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Abstract. We consider two partitions over the space of linear semi-infinite programming parameters
with a fixed index set and bounded coefficients (the constraint functions are bounded). The first one is the
primal-dual partition inspired by consistency and boundedness of the optimal value of the problem. The
second one is a refinement of the primal-dual partition that arises by considering also the boundedness
of the optimal set. These two partitions have been studied in the continuous case, i.e., when the set of
indices is an infinite compact topological space and the constraint functions are continuous. In this paper,
we extend these results to the case in which the constraint functions are bounded, but not necessarily
continuous. We study the same primal-dual partitions and characterize the interior of the corresponding
cells. Through examples, we show that the conditions characterizing the cells of both partitions in the
continuous case are neither necessary nor sufficient when the constraint functions are just bounded. In
addition, a sufficient condition for the boundedness of the optimal set of the dual problem is established.

Keywords. Linear semi-infinite programming; Bounded linear semi-infinite optimization problems;
Primal-dual partition.

1. INTRODUCTION

Let T be an arbitrary set. Define B(T ) and B(T )n as the sets of bounded functions b : T →R
and a : T →Rn, respectively, meaning that there exists τ ∈R such that ‖a(t)‖≤ τ and |b(t)| ≤ τ

for all t ∈ T .
We will also consider the particular case in which T is a compact topological space, in which

case C(T ), and C(T )n denote the sets of continuous functions defined on T with values in R
and Rn respectively. We will refer to this case as the continuous case.

Define Π = B(T )n×B(T )×R. Note that Π becomes a normed space with the norm ‖·‖
defined as

‖π‖ := max
{
‖c‖

∞
, sup

t∈T

∥∥∥∥(at

bt

)∥∥∥∥
∞

}
,
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where ‖·‖
∞

indicates the supremum norm. Obviously, the same holds for C(T )n×C(T )×R in
the continuous case by the compactness of T .

We associate with each triplet π ∈Π a primal problem

P : infc′x
s.t. a′tx≥ bt , t ∈ T,

and a dual problem, in the sense of Haar,

D : sup ∑
t∈T

λtbt

s.t. ∑
t∈T

λtat = c

λ ∈ R(T )
+ .

Above and henceforth, R(T )
+ denotes the set of nonnegative general finite sequences, meaning

the functions λ : T →R+ satisfying that λt = 0 for all t ∈ T except possibly for a finite number
of indices. In R(T )

+ , we consider the norms `∞ and `1.
As both the primal and the dual problem are defined with the same data a, b and c, they are

represented by the triplet π := (a,b,c).
We partition Π in several sets depending on the properties of the primal and dual problem

defined by an element π ∈ Π, i.e., whether the problem is or not solvable, its optimal value is
or not bounded, and the set of solutions is or not bounded.

The partitions where T is a compact topological space and the functions a and b are continu-
ous (i.e., the continuous case), have been analyzed in [1, 5, 6]. In particular, the latter reference
deals with the consistence and boundedness of the optimal value of the problems and these
properties define the primal-dual partition. The interior of the sets generated through the parti-
tion was also studied in these references. In [8], partitions corresponding to an arbitrary index
set T (not necessarily a topological space), and arbitrary functions a and b were analyzed.

Throughout this paper, we assume that the functions a and b are bounded.
In the present paper, a refinement of the primal-dual partition is presented. The new partition

considers also the boundedness of the set of solutions of the problem. Hence, this work extends
the study of the primal-dual partition and its refinement to the case of bounded (rather than
continuous) coefficients.

The new results are presented in Sections 3 and 4. In Section 3, we characterize the interior
of the sets that are generated by the primal-dual partition and show that the characterization is
similar to the one which holds in the continuous case. In Section 4, we show that the condi-
tions that characterize the sets generated by the refinement in the continuous case are neither
necessary nor sufficient in the bounded case. In addition, we present a condition that implies
the boundedness of the optimal set of the dual problem in the bounded case.

2. PRELIMINARIES

We begin with the notation used in the paper. We denote by R+ the set of positive real
numbers. In the n-dimensional space Rn endowed with the Euclidean norm, x′ stands for the
transpose of the vector column x and the null vector will be denoted by 0n. If X is a set of any
topological space, then int X and cl X denote its interior and its closure, respectively. Given a
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nonempty set X ⊂ Rn, conv X and cone X denote its convex and conical hull, respectively. If C
is a nonempty convex set, then its recession cone O+(C) is defined as:

cone {y ∈ Rn : x+αy ∈C for all x ∈C and for all α > 0}.

The feasible (optimal) set of P and D are denoted as F (F∗) and Λ (Λ∗), respectively. The
optimal value of the primal (dual) problem P (D) are denoted as vP(π) (vD(π)) where, as usual,
vP(π) = +∞ and vD(π) = −∞ when the corresponding problems become inconsistent.

With each π we associate the first and second moment cones

M := cone {at , t ∈ T},

N := cone {(at ,bt)
′
, t ∈ T},

and its characteristic cone

K := cone {(at ,bt)
′
, t ∈ T ;(0n,−1)

′
}.

Recall that π satisfies the Slater condition if there exists x ∈ Rn such that a′tx > bt for all t ∈ T .
Also, π satisfies the strong Slater condition if there exist ε > 0 and x∈Rn, such that a′tx≥ bt +ε

for all t ∈ T . From these definitions, we get that every parameter that satisfies the strong Slater
condition is consistent and satisfies the Slater condition. However, the converse statement is not
true in general (see Example 4.5). In [4, Theorem 6.1], it was shown that a parameter satisfies
the strong Slater condition if and only if

0n+1 := (0n,0)
′
/∈ cl G,

where

G := conv {(at ,bt)
′
, t ∈ T}.

It is worth mentioning that in the continuous case the Slater and the strong Slater conditions
coincide.

We will denote by ΠP
C, ΠP

IC, ΠP
B and ΠP

UB (ΠD
C , ΠD

IC, ΠD
B and ΠD

UB) the sets of parameters that
have primal (dual) problem consistent, inconsistent, bounded (consistent with finite optimal
value) and unbounded, respectively. Also, ΠP

S (ΠD
S ) will denote the set of parameters with the

solvable primal (dual) problem which has the bounded optimal set, while ΠP
N (ΠD

N) will denote
the set of parameters with the primal (dual) problem, which is not solvable or has unbounded
optimal set.

In the continuous case, the sets ΠP
S and ΠD

S were characterized in [5]. These characterizations
are presented in the next lemma.

Lemma 2.1.
(i) π ∈ΠP

S if and only if
(0n

1

)
/∈ cl K and c ∈ int M;

(ii) π ∈ΠD
S if and only if c ∈M and π satisfies the Slater condition.

In the first primal-dual partition, presented in [6], the primal and dual problems are classified
in inconsistent (IC), bounded (B) and unbounded (UB) classes. This partition is showed in the
following table.
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(D) \ (P) IC B UB

IC Π4 Π5 Π2

B Π6 Π1

UB Π3

Table 1
where,

Π1 := Π
P
B∩Π

D
B , Π2 := Π

P
UB∩Π

D
IC, Π3 := Π

P
IC∩Π

D
UB,

Π4 := Π
P
IC∩Π

D
IC Π5 := Π

P
B∩Π

D
IC, and Π6 := Π

P
IC∩Π

D
B .

We conclude this section with the characterization of the sets Πi, i = 1, ...,6. Here, M, N and
K play a crucial role (see [6]). The next theorem, proved in [8], holds for the general linear
semi-infinite optimization, hence in the particular case when a and b are bounded.

Theorem 2.1. i) π ∈Π1 if and only if (0n,1)
′
/∈ cl N and c ∈M.

ii) π ∈Π2 if and only if (0n,1)
′
/∈ cl N and ({c}×R)∩ cl N = /0.

iii) π ∈Π3 if and only if {c}×R⊆ K.

iv) π ∈Π4 if and only if (0n,1)
′ ∈ cl N and c /∈M.

v) π ∈Π5 if and only if c /∈M, (0n,1)
′
/∈ cl N and ({c}×R)∩ cl N 6= /0.

vi) π ∈Π6 if and only if (0n,1)
′ ∈ cl N, c ∈M and {c}×R* K.

3. PRIMAL-DUAL STABILITY

The following theorem, established in [7], presents the characterization of the interior of
the sets generated by the primal-dual partition in the continuous case, i.e., when the constraint
functions are continuous.

Theorem 3.1. Consider the continuous case and let π ∈ C(T )n×C(T )×R be a parameter.
The following assertions hold:

i) π ∈ int Π1 if and only if π satisfies the Slater condition and c ∈ int M.
ii ) π ∈ int Π2 if and only if there exists y∈Rn such that c′y < 0 and a′ty > 0, for all t ∈ T.

iii) π ∈ int Π3 if and only if (0n,1)
′ ∈ int N.

iv) int Πi = /0 for i = 4,5,6.

The following theorem, obtained in [9], characterizes the interior of the sets generated by the
primal-dual partition in the general case, i.e. when T is an arbitrary set and no assumptions are
made on the constraint functions (not even boundedness).

Theorem 3.2. Take π ∈Π. The following assertions hold:
i) π ∈ int Π1 if and only if π satisfies the strong Slater condition and c ∈ int M.
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ii) π ∈ int Π2 if and only if there exist y ∈ Rn and δ > 0 such that c′y < 0 and a′ty ≥
δ , for all t ∈ T.

iii) (a) π ∈ int Π3, M = Rn if and only if (0n,1)
′ ∈ int N.

(b) π ∈ int Π3, M 6=Rn if and only if 0n /∈ int conv {at : t ∈ T},(0n,1)
′ ∈O+ (cl G),c ∈

int M.
(c) π ∈ int Π4 if and only if 0n /∈ cl conv {at : t ∈ T},(0n,1)

′ ∈O+ (cl G) and c∈ int M.
iv) int Πi = /0 for i = 5,6.

In the remainder of this section, we present new results concerning the primal-dual partition
in the bounded case.

The following theorem shows that the characterization of the interior of the sets generated
by the primal-dual partition, in the case of bounded coefficients, is similar to the corresponding
results for the continuous case. However, in the bounded case the Slater condition is replaced
by the strong Slater condition, because in the case of bounded coefficient there are parameters
that satisfy the Slater condition, but not the strong Slater condition (see Example 4.5).

Theorem 3.3. Let π = (a,b,c) be a parameter with bounded coefficients. Then

i) π ∈ int Π1 if and only if π satisfies the strong Slater condition and c ∈ int M.
ii) π ∈ int Π2 if and only if there exists y ∈ Rn such that, c′y < 0 and a′ty > 0 for all t ∈ T.

iii) π ∈ int Π3 if and only if (0n,1)
′ ∈ int N.

iv) int Πi = /0 for i = 4,5,6.

The proof of Theorem 3.3 follows from Theorems 3.1, 3.2, and the next observation.

Observation 3.4. If a and b are bounded, then O+ (cl G) = {0n+1}.

Note that in the case of bounded coefficients, π ∈ int Π3 and M 6= Rn, which is impossible
because otherwise (0n,1)

′ ∈O+ (cl G) (see Theorem 3.2), and in this case, O+ (cl G) = {0n+1}.
In the same way, we get that int Π4 = /0.

4. FIRST REFINED PRIMAL-DUAL PARTITION

A refinement of the primal-dual partition follows from classifying the bounded primal and
dual problems in two categories. The first one is formed by solvable problems with bounded
optimal set (S). The second one includes unsolvable problems and those that have unbounded
optimal set (N). The refinement is called refined primal-dual partition and it is shown in Table
2.
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D \ P IC B UB

S N

IC Π4 Π1
5 Π2

5 Π2

B

S Π1
6 Π1

1 Π3
1

N Π2
6 Π2

1 Π4
1

UB Π3

Table 2

In the refinement,
Π1

1 := ΠP
S ∩ΠD

S , Π2
1 := ΠP

S ∩ΠD
N ,

Π3
1 := ΠP

N ∩ΠD
S , Π4

1 := ΠP
N ∩ΠD

N ,

Π1
5 := ΠP

S ∩ΠD
IC, Π2

5 := ΠP
N ∩ΠD

IC,

Π1
6 := ΠP

IC∩ΠD
S and Π2

6 := ΠP
IC∩ΠD

N .

The other sets are the same as in the primal-dual partition.
According to the Duality Theorem [3, Theorem 4.2], in ordinary linear programming, we

have Πi
1 = /0 for i = 2,3,4. However, in the case of bounded coefficients, these sets may be

nonempty, as shown in Theorem 3.1 of [6].
The conditions characterizing the sets generated by the refined primal-dual partition in the

continuous case, are as follows:

Theorem 4.1. [5, Theorem 3.3] The following statements are true:

i) π ∈Π1
1 if and only if c ∈ int M and π satisfies the Slater condition;

ii) π ∈Π2
1 if and only if

(0n
1

)
/∈ cl K, c ∈ int M and π does not satisfy the Slater condition;

iii) π ∈Π3
1 if and only if c ∈M \ int M and π satisfies the Slater condition;

iv) π ∈ Π4
1 if and only if

(0n
1

)
/∈ cl K, c ∈ M \ int M and π does not satisfy the Slater

condition.

The condition that characterizes the set ΠP
S , presented in Lemma 2.1, holds true in the case

of bounded coefficients. For the dual problem, this is not the case: the condition characterizing
ΠD

S fails for bounded coefficients, as shown in the next example, where c1 ∈M1 and π1 satisfies
the Slater condition, but the dual problem associated with the parameter π1 is unsolvable.
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Example 4.1. Let T = [0,1] and n = 2. We define π1 := (a1,b1,c1) such that a1
t := (t,1) for all

t ∈ T ,

b1
t :=


1, if t = 0,
0, if 0 < t < 1,
−1, if t = 1,

and c1 := (1/3,1). In [7], it was shown that c1 ∈M1 and π1 satisfies the Slater condition, but
the dual problem is not solvable.

In Example 4.1, the dual problem is unsolvable, so that the optimal set of the dual problem is
empty, and henceforth bounded. In addition, the parameter satisfies the strong Slater condition.
In fact, for ε = 1

2 , the point
(0

2

)
is a strong Slater point, which suggests the following result: if c

belongs to M and π satisfies the strong Slater condition, then Λ∗ is bounded. The proof of this
statement requires a result analogous to Carathéodory’s Theorem (see, [9, Corollary 17.1.2]),
but for positive, rather than arbitrary, linear combinations.

Lemma 4.1. If ∑
t∈T

λtat = c with λt ≥ 0 for all t ∈ T , then there exist γ1, . . . ,γn+1 ∈ R and,

t1, . . . , tn+1 ∈ T such that ∑
n+1
i=1 γiati = c and ∑t∈T λt = ∑

n+1
i=1 γi.

Proof. Let ∑
t∈T

λtat = c. The case ∑
t∈T

λt = 0 is obvious. Now, if ∑
t∈T

λt = λ > 0, then

∑
t∈T

λt

λ
at =

c
λ

and

∑
t∈T

λt

λ
= 1.

From Carathéodory Theorem for convex combinations ([9, Theorem 17.1]), there exist β1, . . . ,βn+1 ∈
R+ such that

n+1

∑
i=1

βiati =
c
λ
,

with ∑
n+1
i=1 βi = 1. Multiplying the above equalities by λ yields

n+1

∑
i=1

λβiati = c

with ∑
n+1
i=1 λβi = λ . Taking γi = λβi, we conclude that ∑

n+1
i=1 γiati = c and ∑

n+1
i=1 γi = ∑t∈T λt . �

Next we prove the above announced result.

Theorem 4.2. Let π a parameter with |T | ≥ n+ 2. If c ∈ M and π satisfies the strong Slater
condition, then Λ∗ is bounded in the norm `1.

Proof. Since c ∈M, we get that π ∈ΠD
C . Also, since π satisfies the strong Slater condition, we

have π ∈ΠP
C. It follows that π ∈Π1, and in particular, π ∈ΠD

B .
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Now, if Λ∗ = /0, the result is obvious. Assume that Λ∗ 6= /0 and Λ∗ is not bounded. Take {λ m}
in Λ∗ such that ∑

t∈T
λ m

t → ∞. Since Λ∗ ⊆ Λ and λ m belongs to Λ∗ for all m, we have

∑
t∈T

λ
m
t

(
at

bt

)
=

(
c

vD(π)

)
. (4.1)

From (4.1), we get that, for each m,
( c

vD(π)

)
is a positive linear combination of {(at ,bt)

′
, t ∈ T}.

By Lemma 4.1, we obtain that for all m there exist β m
1 , . . . ,β m

n+2 ∈ R+ such that

n+2

∑
i=1

β
m
i

(
am

ti
bm

ti

)
=

(
c

vD(π)

)
, (4.2)

with
n+2

∑
i=1

β
m
i = ∑

t∈T
λ

m
t . (4.3)

In view of (4.2),
n+2

∑
i=1

β m
i

n+2
∑

i=1
β m

i

(
am

ti
bm

ti

)
=

1
n+2
∑

i=1
β m

i

(
c

vD(π)

)
. (4.4)

Since
{

β m
i

n+2
∑

i=1
β m

i

}
and {(am

ti ,b
m
ti
′)} are bounded, if m→ ∞ in (4.4), it follows from (4.4) and (4.3)

that ∑
n+2
i=1 βi

(ai
bi

)
=
(0n

0

)
, with ∑

m+2
i=1 βi = 1, which implies that(

0n

0

)
∈ cl conv

{(
at

bt

)
: t ∈ T

}
.

It follows that the strong Slater condition fails, in contradiction with the hypothesis. �

Corollary 4.1. If Λ∗ is not bounded in the norm `1 and |T | ≥ n+2, then π does not satisfy the
strong Slater condition.

We recall that if Λ∗ is bounded in the norm `1, then it is also bounded in the norm `∞. We
also mention that the condition |T | ≥ n+ 2 is rather harmless, since otherwise T is finite and
we are in the classical linear programming setting.

Theorem 4.2 implies, that under certain conditions, sup {||λ ||1, λ ∈Λ∗}< ∞. In the follow-
ing theorem, we show that if c = 0n, then sup{||λ ||1, λ ∈ Λ∗}= 0.

Theorem 4.3. Take π = (a,b,c) such that c = 0n and |T | ≥ n+2. If c ∈ int M and π satisfies
the strong Slater condition, then Λ∗ = {λ ≡ 0}.

Proof. First, since c ∈M and π satisfies the strong Slater condition, Theorem 4.2 implies that
Λ∗ is bounded. On the other hand, since the primal problem is consistent and c ∈ int M, we
have that vP(π) = vD(π) in view of [4, Theorem 8.1]. Moreover, since c = 0n, vD(π) = 0.

Now, suppose that Λ∗ = /0. In this case, the function λ ≡ 0 is an optimal solution, which
contradicts the assumption.
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Since Λ∗ 6= /0, we take λ ∈ Λ∗ and suppose that ∑
t∈T

λt > 0. Because c = 0n, we have

∑
t∈T

λt

(
at

bt

)
=

(
0n

0

)
.

Then,

∑
t∈T

λt

∑
t∈T

λt

(
at

bt

)
=

(
0n

0

)
and ∑

t∈T

λt

∑
t∈T

λt
= 1.

It follows that

0n+1 ∈ conv
{(

at

bt

)
: t ∈ T

}
⊂ cl conv

{(
at

bt

)
: t ∈ T

}
.

This means that π does not satisfy the strong Slater condition, which is a contradiction. Thus
∑

t∈T
λt = 0. Since λ is arbitrary, we conclude that Λ∗ = {λ ≡ 0}.

�

Next, we present another proof of Theorem 4.3.

Proof. The first part of the already established proof shows that Λ∗ is bounded, Λ∗ 6= /0 and
vD(π) = 0.

Now, suppose there exists λ ∈ Λ∗ such that ∑
t∈T

λt > 0. If δ > 0, we have δλ ∈ Λ∗. Hence,

since λ ∈ Λ∗ and c = 0n, we have

∑
t∈T

λt

(
at

bt

)
=

(
0n

0

)
,

which implies that

∑
t∈T

δλt

(
at

bt

)
= δ ∑

t∈T
λt

(
at

bt

)
= δ

(
0n

0

)
=

(
0n

0

)
.

On the other hand, ||δλ ||1 = δ ||λ ||1 > 0. If δ → ∞, then ||δλ ||1→ ∞. This means that Λ∗ is
not bounded, which contradicts Theorem 4.2. �

In the case when c 6= 0n, we prove next that the infimum is strictly positive.

Theorem 4.4. Take π = (a,b,c) such that c 6= 0n, c ∈ M and π satisfies the strong Slater
condition. Then

inf {‖λ‖1 : λ ∈ Λ
∗}> 0.

Proof. Suppose that
inf {‖λ‖1 : λ ∈ Λ

∗}= 0.

Then there exists sequence {λ m} in Λ∗ such that

‖λ m‖1→ 0,

i.e.,

∑
t∈T

λ
m
t → 0.
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Since λ m ∈ Λ∗, for all m, we have

∑
t∈T

λ
m
t

(
at

bt

)
=

(
c

vD(π)

)
.

Lemma 4.1 implies
n+2

∑
i=1

γ
m
ti

(
ati
bti

)
=

(
c

vD(π)

)
y

n+2

∑
i=1

γ
m
ti = ∑

t∈T
λ

m
t . (4.5)

Now, since ∑
t∈T

λ m
t → 0 and

{(ati
bti

)}
are bounded sequences, taking m→ ∞ in (4.5) yields

n+2

∑
i=1

0
(

ai

bi

)
=

(
c

vD(π)

)
. (4.6)

(4.6) implies c = 0n, which is a contradiction.
�

Next we will exhibit several examples showing that the conditions that characterize the sets
generated by the refined primal-dual partition in the continuous case, do not hold in the case of
bounded coefficients.

We consider again the parameter of Example 4.1 and we show that the facts that c ∈ int M
and that π satisfes the strong Slater condition are not sufficient for ensuring that π ∈Π1

1.

Example 4.2. The primal problem is:

P2 : Min 1
3x1 + x2

s.t.
x2 ≥ 1
tx1 + x2 ≥ 0, t ∈ (0,1),
x1 + x2 ≥−1

In [8], it was shown that c2 ∈ int M2 and that π2 satisfies the Slater condition (in particular,
(0,2)

′
is a Slater point). In fact, for ε = 1

2 , (0,2)
′

is a strong Slater point. The latter would
imply, in the continuous case, that π2 ∈Π1

1. However, in [8], it was shown that vp(π2) = 2
3 and

F∗2 = {(−1,1)}, but the dual problem

D2 : supλ0−λ1

s.t. λ0
(0

1

)
+∑t∈(0,1)λt

(t
1

)
+λ1

(1
1

)
=
( 1

3
1

)
λ ∈ R(T )

+ .

is not solvable. Therefore, π2 /∈Π1
1 in the case of bounded coefficients.

The following example shows that the facts that c∈ int M and that π satisfies the strong Slater
condition are not necessary conditions for π to belong to Π1

1.

Example 4.3. Take α > 0 and consider the following problem in R:

P3 : inf αx1

s.t. tx1 ≥ t2, t ∈ (0,1].
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The problem is solvable, with

F3 = {x1 : x1 ≥ 1}, vP(π3) = α y F∗3 = {x1 = 1}.

Also,
c3 = α ∈ int M3 = int (cone {t : t ∈ (0,1]}) = R0

+.

On the other hand, (0,0)
′ ∈ cl conv {(t, t2)

′
: t ∈ (0,1]}, which implies that π3 does not satisfy

the strong Slater condition.
The dual problem is:

D3 : sup ∑
t∈(0,1]

λtt2

s.t. ∑
t∈(0,1]

λtt = α

λ ∈ R(T )
+ .

The function

λt :=
{

α, si t = 1,
0, si, 0 < t < 1,

is the only feasible solution and it is optimal. We conclude that D3 is solvable with bounded
optimal set. Hence, we have a parameter π3 ∈ Π1

1, where c3 ∈ int M3, but π3 does not satisfy
the strong Slater condition.

In the particular case when c = 0n, we present a sufficient condition which implies that a
given parameter π = (a,b,c) belongs to the set Π1

1.

Corollary 4.2. Let π = (a,b,c) be a parameter with c = 0n and |T | ≥ n+2. If c ∈ int M and π

satisfies the strong Slater condition, then π ∈Π1
1.

Proof. The result follows from Lemma 2.1 and Theorem 4.3. �

As a consequence of Corollary 4.2, we have that the feasible set of the system {a′tx≥ bt , t ∈
T}, (when |T | ≥ n+ 2) is nonempty and bounded, if 0n ∈ int cone {at , t ∈ T} and there exist
ε > 0 and x ∈ Rn such that atx > bt + ε for all t ∈ T . In fact, if these conditions hold, and we
consider the parameter π = (a,b,0n), then π ∈Π1

1. In particular, F∗ is nonempty and bounded.
Since in this case F = F∗, the result is immediate.

Corollary 4.3. Let π = (a,b,c) be a parameter with b≡ 0 and |T | ≥ n+2. If c ∈ int M and π

satisfies the strong Slater condition, then π ∈Π1
1.

Proof. If c∈M and π satisfies the strong Slater condition, then, by Theorem 4.2, Λ∗ is bounded.
Now, since c ∈M, we have that Λ 6= /0. Furthermore, since b≡ 0, every feasible solution of the
dual problem is optimal. Hence, we get Λ∗ 6= /0. This implies that π ∈ ΠD

S . It only remains
to prove that π ∈ ΠP

S , but this statement is equivalent to c ∈ int M, if the parameter π has
consistent primal problem [4, Corollary 9.3.1]. Since c ∈ int M, we only need to show that π

has a consistent primal problem, which holds true because, by hypothesis, π satisfies the strong
Slater condition.

�
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The parameter π3 presented in Example 4.3 shows us that the condition presented in Theorem
4.1(ii), for the set Π2

1, fails in the case of bounded coefficients. In particular, we show that the
facts that

(0n
1

)
/∈ cl N, that c ∈ int M and that π does not satisfy the strong Slater condition, are

not sufficient conditions for π to belong to Π2
1 In fact, we have that

(0n
1

)
/∈ cl N3 (because the

primal problem is consistent), c3 ∈ int M3 and π3 does not satisfy the strong Slater condition,
but π3 /∈Π2

1.
The parameter π2 of Example 4.2 also shows that the facts that

(0n
1

)
/∈ cl N, that c∈ int M and

that π does not satisfy the strong Slater condition are not necessary conditions for π to belong
to Π2

1. Indeed, π2 ∈Π2
1,
(0n

1

)
/∈ cl N2 and c2 ∈ int M2, but π2 satisfies the Slater condition.

With the next example we show that the condition presented in Theorem 4.1 (iii) is not valid
in the case of bounded coefficients. In particular, it shows that the facts that c ∈M \ int M and
that π satisfies the strong Slater condition are not necessary conditions for π to belong to Π3

1.

Example 4.4. Consider the problem in R2 defined by:

P4 : inf x1 + x2

s.t. t2x1 + tx2 ≥ t, t ∈ (0,1].

The feasible set is shown in Figure 1.

FIGURE 1. Feasible set of P4

In view of Figure 1, we have,
vP(π4) = 1

and

F∗4 =

{(
x1

x2

)
: x2 = 1− x1 and x1 ≤ 0

}
.

The problem is solvable with unbounded optimal set. On the other hand, it holds that 0
0
0

 ∈ cl conv


 t2

t
t

 : t ∈ (0,1]

 ,
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which implies that π4 does not satisfy the strong Slater condition. Figure 2 shows that

c4 =

(
1
1

)
∈M4 \ int M4.

FIGURE 2. Cone M4 of P4

The dual problem is:

D4 : sup ∑
t∈(0,1]

λtt

s.t. ∑
t∈(0,1]

λt
(t2

t

)
=
(1

1

)
λ ∈ R(T )

+ .

The function

λ =

{
1, si t = 1,
0, si, 0 < t < 1,

is the only feasible solution and it is also optimal. It implies that D4 is solvable and it has a
bounded optimal set. Hence, π4 ∈Π3

1 and although

c4 ∈M4 \ int M4,

we have that π4 does not satisfy the strong Slater condition.

In the following example, we show that the facts that c ∈M \ int M and that π satisfies the
strong Slater condition are not sufficient for π to belong to Π3

1.

Example 4.5. Consider the following problem in R2:

P5 : inf x2

s.t.
x2 ≥ t, t ∈ [0,1),
x1 ≥ 0.
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FIGURE 3. Feasible set of P5

The feasible set is shown in Figure 3. We have that

vP(π5) = 1

and

F∗5 =

{(
x1

x2

)
: x2 = 1,x1 ≥ 0

}
.

The problem is solvable with unbounded optimal set. On the other hand, π5 satisfies the strong
Slater condition. Indeed, take ε = 1 and consider x =

(3
3

)
. Now, Figure 4 shows that c5 =

(0,1)
′ ∈M5 \ int M5.

FIGURE 4. Cone M5 of P5
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The dual problem is:

D5 : sup ∑
t∈[0,1)

λtt

s.t. ∑
t∈[0,1)

λt
(0

1

)
+λ1

(1
0

)
=
(0

1

)
λ ∈ R(T )

+ .

In view of the constraints, we get that

∑
t∈[0,1)

λt = 1

and
λ1 = 0.

Let us consider the sequence of feasible points θ
m
= (λ m;λ1), where λ1 = 0 and λ m is defined

by

λ
m
t :=

{
1, if t = 1− 1

m ,

0, if, t ∈ [0,1)\ 1
m .

It follows that

∑
t∈[0,1)

λ
m
t t = 1− 1

m

approaches 1 as m tends to infinity. This implies that vD(π5) = 1, but Λ∗ = /0, so that the dual
problem is not solvable. So, we have the parameter π5 for which c5 ∈M5 \ int M5 and π5 satis-
fies the strong Slater condition, but π5 /∈Π3

1.

In Example 4.5,

π
5 ∈Π

4
1,

(
0n

1

)
/∈ cl N5 y c5 ∈M5 \ int M5,

but π5 does not satisfy the strong Slater condition, which implies that the condition presented
in Theorem 4.1(iv), for the set Π4

1 does not remain valid in the case of bounded coefficients. In
particular, this example shows that the facts that

(0n
1

)
/∈ cl N, that c ∈M \ int M and that π does

not satisfy the strong Slater condition, are not necessary conditions for π to belong to Π4
1.

In Example 4.4,
(0n

1

)
/∈ cl N4, c4 ∈ M4 \ int M4 and π4 does not satisfy the strong Slater

condition, but π4 /∈Π4
1. Thus, we have shown that the facts that

(0n
1

)
/∈ cl N, that c ∈M \ int M

and that π does not staisfy the strong Slater condition are not sufficient for π to belong to Π4
1.

Following similar arguments to those in [5], we conclude that Π1
5 = /0 in the case of bounded

coefficients. We have thus that Π5 = ΠP
N ∩ΠD

IC.
In the following example, we show that Π1

6 = ΠP
IC ∩ΠD

S 6= /0 in the case of bounded coeffi-
cients, which is not possible in the continuous case.

Example 4.6. Consider the problem in R2 given by:

P6 : inf 0

s.t. tx1 + tx2 ≥ 1, t ∈ (0,1].
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The problem is inconsistent because( 0
0
1

)
= cl cone

{( t
t
1

)
, t ∈ (0,1]

}
.

The dual problem is:

D6 : sup ∑
t∈(0,1]

λt

s.t. ∑
t∈(0,1]

λt
(t

t

)
=
(0

0

)
λ ∈ R(T )

+ .

In view of the constraints, we have

∑
t∈(0,1]

λtt = 0. (4.7)

Since t ∈ (0,1], the equality in (4.7) is only possible if

∑
t∈(0,1]

λt = 0.

It follows that
vD(π6) = 0 y Λ

∗
6 = {λ ≡ 0}.

Therefore, D6 is bounded and solvable with bounded optimal set.

The set Π2
6 is also nonempty, even in the continuous case.

We close this section ends with the presentation of a few necessary conditions, which follow
from already known results. The following two result follow from [4, Corollary 9.3.1] and
Corollary 4.1.

• If π ∈Π2
1 and Λ∗ is unbounded, then c ∈ int M and π does not satisfy the strong Slater

condition.
• If π ∈ Π4

1 and Λ∗ is unbounded, then c ∈ M\int M and π does not satisfy the strong
Slater condition.

The next result follows from [7].

• If π ∈ Π2
1 and Λ∗ = /0, then there exists a sequence {πr} in Π such that πr → π , cr ∈

int Mr and πr satisfies the strong Slater condition.

We conclude by mentioning that we have obtained a sufficient condition for the boundedness
of the dual optimal set, which might however be empty. Conditions that guarantee the solvabil-
ity of the dual problem turn out to be hard to establish, even in the continuous case. This is left
as a challenging problem for future research.
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