〈pi,x〉 we denote
the dose value received by the voxel with index i, where pi is the i-th row of P.

The quadratic upper tail penalty function penalizes dose values of d corresponding to the
structure O which exceed a given threshold U ∈ R

f (d,O) =
1
|O| ∑i∈O

max(0,di−U)2.

The quadratic lower tail penalty function penalizes dose values of d corresponding to the struc-
ture O which fall below a given threshold L ∈ R

f (d,O) =
1
|O| ∑i∈O

max(0,L−di)
2.

The Equivalent uniform dose (EUD) function is related to the well-known EUD concept of
Niemierko [28]. It penalizes dose values of d corresponding to the structure O which deviate
from 0

f (d,O) =
1
|O| ∑i∈O

dq
i , q ∈ (1,∞).
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TABLE 4. Dose evaluation functions of the considered biological structures with
exemplary (i.e. corresponding to one of the IMRT cases) number of voxels |O|
belonging to the respective biological structures. The dimension of the optimiza-
tion variable x is 1725 for the IMRT case we are referring to.

structure function name parameters |O|
f1 Left parotis EUD q = 2 95
f2 Right parotis EUD q = 2 103
f3 Myelon EUD q = 2 81
f4 Unclassified healthy tissue EUD q = 2 42118
f5 Tumor volume Tumor conformity q = 2,dre f = 60 4899
g1 Tumor volume lower tail penalty L = 55 4899
g2 Tumor volume upper tail penalty U = 66 4899
g3 Myelon upper tail penalty U = 45 81

The tumor conformity function is used to ensure an even dose distribution within the tumor
volume. It penalizes dose values of d corresponding to the structure O which deviate from a
given reference value

f (d,O,dre f ) =
1
|O| ∑i∈O

|dre f −di|q q ∈ (1,∞).

All of these functions take into account the system of linear (in)equalities resulting from di =
〈pi,x〉 being less/ greater or equal than a right hand side value determined by the function
parameters, where i ∈O . The functions measure the distance of the vector x to the (separating)
hyperplanes corresponding to the linear (in)equalities in a nonlinear way. The given functions
do not represent a complete list of dose evaluation functions used in clinical applications. A
more complete survey of such functions can be found in [33] and [35].

4.2.1. The IMRT optimization problem. In this paper, we choose four head neck cases for our
numerical experiments. We consider a reduced set of biological structures and their dose eval-
uation functions, which focuses on the main conflict between irradiating the tumor volume on
the one hand and sparing the myelon and parotids on the other hand. Additionally, we include
the healthy tissue not associated with any of the structures mentioned above with the goal to
keep the dose in this tissue as low as possible. The dose evaluation functions we use are given
in Table 4 in detail.

We use a reduced set of biological structures for our calculations, because our focus is to
demonstrate the effects of the mathematical methods. Therefore, the treatment plans resulting
from our calculations do not fulfill all of the clinical goals a treatment planner would formulate
for a full head neck case.

The IMRT optimization problem as we formulate it in this work is
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Minimize Φ(x) (4.4)

s.t. g j(x)≤ 0, j ∈ J,

(4.5)

where Φ=∑i∈I wi fi, I = {1,2,3,4,5},J = {1,2,3,4}, wi ∈R≥0 with ∑i∈I wi = 1 and fi,g1,g2,g3
as listed in Table 4. All of the functions given in Table 4 operate on d = Px, while the function
g4, which ensures the positivity of the fluence intensity vector x ∈ Rn, is chosen as

g4(x) =
1
n

n

∑
s=1

min(xs,0)2

and operates on x ∈ Rn, where xs are the coordinates of x.

4.2.2. Results. We stop the algorithm if the projection method we use is unable to find a feasible
solution of the current CFP after nmax = 103 iterations. Then, the current CFP is assumed to
be infeasible and we consider the solution of the previous CFP to be the result of the perturbed
level set scheme. In all our calculations we choose εmin = 0 and λ = 1.9.

In what follows, we first compare results on the Nesterov perturbation for different threshold
values εmax, next we keep εmax fixed and illustrate the results of choosing different step sizes
λ NE and finally we compare the results produced by the Nesterov perturbation to those achieved
by the heavy ball and surrogate constraint perturbation, which were introduced in [3]. By
Φ∗method, we denote the lowest objective function value, for which the level set scheme using
the specified unperturbed method is able to find a solution within the given maximum number
nmax of iterations per CFP Ps as described in (2.4). The methods we consider are the cyclic
(CP) and simultaneous projection (SP) method. In a similar manner Φ∗method, pert denotes the
lowest objective function value achieved by the perturbed level set scheme using the specified
method and perturbation. The perturbations we consider in the following are the Nesterov (NE),
the heavy ball (HB) and the surrogate constraint (SC) perturbation. By Kmethod, we denote the
total number of iterations it takes the level set scheme using the specified unperturbed method
to find the solution x∗method with the objective function value Φ∗method = Φ(x∗method). Kmethod, pert
denotes the total number of iterations required by the perturbed level set scheme using the
specified method and perturbation to find the solution x∗method, pert with the objective function
value Φ∗method, pert = Φ(x∗method, pert). Furthermore we denote by K̂method, pert the total number of
iterations required by the perturbed level set scheme using the specified method and perturbation
to find an iterate solution x̂method, pert with a smaller objective function value than the minimal
value that was found using the unperturbed method, i.e. Φ(x̂method, pert)≤Φ∗method.

We consider the ratios σmethod, NE, σ̂method, NE and θmethod, NE, which are defined as follows:

σmethod, pert =
Kmethod, pert

Kmethod
, (4.6)

σ̂method, pert =
K̂method, pert

Kmethod
, (4.7)

θmethod, pert =
Φ∗method, pert

Φ∗method
. (4.8)
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TABLE 5. Kmethod and Φ∗method for (unperturbed) SP and CP. KSP < KCP for two
and Φ∗SP < Φ∗CP for three out of four IMRT cases.

KSP KCP Φ∗SP Φ∗CP

case 1 7159 6665 3480 3563
case 2 3523 4484 2378 2424
case 3 4773 4238 3129 3178
case 4 4496 5280 3098 3093

All three ratios provide a measure of improvement or acceleration with respect to the unper-
turbed projection methods. Values significantly smaller than 1 correspond to big improvements
or accelerations.

4.2.3. Varying εmax. For our first set of results, we choose λ NE = 1 and varied εmax. We present
results corresponding to three different choices ε1

max,ε
2
max and ε3

max of εmax such that

cos−1(−1+ ε
1
max) = 165◦,

cos−1(−1+ ε
2
max) = 150◦,

and cos−1(−1+ ε
3
max) = 135◦.

In Figures 4 and 5, we illustrate how the three choices of εmax influence the values of
σmethod, NE and θmethod, NE for all four IMRT cases. Figure 4 refers to the perturbed level set
scheme using the simultaneous projection method in combination with the Nesterov perturba-
tion while the values presented in Figure 5 result from using the cyclic projection method, again
in combination with the Nesterov perturbation.

In Figure 4, we see that the perturbed simultaneous projection method converges significantly
faster than its unperturbed counterpart, which results in values of σSP, NE between 0.2137 and
0.5961 with a mean of 0.4403 (all values rounded to 10−4). However, for IMRT case 1 only
ε3

max leads to θSP, NE < 1, i.e. Φ∗SP, NE < Φ∗SP.
Figure 5 shows that for two out of the four IMRT cases ε1

max lead to a situation where the
condition for perturbing an iteration was never met. The values of σCP, NE range from 0.3947 to
1.2020 with a mean of 0.6605.

Among the three variants ε1
max,ε

2
max and ε3

max presented here, ε2
max is the most favorable choice

with respect to two aspects. First, in contrast to ε1
max it ensures that the condition for applying

perturbations is met at some point during the iteration process for all four IMRT cases even
when we use the cyclic projection method. Second, for the majority of instances considered it
results in fewer iterations required compared to ε3

max.
In Figure 6, we illustrate in an exemplary manner for IMRT case 1 when and how often

an iteration is perturbed. As is to be expected the perturbations occur earlier during the itera-
tion process for the threshold value ε3

max than for ε1
max, because it is a less strict criterion. We

furthermore observe that especially for a stricter threshold value like ε1
max, but also for ε2

max
the perturbed level set scheme using the cyclic projection method the condition for perturb-
ing a given iteration is fulfilled lather than when we use the simultaneous projection method.
This phenomenon occurs due to the different mechanics of the two projection methods. Sub-
sequent projection steps of the cyclic projection method include only gradient information of
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FIGURE 4. Values of σSP, NE plotted against θSP, NE resulting from IMRT opti-
mization for different threshold values εmax.
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FIGURE 5. Values of σCP, NE plotted against θCP, NE resulting from IMRT opti-
mization for different threshold values εmax.

functions defining those (violated) constraints which are subsequent with respect to the control
sequence. The simultaneous projection method on the other hand includes gradient information
from all violated constraints in every projection step. When applied to an optimization prob-
lem with strongly opposing goals like IMRT often two groups of constraints emerge, which are
fulfilled/ violated in every other iteration. The projection steps in subsequent iterations then are
weighted sums of function gradients where the functions are contained in said opposing groups
corresponding to opposing goals. Therefore subsequent projection steps of the simultaneous
projection method tend to fulfill the condition which determines whether an iteration is to be
perturbed much earlier during the iteration process than those of the cyclic projection method.
There this inherent conflict of multiple functions is only revealed later during the iteration pro-
cess when subsequent (with respect to the control sequence) violated constraints happen to be
defined by functions with opposing gradients.

In addition to these exemplary illustrations, we give the number of total perturbed iterations
used during the perturbed level set scheme in Table 6. When the cyclic projection method is
used to solve the arising CFPs the condition for perturbing a given iteration is not met in any
iteration for two of the four IMRT cases when we chose the threshold value ε1

max. For 6 among
the remaining 10 instances, fewer iterations are perturbed when the simultaneous projection
method is used.

In Table 7, we present the fractions σ̂SP,NE and σ̂CP,NE for all four IMRT cases and the three
considered options for εmax (values rounded to 10−4). For IMRT case 1 the threshold values
ε1

max and ε2
max used in combination with the perturbed simultaneous projection method lead to
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FIGURE 6. Indices of perturbed iterations for perturbed SP and CP using dif-
ferent threshold values εmax in an exemplary manner for IMRT case 1. CP is
perturbed later during the iteration for ε2

max and significantly later for ε3
max.

TABLE 6. The number of perturbed iterations occurring in the perturbed level
set scheme using the simultaneous and cyclic projection method. When we use
CP together with the threshold parameter ε1

max the condition for perturbing an
iteration is never met for two of four IMRT cases. Out of the other 10 instances,
using SP results in fewer perturbed iterations than using CP for 6 instances.

SP + NE CP + NE
ε1

max ε2
max ε3

max ε1
max ε2

max ε3
max

case 1 263 382 582 275 479 489
case 2 349 539 480 - 607 703
case 3 558 610 656 266 583 703
case 4 455 789 722 - 582 808

Φ∗SP, NE > Φ∗SP. Therefore no value for σ̂SP,NE exists. For two out of four IMRT cases the con-
dition triggering the perturbation of an iteration was never met when using the cyclic projection
method in combination with the threshold value ε1

max. For these instances, we have σ̂CP,NE = 1.
For all other instances σ̂SP,NE is significantly smaller than σ̂CP,NE, i.e. the perturbed simulta-
neous projection method arrives at Φ∗method faster than the perturbed cyclic projection method.
The values of σ̂SP,NE range from 0.2313 to 0.3684 with a mean of 0.2880 while σ̂CP,NE ranges
from 0.3961 to 1 with a mean of 0.6182.
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TABLE 7. The fractions σ̂SP,NE and σ̂CP,NE for all four IMRT cases and the three
considered options for εmax. For IMRT case 1 the threshold values ε1

max and ε2
max

used in combination with the perturbed SP lead to Φ∗SP, NE > Φ∗SP. Therefore no
value for σ̂SP,NE exists. For all other instances σ̂SP,NE is significantly smaller than
σ̂CP,NE, i.e. the perturbed SP arrives at Φ∗method faster than the perturbed CP.

σ̂SP,NE σ̂CP,NE
ε1

max ε2
max ε3

max ε1
max ε2

max ε3
max

case 1 - - 0.2982 0.5439 0.3961 0.3928
case 2 0.3684 0.3398 0.3295 1 0.5256 0.5230
case 3 0.2690 0.2747 0.2686 0.9339 0.4809 0.5621
case 4 0.2578 0.2313 0.2429 1 0.5384 0.5220

Next, we illustrate the effect of varying the Nesterov perturbation step size λ NE while keep-
ing εmax fixed. As discussed before, ε2

max is the most favorable choice among the values we
considered so we choose εmax such that cos−1(−1+ εmax) = 150◦ in the following.

The values of the Nesterov perturbation step size λ NE we consider here are 0.25, 0.5, 0.75,
1, 1.25, 1.5, 1.75 and 2. The values of the ratios θmethod, NE and σmethod,NE resulting from these
values are presented in Figure 7. Bigger perturbation steps accelerate the iteration process more
than smaller ones, but also make it harder for the perturbed level set scheme to stay below
Φ∗method, NE resulting in values of θmethod, NE close to or even bigger than 1. Using cyclic projec-
tion in combination with the Nesterov perturbation and a step size of 0.5 or smaller results for
three out of four IMRT cases in values of σCP,NE > 1, which originates from slower termination
than the unperturbed cyclic projection method. The perturbed simultaneous projection method
on the other hand achieves values σSP,NE ≤ 1 for all step size choices, i.e. it terminates at least
as fast as the unperturbed method.

4.2.4. Comparison with HB and SC perturbation. In this section, we compare the results achieved
by the Nesterov perturbation to those produced by the heavy ball and surrogate constraint per-
turbation, which were introduced in [3]. In contrast to the Nesterov perturbation, the heavy ball
and surrogate constraint perturbation construct a new direction from the gradient information
at the current and previous iterate. Here we only consider the simultaneous projection as ba-
sic method to solve the CFPs {Ps} because it has performed better in previous experiments by
employing perturbations earlier in the iteration process.

We present results achieved by two sets of step sizes: The first set contains naive step sizes
while for the second set the step sizes are chosen in an experimental way such that the perturbed
level set scheme achieves particularly low objective function values.

To quantify the acceleration achieved by the perturbed level set scheme for all four IMRT
cases we illustrate in Figures ...and 9 how the methods compare with respect to the values of
θSP, pert and σSP, pert they are able to achieve. Both sets of step sizes cause the perturbed iteration
scheme to arrive at solutions with a lower objective function value within fewer iterations. Using
naive step sizes λ NE = 1,λ SC = 1,λ HB = 1, the Nesterov perturbation accelerates the perturbed
level set scheme more than the heavy ball and less than the surrogate constraint perturbation.
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FIGURE 7. Values of θmethod, NE and σmethod,NE resulting from IMRT optimiza-
tion problems for different choices of the Nesterov perturbation step size λ NE .
Bigger step sizes tend to result in lower values of σmethod,NE, i.e. faster termina-
tion of the algorithm. However, not all values of θmethod, NE for big step sizes are
≤ 1, which means that in these instances we have Φ∗method, NE > Φ∗method. Per-
turbation step sizes smaller than 0.5 in combination with the cyclic projection
method tend to lead to values of σCP,NE > 1, which means that the termination of
the algorithm is slowed down with respect to the unperturbed cyclic projection
method. All choices of λ NE lead to σSP,NE ≤ 1, i.e. the perturbed simultaneous
projection method terminates at least as fast as its unperturbed counterpart.

The second set of results shows step sizesλ NE ,λ HB and λ SC tuned individually for each
IMRT case offer advantages in terms of iteration numbers over naive step sizes, especially for
the heavy ball perturbation. Still all perturbed schemes achieve lower objective function values
within fewer iterations than the unperturbed scheme. When the step sizes are chosen such that
particularly low objective function values are achieved, the heavy ball and surrogate constraint
perturbation accelerate the perturbed level set scheme even more than the Nesterov perturbation.
In practice, however, tuning step sizes for each instance is impracticable and either naive step
sizes or step sizes which in prior experiments have shown to work well for a wide number of
similar instances would be used. Our results imply that even though for Nesterov perturbation
we do not need to construct a new, non-zigzagging direction, it is in such situations a reliable
option to accelerate the unperturbed projection method.

5. CONCLUSIONS

In this paper, we demonstrate how the level set can be used to transform a general convex
constrained optimization problem into a sequence of convex feasibility problems. We present
both the cyclic and simultaneous subgradient projection method as tools to solve the arising
feasibility problems. Furthermore, we exploit the fact that both projection methods are bounded
perturbation resilient and modified their iteration scheme. To this aim we introduce the Nesterov
perturbation. Solving the feasibility problems arising from the level set scheme via perturbed
projection methods is what we call the perturbed level set scheme. In our numerical results we
examine its behavior, in particular for ill-conditioned problems.
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turbation using naive step sizes. All perturbed schemes achieve lower or equal
objective function values than the unperturbed one within fewer iterations. The
NE and SC perturbation lead to termination of the algorithm than the HB pertur-
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FIGURE 9. θSP, pert plotted against σSP, pert achieved by the NE, HB and SC per-
turbation. All perturbed schemes achieve lower objective function values than
the unperturbed one within fewer iterations. The HB and SC perturbation lead
to termination of the algorithm than the NE perturbation.

We present numerical results on a linear system of inequalities, which illustrate the mecha-
nism of the Nesterov perturbation. We observe that in the majority of the considered instances
the use of the perturbed projection methods result in significantly faster termination of the al-
gorithm, especially when the system is ill-conditioned. Next we apply the perturbed level set
scheme to IMRT optimization problems arising from four IMRT head neck cases. We vary the
threshold parameter εmax and observe that for all considered choices of εmax the perturbed level
set scheme using the simultaneous projection and Nesterov perturbation terminates significantly
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faster than its unperturbed counterpart. The mean percentage of iteration numbers required by
the perturbed level set scheme using the simultaneous projection method compared to its unper-
turbed version is 44%. When we use the cyclic projection method, the condition to trigger the
perturbation of an iteration is not triggered for all IMRT cases and choices of εmax. The mean
percentage of iteration numbers required by the perturbed level set scheme using the cyclic pro-
jection method compared to its unperturbed version is 66%. Next, we keep εmax fixed and vary
the perturbation step size λ NE . Bigger step sizes tend to result in lower iteration numbers, but
make it slightly harder for the algorithm to produce a solution, which is at least as good as the
one resulting from the unperturbed method measured in terms of the objective function.

Finally we compare the results achieved using the Nesterov perturbation to those produced
using the heavy ball and surrogate constraint perturbation introduced in [3]. All perturbations
achieve solutions with lower objective function values within fewer iterations than the unper-
turbed level set scheme. When the step sizes were chosen by experiment individually for each
IMRT case, The Nesterov perturbation offered less acceleration of the algorithms termination
than the heavy ball and surrogate constraint perturbation. However, when the step sizes were
chosen with less knowledge from a priori experiments (which would be the most likely scenario
for an actual application), the Nesterov perturbation achieved better results than the heavy ball
perturbation and in some of the IMRT cases came close to the performance of the surrogate
constraint perturbation.

Our observations suggest that the Nesterov perturbation can be used as a tool to accelerate
the termination of the algorithm when zigzagging behavior occurs in ill-conditioned problems.
Even though for the Nesterov perturbation no new non-zigzagging directions are constructed,
as it is done for the heavy ball and surrogate constraint perturbation, its performance is in some
situations of practical relevance comparable to or even better than those of the heavy ball and
surrogate constraint perturbation.
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