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Abstract. In this paper, we consider an extremal problem under inclusions constraints. Based on recent semicon-
tinuous epi-derivatives results, we establish necessary and sufficient optimality conditions of Fermat type for this
problem. We do not require any differentiability or regularity condition on the objective function. We finally give
some examples of functions to which our results may be applied.
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1. INTRODUCTION

In this paper, we are concerned with optimality conditions of Fermat type for the following
vector optimization problems under an inclusion constraint:

Maximize f (x) subject to 0 ∈ F(x), (P)

where f : X −→ Y • is an extended vector-valued mapping with X being a reflexive Banach
space, Y being a reflexive Banach space ordered by a closed, convex and proper cone P, and
F : X −→ 2Z is a set-valued map from X to another reflexive Banach space Z.

A point x̄ ∈ Dom( f ) is a solution to (P) if and only if 0 ∈ F(x̄) and
f (x)≤P f (x̄) for all x ∈ dom( f ) s.t 0 ∈ F(x).

In [1], Amahroq, Gadhi and Riahi provided first order optimality conditions in the case where
f is an extended real function. The basic tool used there is the classical epi-differentiability of
f based on the concept of Mosco-epi-convergence Attouch [6] that allows to define the epi-
derivative of extended real functions, which was introduced in Rockafellar [20]. In the vector
case, i.e., the target space of f is a partially ordered vector space, it is not easy to define an
adequate epi-convergence having the same properties of the scalar case. It seems that this
reason motivated Bazán [7] to propose, as an efficient alternative, the radial epi-derivatives
of vector-valued maps ranging in a order-complete space. This approach does not necessities
any convergence notion for sequences of extended vector-valued maps and allows to obtain
optimality conditions for the large class of nonconvex functions.
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In this paper, to establish the optimality conditions for problem (P), we rather make appeal to
the recent semicontinuous extended radial epi-derivatives introduced and studied in [2, 3]. The
semicontinuity of these derivatives allows us, on the one hand, to improve and extend to the vec-
tor case the results presented in [1], and on the other hand, enables us to provide the link between
the radial epi-derivatives and Mosco epi-derivatives of star-shaped epi-differentiable extended
real-valued functions. An entirely related reference to the topic of this paper is the recent book
by Khan, Tammer and Zălinescu [15], which contains the mostly important background mate-
rial and provides a detailed discussion of optimality conditions. For more information on the
use of epi-derivaties and related analysis, we refer to [5, 10, 11, 12, 13, 14, 16, 17, 21] and the
references therein.

The paper is organized as follows. In Section 2, we fix the notation and collect the necessary
background materials to establish our main results. In Section 3, we present a general class
of functions for which radial epi-derivatives coincide with Mosco epi-derivatives. In Section
4, we consider an extremal vector problem for which we obtain both necessary and sufficient
optimality conditions. The paper is ended by a concluding section, Section 5.

2. BACKGROUND MATERIALS

Throughout this paper, Y denotes a reflexive Banach space. For any subset A of Y, cl(A) will
stand for its closure, Int(A) its interior and Ac its complement.

We require that Y is ordered by a closed, convex and proper cone P (i.e., {0} 6= P 6= Y ). The
cone P defines a partial ordering on Y denoted by ≤P and given by

y1 ≤P y2 (or equivalently y2 ≥P y1) ⇐⇒ y2 ∈ y1 +P.

If needed, the cone P will be supposed, in addition, to be pointed (i.e., l(P) := P∩(−P) = {0}).
We adjoin to Y two artificial elements −∞ and +∞ such that

−∞≤P y≤P +∞,

for all y ∈ Y. We denote by Y the extended space Y ∪{±∞} and assume the following conven-
tions:

• (±∞)+ y = y+(±∞) =±∞ for all y ∈ Y ;
• (±∞)+(±∞) = (±∞);
• λ (±∞) = (±∞) for all λ > 0, and λ (±∞) =∓ for all λ < 0.

Y • stands for Y ∪ {+∞}, that is, Y • = Y ∪ {+∞}. P• stands for P∪ {+∞}, that is, P• =
P∪{+∞}. IntP• stands for Int(P)∪{+∞}, that is, IntP• = Int(P)∪{+∞}.

A new ordering is then defined on Y by x ≤P• y⇔ y− x ∈ P•, for x,y ∈ Y . We will write
x <P• y if y− x ∈ IntP•. If the set of P−upper bounds (resp. P−lower bounds) of a P−upper
bounded (resp. P−lower bounded) subset A ⊂ Y admits a least (resp. greatest) element, it is
called a P−supremum (resp. P−infimum) of A. The set of P−supremums (resp. P−infimums)
of A is denoted by sup

P
(A) (resp. infP(A)).

If a subset A⊂ Y admits a P−upper bound (resp. P−lower bound) a in A (a ∈ A), then, a is
called a P−greatest element or P−maximum (resp. least element or minimum) of A. The set
of P−maximums (resp. P−minimums) of A is denoted by maxP(A) (resp. minP(A).)
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The cone P will supposed to be normal, i.e., the origin 0 admits a base B of neighborhoods
such that

(V −P)∩ (V +P) =V, ∀V ∈B.

2.1. Semicontinuity. Consider another reflexive Banach X . For any point u in X or Y, we
denote by ϑ(u) the family of neighborhoods of u. For an extended-vector-valued mapping f :
X → Y •, the following notations and definitions will also be needed:

• The domain :
Dom( f ) = {x ∈ X | f (x) ∈ Y};

• The epigraph:

epi( f ) = {(x,y) ∈ X×Y |x ∈ Dom( f ), f (x)≤P y}∪{(x,y) ∈ X×Y | , f (x) =−∞};
• The hypograph:

hyp( f ) = {(x,y) ∈ X×Y |x ∈ Dom( f ),y≤P f (x)}∪{(x,y) ∈ X×Y | , f (x) = +∞};
• The graph:

gph( f ) = {(x,y) ∈ X×Y |x ∈ Dom( f ),y = f (x)}.
For a set-valued map S : X −→ 2Y , i.e., a mapping which assigns to every x ∈ Y a (possibly
empty) subset of Y , we recall:

• The domain:
Dom(S) = {x ∈ X |S(x) 6= /0};

• The graph:

gph(S) = {(x,y) ∈ X×Y |x ∈ DomS,y ∈ S(x)};
We now recall the notion of the semicontinuity of vector-valued maps which can be found,

among others, in [8, 9, 19].
• A mapping f : X → Y • is said to be lower semicontinuous (P− l.s.c) at x ∈ X if, for

any neighborhood V of zero and for any y ∈ Y satisfying y ≤P f (x), there exists a
neighborhood U of x in X such that

f (U)⊂ y+V +P•.

• The mapping f : X → Y • is said to be sequentially lower semicontinuous (s-l.s.c) at
x ∈ X if, for any y ∈ Y satisfying y ≤P f (x) and for any sequence (xn) converging to x,
there exists a sequence (yn) converging to y such that yn ≤P f (xn), for every n.
• If x ∈ Dom( f ), then f is s-l.s.c at x if and only if, for each sequence (xn) converging to

x, there exists a sequence (yn) converging to f (x) such that yn ≤P f (xn) for all n.
• Since X and Y are normed spaces, then f is P−l.s.c at x if , and only if f is s-l.s.c at x.
• f is said to be sequentially upper semicontinuous ( s-u.s.c for short) if and only if − f is

s-l.s.c.
Now for a subset C in a normed space E, at a point x̄ ∈ cl(C), the following concepts will be

considered:
• The contingent (or tangent cone of Bouligand) cone:

T (C, x̄) = {v ∈ E|∃tn↘ 0,∃vn→ v : x̄+ tnvn ∈C, ∀n};
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• The closed radial cone :

R(C, x̄) = {v ∈ E|∃tn > 0,∃vn→ v : x̄+ tnvn ∈C, ∀n}.

2.2. The hypographical level set and regularization. Let us now collect some fundamental
tools on semicontinuous regularizations and their related level sets from [4] (see also the recent
work [3]).

For a given extended vector-valued map g : X→Y =Y ∪{−∞,+∞} and a point x̄ ∈Dom(g),
we consider the following lower (resp. upper) semicontinuous regularization (introduced in [4]
and refined in [3]) of g at x̄ :

v− liminf
x→x̄

g(x) := maxP(A
g
x) := g(x̄) (2.1)

(resp.v− limsup
x→x̄

g(x) := minP(B
g
x) := g(x̄)), (2.2)

where Ag
x (resp. Bg

x) is the lower (resp. upper) hypo (resp. epi)-graphical level set defined by

Ag
x = {y ∈ Y | ∀V ∈ ϑ(y), ∃U ∈ ϑ(x), g(U)⊂V +P•} (2.3)

(resp. Bg
x = {y ∈ Y | ∀V ∈ ϑ(y), ∃U ∈ ϑ(x), g(U)⊂V −P•}). (2.4)

Theorem 2.1. [3, Theorem 2]
Let f : X −→Y • and x ∈Dom( f ). Assume that the cone P is normal and Y is a lattice. Then,

i) If f is P− lower bounded around x, then A f
x admits a unique P−maximum element

ax ∈ A f
x such that maxP(A

f
x ) = {ax}.

ii) f is P−upper bounded around x, then B f
x admits a unique P−minimum element bx ∈ B f

x
such that minP(B

f
x ) = {bx}.

Thanks to Theorem 2.1, for a given f : X −→ Y •, one finds the definition of [3] where the
definitions of the lower and upper regularizations f and f are given by:

f (x̄) := v− liminf
x→x̄

f (x) =

 ax̄ = maxP(A
f
x̄ ), if x̄ ∈ D( f ),

−∞, if x̄ ∈ Dom( f )∩ (D( f ))c,
+∞, if x̄ /∈ Dom( f ),

where D( f ) = {x ∈ Dom( f )and f is P− lower bounded aroundx}, and

f (x̄) := v− limsup
x→x̄

f (x) =

 bx̄ = minP(B
f
x̄ ), if x̄ ∈ D( f ),

+∞, if x̄ ∈ Dom( f )∩ (D( f ))c,
+∞, if x̄ /∈ Dom( f ),

where D( f ) = {x ∈ Dom( f )and f is P−upper bounded aroundx}.



AN EXTREMAL VECTOR PROBLEM UNDER INCLUSION CONSTRAINTS 245

2.3. Radial epi-derivatives. To recall the radial epiderivatives introduced in [3], for a given
extended vector-valued map f : X → Y , we first fix the following notations:

• (∆t f )x̄(.) := t−1( f (x̄+ t.)− f (x̄)); t > 0;

• f ′−(x̄;u) = inf
t>0

(∆t f )x̄(u);

• f ′+(x̄;u) = sup
t>0

(∆t f )x̄(u).

Then, we define at x̄ ∈ Dom( f ) the
• lower radial epiderivative of f by

DR
e f (x̄; .) : X −→ Y

u 7−→ v− liminf
u′→u

f ′−(x̄;u′);

• upper radial epiderivative of f by

DR
e f (x̄; .) : X −→ Y •

u 7−→ v− limsup
u′→u

f ′+(x̄;u′).

Indeed, with the following notations, we are able to give a complete definition:
f ′−(x̄;u) := f ′−(x̄; .)(u) and f ′+(x̄;u) := f ′+(x̄; .)(u),

DR
e f (x̄;u) =


f ′−(x̄;u), if u ∈ D( f ′−(x̄; .)),
−∞, if u ∈ Dom( f ′−(x̄; .))∩ (D( f ′−(x̄; .)))c,
+∞, if u /∈ Dom( f ′−(x̄; .)),

and

DR
e f (x̄;u) =

 f ′+(x̄;u), if u ∈ D( f ′+(x̄; .)),
+∞, if u ∈ Dom( f ′+(x̄; .))∩ (D( f ′−(x̄; .)))c,
+∞, if u /∈ Dom( f ′+(x̄; .)),

where

D( f ′−(x̄; .)) = {u ∈ Dom( f ′−(x̄; .))and f ′−(x̄; .) is P− lower bounded aroundu}
and

D( f ′+(x̄; .)) = {u ∈ Dom( f ′+(x̄; .))and f ′+(x̄; .) is P−upper bounded aroundu}.
In other words, for any x̄ ∈ Dom( f ), we have

DR
e f (x̄;u) = maxP(A

f ′−(x̄;.)
u ),

and
DR

e f (x̄;u) = minP(B
f ′+(x̄;.)
u ).

Lemma 2.1. For all x ∈ Dom( f ), u ∈ X , every time we have

DR
e f (x̄;u)≤P• f ′−(x̄;u)≤P• f ′+(x̄;u)≤P• DR

e f (x̄;u).

Proof. It is straightforward from [4, Proposition 5.1] and the definition of the radial epi-derivatives.
�
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Theorem 2.2. [3, Theorem 7] Assume that P is normal such that (Y,P) is a lattice space and
Int(P) 6= /0. Let f : X −→ Y •. Then, for any x̄ ∈ Dom( f ), we have

(a) the lower epiderivative DR
e f (x̄; .) is positively homogenous i.e., for all u ∈ X , for all

λ > 0, DR
e f (x̄;λu) = λDR

e f (x̄;u);
(b) DR

e f (x̄;0) = 0⇐⇒ DR
e f (x̄;u) 6=−∞, ∀u ∈ X ;

(c) the upper epiderivative DR
e f (x̄; .) is positively homogenous i.e., for all u ∈ X , for all

λ > 0, DR
e f (x̄,λu) = λDR

e f (x̄;u);
(d) DR

e f (x̄;0) = 0⇐⇒ DR
e f (x̄;u) ∈ Y, ∀u ∈ X .

Theorem 2.3. Let f : X −→ Y •, x̄ ∈ Dom( f ); ȳ = f (x̄) and u ∈ X . Assume that P is normal
such that (Y,P) is a lattice space and Int(P) 6= /0. Then,

i) DR
e f (x̄;u)≤P in fP{v ∈ Y : (u,v) ∈ R(epi( f ),(x̄, ȳ))};

ii) sup
P
{v ∈ Y : (u,v) ∈ R(hyp( f ),(x̄, ȳ))} ≤P DR

e f (x̄;u)}.
If Y = R and P = [0,+∞[, then equalities hold in i) and ii).

Proof. It is direct from [3, Theorem 10 and Remark 13].
�

3. RADIAL EPIDERIVATIVES AND MOSCO-EPIDERIVATIVES

The radial epiderivatives are well determined in the classic convex case (see, for instance,
[3]), we reefer also to [7] wherein further examples are provided. Here we present another
(general) example in which we link the radial epi-derivative to the Mosco-epiderivative of star-
shaped functions in the case of Y = R. Assume, as before, that X is a reflexive Banach space.
We will write → for strong convergence and ⇀ for the weak convergence in X . Recall that a
sequence (ϕn) of extended real-valued functions from X to R∪{+∞} is said to be Mosco-epi-
convergent to ϕ : X → R∪{+∞} if and only if, for all x ∈ X , i) ∀xn ⇀ x ϕ(x)≤ liminf

n→+∞
ϕn(xn),

ii) ∃xn→ x ϕ(x)≥ limsup
n→+∞

ϕn(xn).

If only the lower (resp. upper) part of this convergence (condition i)) (resp. ii)) is satisfied,
we will say that ϕn is lower (resp. upper) epi-convergent to ϕ. A family (ϕt)t>0 of extended-
real functions from X into R∪{+∞} is said to be Mosco-epi-convergent to ϕ : X →R∪{+∞}
if and only if, for every sequence tn ↘ 0, the sequence (ϕtn)n is Mosco-epi-convergent to ϕ.
The function ϕ is called in this case the Mosco-epi-limit of ϕ. If only (∆t f )x̄(.)t>0 lower (resp.
upper) Mosco-epi-converges, we speak about lower (resp. upper) Mosco-derivative. A function
f : X → R∪{+∞} is said to be (Mosco-) epi-differentiable at a point x̄ ∈ Dom( f ) if and only
if the difference quotient functions (∆t f )x̄(.)t>0 Mosco-epi-converges and the Mosco-epi-limit
(Mosco-epi-derivative) denoted by f ′x̄ satisfies f ′x̄(0) > −∞. In this case, we denote by ∂e f (x̄)
the epi-gradient of f at x̄, that is the set of all vectors x? ∈ X? such that 〈x?,v〉 ≤ f ′x̄(v), ∀v ∈ X .

A function f : X → R∪{+∞} is said to be lower (resp. upper) Mosco-epi-differentiable at
a point x̄ ∈ Dom( f ) if and only if the difference quotient functions (∆t f )x̄(.)t>0 lower (resp.
upper) Mosco-epi-converges, we speak in this case about lower (resp. upper) Mosco-epi deriv-
ative.
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Definition 3.1. A subset K in any normed space is called star-shaped w.r.t some point x̄ ∈ K
if x̄+ t(x− x̄) ∈ K for all t ∈ [0,1] and all x ∈ K. A function f : X → R∪{+∞} is said to be
star-shaped w.r.t some point x̄ ∈ Dom( f ) if and only if its epigraph is star-shaped at (x̄, f (x̄)).

Lemma 3.1. A function f : X → R∪{+∞} is star-shaped at x ∈ Dom( f ) if and only if there
exists a number γ > f (x) such that

λ f (y)+(1−λ )γ ≥ f (λy+(1−λ )x), y ∈ Dom( f ),λ ∈ [0,1].

From this definition, we have the following characterization.

Lemma 3.2. Let f : X → R∪{+∞} be star-shaped function at x̄ ∈ Dom( f ). Then the closed
radial and the contingent cones of epi( f ) at (x̄, f (x̄)) coincide, i.e.,

R(epi( f );(x̄, f (x̄))) = T (epi( f );(x̄, f (x̄))).

Proof. It is the consequence of (b) of [7, Proposition 2.4]. �

Remark 3.1. It is known that, in particular, if f is convex and the subdifferential ∂ f (x̄) (in the
sense of convex analysis) of f at x̄ is nonempty, then DR

e f (x̄;u) = f ′x̄(u).

The following Proposition extends this result to star-shaped functions.

Proposition 3.1. Let f : X → R∪{+∞}. The following assertions hold.
(i) If f is upper epi-differentiable at a point x̄ ∈Dom( f ), then DR

e f (x̄;u)≤ f ′x̄(u), where f ′x̄
is the upper Mosco epi-derivative of f at x̄.

(ii) If, in addition, f is star-shaped at x̄ ∈ Dom( f ), then f ′x̄(u) = DR
e f (x̄;u) for all u ∈ X .

Proof. Let x̄ ∈Dom( f ) and put ȳ = f (x̄). Let u ∈ X . f is upper epi-differentiable at x̄, ∀tn↘ 0,
∃un→ u such that

f ′x̄(u)≥ limsup
n→+∞

(∆tn f )x̄(un). (3.1)

Clearly we have

DR
e f (x̄;un)≤ f ′−(x̄;un) = inf

t>0
(∆t f )x̄(un)≤ (∆tn f )x̄(un). (3.2)

Thus, in view of the lower semicontinuity of DR
e f (x̄; .) (thanks to (3.1) and [3, Theorem 5])

we obtain, at the limit in (3.2) when n approaches +∞, that

DR
e f (x̄;u)≤ liminf

n
DR

e f (x̄;un)≤ liminf
n

(∆tn f )x̄(un)≤ limsup
n

(∆tn f )x̄(un)≤ f ′x̄(u).

This concludes the first part of the proposition.
Assume now that f is star-shaped at x̄∈Dom( f ) and show that f ′x̄(u)≤DR

e f (x̄;u). According
to Theorem 2.3, we have

DR
e f (x̄;u) = inf

P
{v ∈ R : (u,v) ∈ R(epi( f );(x̄, ȳ)}. (3.3)

Let v ∈ R s.t (u,v) ∈ R(epi( f );(x̄, ȳ)). Since f is star-shaped at x̄, from Lemma 3.2 we obtain
that (u,v)∈ T (epi( f );(x̄, ȳ)). Therefore ∃tn↘ 0, (un,vn)−→ (u,v) such that (x̄, ȳ)+tn(un,vn)∈
epi( f ). Accordingly,

(∆tn f )x̄(un)≤ vn. (3.4)
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Hence, combining epi-differentiability of f at x̄ with (3.4), it results that

f ′x̄(u)≤ liminf
n→+∞

(∆tn f )x̄(un)≤ lim
n→+∞

vn = v. (3.5)

Thus, in view of (3.3), we obtain that

f ′x̄(u)≤ DR
e f (x̄;u).

This completes the proof. �

To establish the upper counter part of Proposition 3.1, we need the following.

Proposition 3.2. Let f : X → R∪{+∞} and x̄ ∈ Dom( f ). Assume that one of the following
assertions hold

i) f is star shaped and upper epi-differentiable at x̄;
ii) f is lower epi-differentiable at x̄.

Then f ′x̄(u)≤ DR
e f (x̄;u), where f ′x̄ is the lower Mosco epi-derivative of f at x̄.

Proof. If f is star shaped and upper epi-differentiable at x̄, then the required inequality follows
from Proposition 3.1 since every time we have DR

e f (x̄;u) ≤ DR
e f (x̄;u) (thanks to Lemma 2.1).

Let us deal with the second case (where f is lower epi-differentiable at x̄). To do that, let
x̄ ∈ Dom( f ) and put ȳ = f (x̄). Let u ∈ X and un→ u. Since f is lower epi-differentiable at x̄,
∀tn↘ 0, we have

f ′x̄(u)≤ liminf
n→+∞

(∆tn f )x̄(un). (3.6)

Hence

(∆tn f )x̄(un)≤ f ′+(x̄;un) = sup
t>0

(∆t f )x̄(un)≤ DR
e f (x̄;un). (3.7)

Thus, in view of the upper semicontinuity of DR
e f (x̄; .) (by the use of (3.1) and [3, Theorem 5])

we obtain, at the limit in (3.7) when n approaches +∞, that

f ′x̄(u)≤ liminf
n→+∞

(∆tn f )x̄(un)≤ limsup
n→+∞

f ′+(x̄;un)≤ limsup
n→+∞

DR
e f (x̄;un)≤ DR

e f (x̄;u).

This completes the proof. �

4. AN EXTREMAL VECTOR PROBLEM UNDER INCLUSION CONSTRAINTS

For any reflexive Banach space S, in the sequel we use the following notations:
• S? for its topological dual and 〈., .〉 for its duality pairing;
• BS, for the closed unit ball and B(x̄,r) for the ball centered in x̄ with radius r;

• w? for the weak-star topology in S? and we write w?

−→ to denote the weak-star conver-
gence in S? and→ for the strong convergence in X .

In order to express the optimality conditions for problem (P), we introduce the following:
• the support function of F : for y? ∈ Z?, CF(y?,x) := inf

y∈F(x)
〈y?,y〉;

• Z?
F(x) = {y? ∈ Z?|CF(y?,x)>−∞};

• for x ∈ X , dF(x) := d(0,F(x)), the distance from 0 to F(x);
• I(x) := {y? ∈ Z?

F(x)|CF(y?,x) = dF(x)};
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• if the support function CF(y?, .) is epi-differentiable at x̄, we consider the set

DF(x) := {d ∈ X : ∀y? ∈ I(x̄), ∀x? ∈ ∂eCF(y?, .)(x̄),〈x?,d〉 ≤ 0}.
Recall from [1] the following result, which determines the contingent cone of F−1(0) at a

point x̄.

Lemma 4.1. Let x̄ ∈ Dom( f ) ∩ Dom(F). Assume the following conditions hold
C1) F is Lipshitz at x̄ i.e., there exists η > 0 and r > 0 such that

F(x)⊂ F(x′)+η‖x− x′‖BZ,

for all x,x′ ∈ B(x̄,r);
C2) F is metrically regular at x̄ i.e., for some reals λ ,r > 0,

dF(x) = d(0,F(x))≥ λd(x,F−1(0)),

for all x ∈ B(x̄,r);
C3) the support function CF(y?, .)(x) is epi-differentiable and its epi-gradient ∂eCF(y?, .)(x)

is (weak-star/strong)-upper semicontinuous at (y?,x) i.e., if x?n ∈ ∂eCF(y?n, .)(xn) with

x?n
w?

−→ x? in X?, y?n
w?

−→ y? in Z? and xn→ x in X , then x? ∈ ∂eCF(y?, .)(x).
Then, the contingent cone of F−1(0) at x̄ is given by

T (F−1(0), x̄) = DF(x̄) = {d ∈ X : ∀y? ∈ I(x̄)|C′F(y?, .)x̄(d)≤ 0}. (4.1)

For a characterization of metric regularity in condition C2), we refer to [18].

Proof. This result was stated in [1, Lemma 4.4] but its proof is based on conditions of [1,
Lemma 4.2] (i.e., Ci) for i ∈ {1,2,3}). �

In what follows, we still assume that Y satisfies that (Y,P) is a lattice, P is closed, convex,
pointed, normal and Int(P) 6= /0, and state the necessary optimality conditions for problem (P).

Theorem 4.1. Let f : X −→Y •, x̄∈Dom( f ) ∩Dom(F) and assume that conditions Ci)i∈{1,2,3}
are satisfied and that C4) DR

e f (x̄;0) = 0. Then, if x̄ is a solution to (P), then

DR
e f (x̄;v)≤P 0 ∀v ∈ DF(x̄). (4.2)

Proof. Assume that a point x̄ ∈ Dom( f ) ∩ Dom(F) is solution to (P). Let v ∈ DF(x̄). Then by
Lemma 4.1, we have v ∈ T (F−1(0), x̄). Thus,

∃tn↘ 0, ∃vn→ v s.t x̄+ tnvn ∈ F−1(0).

Since x̄ is a solution to (P), we have that f (x̄)− f (x̄+ tnvn) ∈ P•, which leads to

(∆tn f )x̄(vn)≤•P 0.

Accordingly,
DR

e f (x̄;vn)≤P f ′−(x̄;vn)≤P (∆tn f )x̄(vn)≤•P 0.
Therefore,

DR
e f (x̄;vn)≤•P 0.

But in view of Part (b) of Theorem 2.2 and C4),

DR
e f (x̄;vn) 6=−∞. (4.3)
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It follows that
DR

e f (x̄;vn)≤P 0.

Involving the P−lower semicontinuity of DR
e f (x̄; .) ([3, Theorem 5]) in the last inequality, we

arrive at
DR

e f (x̄;v)≤P 0,

which completes the proof. �

Remark 4.1. In the setting of extended real-valued functions (Y = R), the authors of [1], un-
der the additional hypothesis of the epi-differentiability of f , proved the following necessary
optimality condition:

f ′x̄(v)≤ 0 ∀v ∈ DF(x̄), (4.4)

where f ′x̄ is the Mosco-epi-derivative of f . Since (by Part (i) of Proposition 3.1) DR
e f (x̄;v) ≤

f ′x̄(v), our optimality condition (4.2) yields more information. Both of the optimality conditions
(4.2) and (4.4) coincide for extended real-valued star-shaped functions thanks to Proposition
3.1. Notice that (4.2) has always a sense while (4.4) may not. For example, take simply Y =Rm

and X = Rn, f (x) = Ax+ b, x ∈ Rn, where A is m× n-matrix with real entries, and b ∈ Rm.
Then with P = Rm

+, we have DR
e f (x̄;v) = Av for all v ∈ Rn (see also [7, pp 290]). In this case,

we easily see that (4.2) turns out to be Av ≤P 0 for all v ∈ DF(x̄), while (4.4) has no sense
since Mosco-epi-derivative does not exist beyond real-valued functions, which was the main
motivation for us to introduce the alternative of radial epi-derivatives. We also refer to [7, (iii)
Remark 3.6] and the reference given therein for another example in which X = R, Y = R2 and
P = R2

+.

Theorem 4.2. Let f : X −→ Y •, x̄ ∈ Dom( f ) ∩ Dom(F) and assume that the conditions
Ci)i∈{1,2,3} are satisfied and that F−1(0) is closed and convex. Then, x̄ is a solution to (P)
if the following condition is satisfied:

DR
e f (x̄;v)≤P 0 ∀v ∈ DF(x̄). (4.5)

Proof. Let x ∈ F−1(0) and put v = x− x̄. Let (xn) be a sequence in F−1(0) converging to x and
(tn)n a sequence of real numbers in (0,1) such that tn↘ 0. Set vn = x̄+ tn(xn− x̄) to see that
x̄+tnvn ∈F−1(0) (thanks to convexity of F−1(0)) and vn−→ v. Thus, v∈ T (F−1(0), x̄)=DF(x̄)
(by the use of Lemma 4.1). Thus, for every α > 0, α−1v = α−1(x− x̄) ∈ DF(x̄). Now by the
assumption and Lemma 4.1, we can write

α( f (x)− f (x̄))≤P• f ′+(x̄;α
−1v)≤P• DR

e f (x̄;α
−1v) =≤P 0.

This implies that f (x)≤P f (x̄), which ends the proof.
�

Remark 4.2. Notice that

• Comparing Theorem 4.5 with [1, Theorem 4. 6], we do not require the Lipschitz con-
tinuity on f and the setting of the space X is infinite dimensional instead of the finite
one.
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• A particular example where the convexity assumption of F−1(0) is satisfied is when
F(x) is given by a system of equalities and inequalities defined by a finite family of
lower semicontinuous quasi-convex real functions, which is useful in mathematical pro-
gramming.
• In the proof of the above optimality conditions, the semicontinuity of radial epideriva-

tives play a crucial role. Notice that, in [7], the radial epiderivatives are not necessarily
semicontinuous and the proof as well as the assumption on the ordering cone are quite
different.
• According to [3, Remark 9], the above results may be envisaged with a variety of hy-

potheses on the ordering cone more than the normality or order-completeness.

5. CONCLUSION

In this paper, we considered the particular problem of the maximization of a vector-valued
map under inclusion constraints. Both necessary and sufficient optimality conditions were pre-
sented without any differentiability or Lipschitz continuity condition on the objective functions.
Our results recover those of the scalar case and extend some of them to the setting where the
feasibility space is an infinite dimensional space with very flexible proof. As noticed in Section
3 and Remark 4.2, such results are applicable to quasi-convex functions, star-shaped functions.
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