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KARUSH-KUHN-TUCKER OPTIMALITY CONDITIONS AND DUALITY FOR
SEMI-INFINITE PROGRAMMING PROBLEMS WITH VANISHING
CONSTRAINTS
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Abstract. This paper is concerned with the semi-infinite programming problems with vanishing constraints. Both
necessary and sufficient Karush-Kuhn-Tucker optimality conditions for the semi-infinite programming problems
with vanishing constraints are established. We also formulate types of Wolfe and Mond-Weir dual problems and
explore duality relations under convexity assumptions. Some examples are given to illustrate our results.
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1. INTRODUCTION

The mathematical programming problems with vanishing constraints, presented in [1, 7],
are able to be used in reformulating many problems from structural topology optimization.
The papers [8, 9] considered numerous constraint qualifications and applied them to obtain
corresponding Karush-Kuhn-Tucker (KKT) necessary optimality conditions. The concepts of
stationary points of mathematical programming problems with vanishing constraints were stud-
ied in [3] under a topological point of view on critical point theory. Strong KKT necessary
optimality conditions for multiobjective mathematical programming problems with vanishing
constraints were discussed in [16]. The KKT necessary optimality conditions for mathematical
programming problems with non-differentiable vanishing constraints were established in [14]
via Clarke subdifferentials. Some results about duality for mathematical programming prob-
lems with vanishing constraints were obtained in [10, 15]. On the other hand, an optimization
with an infinite number of constraints is called a semi-infinite programming problem. For some
recent results in this direction; see, e.g., the papers [11, 12, 13, 18, 19, 21, 22, 23, 24] and
references therein. In [5], KKT sufficient optimality conditions for semi-infinite programming
problems with vanishing constraints were investigated. However, KKT necessary optimality
conditions for semi-infinite programming problems with vanishing constraints have not consid-
ered yet in [5]. Moreover, to the best of our knowledge, there is no paper dealing with duality
for semi-infinite programming problems with vanishing constraints.

Motivated by the above observations, in this paper, we establish Karush-Kuhn-Tucker opti-
mality conditions and investigate duality problems for the semi-infinite programming problems
with vanishing constraints. The outline of this paper is as follows. In Section 2, we recall basic
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concepts and some preliminaries. The KKT necessary and sufficient optimality conditions for
the semi-infinite programming problems with vanishing constraints are discussed in Section 3.
Section 4 is devoted to exploring Mond-Weir and Wolfe dual problems of the semi-infinite pro-
gramming problems with vanishing constraints. Some examples are provided to illustrate the
outcome of the paper.

2. PRELIMINARIES

The following notations and definitions will be used throughout the paper. Let R" be an
Euclidean space. The notation (-, -) is utilized to denote the inner product. B(x, d) indicates the
open ball centered at x with radius 6 > 0. For a given X, % (X) is the system of the neighborhoods
of x. For A C R", intA, clA, affA, spanA and coA stand for its interior, closure, affine hull, linear
hull, convex hull of A, respectively (resp). The cone and the convex cone (containing the origin)
generated by A are denoted resp by coneA, posA. Note that, for the given sets Aj,A; in R”, we
can check that

span(A; UA;) = spanA; + spanA, and pos(A; UA;) = posA| + posA;.

The negative polar cone, the strictly negative polar cone and the orthogonal complement of A
are defined resp by

A” = (" € R'|{r ) <0, Ve ),
A5 {1 € R () <0, Ve e A\ {0},
AL = (¢ € R'|{r ) =0, Vr e A).

It is easy to check that A C A~ and if A® # 0, then clA®* = A~. Moreover, the bipolar theorem
(see, e.g., [2]) states that A~ = cl coneA. For a given nonempty subset A of R", the contingent
cone [2] of A at x € clA is

TAX):={xeR"|3t L 0,3x; — x, Vk e N, X+ Tpx; € A}.

Note that if A is a convex set, then T'(A, %) = clcone(A —x). If (x*,x) > 0 for all x* € A*, where
A* is a subset of the dual space of R", we write (A*,x) > 0. The notion o(7¥), for T > 0 and
k € N, denotes a moving point such that o(7¥)/t% — 0 as T — 0%, The cardinality of the index
set / is denoted by |/|. For an index subset I C {1,...,n}, x; = 0(x; > 0) stands for x; = 0 (x; > 0,
resp) forall i € 1.
In the line of [5], we consider the following semi-infinite programming with vanishing con-
straints (P):
min  f(x)
st g(x)<0,r€eT,
hi(x)=0,i=1,....q,
Hi(x) >0,i=1,...,1,
G,-(x)H,-(x) S O,i = 1,...,1,
where f, g;/(t € T), hi(i =1,...,q) and G;,H;(i = 1,...,1) are continuously differentiable func-
tions from R” to R. The index set T is an arbitrary nonempty set, not necessary finite. Let us
denote I, ;= {1,...,q} and [, := {1, ...,1}. The feasible solution set of (P) is

Q:={xeR"| g(x) <0(t €T),hi(x) =00 €1;),H;(x) > 0@ € I;),Gi(x)H;(x) <0(i € [) }.



KKT OPTIMALITY CONDITIONS AND DUALITY 321

Definition 2.1. A point ¥ € Q is a local solution of (P), denoted by x € loc.” (P), if there exists
a neighborhood U € % () such that
f(X) < fx),VxeQnU.

If U = R", the word “local” is omitted. In this case, the (global) solution set of (P) is denoted
by .7 (P).

By RL{', we indicate the collection of all the functions A : T — R taking values A;’s positive
only at finitely many points of 7', and equal to zero at the other points. For a given ¥ € Q, we
designate by I,(X) := {r € T|g;(¥) = 0} the index set of all active constraints at X. The set of
active constraint multipliers at X € Q is

A ={1 e R Ag @) =0,vr T},

Notice that A € A(X) if there exists a finite index set J C I,(¥) such that A, > 0 for all r € J and
A =0forallsr € T\J. For each x € Q, define

L.(x) :={i € I | Hi(X) > 0},1p(X) := {i € I | H;(%) = 0},
Lyo(%) :={i € I; | Hi(X) > 0,G;(x) = 0},
L (x):={i € ;| Hi(¥) > 0,G;(x) <0},
I+ (X) :={i € I, | Hi(X) =0,G;(x) > 0},
Ioo(%) :={i € I | Hi(x) = 0,G;(x) = 0},
I (%) :={i € I; | Hi(¥) = 0,G;(x) < 0}

Definition 2.2. Let x € Q.

(i) The point % is called a strong stationary point of (P) iff there exists (A8, A" 19 AH)

= / - _ G —
A(T) < R xR R with A7) =0, A, (s) 2 O A 0t (9o(ein ) = 0 2nd
7LG > 0 such that

+ Y A5Ve(®)+ Y A Vhi(x) - Y APVH (%) + Y APVGi(x) =0. (2.1

teT icly icl icl;
(ii) The point ¥ is said to be a VC-stationary point of (P) iff there exists (14,4, A9, A1) ¢
A(X) x RIx RN x RN with A7 =0, A? >0, A7 oo @ = O and

h (%) — Too (X)UIp—(X) =
?LIH)( Ylo() = > 0 such that

VIE+ Y A5Ve @+ Y A Vi) = Y A VH (%) + Y A°VGi(¥) =0.  (22)

teT i€l il i€l

(')

It is easy to see that if X €  is a strong stationary point of (P), then ¥ is a VC-stationary point
of (P).
For ¥ € Qand (A8,A", 19 A1) ¢ Rm x R? x R x R, define
Ig (%) == {r € I(x) | A’ > 0},

I (%) = {i € (D) | A > O}, 1, () := {i € [n(¥) | A" < 0},

i@ ={iel (%) | A" >0},
@) = {ie @) | A > 0415 (%) = {i € (%) | A <0},
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() = (i € Top () | A > 0}, 0, (%) 2= {i € Tou (%) | A7 < O},
) = {i € Ioo(®) | A2 > 0}, Ji (%) = {i € oo (%) | AH < 0},
B @) ={ich_(®) | A" >0},

I (%) :={i € Lio(®) | AF > 0},1(%) := {i € Lo(¥) | AC < 0},
[ (®) = {ie L (®)| A€ > 0},
Iajr(i) ={icl(%)| A > 0},1,, (%) := {i € Ip4 (%) | A <0},
I (%) := {i € Ioo(%) | AL > 0},15(%) := {i € Ioo(%) | AC < 0},
Iy (%) :={iel_(x)] A8 >0},
Definition 2.3. [20] Let X C R” be an open convex set and ¢ : R” — R be differentiable at
xeX.
(i) @ isconvex at xif @(Ax+ (1—2A)x) <A@(X)+ (1—-2A)p(x),Vx € X, VA €[0,1].
(ii) @ is quasiconvex at X if @(Ax+ (1 —A)x) < max{@(X),p(x)},Vx € X,VA € [0,1].
(ii1) ¢ is pseudoconvex at x if, for all x € X,
(Vo(R),x—3) 2 0= ¢(x) > ¢(%).
(iv) ¢ is convex on X if @ is convex on each point of X. The other concepts here introduced
can be defined on a set in a similar way.
Remark 2.1. [20] Let X C R" be an open convex set and ¢ : R" — R be differentiable at X € X.
(i) If ¢ is convex at X, then
(Vo(X),x—%) < @(x) — @(x),forall x € X.
(i1) If ¢ is quasiconvex at X, then, for all x € X,
P(x) < @(¥) = (Vo(x),x —x) <0.
(i11) If ¢ 1s convex at X then ¢ is pseudoconvex at x. If ¢ is pseudoconvex at X then ¢ is
quasiconvex at X.

Lemma 2.1. [20] Let {C;|t € '} be an arbitrary collection of nonempty convex sets in R" and

K =pos| U C; ). Then, every nonzero vector of K can be expressed as a non-negative linear
el

combination of n or fewer linear independent vectors, each belonging to a different C;.

Lemma 2.2. [4] Suppose that S,T,P are arbitrary (possibly infinite) index sets, a; = a(s) =

(ai(s),...,an(s)) maps S onto R", and so do a; and a,. Suppose that the set co{as,s € S} +

pos{a;,t € T} +span{ay, p € P} is closed. Then the following statements are equivalent:

(ag,x) <0,5€ S,S#0
I: (ar,x) <0,6 €T has no solution x € R",
(ap,x) =0,peP
II: 0€co{as,s e S}+pos{a;,t € T}+span{a,,p € P}.
Lemma 2.3. [6] IfA is a nonempty compact subset of R", then,

(1) coA is a compact set;
(ii) if O & coA, then posA is a closed cone.
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3. KARUSH-KUHN-TUCKER OPTIMALITY CONDITIONS

In this section, we write the index set I, instead of I, (%) for the sake of convenience. The other
index sets are described similarly. Now, we establish the KKT necessary optimality condition
for local solutions of (P) under the following constraint qualifications:

@) (ACQ):
(UVea@) n(Uvau@) n(U vE@) n( U -VHE) n( VG
tel, icly i€yt i€lpoUly— i€l
CT(Q,x),
(11) (VC-ACQ):
(UVe@) (V@) n( VE@)* n( | -VHE®) n( |J VG
tel i€l i€l i€lyoUly— ZEI+QUIQO
CT(Q,5).

It is evident that (ACQ) implies (VC-ACQ). The following example shows that the inversion is
not true in general.

Example 3.1. Let n =2 and [ = 1. Consider the following (P):
min  f(x) = x3 +x3,
st gx)=—-tx; <0,teT =N,
Hi(x) =x1+2x, >0,
Gi(x)H(x) = x1(x1 +2x2) <O0.
Then,

Q={xecR?*|x; >0,x;+2x =0} U{x € R? | x; =0,x, > 0}.
For x = (0,0) € Q, one has
T(Q,%) =Q,1, =N,Vg,(x) ={(—1,0)},t €T,
L =Ipy =Ip- =0,lp0 = {1}, VG (x) ={(1,0)}, VH: (x) = {(1,2)},
(UVe®) ={xeR?|x 20},

t€l,
(U (—VHi(%)” = (=VHi(¥))” = {x e R* | x1 +2x; > 0},
i€ly
(U VGi(®)” = (VG (%)™ = {x e R*|x; <0},
i€lpo
(U Vg (%) N( U (=VH;(%)))” ={x¢€ R? | x1 > 0,x1 4+ 2x > 0},
tely i€y
and
(U Ve@) n(Y (-VH(®))" n(|J VGi(x))” ={x e R? | x; = 0,x, > 0}.
t€l, icly i€ly
Hence,

(U Ve@) n(J (-VHi(2))” ¢ T(Q,9),

l‘Glg i€ly
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and

(U Ve@) n(U (-VH®)) n(|J VGi(x))”  T(Q,9).

lEIg i€ly i€ly

Thus, (ACQ) does not hold at ¥ and (VC-ACQ) holds at .

Proposition 3.1. Ler x € loc. (P).
(i) If (ACQ) holds at x and the set

A :=pos UVg,()E)U U (—VHi()E))UUVGi()E)

telg i€lyoUly_ i€l
+ span (U Vhi(x)U U VH,-()E))
icl, iclys

is closed, then X is a strong stationary point of (P).
(ii) If (VC-ACQ) holds at x and the set

Ar:=pos| JVe@uU |J (-VHE)U |J VGi(®)

[E]g i€lyUly— i€l Ul
+ span (U Vh;(x) U U VH,()E))
i€l i€l

is closed, then X is a V C-stationary point of (P).

Proof. Due to the similarity, we only prove (ii). Since X € loc.” (P), there exists U € % (X) such
that there is no x € QN U satisfying

fx) < f(%). (3.1
First, we prove that
(Vf(X)'NT(Q,x) =0. (3.2)
Suppose to the contrary that there exists d € (Vf(x))*NT(,x). Then, one has
(Vf(x),d) <O0.

By d € T(Q,x), there exist 7; | 0 and d; — d such that X + 1xd; € Q for all k. Since f is
continuously differentiable at X, one gets

f(f—F dek) = (%) + (Vf(X),dk) "’O(TkHdkH)-

Consequently,
T+ 1dy) — f(X Tlld
S kfk> f&) _ <Vf(x),dk>+%.||dk|] — (V£(%),d) <0, when k — co.
& k|

f(E+ ndy) — f(%)
- T
existence of k > k large enough such that X+ 7;d;, € QN U and

f(E+ndi) < f(%),

Thus, there exists k > 0 such that < 0, for all k > k. Hence, we assure the
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which contradicts (3.1). Therefore, (3.2) holds. We conclude from (3.2) and (VC-ACQ) that

N V) n(UVaE) N VHi®)"

ZEI icly i€l
N U -VH@®) n( |J VGi®) =o0.
i€lyUly_ l€I+0U[00

This leads that there is no d € R” such that

[ (Vf(%),d) <O,
(Vgi(%),d) <0, Vrel,,
(Vhi(x),d) =0, Viel,
(VH(R),d) =0, Vi€ Iy,
(=VH;(x),d) <0, Vié€lpUl-,
L <VGi(f),d> <0, Vie loUly.

On the other hand, as {Vf (%)} is a compact set, {Vf(X)} + A; is closed. According to Lemma
2.2, one has

0eVf®+pos| JVa@@u [J ( (@)U J VG
l‘G]g i€lyUly— i€l gUlpyo
+ span (U Vh;(x) U U VH,~()E)> :
i€l ic€lyy
Consequently,

0 e Vf(X) —I—posUVgt +spanUVh ¥) 4 span U VH;(x

l‘EIg i€l i€yt
+ pos U (—VH;(x)) + pos U VGi(x).
i€lyoUly— icloUlyp
From Lemma 2.1, there exists (18, A" ¢ A1) € A(%) x RY x R! x R! with ?LH 0, ;LlooUIO >0,
VIR + Y A Ve @+ Y AMNVh(E) - Y A VH(x) + Y A°VGi(x) = 0.
teT icly icl icl;
Hence, x is a VC-stationary point of (P). 0

Proposition 3.2. Let X be a strong stationary point of (P). Suppose that f is pseudo-convex at
X gtely) (i), —h(icl,),GiieIly),Hii €Iy, ),—H(i € Ij Ulg, U1} ) are quasi-
convex at X. Then, the following statements hold:

(i) X is a local solution of (P);
(ii) lfI ult 1o =0, then x is a global solution of (P).

Proof. Since X is a strong stationary point of (P), there exists (QLJg ARG A € R'J‘ x RY x

R! x R!, where J is a finite subset of I,, with Aﬁ =0, )LII(L)IOUIO >0, 7L[+ Ul UlooUly. =0 and
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/’L,G > 0 such that
+0
VI@+ Y AV @+ Y A'vhi® - Y A'VH®+ Y A°VGi(®)=0. (3.3)
ted i€l i€lyUlpoUlp— i€l g
For an arbitrary x € Q, one gets that g,(x) < 0 = g;(%) for each ¢ € I,. Thus, by the quasicon-
vexity at X of g,(t € I,), one has
<Vgt(f)7x_x> < 07Vt € J7

which together with A € RL{‘ leads to

<Z AV g (%), x —x> <0. (3.4)
teJ

We deduce from x,x € Q that h;(x) = h;(X) = 0,Vi € I;,. Hence,
hi(x) < hi(%),Vi € I and — h;(x) < —h(%),Vi€ I, .
The above inequalities along with the quasiconvexity at X of h;(i € I,") and —h;(i € I,”) implies
that
(Vhi(%),x—%) <0,Vi€ I’ and (—Vhi(%),x—%) <0,Viel, .

It is immediate from the above inequalities and the definitions of I;, ] , that

Y A/'Vhi(x),x—x ) <O0. (3.5)
i€l

Again, we derive from x € Q that —H;(x) <0,Vi € I;. Thus, —H;(x) < —H;(X),i € IA&L UIA(}B UIAJ_.
Therefore, by the quasiconvexity of —H;,i € IAJ U IA&) UIAJ_ at X, one arrives at

(—=VH;(%),x—%) <0,Vi € [y Ul Ui . (3.6)

(1) Now, for i € f()_ L, We deduce from G;(x) > 0 and the continuity of G; that there exists a
neighborhood U; € % (X) satisfying G;(x) > 0 for all x € U;. This leads to H;(x) = 0,Vi €
Iy, ,Vx € Uy. Hence, Hi(x) < H;(%),i € I, . By invoking the quasiconvexity of H;(i € i, ), we
have

(VH;(¥),x—%) <0,Vie ], . (3.7)

Taking into account (3.6), (3.7) and the definitions of the occurring index sets, we obtain

<_ Z?LI-HVH,-()Z),x—X> <0. (3.8)

i€l

Moreover, for i € Iio’ the continuity of H; at X together with H;(X) > 0 justifies the existence of

U, € % (%) such that H;(x) > 0 for all x € U. Therefore, Gi(x) < 0 = G;(x),Vi € I, Vx € Us.
By employing the quasiconvexity of G;(i € I), one has (VG;(x),x —x) < 0,Vi € I}, Since

A8 >0,i€ Iio, one obtains that

< Y AiGVGi(x),x—x> <0. (3.9)

i61+0



KKT OPTIMALITY CONDITIONS AND DUALITY 327

It follows from (3.3)-(3.9) that

(Vf(%), <Z/1 Ve (®)+ Y A'Vhi(®) — Y APVH (%) + Y APVGi( )x—x>

teT i€l i€l i€l
20,

for all x € QNU, where U = U; NU,. The above inequality together with the pseudo-convexity
of f atfimplies that f(x) > f(¥) forallx e QNU.
(1) If I UI 1o =0, then we deduce from (3.3) - (3.6) and (3.8) that

<Vf(f),x—f>=—<Z&ngt(X)+):AﬁVh,~() Y ATVH(%) + ) ATVGi(%),x >

teT i€l i€l iel;
>0,

for all x € Q. By the pseudo-convexity of f at X, one has f(x) > f(x) for all x € Q. O

Proposition 3.3. Let X be a VC-stationary point of (P). Suppose that f is pseudo-convex at X,
gtely) hicl)),—h(icl, ), Gliell)) Hlic f()_+), —Hi(i € IJr Ul U1, ) are quasicon-
vex at X. Then, the following statements hold:

(i) ifIO0 =0, X is a local solution of (P),

(ii) lf] UI+ UI 00 = 0, then X is a global solution of (P).

Proof. Since ¥ is a VC-stationary point of (P), there exists (15,4, 1¢ A1) € Rm x RY x R x
R', where J is a finite subset of I, with A{" = 0, A, >0,47 ;0 =0 and A e >0
such that

VI@+ Y AV @+ Y AV - Y, AVH@E+ Y A°VGi(x) =0.

teJ i€l i€lys UlpoUly— i€l ogUly
(3.10)
Since 100 =0, (3.10) implies (3.3). The proof is continued just as in the proof of Proposition
3.2 0

Example 3.2. Let n =2 and [/ = 1. Consider the following (P):
min  f(x) = x§ +x3 + 2x1,
st g(x)=—1x; <0, €N,
Hi(x) =x; —x3 >0,
Gy (x)H) (x) =1 (11 —x2) <0,
Then, Q = {x € R? | x; > 0,x; —x =0} U{x € R? | x; = 0,x, < 0}. For ¥ = (0,0) € Q, one
has

T(Q.%) = Q,V/(¥) = {(2,0)}.1, = N, Vg (¥) = { (~1,0)},1 € T,
(UVe®) = {xeR|x >0},

rely
L =1y =I-=0,Ipo={1},VG(x) ={(1,0)},VH, (x) = {(1,-1)},
(U (“VH(®))” = (x e R? |51 —x2 > 0}, (| VGi(x)~ = {x € R? | <O},

i€ly i€ly
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Hence,
(U Ve@) n(J (-VH))" n(U VGi(¥))” < T(Q.%),
IEIg i€ly i€lyo

i.e., (VC-ACQ) holds at x. Moreover,

Ay =pos | [ JVa@®U [ J (-VH(®)U | VGi(%) | ={x€ R? | x; > 0}

Z‘GIg i€ly i€lyo

is closed. Since f(x) — f(x) > 0 for all x € Q, ¥ is a solution of (P). Thus, all assumptions in
Proposition 3.1 (ii) are satisfied. Now, let {7 =0, A7 =0 and A% : T — R be defined by

1, ifr=2
g — ) ’
A5() { 0, otherwise.
Then,
(2,0)+ Y Af(—1,0) = A{'(1,—1) + A7 (1,0) = (0,0),
teT

i.e., ¥ is a VC-stationary point of (P). Notice that, for the above (A8, l{l ) 7LIG ), X is also a strong
stationary point of (P). Furthermore, we can check that f,g,(t € T),H;,—H;, G are convex at
*. Hence, all assumptions in Proposition 3.2 and Proposition 3.3 are fulfilled. Then, it follows
that x is a solution of (P). Note that if we choose 7LlH =0, 7L]G =1 and

1%):{ 1, ift=3,

0, otherwise,

then
(2,0)+ Y A#(=1,0) = A (1,~1) + A7(1,0) = (0,0),
teT
1.e., X is a VC-stationary point of (P). But, X is not a strong stationary point of (P) in this case.

4. THE DUALITY

In this section, we consider the Wolfe [25] and Mond-Weir [17] duality schemes for (P). For
X € Q, the index sets with respect to X are denoted identically to Section 3.

4.1. The Wolfe type duality. For i € Q, (u,A8,A", 19 AH) c R" x RE' x R? x R! x R! with

H G G
)’1+ @ >0, )Llo+ @ < 0and )“1+—(X)Ulo—(f) > (), we define
L(u, A8, A" A9 AHY) = f(u) + Z Agi(u) + Z lihh,-(u) — Z A H; (1) + Z ACGi(u).
teT i€l i€l i€l

In the line of [15], we consider the Wolfe type dual problem as follows:
(Dw () : max L(u, A%, A" A7) = fu) + X Auge(u) + X Ahi(u)

teT i€l
— Y A Hi(u)+ Y. A%Gi(u)
iel; iel;
st. Vi) + ¥ ASVe(u)+ ¥ A'Vhi(u) — ¥ AHVH;(u)+ ¥ A°VGi(u) =0,
teT i€l iel; iel;
H G G
Mo 20 A =04 g 20

(u, A%, 20 16 A1) e R x RIT X RY x R x R,
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The feasible set of (Dy (X)) is defined by
Qw (%) == {(u,xg,xh,zG,AH) eR" xR/ xR xR xR |4} ;) >0,

G G
Mo ) = O mun () 2 0
u)+ Y AV () + Y A Vi) = ¥ AVH () + ¥ ASVGi(u) = 0}
teT i€l icl; icl

We designate by
prnQuw (%) == {u € R" | (u, A%, A" A6 A1) € Qy (%)}

the projection of the set Q(x) on R”. The other Wolfe type duality problem of (P), which is not
dependent on X%, is

(Dw) : maxL(y,A8, A", 19 AH) = f(y) + Y Agi(y)+ Y, Alhi(y)
teT icly
- Z;LiHHi(y) + Z%’GGi(y)
il icl
s.t. (3 A8 A A6 AT € Qp = N Qw ().
7€Q

Definition 4.1. Let x € Q.
() (@,A%,A", A6, A1) € Qu () is a local solution of (Dy (%)), denoted by (i, A8, A" A9,
A € loc.” (Dy (%)), if there exists U € .4 (i) such that
L(a, A8, A" LG AH) > L(u, A8, A" LG AH), Y (u, A8, A% 19 AH) € Qu () NU.

(i) (7, o, A%, A", 19, AH) € Qy is alocal solution of (Dy), denoted by (7, A8, A%, 19 A1) e
loc&” (DW), if there exists U € .4 (¥) such that

L()‘/,/_lg,ih,/_lG,/_lH) > L(y,/lg,lh,QLG,/lH), ‘v’(y,?Lg,QLh,kG,kH) eQwnuU.
If U = R", the word “local” is omitted.

The following propositions describe weak duality relations between (P) and the dual prob-
lems (Dy (¥)) and (Dy).

Proposition 4.1. (Weak duality) Let x € Q and (y, A%, A", A% A1) € Q. If f is convex at y,
gt eIy (x),hi(i €I} (x)), —hi(i € I, (x)),Hi(i € Iy (x)), —H;(i € [T (x) VI (x)), Gi(i € L[ (x) U
IT (x) ULy (x) UL (x)), —Gi(i € I (x) Ul (x) Ul (x)) are convex at y, then
f(x) > Ly, A%, A" A9 A1),
Proof. For x € Q and (y,A8, A" A6 AH) € Qy = N Qw (%), one gets
7€Q
81(x) <0(t € T),hi(x) = 0(i € I),Hi(x) > 0(i € ), Gi(x)Hi(x) <0G € L),  (4.1)

and
0+ Y A5Ve () + Y A'Vh() - Y A VH(») + Y APVGi(y) =0  4.2)

teT i€l i€l i€l

<0,AC > (.

. H G
with A7 > 0,4 1 (x)Ulp(x) =

Ty (x) = 7 Tlo4(x)
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Therefore, we infer from (4.1), the convexity of f,g(t € L7 (x)),hi(i € I (x)), —hi(i € I (x)),
Hi(i € fy (x)), —H;(i € IT (x) VI (x)), Gi(i € Iy (x) UTT_ (x) Uy (x) UL (x)), —Gi(i € I' o (x) U
Iy, (x) Ulyo(x)) at y and the definitions of the index sets that

FO)+{Vf),x—y) < f(x),

&(y)+ (Ve (y),x—y) <g&(x) <0,4% > 0,vr € I (x),
hi(y) 4+ (Vhi(y),x —y) < hi(x) =0,A]' > 0,Vi € LM (x),
—hi(y) + (= Vhi(y),x —y) < —hi(x) = 0,Al < 0,Vi € I, (x),
Hi(y) + (VH;(y),x —y) < H;(x) = 0, < 0,Vi € I (x),
Hi(y)+{(-VH;(y),x—y) < —H;(x) < 0,Af > 0,Vi € [ (x),
Hi(y) + (=VHi(y),x—y) < —H;(x) = 0,A" > 0,Vi € [ (x),
Gi(y) + (VGi(y),x—y) < Gi(x) =0,A¢ > 0,Vi € I (x) ULy (%),

<G
Gi(y) + (VGi(y),x —y) < Gi(x) < 0,A° > 0,Vi € IT_(x) UL} (x),
—Gi(y) + (=VGi(y),x—y) < —Gi(x) = 0,17 < 0,Vi € I (x) Uy (x),
and
—Gi(y)+ (=VGi(y),x—y) < —=Gi(x) < O,liG <0,Vie Iojr(x).
The above inequalities imply that

N+ Y e+ Y Am) = Y A H )+ Y A%Gi(y)

teT i€l i€l i€l
+ <Vf(y)+ Y AEVe () + Y AMVhi(y) = Y Al VH( )+Z/1,-GVGi(y),x—y> < f(x),
teT i€l i€l i€l
which together with (4.2) leads to
f(x) > Ly, 0, A%, A" 2.9 A H),
The proof is complete. U
Corollary 4.1. (Weak duality) Let ¥ € Q and (u, A%, A", A% A") € Qw(X). If f is convex

at u, & (t € IF (%)), hi(i € I} (%)), —hi(i € I, (X)), H;(i € Iy (%)), —H;(i € [T (X) V] (%)),Gi(i €
[Ty (X)UIT (%) ULy (%) UL (%)), —Gi(i € I (X) Ul (%) Uy (X)) are convex at u, then
F(®) > L(u, A%, A" 29 A1),

Proposition 4.2. (Strong duality) Let X € Q be a local solution of (P). If (VC-ACQ) holds at x
and the set Ay is closed, then there exists (A8,A", A6, A1) ¢ Rm x RY x Rl x R! with iH( H= 0,
lg(x)wo 0 =0 7L (U0 (A0l () 0 and 7L (DUl () = O such that (%,A8, A" 26 A1) ¢
Qw (%) and f(%) = L(%,A%,A" 29 A1), Moreover if fis convex at %, g(t € Ij (X)), hi(i €
I+ %)), —hi(i € I, (2)), Hi(i € Iy (%)), —H;(i € IL(R) VI (%)), Gi(i € I (¥) ULL_(2) Ul (%) U

0 (%)), —Gi(i € I(X) Ul (%) Ul (X)) are convex at %, then (X, A8, lh 26,21 is a solution
Owa()f).
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Proof. By Proposition 3.1 (ii), there exists (A%, A", 16, 1) € A(%) x R? x R! x R! with Zﬁ 0=

H
0, 1100( yul_ () = 0 ;Lu (8o, (Ul () = 0 and ;Luo( i) = O such that
VI®+ Y AEVe (®)+ Y AVa(R) — Y A VH () + Y ACVGi(x) = 0.
ter 1€l i€l i€l

Since A% € A(X), one has Afg,(¥) = 0 for all r € T, and thus, ¥, A%g; (%) = 0. The fact that
teT

X € Q guarantees that ) Zihhi(i) = 0. Moreover, we deduce from 27, = 0 and H;(x) = 0 for

: 1. (%)

i€l
all i € Ip(X) that ig}, A H;(%) = 0. Analogously, since 7LG (Ul (F)Up. (x) =0 and G;(x) = 0 for
all i € I, o(%) Uloo(%), one has ¥ A9G;(%) = 0. Thus, (F,A8,A" 16, A1) € Qw (%) and

i€l

Y dg(®)+ Y Alhi(x)— Y ATH; (%) + Y 48Gi(%) =0,
teT icly il icl
which implies f(¥) = L(x,A%,A", 2. 4%).
Now, we suppose to the contrary that (¥,A%,A", A% A1) is not a solution of Dy (%). By
definition, there exists (1, A%,A", A% A1) ¢ QW( ¥) such that
L(% A8, A" A9 A1) < L(u, 28,21, 29 A1),
Consequently,
(&) < L(u, A5, A" 2.9 A1),
which contradicts with Corollary 4.1. So, (%,A4%,A", 1%, A1) is a solution of (Dy (%)). O

Example 4.1. Let n =2 and l = 1. Consider the following (P):
min  f(x) = x3 +x3 + 2x1,
st gx)=—mx; <0,teT =N,
Hy(x) =x1 —x2 >0,
G1(x)Hi(x) = x1(x1 —x2) <0.
Then, Q = {x € R? | x zO,xl—xz=0}U{x€R2 | x1 =0,x; <O} Forany)ZEQ

(D (8)): max L, A%, A% A7) = ud 416201 = ¥ Aty —Af! sy — ) + A
te

st Qup +2,u) + ¥ Af(—1,0) = A (1,-1) + AF(1,0) = (0,0),
teT
: _ <0, if 1 €loy (%),
>
le{ EI% . Ef(%)’ 260 >0, iflel (Ul (5),
’ O eR, ifl €I+0( )UIOO(X)v
(u, 28,28, 21 e RZx RTT x R x R.
By taking ¥ = (0,0) € Q, we invoke from Example 3.2 that all hypotheses of Proposition 4.2
are fulfilled. Now, if we select A7 =0, A® = 0 and

1g<[> _ { 1, lft - 2.,

0, otherwise,

then
(2,0)+ ¥ A8(—1,0) = A{'(1,—1)+ A7 (1,0) = (0,0),

teT
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ie., (£,A%,10, A1) € Qy (%) and f(%) = L(X,A%,A%,Af). Moreover, we can check that f is
convex at X and g (t € T),G1,H;,—H) are convex at X. Hence, Proposition 4.2 asserts that
(%,A8,A8,Af) is a solution of (Dy (¥)).

We can check directly that (% 48,1, Af7) is a solution of (Dy (%)) as follows. Since ¥ =
(0,0), one has I (x) = Ip;(X) = Ip— = 0,1po(X) = {1}. Hence,

Qw (%) = {(u,zg,af,x{’) eR*xRI'xRxR|AF e R,AC €R,

2wy +2,u2) + Y A8 (—1,0) = A (1,—1) + A{(1,0) = (0,0)} .

teT

For an arbitrary u € Qw (%), we deduce from the convexity of f, g (t € I (¥)),G1,Hi,—H) atu
and the definitions of the index sets that

Ju) 4+ ((2u1 +2,uz), 5 —u) < f(X),
g (u) +((—,0), % —u) < g(x) <0,A% >0,Vr € I] (%),
Hi(u)+((1,—1),x—u) < H, (%) = 0,A{ < 0,if 1 € I,,(¥),
—Hy(u) + (—(1,—1),F—u) < —H;(¥) = 0,1 > 0,if 1 € [,(%),
G1(u) +((1,0),—u) < G1 (%) = 0,A > 0,if 1 € I,(%),
and
~G1(u) + (—(1,0),—u) < —G1 (%) = 0,AF < 0,if 1 € Ipy().

The above inequalities imply that

F)+ ) Aogi(u) = Y A Hi(u) + ) A0 Gi(u)

teT icl il

+ <(2u1 +2,u)+ Y Af(—1,0) = Af(1,-1) +7Lf}(1,0),f—u> < f(%),

teT
which together with u € Q () yields that

L(u, A%, A0, A1) < f(%) = L(x, A%, A0, A1),

4.2. The Mond-Weir type duality. Forxc Q, (u,A%,A" 16 AH) c R" x ]RE‘ x RY x R x R

with A _ >0,A6 _ <0and AC > 0, we define
1+(.X) 1() 1+,

+(%) (X)Ulo- (%)

L(u, A8 A" LG AHY) = f(u).
In the line of [15], we consider the Mond-Weir type dual problem as follows:
(Dyw (x)): max L(u, A%, A" A9 A1) = f(u)
st. VAu)+ ¥ ASVeg(u)+ ¥ A'Vhi(u) — ¥ AHVH;(u)+ ¥ ASVGi(u) =0,
teT ‘

icly i€l i€l
Mg (u) >0t € T),Ahi(u) =0(i € I), — AT H;(u) > 0(i € I,),A°Gi(u) > 0(i € I}),
A >0,06  _ <0,A6 _ L >0,
1.(%) To+ (%) I (X)Ul— (%)

(u, 48,20 A6 A1) e R x RIT X RY x R x R,
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The feasible set of (D (X)) is defined by
Quw (%) 1= {(u,)ﬂ,xh,AG,AH} eR" xR xRIxR xR |2} ) >0,

G
Moy < 0 (wyon_ ) = 0
u)—f—Z?L,ng, W)+ Y AMVhi(u) =Y AVH(u) + Y AFVGi(u) =0,
teT i€l i€l i€l

A8gi(u) >0 (teT), Alhi(u) =0 (i€ ),
—~ AH () > 0. € 1),40Gi(u) = 0 (i 1) }.
We designate by
preaQuw (%) := {u € R" | (u, A%, A" A6, A1) € Quw (%)}
the projection of the set Qyw(X) on R”. The other Mond-Weir type duality problem of (P),
which is not dependent on X, is
(Dyw) : maxL(y, A5, A" A9 A7) = £(y)
s.t. (1, A8, AN AC AT € Quw = N Quw ().

7€Q
Definition 4.2. Let X € Q.
() (@,A%,A", A6, AH) € Quw (%) is alocal solution of (Dysw (%)), denoted by (i3, A2, A", 1,
A € ZOCY(DMW( X)), if there exists U € .4 (i) such that
L(a, A%, A" A% A7) > L(u, A8, A" 29,15, ¥ (u, A%, A", 19 A7) € Quw (3) NU.
(ii) gy,ig,ih,iG,ZH) € Quw is a local solution of (D), denoted by (7,A8,A% A9,
A € loc.? (Dyw ), if there exists U € .4 (¥) such that
L3, A8, A" A6 A1) > L(y, A8, A" A9 AH), ¥(y, A8, A" 29 A1) € Quw N U.
If U = R”, then the word “local” is dropped.
Proposition 4.3. (Weak duality) Let x € Q and (y, A8, A", AC, A1) € Quw. If f is pseudoconvex
aty, gt € I (x)),hi(i € I} (x)), —hi(i € I, (x)),H;(i € Iy (x)),—H;(i € [T (x) U] (x)),Gi(i €
Iy (x) UIT_(x) ULy (x)), —Gi(i € I (x) Ul (x) Ul (x)) are quasiconvex at y, then
f(x) > Ly, A8, A" A% AH).
Proof. Forx € Q and (y,A%,A" A6 A1) € Quw = ﬂQQMW()Z), one gets
RS
g(x) <O0(t€T),hi(x) =0(i € I), H( )>0(i€l)),Gi(x)H;(x) <0(i € I}), (4.3)
WA+ Y 45V + Y AVR(y) - Y AVH(y) + Y APVGi(y) =0,  (44)

teT iely iel i€l
and

Afgi(y) > 0(t € T), A hi(y) =0(i € I), — A Hi(y) > 0(i € ), ASGi(y) > 0(i € I),  (4.5)

with ),ﬁ ) >0, )ﬁ ) <0, and ),Ii (Ul (x) > 0. It follows from the above inequalities that

g1(x) <0< g(y),vr € I (%),
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hi(x) = hi(y) = 0,Yi € I, (x) UL, (x),
H;(x) =0 < Hy(y),Vi € I (x),
—H;(x) <0< —H(y),Vi e I (x) Ul (x),

Gi(x) <0< Gi(y),Vi € Iy (x) U (x) Ul (x) ULy (x),
and
—Gi(x) <0< =Gi(y), Vi € I 5 (x) Uy, (x) Uly(x).
Therefore, we deduce from the quasiconvexity of g(r € I (x)), hi(i € I (x)),—hi(i € I, (x)),
Hi(i € Iy ().~ Hii € T ()OI (), Gili € I () UL () Ul ), ~Gli € L5 (0) Uy, ()
I5o(x)) at y and the definitions of the index sets that

(Vgi(y),x—y) <0,Af >0,Vi e I;(x),
(Vhi(y),x—y) < O,Aih >0,Vie I;“(x),
(=Vhi(y),x—y) <0,A <0,Vi € I, (x),
(VH;(y),x—y) < O,?LiH <0,Vie f()_(x),
(=VH;(y),x—y) <0,A > 0,Vi € [T (x) UL (x),
<VGi<y)7x _y> < OaliG > 07VI < Iio(x) UII,()C) UIJE)(X) UI(;Li(X),
and
(—VGi(y),x—y) <0,A4F <0,Vi € I y(x) ULy, (x) ULy (x).
We derive from the above inequalities and (4.4) that
(V) x—y)=— <Z Ve () + Y AVhi(y) = Y A VH () + Y liGVGi(y),x—y> >0,
teT i€l i€l i€l
which along with the pseudoconvexity of f at y implies that
g p y y 1mp
f(x) > f(y) =Ly, 8,47, 29, 47).
The conclusion is obtained. ]

Corollary 4.2. (Weak duality) Let € Q and (u, A8, A", A6, A" € Quw (X). If f is pseudocon-
vexatu, g1 € I (X)), hi(i € I, (%)), —hi(i €1, (X)), H;(i € I (%)), —H;(i € [T (X) Ul (%)), Gili €
IIO (x)U I]:_ (%) Ul&) (x),—Gi(i € I_:O(f) Uly, (X) Ulyy (%)) are quasiconvex at u, then

f(®) > L(u,A%,4",19,2).
Proposition 4.4. (strong duality) Let X € Q be a local solution of (P). If (VC-ACQ) holds at x
and the set A is closed, then there exists (A2, A", 19, A1) ¢ RK‘ x RY x R! x R! with 1111()2) =0,
1H 16 _ 16 - 7g ih 3G AH
Moot ) = O M_wn. @un ) = 0 9 Al (s = O such that (%,A%,A%,4%,47) €
Quw (X). Moreover if f is pseudoconvex at %, g,(t € I (%)), hi(i € LN (%), —hi(i €1, (%)),Hi(i €
Iy (), —Hi(i € [L(R) VL (), Gi(i € I} (D) ULL_(2) UL (%)), —Gi(i € I () ULy, (%) UL (5))
are quasiconvex at %, then (%, A%, A" LG, A" is a solution of Dyyw ().
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Proof. By Proposition 3.1 (ii), there exists (12,1, 16, 1#) € A(x) x R? x R! x R! with Zﬁ(@ =

17H 7G _ 272G
0 Hogteyono- ) Z O A2 @yt no- () = O 304 A7 ey ) = O such that
VIR + Y A Ve @+ Y AVhi(x) - Y A VH (%) + Y AV Gi(x) = 0.
teT icly icl icl;

Since A¢ € A(), one has 1% g;(¥) = 0 for all € T.. It follows from % € Q that A/h;(¥) = 0,Vi €
I,. Moreover, we deduce from ZII;I (r) = Oand H; (¥) = 0 forall i € Ip(%) that — A/ H;(x) = 0 for all
i € I;. Similarly, since Zg (DUlys (Bl (7) = 0 and G;(x) = 0 for all i € I1o(X) Uy (X), one has
ASG;(x) =0 foralli € I;. Thus, (%48, A" 19 1) € Quw (%) and f(%) = L(%, A8, A" 19, 21).

Arguing by contradiction, we suppose that (%,4%,A” 16, 1#) is not a solution of Dy ().
By denotation, there exists (u,A%,A", A% A1) € Quw (%) such that

f(x) =L(x, A8, A" A6 A7) < L(u,A%,A", 2.9 A1),

which contradicts Corollary 4.2. So, (¥,A%,A", A% A1) is a solution of Dy (). This com-
pletes the proof. 0
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