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Abstract. First, we study diametrically maximal sets in the Euclidean space (those which are not prop-
erly contained in a set with the same diameter), establishing their main properties. Then, we use these
sets for exhibiting an explicit family of maximal premonotone operators. We also establish some relevant
properties of maximal premonotone operators, like their local boundedness, and finally we introduce the
notion of premonotone bifunctions, presenting a canonical relation between premonotone operators and
bifunctions, that extends the well known one, which holds in the monotone case.
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1. INTRODUCTION

We recall that, given a Hilbert space H, a point-to-set operator T : H == H 1is said to be
monotone whenever (u—v,x—y) >0 for all x,y € H, all u € T(x) and all v € T(y). Monotone
operators have been proved to be an essential concept in several pure and applied areas. A
monotone operator is said to be maximal when its graph is not properly contained in the graph
of another monotone operator. Maximal monotone operators enjoy several important properties.
One of them, known as Minty’s Theorem, states that the sum of a maximal monotone operator
and the identity operator is onto, and its inverse is point-to-point (see [10]).

Several extensions of the class of monotone operators have been considered in the literature,
like submonotone operators (see [12]), hypo-monotone operators (see [8, 11]), etc. Another of
these extensions, which the one of interest in this paper, is the notion of premonotone operators,
which was introduced in [7], where it was shown that, under adequate assumptions, they enjoy
a surjectivity property akin to Minty’s Theorem for maximal monotone operators. They are
defined as follows.
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Given a function o : R" — [0,c0), a point-to-set operator 7 : R” = R”" is said to be o-
premonotone if (u—v,x—y) > —min{c(x),c(y)}|lx—y| for all x,y € R", all u € T'(x) and
allve T(y).

An adequate notion of maximal premonotone operators, which extend the concept of maximal
monotone operators, was developed in [7]. Several relevant results on premonotone operators
can be found in [1, 2, 9].

In Section 3, we will deepen the results on maximal premonotone operators given in [7],
establishing several of their properties, like, e.g., the local boundedness. We will also define the
notion of premonotone hull of a premonotone operator, extending again the similar notion for
the monotone case.

An obstacle confronted in [7] refers to the difficulty in exhibiting explicit instances of maxi-
mal premonotone operators in dimension larger than 1. In fact, the example of this kind given
in [7] consists of the sum of a monotone operator with a fixed ball. We overcome this obstacle
through the introduction of diametrically maximal sets, meaning those sets € R", which are not
properly contained in a set with the same diameter, defined as the maximal distance between
points in the set. We study this class of sets in Section 2. We present sets of this kind which
are not balls, prove that they have non-empty interior, and establish several other interesting
properties.

Diametrically maximal sets are then used in Section 4 for constructing an explicit class on
maximal premonotone operators in R”; namely, the sums of the form 7' (x) = U (x) +C(x), where
U is a strongly monotone operator and C(x) is an inner Lipschitz semicontinuous operator such
that C(x) is a diametrically maximal set for all x € R".

The theory of monotone operators 7 : R” = R" has been extended to functions f: R" x R" —
R, to be called bifunctions in the sequel. The prototypical bifunction associated to an operator
T is given by

f(x,y)= sup (u,y—x). (1.1)
ueT (x)

Bifunctions turned out to be the right notion for moving from variational inequalities, related
to operators, to abstract equilibrium problems (see [3]). A bifunction is said to be monotone
when f(x,y) 4+ f(y,x) <0 for all x,y € R". Note that, with this definition, f as in (1.1) in
monotone if and only if 7' is monotone.

When f(x,-) is convex for all x € R”, we can associate to a bifunction f the operator T
defined as T'(x) = df(x,-)(x), i.e. the subdifferential of the bifunction in its second argument
evaluated at its first argument. Maximality of this operator, called the diagonal subdifferential,
was proved in [6]. Under adequate additional assumptions on the bifunction and the operator,
this relation, together with one given by (1.1), are mutual inverses. We will call it the canonical
relation between operators and bifunctions.

In Section 5, we give an appropriate definition of premonotone bifunction, extending the
notion of monotone bifunctions, establish several properties of this class of bifunctions, and
extend to premonotone operators and premonotone bifunctions the above mentioned canonical
relation.

We close this section with a remark. Most of the materials in this paper can be extended with-
out much difficulty to infinite dimensional spaces, at least to Hilbert ones. We have refrained to
do so in order to avoid a few technicalities which might unnecessarily complicate some proofs.
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We intend to continue this research project with a rather complete generalization of our cur-
rent results on diametrically maximal sets, maximal premonotone operators and premonotone
bifunctions to the infinite dimensional realm.

2. DIAMETRICALLY MAXIMAL SETS

Given a bounded set C C R", its diameter diam(C) is defined as diam(C) = sup{||la —b|| :
a,b e C}.

Definition 2.1. A bounded set C C R" is said to be diametrically maximal (diam-max for short),
if for all set D C R” such that C C D and diam(C) = diam(D), it holds that C = D.

Diam-max sets are closely related to constant width sets, defined as those convex sets for
which the distance between any pair of parallel supporting hyperplanes is the same (see [4]).

It follows immediately from the definition that closed balls are diam-max sets. We will
devote most of this section to exhibit diam-max sets that are not balls. We continue with some
elementary properties of max-diam sets.

Proposition 2.1. Diametrically maximal sets are closed and convex.

Proof. If C is diam-max and there exists x € cl(C) \ C, then the set CU{x} has the same diameter
as C, contradicting the maximality of C. Hence C is closed.

Assume now that C is diam-max and closed. Take any x,y in the convex hull of C. It is known
that x, y are convex combinations of finite subsets of C, and then it follows easily that ||x — y|| <
diam(C). Thus, C and its convex hull have the same diameter. It follows from the maximality
of C that it coincides with its convex hull, and hence it is convex. OJ

Proposition 2.2. Take a € R", a € R, and a diam-max set C C R". Then the set aC + a is

diam-max.

Proof. Elementary. O
Proposition 2.3. Every bounded set C C R" is contained in a diam-max set with the same
diameter.

Proof. 1t follows from a standard application of Zorn’s Lemma. ([l

Given a bounded set C, any max-diam set containing it and having the same diameter will be
said to be a diam-max extension of C.

It would be nice if every bounded set C had a unique diam-max extension (we’d call it the
diam-max hull of C), but this is not true, as the following example shows.

Example 2.1. Consider a right triangle 7 C R?, with equal legs, so that T is also isosceles. Let
a, b be the extreme points of the hypothenuse and ¢ the vertex at the right angle. It is immediate
that diam(7T) = ||a— b||. Consider the circle S centered at 52 with diameter [la —b]. It is
rather immediate that ¢ belongs to S (in fact, it belongs to its boundary), so that 7 C S. Since
T and S have the same diameter, and circles are diam-max, S is a diam-max extension of 7.
We will exhibit another one. Consider a point ¢’ € R? such that a,b,¢’ are the vertices of an
equilateral triangle, say 7'. Clearly, T C T' and ¢’ ¢ S. It is also immediate that the diameter of
an equilateral triangle is the common length of its edges, in this case ||a — b||, so that diam(7") =
diam(7T'). By Proposition 2.3, T’ has some diam-max extension, say S’, which is obviously a
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diam-max extension of T because T and 7’ have the same diameter. Since ¢/ € T/ C " and
c’ ¢ 8, it follows that S and S’ are two different diam-max extensions of §'.

Later on, we will explicitly construct a diam-max extension of an equilateral triangle. First,
since we are particularly interested in diam-max sets, which are not balls, we will give necessary
and sufficient conditions for a set to have a ball as a diam-max extension.

Given aset C C R", a pair (a,b) € C x C is said to be antipodal if ||a — b|| = diam(C). If (a, D)
is antipodal, the point # is said to be a mid-diam point of C. Clearly, a set can have many
antipodal pairs and just one mid-diam pair; a circle in R?, for instance, has an infinite number
of antipodal pairs, but its only mid-diam point is its center. Regular polygons in R? with an
even number m of edges have 7 antipodal pairs and only one mid-diam point (again, its center),
while regular polygons in R? with an odd number m of edges have m antipodal pairs and m
mid-diam points (which are the the vertices of a smaller regular polygon). Our characterization
result for sets admitting a ball as a diam-max extension is as follows.

Proposition 2.4. A bounded set C C R" admits a ball as a diam-max extension if and only if it
has a unique mid-diam point, and C is contained in the closed ball B centered at the mid-diam
point with diameter equal to diam(C) (in this case, B is a diam-max extension of C).

Proof. We prove the “if” statement. By definition, diam(B) = diam(C). Since C C B and closed
balls are diam-max sets, B is a diam-max extension of C.

Now we deal with the “only if”” statement. Assume that C has a ball B as a diam-max exten-
sion. By definition, C C B and diam(B) = diam(C). Take any antipodal pair (a,b) of C, and
letc = #. Since C C B, we have that a,b € B. Note that ||a — b|| = diam(C) = diam(B). An
elementary property of a ball ensures that if it contains two points a,b such that the distance
between them is the diameter of the ball, then the mid point between them must be the center of
the ball. So B is centered at #. Since (a,b) is an arbitrary antipodal pair of C, it follows that
there exists a unique mid-diam point, and the ball B is the one specified in the statement of the
proposition. 0

It follows from Proposition 2.4 that no diam-max extension of a set C with more than one mid-
diam point can be a ball. Maximal extensions of such sets (including, e.g., all regular polygons
in R? with an odd number of edges) provide examples of diam-max sets which are not balls. On
the other hand, a regular polygon in R? with an even number of edges, admits as a diam-max
extension the circle centered at its center (its unique mid-diam point) and passing through all
the vertices (this construction does not work for regular polygons with an odd number of edges,
because the diameter of such circle is larger than the diameter of the polygon). We continue
with two additional properties of diam-max sets.

Proposition 2.5. Let C be a diam-max set with diameter s, and ¢ a mid-diam point of C. Then
the ball B(c,r) centered at ¢ with radius r = (1 - \/7§> s is contained in C.

Proof. Define C' = CUB(c,r). We claim that diam(C") = 5. Take any x,y € C'. If x,y € C,
then |x—y| <s. If x,y € B(c,r), then |x—y| < (2—+/3)s < s. Finally, assume that x €
C,y € B(c,r). Let (a,b) be an antipodal pair in CC with ¢ = #. Then 2¢ = a+ b, and so
0= (x—c,a—c)+ (x—c,b—c), so that one of these two inner products is nonpositive. Without
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loss of generality, assume that it is the first one. It follows that

2 2 2 2 (5
SZZHx—aH > [lx—cl|”+[c—a|” = |lx—] +<§> ’

so that|[x — ¢|| < ‘/7§s = s —r. Hence, since y € B(c,r), we get
lx=yll <lx—cll+lle=yl[ < (s=r)+r=s.

Thus, ||x—y|| < s for all x,y € C" and the claim holds, i.e., diam (C)= diam(C’). Since C C C’
and C is diam-max, we get that C = C’. So, B(c,r) C C. O

Corollary 2.1. Max-diam sets have nonempty interiors.
Proof. It follows from Proposition 2.5. U
Proposition 2.6. Any point in the boundary of a max-diam set C is part of an antipodal pair.

Proof. Let s = diam(C) and take a € bd(C). It suffices to prove that ||a — b|| = s for some b € C.
Otherwise max,cc ||a — x|| = < s. Define

r:min{s—t,%},C’ =CUB(a,r).

We claim that diam(C’) = s. Take any x,y € C'. If x,y € C, then ||x—y|| < s. If x,y € B(a,r),
then ||x —y|| <2r <s.Ifx € C,y € B(a,r), then

=yl <lx—all+lla=yl <t+r<s

Hence the claim holds, i.e., diam(C)= diam(C’). Since C C C’ and C is diam-max, we get that
C =, and so B(a,r) C C, contradicting the assumption that a € bd(C). O

We construct now a diam-max extension of an equilateral triangle 7 C R2. Let a',a?,a> be
its vertices and s the length of any of the edges. Let B; (1 <i < 3) be the closed ball centered
at a' with radius s. Note that all three vertices of T lie in the boundary of any of the B;’s. Let
S = ﬂ?ZIB,-. We claim that S 1s a diam-max extension of 7. Being the intersection of three
balls, S is convex, and it contains all vertices of 7. Since T is convex, it follows that 7 C S.
Now we must prove that diam(S) = diam(7"). The diameter of any triangle is the length of its
largest edge, and hence diam(7') = s. Take now any x € S. Since x € B; for all i, we have that
||[x—a'|| < s for all i. It follows from convexity of T and ||-|| that [x—y|| < s forall y € T, but
we need to prove that

le—yl <s 2.1)
also forally € S\ T.

Since the three balls B; have simple analytical definitions, estimation of ||x — y|| for x,y € S
is a matter of simple algebra. We omit the details, but it turns out that (2.1) holds, and hence
diam(S) = diam(7) = s. Now it remains to prove that S is a diam-max set. Take any z ¢ S. So
there exists i such that z ¢ B; and hence Hz —d H > s, implying that diam(SU{z}) > s. Thus,
there exists no set S’ containing S with diam(S) = diam(S’), which entails that S is a diam-max
set. This set is known as Reuleaux triangle, see [4].

This construction can be extended to all regular polygons in R? with an odd number of
vertices a',...,a™. If s is the diameter of the polygon (equal to the distance between any vertex
and a vertex lying farthest away from it), and we define B; as the ball centered at @’ with radius s,
then the set § = N, B; is a diam-max extension of the polygon. The argument for proving this



258 A.N.IUSEM, W. SOSA

statement is basically the same as the one used for the equilateral triangle. The difficulty lies in
establishing that diam(S) = s, and the algebra is more involved than in the case of the triangle,
but it works. In the same spirit, a diam-max extension of a tetrahedron in R> is obtained as
the intersection of the four balls centered at each one of the four vertices and passing through
the remaining three. We leave as an exercise the construction of a diam-max extension S of
a (nonequilateral) isosceles triangle in R?, such that the unequal edge is the smallest one, in
which case there exist two mid-diam points, and hence S cannot be a ball (if the unequal edge is
the largest one, its midpoint is the unique mid-diam point, and the circle centered at it passing
through the extreme points of this edge is a diam-max extension of the triangle, like in the case
of the right triangle in Example 1).

It is also easy to present diam-max extensions of balls in other norms, which happen to be
Euclidean balls of appropriate radiuses. Let B be the ball centered at x with radius r in the
elliptic norm given by ||x]|* = x’Ax, with A € R"" symmetric and positive definite. A diam-
max extension of B is the closed Euclidean ball with the same center and radius rA~!, where
A is the smallest eigenvalue of A. If B now is the ball centered at x with radius r in the p-
norm (1 < p < ), a diam-max extension of B is the closed Euclidean ball with the same center
and radius given by rn'/2=1/P when 2 < p < eo and by r when 1 < p < 2. These facts can be
established through elementary calculations. Note that in all these cases the unique mid-diam
point is the center x of the ball.

All given examples of diam-max sets are intersections of a finite number of balls with the
same radius; this could be a general property of diam-max sets, but it could be just a con-
sequence of the fact that all of them are diam-max extensions of sets with a rather regular
geometry. Diam-max sets will be used in Section 4 in order to exhibit a large class of examples
of maximal premonotone operators.

3. SOME PROPERTIES OF MAXIMAL PREMONOTONE OPERATORS

The notion of premonotone operators was introduced in [7], where it was shown that, under
adequate assumptions, they enjoy a surjectivity property akin to Minty’s Theorem for maximal
monotone operators. The definition has already been presented in Section 1; we repeat it here
for the sake of completeness.

Definition 3.1. Given a function ¢ : R” — R, a point-to-set operator 7 : R" = R" is said to
be ¢-premonotone if

(—v,x—y) = —min{o(x),o(y)} [|x -y 3.1
forall x,y e R",allu € T(x) and all v € T(y).

It was observed in [7] that 7" is o-premonotone if and only if
(U=vx—y) = =0(y)x—yl (3.2)

forall x,y e R",allu € T(x) and all v € T (y).

Monotone operators are o-premonotone with o (x) = 0 for all x € R".

Mirroring the definition of the maximal monotonicity, an operator 7' : R” = R" is said to
be maximal o-premonotone when it is o-premonotone, and whenever T'(x) C T’(x) for a o-
premonotone operator 7/ : R" = R”, it holds that 7 = T".

Note now that if 7' is o-premonotone and ¢’(x) > o(x) for all x € R”, then T is also o'-
premonotone, but clearly it could be maximal o-premonotone and not maximal ¢’-premonotone.
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This fact suggests the desirability of a notion of the maximal premonotonicity of an operator 7,
which does not depend on ¢. This goal can be achieved in the following way. Given an operator
T :R" = R", define 67,07 : R" - RU{+} as

6r(y)= sup { sup w}, (3.3)
ueT(

xER" x£y x),veT (y) ||)C - y”
or(x) = max{0,67(x)}. (3.4)
It has been proved in [7] that T is o-premonotone for some ¢ if and only if o7 (y) < +oo for all
y € R”, in which case T is also o7-premonotone and o7(y) < o(y) forall y € R". If o7 (y) = o
for some x € R", then T is not o-premonotone for any ¢. In other words, o7, when finite
everywhere, is the smallest function ¢ such that T is 6-premonotome.

This result leads to the following definitions 7" : R" =2 R" is premonotone when o7 is finite
everywhere, and it is maximal premonotone whenever it is maximal or-premonotone, achieving
thus the o-independent definitions of the premonotonicity and the maximal premonotonicity.

Next, we present some elementary properties of premonotone operators. We mention first
that, following an usual convention, we will identify an operator 7 : R” == R" with its graph,
i.e., with the set { (x,u) :x € R",u € T(x)} C R" x R". With this notation, the assertions u € T'(x)
and (x,u) € T are equivalent.

Given A C R", we denote as cl(A) the closure of A, and as co(A) the convex hull of A. Now,
given T : R" = R", we consider the operators cl(7"), co(T), defined as cl(7)(x) = cl(T'(x)), and
co(T)(x) = co(T(x)). We consider also the operator T whose graph is the closure of the graph
of T. Finally, dom(T') = {x € R": T (x) # 0}.

Proposition 3.1. Take T : R" = R". Then,
i) dom(co(7T)) = dom(cl(T')) = dom(T) C dom(T).

ii) Ifx € dom(T), then T (x) C co(T)(x),T(x) C cl(T)(x) C T (x).

iii) Ifx € dom(T) and one among {T (x), cl(T)(x), co(T)(x),T (x)} is bounded, then all of
them are bounded.

iv) Ifone among {T,cl(T), co(T),T} is 6-premonotone, then all of them are -premonotone.

v) If T is premonotone, then there exists a maximal premonotone operator T' such that
T CT' or=op.

Proof. The proofs of items (i)-(iv) are elementary, using basic topological properties, continuity
of the inner product and the definition of premonotonicity. Item (v) was proved in Proposition
5 of [7], with a standard application of Zorn’s Lemma. 0

Given aset A € R" x R", a pair (x,u) € R”" is it monotonically related to A if (u—vx—y) >0
for all (y,v) € A. When A is a monotone operator, the set of pairs monotonically related to A
is called the monotone hull of A. In the same vein, given a premonotone operator 7', a pair
(x,u) € R" x R", was defined in [7] as being premonotonically related to T when

(u—v,y—x) <min{or(x),or(y)}[x—yll V(y,v) €T,

and the premonotone hull of T, denoted as T" C R" x R", consists of all the pairs (x,u) € R",
which are premonotonically related to 7, i.e.,

T'x)={ueR": (u—v,y—x) < min{or(x),or()} |x—y| Y(y,v) € T}. (3.5)
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At this point, it is important to emphasize that substituting or (x) for min{or(x),or(y)} in
(3.5) makes a difference (contrary to what was wrongly stated in [7], after Definition 24). At a
variance with the definition of the premonotonicity in (3.1), (3.2), which is symmetric in x, Yy,
exchanging x for y in (4.10) defines a different set, namely, 7”(y). One could consider also
another operator, say 7°¢, defined as

Tx)={ueR": (u—v,y—x) <or(y)|lx—yl ¥(y,v) € T}. (3.6)

The following example shows that T" and T¢ may differ. Define 7 : R — R as T (x) = sin(x).
It is easy to check that or(x) = 1 4 [sin(x)|. Taking into account that sin(x) is periodical,
the condition in (4.10) is equivalent to |u —sin(y)| < 14 |sin(y)| for all y € R, which leads to
T¢(x) = [—1,1] for all x € R, while the condition in (3.6) demands additionally |u — sin(y)| <
1+ sin(x)| for all y € R, which implies 1+ |u| < 1+ |[sin(x)], so that T"(x) = [~ |sin(x)], |sin(x) ].
It is easy to check that 671 (x) = o7 (x) = 1+ [sin(x)], and that 7" is maximal premonotone. T¢
is also maximal premonotone, but o7¢(x) = 2 for all x € R, so that o7c # o7.

We recall that a premonotone extension of T is an operator T’ such that T C T, oy = op.
Hence, in the example above 7¢ is not a premonotone extension of 7. We observe that if T is a
monotone operator, in which case o7 = 0, the definitions of 7¢ and T" coincide, and reduce to
the well known monotone hull.

From now on, we will restrict our attention to 7", some of whose properties, which extend
those which hold for the monotone hull, we prove next.

Proposition 3.2. Assume that T : R" = R" is premonotone. Then,
i) TCTh
ii) (z,w) € T" if and only if o = or, with T' =T U{(z,w)}
iii) T is maximal premonotone if and only if T = T".
iv) T" is the union of all premonotone extensions of T.
v) T(x) is closed and convex for all x € dom(T).
vi) If T,U are premonotone and T C U, then or(x) < oy (x) for all x € R™.

Proof. i) Follows from the definitions of the premonotonicity and T".
ii) We prove first the “only if” statement. Since T C T’, we have that o7 (x) < o7/(x) for
all x € R", so that it suffices to check that o7 (x) > o7(x). By (3.3),

6r(y) = sup { sup w} 3.7)
ueT’(

xeR™ x#y x),veT'(y) Hx - yH
If y # z, it suffices to look at the expression

(v—u,x—y)

: (3.8)
[lx =

with (x,u) = (z,w), because any other pair (x,u) € T’ belongs also to T, in which case
the expression (3.8) is no larger that o7(y), by definition of o7. Since (z,w) € T", by
(3.6)

(v—w,z—y)

< or(y).
lz—yll
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We conclude that o7/(y) < or(y). If y = z, by the same token, it suffices to look at (3.8)
with (y,v) = (z,w), in which case we get

(w—u,x—2z) (3.9)
[l — ]|

Looking again at (3.6), and noting the presence of min{or(x),or(y)} in its right hand

side, we realize that the expression in (3.9) is no larger than or(z), so that o7/(z) <

or(z). We conclude that o7 = o7/. We prove now the “if”” statement. If o7 = o7, then,

for all (x,u) € T,

% < min{o7(z), o7/(x)} = min{o7(z), o7 (x)}, (3.10)
for all (x,u) € T, using the definition of o7+ in the inequality. In view of (3.10) and the
definition of 7", we conclude that (z,w) € T".

iii) Assume first that T is maximal premonotone. Take any (x,w) € T and let T’ = T U
{(z,w)}. Clearly T C T’ and by item (ii), 67 = o7/. By maximality of T, T = T’, so
that (z,w) € T, implying that 7" C T, and hence T" = T by item (i). Assume now
that 7 = T", and take any T’ such that T C T,o7 = opr. If (x,u) € T', then the fact
that o7 = o7 implies easily that (x,u) € T" = T, so that (x,u) € T and hence T’ =T,
entailing maximality of 7.

iv) Take any premonotone extension 7’ of T and any (z,w) € T'. By item (iii), (z,w) € T",
so that T" C T". Now take any (z,w) € T". Then, by item (iii) again, " = T U {(z,w)}
is a premonotone extension of 7. So any point in 7" belongs to some premonotone
extension of 7.

v) Follows easily from bilinearity and continuity of (-,-).

vi) Follows from the definitions of o7 and T".

0

We continue with two additional properties of T". We recall that the recession cone A* of a
convex set A C R" is defined as A” = {d € R" : x+t € A, Vt > 0,x € A}, and the normal cone
N4 (x) of A at a point x € cl(co(A)) is defined as Ny (x) = {d € R": (d,y—x) <0Vyec A}. Itis
easy to check that the normal cones of A and of cl(co(A)) coincide.

Proposition 3.3. If T : R" = R" is premonotone, then (T"(x))™ = Ny (1) (x) forall x € cl(H(T)),
with H(T) = co(dom(H(T)).
Proof. Take (x,u) € T" andd € Np(r)(x). Then

(u—v,y—x) <min{or(x),or(y)}|lx—yl (3.11)
for all (y,v) € T and

(d,y—x) <0 (3.12)
for all y € dom(7). Multiplying (3.12) by # > 0 and adding (3.11), we obtain
(u+1d —v,y—x) <min{o(x),o(y)}[lx—yll

forall (y,v) € T and all ¢ > 0. It follows that u+td € T"(x) for all > 0, and hence d € (T"(x))>.
Conversely, take d € (T (x))*, u € T"(x). Then,

(u+1d —v,y —x) <min{or (x),or(y)} x—ul
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for all (y,v) € T and all t > 0. So,

for all (y,v) € T and all # > 0. Taking limits with  — o in (3.13), we obtain (d,y —x) < 0 for
all y € dom(T'). Thus (d,y —x) <O forall y € cl(H(T')). Therefore, d € Ny(7)(x). O
For our next result, we will use the following lemma, proved in [5].
Lemma 3.1. Let D = co{xo,x] .-+, X"} be an n-dimensional simplex of R". Take a closed and
convex set V C int(D). Then, for all x € V and all ¢ € R", the linear programming problem
n n
min ) u; s.t. ) ui(x'—x)=c, u>0, (3.14)
“ =0 i=0

is feasible and has a unique optimal solution, say u(c,x), which is continuous as a function of
c,xonR*"x V.

Proof. See Lemma 2.2 in [5] OJ
We establish next local boundedness of 7" under some additional assumptions.

Proposition 3.4. Consider a premonotone T : R" = R". Let D(T) = int(cl(co(dom(T'))). Then,
forall x € D(T) there exists a compact set K and a neighborhood V of X such that 0 # Th (x)CK
forallxeV.

Proof. Since D is open, for each € D, there exists {#;}7_; C (0,1) and {(x,u’)}"_, C T such

that the vectors x! —x?, x> —x9 ... x —x0 are linearly independent, X = Yo fix' and Yioti=1.

Taking € > 0 such that € <7; foralli € {0,1,--- ,n}, we define

n n
V=<x= Ztixl : Zti =1, {l‘,‘}?:o C [8,1) .
i=0 i=0
By construction, V is a nonempty, convex and compact neighborhood of x contained in D. Given

c € R"and x € D, we define
a(c,x) =sup{(c,u) :uec T"(x)}, (3.15)
u

B(c,x) =sup{{c,u) : A'u < b}, (3.16)

where A € R"™ (1) ig the matrix with columns x — x (0 <i<n),and b € R"! is defined as
b; = min{o7(x),or (x')} Hxi —x|| — (Ui, x — x;).
By convention, we take o(c,x) = —oo if T"(x) = 0. From (3.15), (3.16), we get
—oo < a(c,x) < B(c,x) (3.17)

Let P, be the linear programming problem defined by the right hand side of (3.16). Its dual is
the problem D, given by

B(c,x) = min(y,b) s.t. Zyi(xi —x)=c¢,y>0.
Y i=0
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Problem D, satisfies the assumptions of Lemma 3.1. Hence, D, is feasible, there is no duality
gap between P, and D,, and

B(c,x) = ﬁ(c x) < p(c,x) Zu, c,X) * x—x), (3.18)

with u(c,x) as in the statement of Lemma 3.1.

Let M = sup, .{p(c,x) :x €V, ||c|]| <1},K=B(0,M), with p as defined in (3.18).

Since V is coinpact and the function u is continuous on R" x V by Lemma 3.1, M is finite
and K is a compact convex set.

Then, for all ¢ with ||c|| < 1 and all x € V, we obtain, using (3.17) and p as in (3.18),

o(c,x) < B(c,x) < p(e,x) <M. (3.19)

Define the quantities
A(x) = sup{|lul| : u € T"(x)},
u

B(x) = sup{|ful] : (u,x" —x) <b;, (0<i<n)}.
u
Then, we obtain

A(x) = sup {{c,u) s u e T"(x), [|cl| <1} = sup{a(e,x) : flel} <1},

c,u

B(x) = sup{B(e.) el < 1}
In view of (3.19), we have A(x) < B(x) < M for all x € V, implying
T'(x) C {u: (u,x' —x) <b;,i=0,1,---,n} CK. (3.20)
0J
Corollary 3.1. For each x € int(cl(co(dom(T))), T"(x) is a nonempty, convex and compact set.

Proof. Follows immediately from Proposition 3.4. 0

4. A FAMILY OF MAXIMAL PREMONOTONE OPERATORS

n [7], it was shown that, given a maximal monotone and continuous operator U : R" — R”
and a closed ball B(0,r) C R”, the operator T : R" =2 R" defined as T (x) = U(x) + B(0,r) is
maximal premonotone with or(y) = 2r for all y € R”. No other examples of maximal pre-
monotone operators were available at that time, and the difficulty for producing them lied in the
computation of or for operators other than those above.

We will next present a significantly larger class of maximal premonotone operators. We will
replace B(0,r) in the example above by a rather general diam-max C(x) C R”, letting this set
change with x in an appropriate way.

We will say that a point-to-set operator C : R" =2 R" is inner Lipschitz semicontinuous with
constant 3 if for all x,y € R" and all u € T'(x) there exists v € T(y) such that ||u —v|| < B ||x — ]|
We recall also that an operator 7 : R" = R" is said to be strongly monotone with constant 7 if,
for all x,y € R”, all u € T(x) and all v € T(y), it holds that (u«—v,x—y) > 7|jx—y||>. We will
next compute o7 for an operator T of the form 7' (x) = U(x) + C(x), with a strongly monotone
and continuous U and an inner Lipschitz semicontinuous C.
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Proposition 4.1. Let U : R" — R" be continuous and strongly monotone with constant 7, C :
R" = R" inner Lipschitz semicontinuous with constant B, and assume that C(x) is compact for
all x € R" and that v > B. Define T : R" = R" as T (x) = U(x) +C(x) for all x € R". Then
or(y) = diam(C(y)) for all y € R".

Proof. We prove first that
or(y) < diam(C(y)). (4.1)

Fix y € R" and take any x € R",x # y, any u € T(x) and any v € T(y). Look at the definition of
T and write u = U (x) +u/,v =U(y) +V/, with ' € C(x),v' € C(y). Then

<V_u7x_y> <V/_u/7x_y> <U(X)_U(y)7x_y>

lx=yll lx—=yl [l —y|
W =l =yl =yl (4.2)
- [ =yl [lx =yl
= ||V =d|| = yllx=yll,

using Cauchy-Schwartz’s inequality and the strong monotonicity of U in the inequality. Use
now the inner Lipschitz semicontinuity of C for finding v/’ € C(y) such that ||u’ —V"|| < B [|x — y]|.
In view of (4.2), we have

—<V[”Lx_y> <V =+ =] = vl

x—=y
< V=Vl + Bl =yl =yl 43)
< diam(C(y)) ~ (y=B) [
< diam(C(y)),

using the assumption that ¥ > B in the last inequality. Taking supremum over x # y,u € T (x)
and v € T(y) in (4.3), and recalling the definition of o7, we obtain the inequality in (4.1).
Next, we prove the converse inequality, namely,
or(y) > diam(C(y)). (4.4)

Fix y € R" and use compactness of C(y) for finding w,w’ € C(y) such that ||w —w'|| = diam(C(y)).
Take any € > 0, and consider the point x = y + &(w —w’). Invoke the inner Lipschitz semicon-
tinuity of C for finding «’ € C(x) such that

||u'—w’|| gﬁHx—yH:ﬁenw—w'”. 4.5)
Take now u = U (x) +u/,v=U(y) +w, so that u € T(x),v € T(y). Define

w—w x—y

Z = g .
w—=wl =yl



ON DIAMETRICALLY MAXIMAL SETS, MAXIMAL PREMONOTONE OPERATORS AND BIFUNCTIONS 265

Then,
<V —U,Xx— y>
[l =]
=(v—u,z)
=w—u',2) = (U +ew-—w))-U(©),2) (4.6)
=(w—w' )+ —u.2) +{U+ew—w))-U(),2)
2 [Jw—w'| =W =] = [U+e(w—w)) UG
> (1= Be) [w—w| = [U+ew-w))-UO)|,
using the definition of 7" in the second equality, the definition of z in the first inequality and
(4.5), together with the fact that ||z|| = 1, in the second inequality. Since the inequality in (4.6)

holds for all € > 0, we take limit with € — 0 in the rightmost expression of (4.6) and get, using
the continuity of U, that

or(y) >

or(y) > ||w—w'|| = diam(C(y)),
establishing (4.4) and completing the proof. 0J

Using the notion of diam-max sets, it is easy to give conditions on operators as considered in
Proposition 4.2, which ensure the maximal premonotonicity. We proceed to do this.

Proposition 4.2. An operator of the form T = U + C satisfying the assumptions of Proposition
4.1 is maximal premonotone if and only if C(x) is a diametrically maximal set for all x € R".

Proof. We prove first the “only if” statement. Consider an operator 7’ : R” = R”" such that
T(x) C T'(x) for all x € R" and o7 = o7/. Call C'(x) = T'(x) — U(x) (recall that U(x) is a
singleton), so that C(x) C C’(x) for all x € R". Suppose that there exits y € R” and w' € C'(y) \
C(y). Since C(y) is diam-max, it follows that diam C’(y)) > diam(C(y)), and in particular there
exists w € C(y)) such that

Hw’ - WH > diam(C(y)). 4.7)
Now we take, as in the proof of Proposition 4.1, € > 0,x =y+¢&(w—w'),and u’ € C(x) C C’'(x)
such that ||’ — w|| < B ||x—y|| (note that we need only inner Lipschitz semicontinuity of C, and
not of C’, which in principle may fail to enjoy this property). Define now u = u’ + U (x),v =
w+U(y), so thatu € T(x),v € T'(y). Hence

(v—u,x—y)

o= L

Y

and the same calculation as in (4.6) leads to
or(y) > (1-Be)||w—vw'|| = [[UG+e(w—w)) -UD)|
for all € > 0, and henceforth
or(y) > ||w—w'[| > diam(C(y)) = o7 (»),

using (4.7) and Proposition 4.1. We have contradicted the assumption that or = o7. It follows
that for all y € R",C'(y) \ C(y) = 0, so that C = C’ and hence T = T, establishing maximal
premonotonicity of 7.

Now we prove the “if”” statement. Suppose that 7' is maximal premonotone but there exists
y € R” such that C(y) is not a diam-max set, i.e., there exists w ¢ C(y) such that diam(C(y)) =
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diam(C'(y)) with C'(y) = C(y) U{w}. If we define now C’(x) = C(x) for all x # y, and then
T'(x) = U(x) +C'(x), the same computations as in the proof of Proposition 4.1 lead to

o7/(y) = diam(C'(y)) = diam(C(y)) = o7 () (4.8)

for all y € R” (again, only inner Lipschitz semicontinuity of C, not of C’, is needed). Since
T'(x) = T(x) for all x # y and T'(y) = T (y) U{w}, we have that T is strictly contained in 7”,
which, together with (4.8), contradicts the maximal premonotonicity of 7. Thus, C(x) is a
diam-max set for all x € R". This completes the proof. 0

We observe that if the operator C is constant, i.e. C(x) = C for all x € R”", where Cisa
compact set, then we can proceed through the proofs of Propositions 4.1 and 4.2 with 8 = 0,
in which case we can afford to have also Y =0, i.e. U needs not be strongly monotone. We
consider this case in the following corollary.

Corollary 4.1. Consider a maximal monotone and continuous operator U : R" — R" and a
compact set C C R" Define T : R" = R" as T(x) = U(x) +C. The T is premonotone with

or(x) = diam(C) for all x € R". T is maximal premonotone if and only if C is a diametrically
maximal set.

Proof. Follows from the observation above and Propositions 4.1, 4.2. 0

If the set C is taken as a ball, which is certainly a diam-max set, we recover the maximal
premonotone operators considered in [7].

We remark that, since U is point-to-point, diam(C(x)) = diam(7 (x)) for all x € R". Also, in
view of Proposition 2.2, C(x) is a diam-max set if and only if 7' (x) is max-diam. So we can also
rephrase Propositions 4.1 and 4.2 in terms of of T (x) rather than C(x), as we do in the following
corollary.

Corollary 4.2. Consider a maximal monotone and continuous operator U : R" — R", which is
also strongly monotone with constant Y, and a compact valued operator C : R" = R" which is
inner Lipschitz semicontinuous with constant B <7y. Define T : R" = R" as T (x) = U (x) + C(x).
The T is premonotone with or(x) = diam(T (x)) for all x € R". T is maximal premonotone if
and only if T (x) is a diametrically maximal set for all x € R".

Proof. Follows from the observation above and Propositions 4.1, 4.2. 0

Corollary 4.2 suggests that we could obtain a class of maximal premonotone operators with-
out involving a splitting of the form 7" = U + C, imposing the requested conditions directly on
T. There are, however, obstacles in this path. We could indeed demand inner Lipschitz semi-
continuity of 7', but it does not make sense to ask 7' to be strongly monotone, or even monotone,
because in such a case T is premonotone with o7 = 0, and the maximal premonotonicity re-
duces to the maximal monotonicity. If we go through the proof of Propositions 4.1 and 4.2,
assuming just that 7" is compact valued and inner Lipschitz semicontinuous, we end up with the
following estimate

diam(7T (y)) < or(y) < diam(7T (y)) + 8, 4.9)

which unfortunately leads to no precise maximal premonotonicity result. In order to get the
equality between or(y) and diam(C(y)), we need, in the estimation of the inner product (v —
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u,x —y) with x far from y, the constant of strong monotonicity y of U, in order to annihilate the
term 3 in (4.9), so that getting rid of U turns out to be tricky.
An interesting conjecture involving maximal promonotone operators is the following:

Conjecture 4.1. If 7 : R” = R” is premonotone, then its premonotone hull 7" contains a max-
imal monotone operator.

An equivalent formulation of Conjecture 4.2 is the following.

Conjecture 4.2. If 7 : R" = R" is a maximal premonotone operator, then it contains a maximal
monotone operator.

The equivalence between the two formulations of the conjecture follows from items (iii) and
(iv) of Proposition 3.2.

We examine now this conjecture for operators satisfying the assumptions of Propositions
4.1 and 4.2. Assuming that T = U + C as in Propositions 4.1 and 4.2, note that we cannot
take V = U, because we are not requesting that 0 € C(x) for all x, so that it is not true that
V C T. If there exists some x* € N,crnC(x) (e.g., if C is constant), then the operator V given by
V(x) = U(x)+x* is contained in T and does the job. The conjecture also holds in the following
case.

Proposition 4.3. Take T : R" = R" of the form T = U +C, satisfying the assumptions of Propo-
sitions 4.1, 4.2. Assume that C(x) is a closed ball for all x, say with center c¢(x) and radius r(x),
so that T is maximal premonotone. Define V(x) = U(x) 4 c(x). Then V C T and V is maximal
monotone.

Proof. Since V is clearly contained in 7, it suffices to check its maximal monotonicity. We
claim by assuming inner Lipschitz semicontinuity of C with constant 3 that

le(x) =)+ |r(x) =r(y)[ < B lx = l|. (4.10)
for all x,y € R". We establish (4.10). Without loss of generality, assume that r(x) > r(y) and
c(x) # c(y). Define z = %, u = c¢(x) + r(x)z, so that u lies in the line passing through
c(x) and ¢(y). Note that u ¢ C(y) because r(x) > r(y). Let v be the projection of u onto C(y).
Clearly v is the intersection of the above mentioned line with the boundary of C(y), namely,
¢(y) + r(y)z. By inner Lipschitz semicontinuity of C,

Bllx—=yll = [lu—vl
= lle(x) —e(y) + (r(x) = r(y))zll
r(x) —r(y) )
= (T a—ay ) le®) =l
( le(x) =)

= [le(x) = eIl +|r(x) = r(y)]
using the fact that r(x) > r(y). Thus, (4.10) holds, which allows us to prove monotonicity of V,
under the assumptions on U and C given in Propositions 4.1:

(V(x)=V(y),x—y) =(Ux) =U(y),x—y) +{c(x) —c(y),x—y)
> yllx =yl = le(x) — )| lx—yl|
> (y—B) lx—ylI* >0,
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using (4.10) in the second inequality. Hence, V' is monotone. Regarding its maximality, observe
that (4.10) implies hte continuity of c(-), and consequently of V, because U is continuous by
assumption. Since point-to-point, continuous and monotone operators are know to be maximal,
we have that V is maximal monotone. UJ

We have not been able yet to establish the conjecture for cases in which the C(x)’s are diam-
max sets but not balls. It would suffice to prove that every inner Lipschitz semicontinuous
operator C with closed and convex values has a Lipschitz continuous selection, with the same
Lipschitz constant as C (meaning a Lipschitz continuous ¢ : R” — R” with ¢(x) € C(x) for all
x € R"). Tt is easy to check that such an operator has a continuous selection (take, e.g., c¢(x) as
the minimum norm element of C(x)), but finding a Lipschitz continuous one seems to be harder.

5. PREMONOTONE BIFUNCTIONS

The theory of monotone operators 7 : R” = R" has been extended to functions f: R" x R" —
R, to be called bifunctions in the sequel. As mentioned in Section 1, the prototypical bifunction
associated to an operator T is given by f(x,y) = sup,cz(y) (4, y — X).

In order to obtain significant results, the bifunctions are assumed to enjoy a couple of proper-
ties of the prototypical example. Also, it is useful to consider bifunctions with a domain smaller
that R”. Given K C R”, we will consider bifunctions f : K x R” — R satisfying

B1. For each x € K: f(x,x) =0,
B2. Foreachx € K: f(x,-) : K — R is a convex function.

A bifunction f is said to be monotone when f(x,y) + f(y,x) <0 for all x,y € K. Note that in
the prototypical example, the monotonicity of 7T is equivalent to the monotonicity of f. Next,
we will define, in a similar fashion, o-premonotone bifunctions.

Definition 5.1. Given a function ¢ : K — [0, +o0), a bifunction f : K x K — R is 6-premonotone

if, foreach y € K,
{f(x,y)+f(y,X)} <o(y) 5.1)
[l =yl -

sup
xeK\{y}

Now we consider an additional condition on the bifunctions.
B3. There exists p : K — [0,+00): f(x,y) < p(y)|x—y]| forall x,y € K.

Proposition 5.1. Let f : K x R" — R be a bifunction satisfying assumptions B1 and B2. If f is
o-premonotone bifunction, then f satisfies B3.

Proof. Note that f(x,y) + (v,y —x) < f(x,y) + f(y,x) < o(y)|ly—x|| for all subgradient v €
af(ya )(y) Then,

fxy) < (o(y)+inf{|[v] : v e df(y,-)(3)}) Iy —x.
So, f satisfies B3, with p(y) := o(y) +inf{||v|| € df(y,-)(¥)}. O

Next, we present a relation between operators and bifunctions similar to the one in the above
mentioned prototypical example, that was already been announced in Section 1. This relation
between operators and bifunctions will be called the canonical relation. In order to formally
introduce it, we need to consider some assumptions on the operator 7, which will shed some
light into the canonical relation between operators and bifunctions.
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Al. T is locally bounded on D(7)Ndom(T).

A2. T(x) is closed and convex for all x € dom(T).

A3. There exists p : R" — [0,+o0) such that (u,y —x) < p(y)||[x—y|| for all x € D(T)N
dom(7T) all u € T(x) and all y € R".

For each operator T : R"” = R” satisfying A3, define the bifunction fr : int(dom(7)) x R" —

R as
fr(x,y) = sup (u,y—x) Vx € int(dom(7)) and Vy € R". (5.2)
u€eT (x)
For each bifunction f satisfying assumption B2, define the operator 7Ty : K = R" as
Ty(x) = (3 (x,)) () Vx € K (5.3)

Proposition 5.2. For all operator T : R" = R” satisfying A3 and all bifunction f: K x R* - R
satisfying B2, the bifunction fr and the operator Ty are well defined. Moreover fr satisfies B1,
B2, and if f satisfies B3 then Ty satisfies A1-A3.

Proof. We only need to prove that if f satisfies B2 and B3, then T satisfies Al, because the
proof of the remaining statements is elementary. Assume that 7 is not locally bounded. In such
case, there exists x € int(K) and a sequence {x*} C K such that limy_,.,x* = x and a sequence
{u*} such that u* € T(x*) for all k and limy_,., ||u¥|| = +o. Take & > 0 such that the closed ball

B(x,8) C K. Define ii* := HZ—EH and let i be a cluster point of the bounded sequence {i*}. Take

y = x+ ii. Note that y € B(x,8) C K. In view of Assumption B3, (u*,y —x) < p(y) Hy —xk
1.e.,

b

(u x+ 8i — xF) §p(x+5ﬁ)Hx—xk+5ﬁH (5.4)

Dividing both sides of (5.4) by Huk , we get

P (x+ 8it) ||x —x* + 8|
e |
Taking limits in (5.5) with k — oo along a subsequence of {it*} converging to i, and using the

facts that limy_,.. Huk H = 40 and limkﬁjux,xk = x, we get 0 <0, in contradiction with the choice
of 0. O

(il*,x+ 8 —x*) < (5.5)

Corollary 5.1. Consider T : R" =% R"and f : K x R" — R.

1) If T is monotone, then fr is monotone and satisfies B1-B3.
i) If T is o-premonotone, then fr is 6-premonotone and satisfies B1-B3.
iii) If f is monotone and satisfies B2, then Ty is monotone and satisfies A1-A3.
iv) If f is o-premonotone and satisfies B2, then Ty is G-premonotone and satisfies A1-A3.

Proof. Follows from Proposition 5.2. 0

We will denote by I' the set of operators 7 : R” = R”, which satisfies A1-A3, and © the set
of bifunctions f : K x R" — R, which satisfies B1-B3, for some K C R".

Now, consider the map F acting on those T, which satisfies A3 defined as F(T) = fr, and
the mapping G acting on the set of bifunctions, which satisfies B2 defined as G(f) = Ty. We
will prove that under adequate assumptions G and F' are inverses of each other, for which the
following lemma is needed.
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Lemma 5.1. For each operator T : R" = R” satisfying A3, G(F(T)) belongs to I. Moreover,
co(cl(T(x))) = G(F(T))(x) for all x € int(dom(T)).

Proof. Take K = int(dom(7')). Recall that F(T) = fr : K x R* — R is defined as fr(x,y) =

SUP T (x) (u,y—x). Note that G(F(T))(x) is closed and convex for all x € K, because G(F (T))(x)
= dfr(x,-)(x). Since T(x) C dfr(x,-)(x) by definition of fr, we get that co(cl(T))(x) C

G(F(T))(x) for all x € K. Suppose that the converse statement is false, i.e., that there exist x € K
and u € G(F(T))(x) such that u ¢ co(cl(T (x))). Invoking the separation theorem for convex
sets, we conclude that there exist d € R” with ||d|| = 1 and § € R such that (v,d) < d < (u,d)

for all v € co(cl(T))(x). Then, Taking y = x+d, we get that

fr(x,y) = sup (vy—x)= sup (nd) <9d < (u,d),
veT (x) veT (x)
in contradiction with the fact that u € d fr(x,-)(x). It follows that co(cl(T))(x) = G(F(T))(x)
for all x € int(dom(7)). O

Next we prove that appropriate restrictions of F and G are mutual inverses.

Proposition 5.3. The restriction of the mapping F to I" and the restriction of the mapping G
to F(I') are bijections and mutual inverses, meaning that (F o G)(f) = f for all f € F(I') and
(GoF)(T)=T forall T €T.

Proof. By the definitions of I" and ®, we have that F(I') C ® and G(®) C I'. Then, we get from
Lemma 5.1 that co(cl(T'(x))) = (Go F)(T). By definition of I', T'(x) = co(cl(T'(x))) for all x €
dom(T). So, (GoF)(T)=T forall T € I'. Now, take f € F(I'), so that there exists T € "
satisfying f = F(T). Hence, (FoG)(f) =F((GoF)(T))=F(T) = f. O

Acknowledgements

The second author was supported in part by Fundacao de Apoio a Pesquisa do Distrito Federal
(FAP-DF), Brasilia, through grant no. 0193.001695/2017 and PDE 05/2018. This research
was carried out, during the state of alert in Western Catalonia, while the second author visited
the Centre de Recerca Matematica (CRM), in Barcelona, within the framework of the 2020
Research in Pairs call. The CRM is a paradise for research, and the author appreciates the
hospitality and all the support received from CRM.

REFERENCES

[1] M. H. Alizadeh, N. Hadjisavvas, M. Roohi, Local boundedness properties of generalized monotone operators,
J. Convex Anal. 19 (2012), 49-61.

[2] M. H. Alizadeh, M. Roohi, Some results on premonotone operators, Bull. Iranian Math. Soc. 43 (2017),
2085-2097.

[3] E. Blum, W. Oettli, From optimization and variational inequalities to equilibrium problems, Math. Stud. 63
(1994), 123-145.

[4] G. D. Chakerian, H. Groemer, Convex Bodies of Constant Width. In: P.M. Gruber, J.M. Wills (ed.) Convexity
and Its Applications. Birkhéuser, Basel, 1983.

[5] J. P. Crouzeix, E. Ocafia, W. Sosa, A construction of a maximal monotne extension of a monotone map,
ESAIM Proceedings, 20 (2007), 93-104.

[6] A.N.Iusem, On the maximal monotonicity of diagonal subdifferential operators, J. Convex Anal. 18 (2011),
489-503.



ON DIAMETRICALLY MAXIMAL SETS, MAXIMAL PREMONOTONE OPERATORS AND BIFUNCTIONS 271

[71 A. N. Iusem, G. Kassay, W. Sosa, An existence results for equilibrium problems with some surjectivity
consequences, J. Convex Anal. 16 (2009), 807-826.
[8] A.N.Iusem, T. Pennanen, B. F. Svaiter, Inexact variants of the proximal point method without monotonicity,
SIAM J. Optim. 13 (2003), 1080-1097.
[9] G. Kassay, M. Miholca, Existence results for variational inequalities with surjectivity consequences related
to generalized monotone operators, J. Optim. Theory Appl. 159 (2013), 721-740.
[10] G. Minty, A theorem on monotone sets in Hilbert spaces, J. Math. Anal. Appl. 11 (1967), 434-439.
[11] T. Pennanen, Local convergence of the proximal point method and multiplier methods without monotonicity,
Math. Oper. Res. 27 (2002), 170-191.

[12] J. E. Spingarn, Submonotone mappings and the proximal point algorithm, Numer. Funct. Anal. Optim. 4
(1981), 123-150.



	1. Introduction
	2. Diametrically maximal sets
	3. Some properties of maximal premonotone operators
	4. A family of maximal premonotone operators
	5. Premonotone bifunctions
	References

