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Abstract. The purpose of this paper is to introduce a new parallel iterative method for solving a variational
inequality over the set of common fixed points of a finite family of sequences of nearly nonexpansive
mappings. Solution theorems are established in a real Hilbert space.
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1. INTRODUCTION

Let C be a nonempty convex and closed subset of a real Hilbert space H. The classical
variational inequality problem initially studied by Stampacchia [17] for a nonlinear operator
F : C — H is the problem of finding an element x* € D such that

(Fx",x"—y) <0, ¥yeD, (1.1)

where D is a nonempty convex closed subset of C. We denote by VIp(C, F) the problem (1.1).
If C = H, we denote this problem by VI(D,F). The problem VI(D,F) is equivalent to the
problem of finding a fixed point of the mapping Pp(I — AF), for all L > 0, where Pp is the metric
projection from H onto D. We know that if F is Lipschitzian and strongly monotone, then, for
small A > 0, the mapping Pp(I — AF) is a strict contraction. So, by the Banach contraction
principle, the problem VIp(C, F) has a unique solution x and the Picard iterative sequence {x, }
defined by x, | = Pp(I — AF)x, converge strongly to x. The equivalence relation between the
variational inequality problem and fixed point problem plays an important role in developing
some efficient methods for solving variational inequality problems and related optimization
problems; see. e,g., [2, 3, 5, 13] and the references therein. The problem of finding the fixed
points of a nonexpansive mapping is the subject of the current interest related to variational
inequality problems in functional analysis.

In 2000, Moudafi [10] proposed a viscosity approximation method for finding a fixed point
of a nonexpansive mapping in Hilbert spaces, and then this method was considered by many
authors. In 2001, Yamada [25] introduced a hybrid steepest-descent method for solving the
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problem (1.1), where F' : H — H is a Lipschitz strongly monotone operator and D is the set of
fixed points of a nonexpansive mapping 7 : H — H, i.e., D = Fix(T). Moreover, Yamada also
considered the problem (1.1) in the case that D is the set of common fixed points of a finite
family of nonexpansive mappings 71,75, ..., Ty, 1.e., D = ﬂﬁi Fix(T;). Moreover, the problem of
finding a fixed point of a nonexpansive mapping 7 when T is given by the perturbation mappings
T,, n > 1, has been studied by many authors; see, e.g., Combettes [4], Kim and Xu [8]. We know
that, in some special cases, the sequence of perturbation mappings {7}, } is a sequence of nearly
nonexpansive mappings (see [16, Example 5.1] or Example 5.1 of Section 5). The theory of
variational inequalities over the set of common fixed points of a finite family of sequences of
nearly nonexpansive mappings is now a considerable research interest in optimization theory.

In 2012, inspired by Aoyama et al. [1], Ceng, Ansari and Yao [2], Wong, Sahu and Yao [23],
Sahu, Kang and Sagar [16] introduced a strong convergence theorem for finding a solution of the
variational inequality over the set of common fixed points of a sequence of nearly nonexpansive
mappings. Recently, the results presented in [16] were further extended by several authors; see,
e.g., Tuyen and Ha [20] and Tuyen [21, 22]. In 2018, Tuyen [21] introduced a cyclic iterative
method for a more general problem and proved the following result.

Theorem 1.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let F : C — H
be a k-Lipschitzian and n-strongly monotone operator and V : C — H be an L-Lipschitzian
mapping. Let 7; = {T;,}, i =1,2,...,N be sequences of nearly nonexpansive mappings from
C into itself with respect to the sequences {a;,} such that S = mﬁ\/: Fix(Z) #0and T;, i =
1,2,...,N, be mappings from C into itself defined by Tix = lim,,_,e. T; ,x for all x € C. Suppose that
AN Fix(T;) = N Fix(7;), 0 < u < 21 /k* and 0 < yL < T, where T=1—+/1 — (21 — uk?).
For an arbitrary xo € C, let {x,} be a sequence in C generated by the following iterative method:

yg = Xn,
y; - ﬁi,nyiz_l + (1 _ﬁi,n)Ti,ny;_la l - 1727 "'7N7 (12)
Xn+1 = PC[anyvxn + (I - (Xn,LLF)yl,y], n =0,
where {o,} is a sequence in (0,1) and {Bi,}, i =1,2,...,N, are the sequences in [a,b], with
a,b € (0,1), which satisfy the following conditions:
ii) either Y., | Opn+1 — 0| < o0 or limy_ye0 Oy 1/ 0 = 1;
iii) Yo o |Bint1 — Bin| <ooforalli=1,2,...,N;
iv) either Y7o D(Tin; Tinv1) < oo orlimy e Z(Tin, Tinv1)/ Ons1 = 0 for each B € %(C),
foralli=1,2,....N;
V) lim,_yee@jp/ 0 =0 foralli=1,2,...,N.
Then, the sequence {x,} converges strongly to x' € S, which is the unique solution of the

variational inequality VIg(C,uF — V).

Remark 1.1.
i) We denote by #(C) the collection of the bounded subsets of C and

‘@B(Tnv Tn—H) = sup HTn-Hx_ Tan,
XEB

for all B € #A(C).
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ii) Suppose Y. o Zp(Ty, Tyt1) < oo for each B € (C), where .7 = {T,} is a sequence of nearly
nonexpansive mappings from C into itself with respect to the sequence {ay}.

From the assumption Y.,  Zg(Ty, Ty41) < oo, we have Y, || Tx — T,11x|| < oo for all x € B.
Hence {7,x} is a Cauchy sequence for each x € B. So, {T,,x} converges strongly to some point
for each x € B. For each x € C, since the set B = {x} belongs to #(C), {T,x} converges to some
pointin C. Let T : C — C be a mapping defined by Tx = lim,,_,.. T,x for each x € C. It is easy to
see that T is a nonexpansive mapping. Now, for each B € #(C), x € B and m,n € N with m > n,
we have

m—1
[Tor— Totll < Y I1Tox— Tepal
k=n

m—1

<Y (T, Tir1)
k=n

<Y Z8(Ti, Tit1)-
k=n

Thus,

[Tnx = Tx|| = lim [ Tx = Tux|| < ];@B(Tk,TkH)a
for all x € B. This implies that

Dp(T0,T) < Y. Dp(Tie, Tiesn).-
k=n
Therefore, lim,,_,.c Z5(T,,T) = 0.
iii) Suppose lim,,_,. Z5(T,,,T) = 0 for each B € #(C), where T is a mapping from C into itself.
Then, T is a nonexpansive mapping and Fix(.7) C Fix(T).

In this paper, we give a parallel iterative method for finding a solution of the variational
inequality VIg(C,uF — yV), where S is the set of the common fixed points of a finite family of
sequences of nearly nonexpansive mappings. We prove the strong convergence theorem under
the following conditions (see, Theorem 3.1):

i) 1m0 O = 0, Xt Oy = oo;
ity Zp(T; 5, T;) — O for each B € #(C), foralli=1,2,...,N;
iii) lim, e a;,/0, =0foralli=1,2,...,N.
Next, in Section 4, we give some applications of the main theorem to the problem of finding a
common fixed point of nonexpansive mappings or nonexpansive semigroups and the problem of
finding a common null point of monotone operators in a real Hilbert space. Finally, in Section 5,
we give a numerical example to illustrate the obtained results and show its performance.

2. PRELIMINARIES

Let H be a real Hilbert space with inner product (.,.) and norm ||.||. Let C be a nonempty
convex closed subset of H. We know that, for each x € H, there is a unique Pcx € C such that

||x — Pex|| = inf ||x — u]|, (2.1)
ueC

and the mapping FPc : H — C defined by (2.1) is called the metric projection from H onto C.
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Recall that a mapping 7 : C — H 1is said to be:
a) monotone if (Tx —Ty,x—y) >0, Vx,y € C;
b) m-strongly monotone if there exists a positive real number 1 such that

<Tx— Tyvx_y> > 77||X—y||27 any €C;
¢) k-Lipschitzian if there exists a constant k£ > 0 such that
1T —Tyl| < kllx =y, vx,y € C.

If k =1, then T is called a nonexpansive mapping, and if k € [0,1), then T is called a
strict contraction.

Let 7 = {T,} be a sequence of mappings from C into itself. We denote by Fix(.7) the set
of common fixed points of the sequence .7, that is, Fix(.7') = N;_,Fix(T,). Fix a sequence
{an} C [0,1) such that lim, ,.a, =0, and let {7,} be a sequence of mappings from C into
H. Then, {T,} is called a sequence of nearly nonexpansive mappings [23] with respect to the
sequence {ay, } if ||Tx — T,y|| < ||x —y|| + an, for all x,y € C and for all n € N.

We know that if C is a bounded set and 7" : C — C is an asymptotically nonexpansive mapping,
that is, there is a sequence {k,} such that, k, > 1 for all n, lim, .k, = 1, [|T"x —T"y|| <
ky||x — y]|| for all x,y € C, then .7 = {T"} is a sequence of nearly nonexpansive mappings.
Indeed, for all x,y € C, we have

I7"x— 77| < kalx ]
— =]l + (ku — Dlx =]
< Jlx =]+ (ky — 1)diam(C).

Hence, .7 is a sequence of nearly nonexpansive mappings with respect to sequence {(k, —
1)diam(C)}.
For an operator A : H — 2 we define its domain, range and graph as follows:

D(A)={x€H: Ax#0},
R(A) =U{Az: ze D(A)},
and
G(A) ={(x,y) e HxH: x€D(A), y € Ax},
respectively. The inverse A~! of A is defined by
xeA lyifand only if y € Ax.

The operator A is said to be monotone if, for each x,y € D(A), (u —v,x—y) > 0 for all u € Ax
and v € Ay. We denote by / the identity operator on H. A monotone operator A is said to be
maximal monotone if there is no proper monotone extension of A or R(I+AA) = H forall A > 0
(see [15]). If A is monotone, then we can define, for each A > 0, a nonexpansive single-valued
mapping J4 : R(I+AA) — D(A) by J{ = (I+AA)~!, which is called the resolvent of A. A

monotone operator A is said to satisfy the range condition if D(A) C R(I+ AA) for all A > 0,

where D(A) denotes the closure of the domain of A.
Remark 2.1. If A is a maximal monotone, then it satisfies the range condition.

The following lemmas will be needed in the sequel for the proof of main results in this paper.
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Lemma 2.1. Let H be a real Hilbert space. For all x,y € H and t € [0, 1], we have

a) e+ yl? < [lxl?+2(,x+y);
b) (1 =)x+ey]> = (1 =) xl|> +][yl]* — 1(1 = 1) e =y

Lemma 2.2. [6, 7] The metric projection mapping Pc is characterized by the following proper-
ties:

a) Pexe Cforallx € Hy

b) (x—Pcx,Pcx—y) >0 forallx € H andy € C;

¢) |lx—ylI> > |lx — Pex||? + ||y — Pex||? for all x € H and y € C;

d) (Pex— Py, x—y) > |[Pex— Pey| for all x,y € H.

Lemma 2.3. [2] Let V : C — H be an L-Lipschitzian mapping and F : C — H be a k-Lipschitzian
and n-strongly monotone operator. Then, for 0 < yL < un,

(x =y, (WF = V)x— (WF = WV)y) = (un —yL)|x—y|*, Vx,y € C, (2.2)
that is, UWF — YV is strongly monotone with coefficient un — yL.
Lemma 2.4. [25] Let C be a nonempty subset of a real Hilbert space H. Suppose that A € (0,1)
and L > 0. Let F : C — H be a k-Lipschitzian and M-strongly monotone operator on C. Define

the mapping G : C — H by Gx = (I — AuF)x, Vx € C. Then G is a strict contraction provided
u < 21 /k%. More precisely, for u € (0,21 /k?),

|Gx—Gy|| < (1 =A7)[lx—y[|, Vx,y €C,

where T=1—+/1—p(2n — pk?).

Lemma 2.5. [6] Let T be a nonexpansive self-map defined on a closed convex subset C of a
Hilbert space H. If T has a fixed point, then I — T is demiclosed; that is, whenever {x,} is a

sequence in C weakly converging to some x € C and the sequence {(I — T )x, } strongly converges
to some 'y, it follows that (I — T)x = y.

Lemma 2.6. [18] Let A : D(A) — 2/ be a monotone operator. For each A, y >0 and x €
R(I+AA)NR(I+ uA), it holds

A

—
[ T3x = Tyx|| < 1 [lx = J3x]].

Lemma 2.7. [9] Let {s,,} be a real sequence that does not decrease at infinity, in the sense that
there exists a subsequence {sy, } so that s,, < s, 41, Vk > 0. For every n > ng define an integer
sequence {t(n)} as

T(n) =max{ng <k <n: sp <Sgp1}-
Then t(n) — oo as n — o for all n > no, Max{Sz(,),Sn} < Sz(n)+1-

Lemma 2.8. [24] Let {ay} be a sequence of nonnegative numbers satisfying the condition
ap+1 < (1 - bn)an +bypcn + On,

where {b,}, {c,}, and {0, } are the sequences of real numbers such that
D) {b,} C[0,1], X0 bp = oo,
i1) limsup,_,.,c, <0,
iii) Yo7 (0, < o0 or limsup,_,,, 6,/b, <O.

Then lim,,_a, = 0.
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3. MAIN RESULTS

Let C be a nonempty convex closed subset of a real Hilbert space H. Let F : C — H be a
k-Lipschitzian and 1-strongly monotone operator and V : C — H be an L-Lipschitzian mapping.
Let 7 ={Ti»},i=1,2,...,N be sequences of nearly nonexpansive mappings from C into itself
with respect to the sequences {a;,} such that S = NY Fix(7;) #0 and let T;, i = 1,2, ...,N,
be mappings from C into itself such that lim, . Zp(7; ,,T;) = 0. Suppose that ﬂﬁ\’: Fix(T;) =
MY Fix(7;) and 0 < yL < 7, where T =1 — /1 — (21 — uk?). We consider the following
problem:

Find an element x' € S , 3.1)

such that x' is a unique solution of the variational inequality VIg(C, uF — V).
In order to solve Problem (3.1), we introduce the following parallel iterative method.

Algorithm 3.1. For an arbitrary xo € C, let {x,} be a sequence in C generated by the following
iterative method:

i = Bintn+ (1= Bin) Tiptn, i =1,2,..N,

Chosse i, such that ||y’ —x,|| = max ||y’ —x,||, let y, = yin, (3.2)
i=1,2,..,N
Xn+1 = PC[anyvxn + (I_ Ocn.UF)yn]a n=0,

where {0} is a sequence in (0,1) and {B;,}, i = 1,2,...,N, are the sequences in [a,b], with
a,be(0,1).

We begin with the following proposition.
Proposition 3.1. In Algorithm 3.1, the sequence {x,} is bounded.

Proof. Taking p € S foreachi € {1,2,...,N}, we have

1y = pll < Binllxn — pll + (1 = Bin) 1 TinXn — Tinp|
< Binllxn = pll + (1= Bin)llxn — pll + ain (3.3)
= |lxa —p|| +ain.

Next, from (3.3), we have

X1 =PIl < 0 YL = pll 4 0wl (YW = wF) pl + (1 = & T)[yn = pl|
< YL{xn = pll + 0| (W = uF)pl[ + (1 = @ T) ([l — Pl + @i n) — (34)
< [1=o(t = YD)l oen = pll + 06l [(YV = LF)p|| + @i -

Since lim,, e aipn/ 0, =0 forall i=1,2,...,N, we find that there exists K; > 0 such that

o ||(YV — uF)p|| +ain
o,

<Ki, VHZQ
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foralli=1,2,...,N. Thus, from (3.4), we get that
[%n+1 = pll < [1 = aw(T = yL)][[xn — pll + K1

K
< max{m, [[xn — plI'}

K

<max{ = o),

which implies that {x,} is bounded, so are {T;,x,}, {Fy}}, i=1,2,...,N, and {Vx,}. This
completes the proof.

O
Proposition 3.2. In Algorithm 3.1, if
N 20,(T—7YL
sn:”xn_x ||27 b, = n( ! ) )
(+au(t—11)
and
1 %
Cn = m((?’v — UF)X" Xp1 —X7),
a(l1—=>b)(1—oyT) ) K>
n l—l—(Xn(T— '}/L) H in.nXn xn” » Opn l—f—an(f—')/L)almn’
for each x* € S, then
Proof. Letx* € S and z, = o, YV x,, + (I — 0, UF )yy,. Since x,+1 = Pc(z,), we have
X1 — x|
= <Zn _X*7xn+1 _X*> + <PCZn — Zn, Pczn —X*>
< Azn — X", X1 —X7)
= (0 (YW — WFx") 4+ [(I — QubF )yn — (I — Ot F)x™] Xp 1 — X7)
= o, Y(Vx, — VX" xp1 —x°) + o ((YV — UF)X™ x4 —x°)
+ (I — o uF )y, — (I — 0 UF )x* X —x¥)
< aYLlotn — x| 1 = 27| 4+ o4 (YW — HF)x* x40 —x7)
+ (1= 04 T) [lyn — "] It — 27
o, YL . 1—ao,7 “
< B ey 1 i~ 1)+ D 2 4 s —2°|P)
+ aﬂ<(YV - HF)X*7XH+1 _X*>=
which implies that
(14 0 (T = YL)] n 1 —X7[|* < 04 VL3 —x7|1* + (1 = 0, 7) [y — X" 3.6

+ 20 ((YV — WF)xX" X1 —X7).
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Now, it follows from Lemma 2.1 that
yn = %112 = 1B (6n =) A+ (1 = By ) (T =) ||
= Bi,nllxn _X*HZ + (1= By ) | i nXn _X*H2 = Biyn (1 = Biy )| T nXn _anz
< Biynllxn _x*”z + (1= Biyn) (fln — X7 +ain,n)2 = Bipn (1 = Biy )| iy X _xn||2
= lxn _X*H2 + (2]|xn _X*H2 + @iy ) @iy — a(l = b)|| T, nXn _xn||2

< b — ">+ Koy, 0 —a(1 —b)

”Timn‘x”l_‘xnuzv

(3.7
where
* H 2

K, = izglzax N{ s1r1lp{2||xn —x"|7+ainll}} <o

From (3.6) and (3.7), we get h
1+ 0 (7= YL [Pnr1 = < (1= 0T — L) 0 —x*|* + Ko (1 — 0 T) i
—a(1=b)(1 = 04 T) ||, ¥ — 2 (3-8)
+20,, (Y — LF)X" X1 —x7),
which implies that

N 204,(T—7YL N K(1—o,t
i~ 2 < [1 - O gy ey FOUZD)
1+ o (T—7L) I+ au(t—7L)
a(l—=>)(1 —oy,7) »
— T; — 3.9
1—|—(Xn(T—YL> || in,nXn xn” (3.9)
20,(t—17L) 1 . .
V —ukF —X).
l—i—an(f—'}/L)T—'}/L((y u )X yXn+1 —X >
Put
N 20, (T— YL
= 0 — 22, by = T
1+ a,(t—7vL)
and
cp = m((w — UF)x" X —x7),
a(l1->b)(1—oayt K
= ) il =
1+ oy (T—7L) 1+ oy (T—7L)
Then, inequality (3.9) can be rewritten as
Spai1 < (1 —by)sy +bpcy — 0y + 0.
This completes the proof. 0

Theorem 3.1. Suppose that the following conditions hold
1) lim,, e 0, =0, Z;ozo O = ©°;
ii) limy e ajp/0, =0 foralli=1,2,...,N.

Then, the sequence {x,} generated in Algorithm 3.1 converges strongly to x' € S, which is the
unique solution of the variational inequality VIs(C,uF — yV), that is,

((WF —yV)x' x"—y) <0, Vyes. (3.10)
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Proof. Let x' € S be the unique solution of variational inequality (3.10), we next show that
s, — 0 by considering two possible cases.

Case 1. {s,} is eventually decreasing, i.e. there exists Ny > 0 such that {s,} is decreasing for
n > Np and thus {s,} must be convergent. It then follows from (3.5) that

Hence ||x, — Tj, nXn|| — 0 as n — oo. We further have

||)’Zl —Xul| = Bipnllxn — TiynXn || < bl[xn — Ty, x|l — 0,
which implies that
1y = 2all = lyn = xal| = 0. (3.11)
It follows from the definition of y, that
I3, —xall = 0, (3.12)
foralli=1,2,...,N. Thus, from (3.2) and the condition {f;, } C [a,b] C (0, 1), we obtain
= Tl = |1y — 5l =0, (3.13)

i.n
foralli=1,2,...,N.

Next, letting B = {x, }, for each i € {1,2,...,N}, we have

1260 = Tixu || < {10 — T || + | T X — Tixn|
< ||xn - t}nxn” + -@B(Ti,m T;) — 0,

which implies that lim,,_e ||x, — Tjx,|| = 0 forall i = 1,2,...,N.

Next, we show that

limsup((yV — uF)x", x,01 —x") <0.

n—soo
Since Tix = lim,,_,c. T; ,x for all x € C, T; is a nonexpansive mapping for all i = 1,2,...,N. Let

1
T = NZ?/:l T;. It is clear that T is a nonexpansive mapping and S = N F(T;) = F(T). Let
{xn, } be a subsequence of {x,} such that

limsup((yV — uF)x',x, —x') = klim (YV — uF)x" xp, —x7). (3.14)
—>00

n—oo

Without loss of generality, one may assume that x,,, — z € C. By Lemma 2.5, and
1
[ln = Txal| < 5l = Tixal] = O,

as n — oo, we get that z € F(T) = S. Hence, from (3.14) and Lemma 2.2 b), we have
limsup((YV — wF)x", x, —x") = (yV — uF)x",z—x") <0. (3.15)

n—yoo

Now, from the nonexpansiveness of P, we have
[1Xn+1 = X || = [[Pel0n YV xn + (I = 0 F ) yn) — Fe(xn) |
< 0 Vo + (I = bt F )y —
<N (= b F ) yn — (I = 0 F ) x| + 04 [|(YV — W )i |
< (1= a?)|lyn — xnl| + K30,

(3.16)



366 T.M. TUYEN, T.X. QUY, N.\M. TRANG

where K3 = sup,{|[(YV — wF)x,||} < e. So, from the condition i) and (3.11), we obtain that
||Xn+1 — xn|| = 0. Combining with (3.11), we get

limsup((yV — uF)x",x,1 —x") <0, (3.17)

n—o0

that is, limsup,_,., ¢, < 0. From (3.5) with x* = x", we have
Sni1 < (1= by)sp +bycy + 0.

Hence, all conditions of Lemma 2.6 are satisfied. Therefore, we immediately deduce that s, — 0
T
orx, — x'.

Case 2. {s,} is not a monotone sequence. Then, from Lemma 2.7, we can define an integer
sequence {7(n)} for all n > ng (for some ng large enough) by

t(n) =max{k <n: s <sgi1}-

Moreover, 7 is a nondecreasing sequence such that 7(n) — o0 as n — o and St(n) < St(n+1) fOr
all n > ng. From (3.5), we have

0< St(n)+1 — St(n) < br(n)cr(n) + Gé(n)
Since by, — 0, G;(n) — 0 and the boundedness of {c;(,)}, we derive

r}gﬂlo(sf(")“ — Sr(n)) =0. (3.18)
By a similar argument to Case 1, we obtain
[%2(n) = Tixz(m) |l — O, (3.19)
foralli=1,2,...,N. Also, we get
St(myt1 < (1= ba(n))Sn+ be()Co(n) + Or():

where limsup, . cz(,) < 0. Since s7(,) 41 > S¢(n) and by(,) > 0, we have

0<sem) <cCemy+-—
Thus, from limsup,,_,., ¢¢(,) < 0 and the condition iii), we get lim, ;e 57(,) = 0. Combining with
(3.18), it implies that limy, e S¢(;) 4.1 = 0. Now, we have
0<s,< max{sf(n),sn} < Sz(m)4+1 — 0.
Therefore, s, — 0, that is, {x,} converges strongly to x". This completes the proof. UJ
Next, we have the following corollary.

Corollary 3.1. Let C be a nonempty convex and closed subset of a real Hilbert space H.
Let F : C — H be a k-Lipschitzian n-strongly monotone operator andV : C — H be an L-
Lipschitzian mapping. Let 7 = {T,} be a sequence of nearly nonexpansive mappings from C into
itself with respect to the sequence {a,} such that S = Fix(.7) # 0 and let T be a mapping from
C into itself such that limye Pp(T,,T) = 0 for each B € B(C). Suppose that Fix(T) = Fix(.7),
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0<u<2n/k*and 0 < yL < 1, where T =1 — /1 — u(2n — uk?). For an arbitrary xy € C, let
{xn} be a sequence in C generated by the following iterative method:
Yn = ﬁnxn + (1 _ﬁn)Tnxna
Xnt1 = PelanYVx, + (I — 0 UF )y,l, n >0,
where {o,} € (0,1) and {B,} € [a,b], with a,b € (0, 1), satisfy the following conditions:
i) limy e O =0, Y07 () Oty = 0}
i) lim, e a, /04, = 0.

(3.20)

Then, {x,} converges strongly to x' € S, which is the unique solution of the variational inequality

If Vx =0 for all x in Algorithm 3.1, then we have the following result for solving Problem
(3.1).

Theorem 3.2. For an arbitrary xo € C, let {x,} be a sequence in C generated by the following
iterative method:

¥ = Bintn+ (1= Bin) Tiptn, i =1,2,..N,

Chosse i such that ||y’ —x,|| = max Nllyﬁ; — x|, let y, = y'n, (3.21)
i=12,...,

Xn+1 = PC[<I_ an.UF)yn]; n=0,
where {a,} is a sequence in (0,1) and {B;,}, i =1,2,...,N are the sequences in [a,b], with
a,b € (0,1), which satisfy the following conditions:
1) lim,, e 00, = 0, Z::ZO Oy = oo
il) limy e ajn/0, =0 foralli=1,2,...,N.
Then, {x,} converges strongly to x" €S, which is the unique solution of the variational inequality
VIs(C,F).

4. APPLICATIONS

4.1. Common fixed points of nonexpansive mappings. Now, we give an application of The-
orem 3.1 to the problem of finding a common fixed point of a finite family of nonexpansive
mappings in a real Hilbert space. We have the following theorem.

Theorem 4.1. Let C be a nonempty convex closed subset of a real Hilbert space H. Let F :C — H
be a k-Lipschitzian 1n-strongly monotone operator and 'V : C — H be an L-Lipschitzian mapping.
LetT;, i=1,2,...,N, be nonexpansive mappings from C into itself such that S = ﬂi.vleix(T,-) # 0.
Suppose that 0 < u < 21/k* and 0 < yL < 1, where T =1 — /1 —u(2n — uk?). For an
arbitrary xy € C, let {x,} be a sequence in C generated by the following iterative method:

yf1 = Binxn+ (1= Bin)Tixn, i=1,2,...,N,

Chosse i, such that ||y — x,|| = _max 1y, = x|, let y, =y, 4.1)

Xnt1 = PelaYVx,+ (I — 0 UF )y,l, n >0,

where {a,} is a sequence in (0,1) and {B;,}, i =1,2,...,N, are the sequences in |a,b|, with
a,b € (0,1), which satisfy the following condition:
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Then, {x,} converges strongly to x" €S, which is the unique solution of the variational inequality

VIS(Ca ‘UF - YV)

Proof. Applying Theorem 3.1 to T; , = T; for all i = 1,2, ..., N and for all n € N, we obtain the
result this theorem immediately. U

If N =1 in Theorem 4.1, then we have the following result.

Corollary 4.1. Let C be a nonempty convex closed subset of a real Hilbert space H. Let F : C —
H be a k-Lipschitzian and n-strongly monotone operator andV : C — H be an L-Lipschitzian
mapping. Let T be a nonexpansive mapping from C into itself such that S = Fix(T ) # 0. Suppose
that 0 < 1 <21 /k* and 0 < yL < T, where T=1— /1 — u(2n — uk?). For an arbitrary xy € C,
let {x,} be a sequence in C generated by the following iterative method:

Yn= ﬁnxn + (1 _ﬁn)Txna
Xnt1 = PelanYVx,+ (I — 0 UF )y,l, n >0,

4.2)

where {Q, } is a sequence in (0,1) and {B,} C |a,b] with a,b € (0, 1), which satisfy the following
condition:
i) limnﬁw Otn == O, ZZO:O OCn = oo/

Then, {x,} converges strongly to x" €S, which is the unique solution of the variational inequality

VIS(Ca ‘UF - YV)

Next, we give a strong convergence theorem for finding a common fixed point of a sequence
of nonexpansive mappings.

Theorem 4.2. Let C be a nonempty convex closed subset of a real Hilbert space H. Let
F : C — H be a k-Lipschitzian and n-strongly monotone operator andV : C — H be an L-
Lipschitzian mapping. Let {T,} be a sequence of nonexpansive mappings from C into itself such
that S = N;y_oFix(T,) # 0. Let T be a mapping from C into itself such that lim,_.. Zp(T,,T) =0
for each B € B(C) and Fix(T) = (_(Fix(T,). Let {x, } be a sequence in C generated by xo € C
and

Yn = ﬁnxn + (1 - Bn)Tnxn;

4.3
Xn+1 = Pc[OCn’}’Vxn + (I_ Ocn/,LF)yn],‘v’n > 07 ( )

where 0 < < 2n/k%, 0 < yL < T with T=1— /1 —u(2n — uk?) and {oy,} C (0,1) and
{Bn} C [a,b] with a,b € (0, 1), which satisfy the following condition:
Then, the sequence {x,} converges strongly to xT € § which is the unique solution of the

variational inequality VIg(C,uF — yV).

Proof. Applying Corollary 3.1 to the case N = 1, we obtain the proof of this theorem immediately.
O

4.2. Common fixed points of nonexpansive semigroups. Let C be a nonempty convex closed
subset of a Hilbert space H. Motivated by Nakajo and Takahashi [11], Takahashi, Takeuchi and
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Kubota [19] gave the following definition: Let {7,,} and .7 be two families of nonexpansive
mappings of C into itself such that

Fix(7) = () Fix(T,) #0,
n=1

where Fix(T,) is the set of all fixed points of 7,, and Fix(.7) is the set of all common fixed points
of 7. Then, {T,} is said to satisfy the NST-condition (I) (NST stands for Nakajo—Shimoji—
Takahashi) with .7 if, for each bounded sequence {z,} C C,

lim Hzn — nan =0,
n—soo

which implies that lim l|zn—Tzn|| =0forall T € .
n—oo

A family 7 = {T(s): 0 <s < oo} of mappings of C into itself is called a one-parameter
nonexpansive semigroup on C if it satisfies the following conditions (see [14]):
i) T(0)x =x forall x € C;
i) T(s+1t)=T(s)T(¢t) for all s,z > 0;
iii) |T(s)x—T(s)y|| < |[x—y]| forall s >0 and x,y € C;
iv) for any x € C, s — T (s)x is continuous.

We need the following lemma.

Lemma 4.1. [12] Let C be a nonempty closed convex subset of a Hilbert space H and let
T ={T(s): 0 <s <o} be aone-parameter nonexpansive semigroup on C with Fix(.7) # 0.

Let {t,} be a sequence of real numbers with 0 < t, < oo such that lim t,, = . For n € N, define
n—soo

a mapping T,, of C into itself by
1 [
Twx = t_/ T (s)xds, forall x € C.
nJ0

Then, {T,} satisfies the NST-condition (I) with 7 = {T(s): 0 <s < oo}

Theorem 4.3. Let C be a nonempty convex closed subset of a real Hilbert space H. Let
T ={Ti(s): 0<s <o}, i=1,2,...,N, be one-parameter nonexpansive semigroups on C with
S = ﬂfvz Fix(F;) # 0. Let F : C — H be a k-Lipschitzian and 1n-strongly monotone operator
andV : C — H be an L-Lipschitzian mapping. For an arbitrary xo € C, 0 < u < 2n/k* and
0<yL<twitht=1—/1—pu(2n —uk?), let {x,} be a sequence in C defined by

Yo = Bian+ (1= Bin)Tinsn, i=1,2,...N,

Chosse iy, such that ||y —x,| = max 1y', — x|, let y, = yin, (4.4)
= banb A |

Xnt1 = PelanYVx,+ (I — 0 UF )y,l, n >0,

1
with T, ,x = - 6” Ti(s)xds, for all i = 1,2,...,N and x € C, where {Q,} is a sequence in (0,1),

n
{Bin}, i=1,2,...,N are the sequences in [a,b], with a,b € (0,1), and {t,} is a sequence in
(0,00), which satisfy the following conditions:
1) lim,, e 00, = 0, ZZO:O Oy = oo
|ln+1 _ tn| <

i) lim, yeot, =c0and .
n+1
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Then, {x,} converges strongly to x" €S, which is the unique solution of the variational inequality

VIS(Ca ‘UF - YV)

Proof. We will apply the proof of Theorem 3.1. First, for any B € H(C), since Tj,(s) is
nonexpansive for all s > 0 and for all i = 1,2,..., N, we have that

K= max { sup {[|Tin(s)x[|}} <o
i=1,2,....N s>0.n>1,x€B

Thus, foreachi=1,2,...,N, we have

1 In 1 In+1
(Tt~ Tinsrall = 1= [ Tin(o)ods = — [ T (s
th+1 JO
a1 —1 n+1
< =l [ psasl + [ B ()]
Int1
t —t
So, if {1, } satisfies the condition } |"J;1—"’ < oo, then we obtain that Y~ Zp(T;,, T41) <
n+1
oo for each B € Z(C). Thus, it follows from Remark 1.1 that lim, . Z5(T,,T) = 0 for each

B € B(C).

Now, by an argument similar to the proof of Theorem 3.1, we get that
lim ||x,, — T; pxn|| = 0, 4.5)
n—oo ’
foralli=1,2,...,N. So, by use of Lemma 4.1, we have
Jim [, ~ T | =0
foralli=1,2,...,N and s > 0. Let {x,, } be a subsequence of {x,} such that

limsup((yV — uF)x",x, —x") = lim (Y — uF)x" x,, —x7), (4.6)

n—o0 k—>oo0
where x' is a unique solution of the variational inequality VIg(C, uF — yV). Without loss of
generality, one may assumes that x,, — z € C. By Lemma 2.5 and (4.5), one obtains that
z € Fix(Ti(s)) forall s > 0and i = 1,2,...,N. Thus, z € S. Hence, from (4.6), we have

limsup((YV — uF)x",x, —x") = (W —uF)x',z—x") <0. 4.7)
n—oo
The rest of the proof follows the pattern of Theorem 3.1. 0

1 1

Remark 4.1. The sequences o, = —, t, = v/n, and f3;,, = 5 satisfy all the conditions i)-ii) in
n :

Theorem 4.3.

We also have the following result.

Corollary 4.2. Let C be a nonempty convex closed subset of a real Hilbert space H. Let
T ={T(s): 0<s < oo} be one-parameter nonexpansive semigroup on C with S = Fix(7) # 0.
Let F : C — H be a k-Lipschitzian and n-strongly monotone operator and V : C — H be
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an L-Lipschitzian mapping. For an arbitrary xo € C, 0 < u < 2n/k* and 0 < yL < T with
T=1—/1—pu2n—uk?), let {x,} be a sequence in C defined by

Yn = ann + (1 _ﬁn)Tnxna

(4.8)
Xn+1 = PC[anyvxn + (I_ an.uF))’n]a n> O,

with Tyx = — fO T (s)xds, for all x € C, where {a, } is a sequence in (0,1), {B,} is the sequence
in[a,b), wzth a,b e (0,1), and {t,} is a sequence in (0,0), which satisfy the following conditions:

1) limy, 4o 0, =0, Y77 Oy = oo;
t 1
i) lim, yeot, =c0and M <
In+1

Then, {x,} converges strongly to x' € S, which is the unique solution of the variational inequality
VIs(C,uF — V).

4.3. Common null points of monotone operators. Let C be a nonempty convex closed subset
of a real Hilbert space H. Let F : C — H be a k-Lipschitzian and 1-strongly monotone operator
and V : C — H be an L-Lipschitzian mapping LetA;: D(A) CC— 21 i =1,2,...,N be
monotone operators such that S = MY A:71(0) # 0 and D(A;) C C C Ny=oR(I + rA;) for all
i=1,2,...,N.

Now, to find an element x* € S, we introduce the following iterative method:

)’2 :xna

Yn = ﬁi7nxn+ (1 _,Bim)‘]i,nxn, Ji,n = (I+ri,nAi)_l7 = 1723 "'7N7

Chosse iy = max b —xall, ety =, @9
=12,

Xp1 = Pel0 Vo, + (I — 0 F)yY], n >0,

where {a,} is a sequence in (0,1) and {B;,}, i = 1,2,...,N are the sequences in [a,b], with
a,b € (0,1), and {r;,} are the sequences of positive numbers for all i = 1,2,...,N.

Theorem 4.4. If the sequences {rin}, {Bin}, i =1,2,...,N, and {0y} satisfy the following
conditions:

i) minj—1p  v{infp{rin}} >r >0, X0 [rint1 —rin| <eoforalli=1,2,...N,

then the sequence {x,} defined by (4.9) converges strongly to x* € S, which is the unique solution
of variational inequality VIg(C,uF — yV).

Proof. Let T;, = J;, for all i = 1,2,...,N and n € N. Then, .7; = {T;,} are sequences of
nonexpansive mappings for all i = 1,2,...,N and S = NY_ Fix(.%;) # 0.

First, we show that Y Zg(Ti p+1,T;n) < ocoforalli=1,2,...,N and for all B € #(C). Let
B € A(C), and set K = max;—1 2 y{sup,{||z—Jint12|]| : z€ B}} < oo. From Lemma 2.6, for
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eachie€ {1,2,...,N}, we have
P8(T; ns1,Tin) = sup{]|

|ri7n+1_ri,n|
Pint 1~ Timd

Ji’n+lZ—Ji,nZH : ZE€B}

< sup{ Jiizll: z€ B

i,n+

< glrint1 = ri,n|.
r

Hence, Y5 o ZB(Tint1,Tipn) <eooforalli=1,2,...,N. Since ¥~ |Fipt1 — rin| < oo, we have
that {r;,} are Cauchy sequences for all i = 1,2,...,N. Suppose lim, ;e r;, = r; > r for all
i=1,2,...,N. Setting T; = J’éi foralli=1,2,...,N, we have

|ri,n_

. Iy
VT — Toxl) = i — ix]) < 5 =T e e

1

which implies that 7jx = lim, . T; ,x for all x € C. So, by use of Theorem 3.1, we have
that {x,} converges strongly to x" € S, which is the unique solution of variational inequality
VIg(C,uF —yV). O

Corollary 4.3. Let C be a nonempty convex closed subset of a Hilbert space H. Let F :
CrightarrowH be a k-Lipschitzian and n-strongly monotone operator and V : CrightarrowH
be an L-Lipschitzian mapping. Let A: D(A) C C — 2 be a monotone operator such that
S =A"10) # 0 and D(A) C C C Ny~oR(I+rA). If the sequences {r,} and {a,} satisfy the
following conditions:

1) lim, e 0 =0, Z:,Q:() Oy = oo;
i) info{rn} > >0, Yo [rav1 = ral <o,
then the sequence {x,} defined by xo € C and
Xpa1 = Pl YV + (I — o uF )T x,]
converges strongly to x' € S, which is the unique solution of the variational inequality VI s(C,uF —
W).
5. NUMERICAL EXPERIMENTS

In this section, we will verify the proposed algorithm in Theorem 3.2. The algorithms are
implemented in MATLAB 7.0 running on a HP Compaq 510, Core(TM) 2 Duo CPU. T5870
with 2.0 GHz and 2GB RAM.

Example 5.1. Consider the problem of finding an element x™ € S such that
@(x") =mine(x), (5.1)
xeS
where
@(x) = (x1 + 1)+ (xa — 1)> +x3 for all x = (x1,x2,x3) € R?,
S =ni2NCi #0,
Ci={(x1,x0,x3) 1 (xy = 1/D)> + 3+ (x3 +1/i)> <2}, i=1,2,...,100.
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It is easy to show that ¢ is a convex function, F' = sy ¢ is a 2-Lipschitz and 2-strongly
monotone operator, and x = (—1,1,0) is the minimum point of ¢ on S.

LetT; = Fc,,i=1,2,...,100, where Fc, is metric projections from R3 onto C;. Suppose that
Fc, is given by the perturbation operator P”i, defined by

Pex, it x € C;,
Pix={C" e (5.2)
! Pcx+aipe, ifx¢C,

where {a; ,} is a sequence of positive numbers such that lim, e a; , =0, Y5 |@in — diny1] < oo
and e € R? such that ||e|| < 1 foralli = 1,2,...,100.

Let T;, = Pg; foralli=1,2,...,N. Then .7; = {T;,} is a sequence of nearly nonexpansive
mappings with respect to the sequence {a; ,}. Indeed, for all x,y € R3, we consider the following
cases

Case 1. If x,y € C; or x,y € R*\ C;, then
1T nx = Tiny || = || Peix — Pyl < [lx—ll. (5.3)
Case 2. If x € C;and y € R3\ C;, then
I Tinx = Ti ¥l = || Poix — P,y — ainel| < |1x =yl + din- (5.4)

From (5.3) and (5.4), we deduce that {.7;} is the sequence of nearly nonexpansive mappings
with respect to the sequence {a;,}, foralli=1,2,...,100.
It is easy to see that

S = MAF(F) = ni%C # 0.
Now, for each x € R3, we have | Tinx — Tix|| < @i, — 0, as n — oo, which implies that
lim, e Jjpx = Tix, forall i = 1,2, ...,100.

We know that problem (5.1) is equivalent to the following variational inequality problem.
Find an element x' € S such that

(Fx',x"—y) <0, vyes. (5.5)

Suppose a;, = 1/n and e = (1,0,0) for all i = 1,2,...,100. Applying the iterative methods
(1.2) and (3.14) to u =9/10, Bi, = 1/2 forall i = 1,2,...,100, and x¥ = (1,2,3), we obtain the
following table of results.

Stop condition: TOL,, = ||x, —x'|| < err
Algorithm (3.21) with &, =n= %% Algorithm (1.2) with o, = 1/n

err TOL,, n err TOL, n
1077 1.407897e —008 10 1077 9.994859¢ — 008 1784
1078 1.635852e—010 11 1078 9.998582e¢ — 009 6409
1072 1.635852¢—010 11 1072 9.999927¢ — 010 23030
10719 5.379840e — 012 12 10719 9.999882¢ —011 82779

TABLE 1. Table of numerical results for Algorithm (3.21) and Algorithm (1.2).
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Now, we applying our algorithm (Algorithm (3.21)) with the sequence {,} defined by

(5.6)

o n=92  if nodd,
-
n—0,2

, ifneven.

We obtain the following table of numerical results.

Stop condition: TOL, = ||x, —x'|| < err
err TOL, n

1077 1.635852e—009 11

1078 1.635852e—009 11

1072 9.357268¢ —010 12

10710 5.379840e — 011 13

TABLE 2. Table of numerical results for Algorithm (3.21) with { e, } defined by (5.6).

The behaviours of the functions TOL,, for our algorithm and Algorithm (1.2) in the above
cases after 100 iteration steps are presented in Figure 1.

TOL
3

—— Algorithm (3.21) with (an} define by (5.6)

10°%° || —e— Algorithm (3.21) with o =n"%°

—e— Algorithm (1.2) with o =n""

-70 [ [ [ | | | |
0 10 20 30 40 50 60 70

Number of iterations

FIGURE 1. The behaviour of the function TOL,,.

Remark 5.1.

1) In this section, we use the symbol TOL,, to denote the error between the approximate solution
x" and the exact solution x, that is, TOL, = ||x"* —x"||.

ii) In this example (for our algorithm), the sequence { ¢, } defined by oy, = n~925 gatisfies the
condition i) of Theorem 3.2 but do not satisfy the condition Y, | |t,+1 — @] < oo, and the
sequence {a,} defined by (5.6) satisfies the conditions i) of Theorem 3.2 but do not satisfy the
conditions i) and ii) in Theorem 1.1.
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