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EFFICIENCY CONDITIONS FOR MULTIOBJECTIVE BILEVEL
PROGRAMMING PROBLEMS VIA CONVEXIFICATORS
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Abstract. Fritz John necessary conditions for solutions of nonsmooth multiobjective bilevel programming prob-
lems involving inequality constraints in terms of convexificators are established. Karush—Kuhn-Tucker necessary
efficiency conditions are derived under the constraint qualification (CQ). With assumptions on generalized convex-
ity, necessary efficiency conditions become sufficient ones.
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1. INTRODUCTION

Bilevel programming is an important part of optimization. This problem comprises two com-
bined optimization problems, which are the upper and lower level problems, in which the feasi-
ble sets of the upper level problems are implicitly defined by the solution sets of the lower level
problems. Bilevel programming problem has been studied by many authors in recent years;
see, e.g., Bard [2, 3], Dempe [6, 8], Dempe, Dutta and Mordukhovich [7], Outrata [18], Wang,
Wang and Rodriguez [21], Ye and Ye [22], etc. Bard [2] studied linear bilevel programming
problems, while Dempe [7] and Outrata [18] derived necessary conditions for the optimistic
bilevel programming problems, where the solution set of the lower level problem is a singleton.
Ye and Zhu [23] derived optimality conditions for the general bilevel programming problems,
where the solution sets of the lower level problems are not singleton. Note that the results men-
tioned above were established for scalar bilevel programming problems. Jeyakumar and Luc
[10] introduced the notion of closed and nonconvex convexificators for extended-real-valued
functions. The notion of convexificator yields good calculus rules for establishing optimality
conditions in nonsmooth optimization. This notion is a generalization of some notions of known
subdifferentials such as the subdifferentials of Clarke [4], Michel-Penot [16], Mordukhovich-
Shao [17]. Optimality conditions for efficiency via convexificators have been developed by a
lot of authors. By using this notion, Luu [13, 14] derived Lagrange multiplier rules for lo-
cal efficient solutions of the multiobjective optimization problem. Luu [15] established Fritz
John and Karush-Kuhn-Tucker necessary conditions for local efficient solutions of constrained
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vector equilibrium problems in Banach spaces via convexificators. Li and Zhang [12] derived
necessary optimality conditions in Lipschitz optimization using convexificators. Babahadda
and Gadhi [1] studied necessary optimality conditions for scalar bilevel programming problems
via convexificators. Suneja and Kohli [20], and Kohli [11] derived optimality conditions and
duality results for scalar bilevel programming problem using convexificators.

The purpose of this paper is to developing Fritz John necessary conditions for efficiency
in multiobjective bilevel programming, Karush—Kuhn-Tucker necessary efficiency conditions
under the constraint qualification (CQ), sufficient efficiency conditions under assumptions on
generalized convexity. The paper is organized as follows. The mathematical preliminaries are
presented in Section 2. After the preliminaries, Fritz John necessary conditions for solutions of
multiobjective bilevel programming problems are derived via convexificators in Section 3. The-
orem 3.1 obtained in this section is a significant extension of [1, Theorem 1] for scalar bilevel
programming problem. In Section 4, Karush—-Kuhn—Tucker necessary efficiency conditions are
established under the constraint qualification (CQ). In Section 5, the last section, under assump-
tions on generalized convexity, sufficient optimality conditions for solutions of multiobjective
bilevel programming problem are also given.

2. PRELIMINARIES

We recall some notions on convexificators in [10]. The lower (upper) Dini directional deriva-
tives of f: R — R = RU {400} at X € R" in a direction v € R" is defined as

f(x+1v) — f3)

t

(resp. FHEv) = imsup LT =S m) .

110 t

~ (%) = liminf
(@) 1rlri(1)n

In case £~ (%v) = f1(%;v), their common value is denoted by f (%,v), which is called Dini
derivative of f in the direction v. The function f is called Dini differentiable at X if its Dini
derivative at x exists in all directions.

Definition 2.1. The function f : R" — R = RU {0} is said to have an upper (lower) convex-
ificator d* f(X) (resp. d«f (X)) at X if 0* f(X) (resp. d«f (X)) C R" is closed, and for all v € R",

fTxv)< sup (x%,v)
x*€d* f (%)

(resp. fr(x,v)> inf (x*,v>).

x*€0, f (%)
A closed set 9" f(x) C R” is said to be a convexificator of f at X if it is both upper and lower
convexificators of f at X. This means that, for each v € R”,
FEVS sp (), fREY) > inf (),
x*€9* f(x) X* €Dy f(X)

Definition 2.2. The function f: R” — R = R U {40} is said to have an upper (lower) semi-
regular convexificator d* f(X) (resp. di f(X)) at X if d* f(X) (resp. s f (X)) is closed and for all
veX,

frEv) < sup (x,v).
€9 f(%)
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(resp. f(xv) = inf()(x*,v>).

X*€o.f
If “=" holds in these inequalities, then J* f(X) (resp. d.f(X)) is called an upper (resp. lower)
regular convexificator of f at x. Note that, if function f admits an upper regular convexificator
at X, then it also admits an upper semi-regular convexificator at x. Hence, it admits an upper
convexificator at X.

Definition 2.3. [4] The Clarke generalized directional derivative of f at X, with respect to a
direction v, is defined as

2% v) = limsup flx+1v) —f(x).

x—X,t0 t

The Clarke subdifferential of f at x is
If(x)={& eX*: (&) <f(xv), WweX}.
For a locally Lipschitz function f at X, d f(X) is a convexificator of f at X (see also [10]).

Definition 2.4. The Michel-Penot directional derivative of f at x in a direction v € X is defined

as
, weX x\L() t

The Michel-Penot subdifferential of f at X is
' f(®) ={&ex*: (§v) < fO(®mv), WweX},

For a locally Lipschitz function f at X, @ () is a convexificator of f at X. The convex hull of
a convexificator of a locally Lipschitz function may be strictly contained in both the Clarke and
Michel-Penot subdifferential.

Example 2.1. [10] Let f : R> — R be defined by f(x,y) = |x| — |y|. Then, it can easily be ver-
ified that 9* f(0) = {(1,—1),(—1,1)} is a convexificator of f at 0, whereas 9% f(0) = d£(0) =
conv{(1,1),(—1,1),(1,—1),(—1,—1)}. It is worth noting that convd* £(0) C 3° f(0) = 9 £(0),
where conv stands for the convex hull.

If f is a convex function on R", then the subdifferential of f at X is defined as

dcf(x) = {E Xt (£x—%) < f(¥) — f(x), Vx e R"}.
[19, Proposition 7.3.9] pointed that if f is convex on R” and locally Lipschitz at x € R", then
dcf(X) = f(x) = 3% f(x).
Recall [4] that the Clarke tangent cone to a set C C R" at X € C is defined as
T(C;x):={veR":Vx, € C,x, = X,Vt, | 0,3v, — vsuch as x,, + t,v, € C,Vn}.
The Clarke normal cone to C at X is
N(C:x):={E eR": (£,v) <0,Vv e T(C;X)}.
For a set D C R", the dual cone of cone D is

D*={& eR":(E,v) > 0,Vv e D}.
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Note that the cones 7(C;X) and N(C;X) are nonempty convex, and 7(C;X) and N(C;X) are
closed.

The following chain rule in [10] for composite functions is needed in the proof of Theorem
3.1 in Section 3.

Proposition 2.1. Let f = (fi,..., fp) be a continuous function from R" to R?, and g be continu-
ous function from R? to R. Suppose that, for eachi =1, ..., p, f; admits a bounded convexificator
0" fi(X) at X, and g admits a bounded convexificator d*g(f (X)) at f(X). For eachi=1,2,...,p,
if 0™ f; is upper semicontinuous at X and 9*g is upper semicontinuous at f(X), then the set

9" (g0 f)(x) = 9"¢(f(¥)(9"f1(%),..,d" £, (X))

is a convexificator of go f at X.

3. NECESSARY EFFICIENCY CONDITIONS OF FRITZ JOHN TYPE

LetF:=(F,....F ) : R xR"2 R, fi=(f1,..., fr,) R xR - R2, G:=(Gy,...,Gp, ) :
R™ x R" — R™ and g := (g1, ..-,8m,) : R™ x R — R™, where n;, m;, r;,i = 1,2 are integers,
with n;,r; > 1, m; > 0. Let Q1 be a pointed closed convex cone in R"! with intQ; # 0. Denote
by J;i:={1,...,ri} (i=1,2).

Consider the following multiobjective bilevel programming problem:
minF (x,y),

(P) s.t. Gi(x,y) <0(VieJ)),
y € 8(x),
where, for each x € R™ S(x) is the solution set of the following parametric multiobjective
programming problem:

min f(x,y) st g;(xy) <0(Vj€R).

Denote by M the feasible set of Problem (P). Thus (P) is a sequence of two multiobjective
optimization problems in which the feasible region of upper-level multiobjective optimization
problem (Py) is defined implicitly by the solution set of lower-level multiobjective optimization
problem (P,), where (P}) and (P,) are of the forms

(P) rgcliynF(x,y),
s.t. Gi(x,y) <0(Vie ),
y € S8(x),
(P,) min f(x,y),

st gi(xy) <0(Vjeh).

In this paper, we focus the notion of solutions for (P) as follows: weakly efficient solutions
in multiobjective optimization problem (P}) are considered, which are defined with respect to
cone intQ1, while efficient solutions of (P,) are considered with respect to cone Qp = Rfﬁ. Such
efficient solutions of (P) are called solutions of (P).

We also focus on the optimistic approach, which means that the leader presuppose the co-
operation of the follower in the sense that the follower will choose in each times an optimal
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solution, which is a best one from the leader’s point of view. In this case, the optimal solution
of lower-level problem (P) is uniquely defined for all x € R"!.

In case r; = r, = 1, by Dempe, Dutta and Mordukhovich [7], Problem (P) can be reformulated
as the following single level programming problem:

minF (x,y),
X,y

(SP1) s.t. flx,y)—V(x) <0,

where V (x) is the optimal value function of (SP1)
V(x) = min{f(x,y) : g;(x,y) <0, € 2,y €R™}.

In what follows, we say that (X, V) is a solution of (P) in the sense that (X,y) is a weakly efficient
solution of (P;), while for any x, y(x) is an efficient solution of (P,) with y(X) = y.

We are now in a position to formulate a necessary optimality condition for multiobjective
bilevel programming problem (P).

Theorem 3.1. Let (X,¥) be a solution of (P). Assume that there exists a neighborhood U of
(X,¥) such that the functions Fy, f;, Gj, g are continuous on U and admit bounded convexifica-
tors *Fy(%,y),0" f1(X,y), 0°G;(%,y),0%g;(%,¥) at (X,¥). Suppose also that d*F,...,0*F,, are
upper semicontinuous at (X,y). Then, for every s € J,, there exist A := (A1,...,A,,) € 0}, 0 >0,
Y >0, 1= (Ui, ) €RY, vi=(vy,.., Vi) €RI? 0:=(01,...,05-1,0441,...,0n,) €
Rfﬁ_l such that (A,0) #0, (u,v,0,%) #0, and

(0,0) € ¥ Acony 9" Fy(%,3) + 6 | 1(com 9" f,(%,5) — 9"Vi(x) x {0})
ke

mp nmy ~

+ Y wicomw 9*Gi(x,3) + Y vicowd*g;(x,y)+ Y, ojcon 3*fl(fi)]a (3.1)
i=1 = IeTrls

my nyp

Y uiGi(x,y) =0 and Y vg;(xy) =0,

i=1 =

where

fix,y) = filx,y) = filx,3) (1 € o, 1 # 9),

Vs(x) 1= min{fs(x,y) : 8;(x,y) <0(j =1,... ,ma), fi(x,y) <Ol € Jo,l #5),y € R™},
9"Vy(x) = conv {9"f;(.,y) (%) : y € Js() },

J(® ={y eR™: g;(%,y) S0(j=1,....,m), fi(%,y) SO(l € o, 1 #5), f5(%,y) = Vs(%)}.
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Proof. Since y(x) is an efficient solution of (P,), for any s € Jy, it is a solution of the following
problem:

(Ps) myinfs(x,y),
st filey) < filx,y) (VI € Jh,l #5),
g(x,y) <0.

We now invoke the scalarization theorem by Gong [9, Theorem 3.1] to Problem (P) to deduce
that there exists a continuous positively homogeneous subadditive function A on R’! satisfying

2 —z1 €intQ = A(z1) < A(z2)
and
(Ao (F—F(x,y)(x,y) = 0(V(x,y) € M).
Hence, (x,7) is a solution of the following problem:
(SPy) rgcuyn (AoF)(x,y) st G(x,y) <0,y€ Ss(x),

where Sg(x) is the set of solutions of P;. Taking account of [1, Theorem 1] to Problem (SF;),
it follows that, for any s € J,, there exist 6 > 0,0; >0, %, >0, L = (U1, ..., U, ) € RTI, V=

Vi, Vimy) € RE?, 0 := (01,...,05-1,04541,...,0p,) € Rff_' such that (6,6,) #0, (u,v,o,
¥s) # 0, and

(0,0) € 6,convd* (A o F)(%,7) + 0 [ys(conv 9" fo(X,7) — 9*Vi(x) x {0})

mj ny ~
+ Z wiconv d*G;(x,y) + Z viconvd*g;(X,y) + Z ojconv a*fl()_c,y)] ,

i=1 =1 leiniss (3.2)
m ny
Y wGi(x,y)=0 and Y v;g;(x,y) =0,
i=1 j=1

where
filey) = filx,y) = fi(x,3) (L € a1 # 5),
Vi(x) := myin{fs(x,y) 1gi(x,y) <0(j=1,....mp), filx,y) <O(l € Jp,l #5),y € R},
9*Vy(x) = conv {9" fs(.,y)(X) : y € Js(X) },
Js(®) ={y eR™: g;(%,y) SO(j =1,...,m), fy(%,y) SO € Jp,l #5), fs(%,y) = Vs(¥)}.

We now check hypotheses of the chain rule by Jeyakumar-Luc (Proposition 2.1) to the com-
posite function (A o F)(x,y). Since the function A is continuous convex, we can apply [4,
Proposition 2.2.6] to deduce that it is locally Lipschitz. Hence, its subdifferential dcA (F(x,y))
is a bounded convexificator of A at F(X,y). Since the function A is convex and locally Lipschitz,
[19, Proposition 7.3.9] pointed that

acA (F(xay» =dA (F(f,y))
Moreover, due to [10, Proposition 5.1] on the chain rule, we claim that the set

IcA(F(x,3)) (9" F1(%,¥), .., d"F (X))
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is a convexificator of A o F at (X,y). It follows from (3.2) that

(070) € 91 aCA(F(x7y))(a*Fl(xay)v "'78*Fr1 ()_va» + 0 [}/S(COHVg*fS()_C,y)

mj
— 9*Vy(x) x {0}) + ) wiconv 9*G;i(x,3) +
=1

1=

+ Z o;conv a*ﬁ(x,y)] :
€]y l+s

ny
Y viconvd*g;(x,y) (3.3)
j=1

By using (3.3), we see that there exists y € dcA (F(X,y)) C R such that

(0,0) €012 (9 Fi(x,5), -, 0" Fy, (,5)) + 0 [ 1 (convd” (x,7) — 9V (x) x {0})

my my ~ (34)
+ Z wiconv d*G;i(x,y) + Z viconvd*g;(X,y) + Z o;convd” fi(x,y) .
i=1 =1 1€yl

Observe that ¥ € 0*\ {0}. Indeed, for any z € intQ*, it can be written 0 — (—z) € intQ*. For
2 =F(x,y),and z; = F(X,y) —z, one has zp —z; = z € intQ. Hence, A (F(X,y) —z) < A(F(X,).
Consequently,
(X, —2) =X, F(xY) —z—F(x,y))

SA(F(x,y) —2) —A(F(x,y)

<0.
Hence,

(x:2) >0 (Vz € intQ),
which implies y € Q*\ {0}. Putting A = 6, , onehas A = (41,...,A4,) € 0* C R with (1,0) #
0. It follows from (3.4) that

(0,0) €A(I"Fi(%,¥),...,0" F, (X,5))

+6 [)/S(conv 2" f5(x,5) — 0"V (x) x {0}) + % piconv d*G;i(x,y) G33)
i=1 .

) _
+ Z viconvd*g;(X,y) + Z Glconva*fl(i,y)]
By virtue of (3.5), it holds that

Il
(0,0) € Z Ayconv d*Fi(X,y)+ 0 [}/s(conv 3" fs(x,y)
k=1

m
—d"Vs(x) x {0}) + Z piconv 0 G;(x,y)
i=1

myp ~
+ Z viconvd*g;(X,y)+ Z ojconv d™ fi(%,¥) |-
j=1 1]y l#s

This completes the proof. H

We illustrated Theorem 3.1 by the following example.
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Example 3.1. Let F := (F|,F), f = (fi,f2) : RZ — R? be defined as
12

= (G e
and
Fl3) = (€ 42+ 2y 1,2 1]y
Let G,g : R? — R be defined as

14-ex
0, if x=0,

X 1 .
— —=zx, if x#0,
Glx) { r—3 #

and

g(x,y) =y +v.
Let 01 = Rg_ Then, for any x € R,y = 0 is an efficient solution of the following convex
mutiobjective optimization problem:

min{f(x,y) : g(x,y) <0},
and (x,y) = (0,0) is a weakly solution of the following problem:

r(myn {F(x,y): G(x,y) <0,y € S(x)}.

For s = 1, y = 0 is a solution of the following problem (I):
min {fi(x,y) : g(x,y) <0, f2(x,y) < fo(x. )}
For s =2, y =0 is a solution of the following problem (II):
min{fo(x,y) : g(x,y) <0, fi(x.y) < f1(x.3)}-

The value functions for Problem (I) is Vj(x) = ¢* — 1, and for Problem (II) is V5 (x) = 2* —1
and Sy (x) = S5(x) = {0} for any x € R,. We have M = {(x,y) € R?: G(x,y) <0,y € S(x)} =
{(x,0) : x > 0}. It can be seen that

d*F1(0,0) = {(1,1),(=1,1),(1,—1),(=1,—-1)},
d"F(0,0) = {(-1,0)},

9" £1(0,0) = {(1,1/2)},

2" £2(0,0) = {(In2,—1),(In2,1)},

d*G(0,0) = {(—4/3,0)},(-1/3,0)},

d%g(0,0) = {(0,1)},

d*Vi(0) = {1},

9*V5(0) = {In2}.

Necessary condition (3.1) holds with A} =4, =1,0 =u=v=0,y =1/2,and p, = 1/2.
Note that necessary condition (3.1) involves two inclusions with y; = 1/2 and » = 1/2.

We remak here that Theorem 3.1 is a significant extension of Theorem 1 in [1].
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4. NECESSARY OPTIMALITY CONDITIONS OF KARUSH-KUHN-TUCKER TYPE

To derive Karush—Kuhn-Tucker necessary conditions, we introduce some constraint qualifi-
cations in this section.

Definition 4.1. The problem (P) is said to satisfy the constraint qualification (CQ) at (x,y) € M

if, foreach s € J, % > 0, L = (W1, ..., ) € RE,V = (V1,..., Vi,) € RD? 04(1 € J5,1 # 5) not
all zero,

(0,0) ¢ ys(conv 9" f5(x,y) — 9" Vs(x) x {0})
m ny ~
+ Y Hiconv0*Gi(x,5)+ ) vjconvd*g;(x,y)+ ), ocyconvd*fi(x,y),

i=1 j=1 1€y, 15

where ﬁ(x7y) = fl(xvy) _fl(x7y> (l € J27l 7£ S>~
A Karush-Kuhn-Tucker necessary condition for solutions of (P) can be stated as follows.

Theorem 4.1. Let (X,y) be a solution of (P). Assume all the hypotheses of Theorem 3.1 are
fulfilled and (CQ) holds. Then, for each s € J, there exist A := (A1,...,A,) € O]\ {0}, 6 >0,
Y >0, 1= (W1, ) € RV i=(V1,.yViy) ER?, 0:=(01,...,05-1,0441,...,0p,) €
R27" such that ||(u,v,0,%)|| = 1, and

(0,0 € ¥ Aucom 9 Fi(x,5)+ 8 [1(com 9" f(2.5) ~"Vi(x)  {0)
keJdy
mp nmy .
wiconv d*G;(x,y) + Z viconvd*g;(x,y) + Z o cony 8*]‘1()_@?)] , @
i—1 = 1€yl

+
=

m my

Y wGi(x,3) =0 and Y vg;(xy) =0.

i=1 j=1

Proof. We invoke Theorem 3.1 to deduce that, for each s € J,, there exist A := (41,...,4,) €

QT’ 0 Z 07 YS Z 0’ ,LL = (“17"'7 /-Lml) € Rﬁlav = (vla"-uvmg) € RTZ’ 0= (617" '7GS7176S+17

..., 05,) € R27" such that (4,6) # (0,0), ||(,v,0,%)|| = 1, and

(0,0) € Z Ayconv 0" Fi(X,y)+ 6 [}/s(conv 3" f5(x,5) — 3"Vy(x) x {0})
ke,

m my ~
+ Z wiconv d*G;i(x,y) + Z viconvd*g;(X,y) + Z o;convd” fi(x,y) |, (4.2)
i=1 j=1 1€y 15

my my
Z wGi(x,y) =0 and Z ngj(f,y> =0.
i=1 =1

If A =0, then 6 > 0. It follows from (4.2) that, for each s € J»,
(0,0) € %(conv 9" fy(%,5) — 9"V (®) x {0})

my my ~
+ ) wiconvd*G;(x,y)+ Z viconvd*g;(X,y) + Z o;conv d” fi(X,y),
i—1 =1 105 1S

which contradicts (CQ). Hence, A # 0. This completes the proof. UJ

=



408 D.V.LUU, T.T. MAI

5. SUFFICIENT OPTIMALITY CONDITIONS

Adapting the definitions in Chuong and Kim [5], we give some definitions on d*-generalized
convexity. Suppose that a function f : R™ x R™ — R admits a convexificator d* f(x,y) at
(x,y) € R x R"™2,

Definition 5.1. (i) f is said to be d*-invex-infine on C C R" x R™ at (x,y) if, for any (x,y) € C,
& € 9" f(x,y), there exists (u,v) € R™ x R" such that

fey) 2 f(x,5) +(S, (u,v)).

If “>" holds in above definition for (x,y) # (X,¥), then f is called strictly d*-invex-infine on C
at (x,5).
(i) Given fi,..., f, : R" x R™ — R, the vector-valued function (fi,..., f ) is said to be d*-
invex-infine on C at (%,y) if, for any (x,y) € C, §; € " fi(X,y) (i=1,...,r1), there exists (u,v) €
R™ x R such that

Fir) > FET) + En ) ((=1,....m).
(iii) f is said to be d*-pseudoinvex-infine on C at (x,y), for any (x,y) € C, £ € d*f(x,y), there
exists (u,v) € R™ x R™ such that

flxy) < f(xy) = (S, (u,v)) <O0.
(iv) f is said to be d*-quasiinvex-infine on C at (x,) if, for any (x,y) € C, & € 9*f(x,), there
exists (u,v) € R™ x R" such that
(v) The function (f1,- .-, fm, fmt1s- - fm+r) Withm > 1 is said to be m — d*-semiinvex-infine on

C at (x,y) if the functions fi, ..., f,, are d*-pseudoinvex-infine on C at (X,y), and fi,41,. .., fmt+r
are d*-quasiinvex-infine on C at (X,y).

Remark 5.1. (a) If f is a convex function, then it is d*-invex-infine on C at (X,), as it can be
taken (u,v) := (x,y) — (%,y), and d* as subdifferential of convex function.
(b) If f is d*-pseudoconvex on C at (X,y) (see [20]), then it is d*-pseudoinvex-infine on C at

(x,5).

(c) If f is d*-quasiconvex on C at (X,y) (see [20]), then it is d*-quasiinvex-infine on C at (X,y).
In what follows, we give a sufficient condition for solutions of Problem (P).

Theorem 5.1. Let (X,y) be a feasible point of (P), and Q = R!!. Assume that

(i) For each s € J,, there exist numbers A > 0,k = 1,2,...ry with A := (A1,...,A,) #0,0 >

0,%>0,1; >0, i=1,....m,v;>0,j=1,....my, 0; > 0(l € Jp,l #5) such that, for all s € J,

(a) (0,0) € Z Aconv " Fi(x,y) + 6 [}/S(conv " f5(x,5) — 3™V (x) x {0})
ke

my nyp ~
+ Z wiconv d*G;(x,y) + Z viconvd*g;(X,y) + Z o;conv d* fi1(x,y) |,
i=1 = ledy %5
(5.1)
(b) Z?E] [J,’Gi(f,y) =0 and E’]nil ngj(x7y) =0. _ _
(”) T!:lé fMI’LCl'iOI’lAgFl,...,Frl,f:v - VS?;ulGla" '7um1Gm17vlg17'"7vm2gm2761f17~'~, Gs—lf:v—la
Os+1fs+1,---+0n fr,) is r1-0*-semiinvex-infine on M at (X,y). Then (X,y) is a solution of (P).
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Proof. Denote by arg(P;) and arg(P;) the sets of solutions of Problems (P;) and (P;), respec-
tively. We first note that (x,y) € arg(P,) = (x,y) € arg(Ps) (Vs € J»). Since (%,y) is a feasible
point of (P), for every s € J,, it is also a feasible point of the following problem

(SP;) minAF (x,y) st G(x,y) <0,y € Ss(x),
Xy
where S;(x) is the set of solutions of the following problem
min f;(x,y),
y
(P) st filx,y) < filx,y) (V€ Iyl #5),
g(x,y) <0.

From [7], we have that problem (SP/{) is equivalent to the following optimization problem

min (AF)(x,y),

Xy

(SP)%) s.t. G(x,y) <0, g(x,y) <0,
filxy) < filx,y) (VI € Do, 1 #5),
J5(x,y) = Vi(x) <0,
(x,y) € R" x R"™,

where V(x) is the optimal value function of problem (P;). By virtue of (5.1), there exists
X € convd*Fi(X,y),k=1,...,r1, Xs € convd* f5(X,¥) — *V(X) x {0}, §; € convd*G;(X,y),i =

1,...,mp,nj€convd*g;(x,y), j=1,...,mp, and & € convd* f;(X,y),l € J»,1 # s such that

Il mp ny
0=Y Mxx+0%x+0Y wG+0Y vinj+6 Y oa&. (5.2)
k=1 i=1 j=1 1€y, 1#s

Sil’lCGNthe flll’lCtiOIlN(Fl, . ,Frl s — Ve, 1G, ... ,‘I.Lmlel y V1815 -+ Vmy8mys O1fly--r Os—1fs—1,
Ost1fs+1s ---50r fr,) 18 ri-d*-invex-infine on M at (x,y) for (x,y) € M, xx € convd*Fi(%,y),
k=1,2,...r1, X € convd* f(X,y) —9*Vy(X) x {0}, §; € convd*Gi(%,y),i = 1,....m, nj €
convd*g;(x,y),j = 1,....,ma, § € convd*fi(X,¥),l € Jo,l # s, there exists (u,v) € R" x R™
such that

$: Al ~AED) > (1 At ) 53

¥ (G) = Gi3) = (T mE ) 5.4

;f,lvj(gj(x,y) —gj(xy)) = <:Z%’1 vins (u,v)), (5.5)

Bl fs(ey) = Vo(x) = (f(5,5) = Ve(®@)} = (%o, (u,)), (5.6)

" Y a(fiey) - i@ = Y o (uv). (5.7)

ey l#s €]y ,ls
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On the other hand, it follows from (5.2) that

I
<Z)Lk%k,(u,\/)> <9%xg, u, v QZMQ, u, v
k=1

(5.8)
—<92v1n,, u,v))— (6 Z o0&, (u,v)).
1]y l#s
Combining (5.3) and (5.8) yields that
Y M(Filx,y) = Fe(%,3)) > —(0%2s, (u,v)) — (8 Y i (u,v))
k=1 i=1 (59)

—<9£anj,(u,v)>—<9 Z Glél,(u,v)>.
j=

lGJz,l;ﬁS

Combining (5.4)-(5.7) and (5.9) gives that

Y A(Fi(ny) — B(E5) 2 0%UAET) — Va(®) — (fo(ey) — Vi)

k=1

+0Y (G55~ Gilx,y) + 8 Y vi(gi(%.7) — g(x.3)

i=1 j=1
+6 Z Gl(ﬁ()_c7y)_f7(x7y))‘
SN ONE ]
Moreover, by condition (), one gets
,LL,'G,'(X,?)ZO(Z'ZI,...,MO and ngj(f,y):()(j:h...,mz). (5.10)

Due to the fact that (x,y) is feasible of (SP%) and (5.10), we obtain
2!
Z )Lk(Fk(xay) _Fk(xay)) >0,
k=1
which is equivalent to the following
AF(x,y) > AF(%5).

Hence, (x,Y) is a solution of Problem (SP)%). So, it is a solution of (SP;{) for any s € J,. Conse-
quently, (x,) is a solution of (P). O

Set

L:={ie{l,..,m}:Gixy) =0},

L:={je{l,...,m}:g;(x,y) =0},

and |I;| is the capacity of [;, i = 1,2.
In case that Q; # R}, we obtain the following sufficient condition for solutions of (P).
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Theorem 5.2. Let (X,y) be a feasible point of (P). Assume that
(i) For every s € Jp, there exist A == (A1,...,A,) € O]\ {0}, % >0,u; > 0i=1,....m,V;
>0,j=1,....,mp, 0, >0(l € Jp,l #5), 0 >0 such that

(0,0) € convd*AF (x,y)+ 6 [ys(conva f5(x,5) — "V (x) x {0})
- 5.11
+ Z Wiconv 3*G;(x,y) + Z viconvd*g;(X,y) + Z o cony 8*fl()_c,y)]. .11
iel JjEh lGJzJ;IéS

(ii) The function (QLF,fs—Vs,fl, .. ,]A‘;,l,f;ﬂ, . ,fm,Gl,...,Gw, 81, -8|p|) is 1-0"-semiinvex-
infine on M at (X,y). Then (X,y) is a solution of (P).

Proof. Suppose that (¥,) is not an efficient solution of (P). Hence, there exists (£,¥) € M such
that

F(%,9)— F(x,y) € —intQ;.
Since A € Q7, it follows from this that
AF(%,9)— AF(x,y) <O0.
Observe that (£, ) is an efficient solution of the following problem
(P2) min f(x,y),
s.t. gj(x,y) <0(Vjeh).
Hence, for any s € J>, it is also an solution of the following problem
min ().
(P) st filey) < filx,) (V€ oL #5),
g(x,y) <0.
Consequently, (,y) is not a solution of the following problem

(SP}L) minAF(x,y) st G(x,y) <0,y e Ss(x),
Xy

where S;(x) is the set of solutions of the following problem
myin fs(x,y),
(P) st filx,y) < filx,y) (VI € Dol #5),
g(x,y) <0.

From [7], problem (SP}L) is equivalent to problem (SP/%). Hence, (X,y) is not a solution of
problem (SP)%)

min (AF)(x,y),

Xy
s.t G(x,y) <0, g(x,y) <0,
f1(6,y) < filx,y) (VI € Jh,l #5),
fs(x,y) = Vs(x) <0,

X
(x,y) e R x R™,
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Therefore, there exists (x,,y,) € M such that
AF (x0,y0) < AF(X,y).

On the other hand, we have that there exists ¥ € convd*AF(X,y), xs € convd”™ fi(X,y) —
2*V(x) x {0}, §; € convd*G;(x,y),i = 1,...,m1, n; € convd*g;(x,y),j = 1,...,mp, and y; €
convd”* fi(x,y)(l € J2,1 # s) such that

0=x+0yx+0Y w&+6Y vini+6 Y o (5.12)
S JjEh 1€y l#s
From the assumption, the function (AF, f; —Vg,fi,...,fg_],ﬁ+],...,ﬁz,Gl,...,G|11|,g1,...,
8|p|) is 1-0*-semiinvex-infine on M at (X,y). Hence, the function AF is d*-pseudoinvex-infine
on M at (X,y) and the functions f; — Vi, fi,..., fs—1, fs+15- -, frs, G1,- -, G1, |, 815 -+, 8|1y| aTE€
d*-quasiinvex-infine on M at (X,y). For (x,,y,) € M, by the d*-pseudoinvexity-infine of AF, it
follows from (5.12) that there exists (u,v) € R" x R" such that

(X, (u,v)) <0. (5.13)

Since (x,,,) is feasible for (SP/%), we have fi(x,,y0) — Vs(x) < 0= f(X,5) — V5(x). Hence,
(s, (u,v)) <0, and then
(0%2s, (u,v)) <O0. (5.14)

For each i € I, one has Gj(x,,y,) < 0= G;(X,y). By virtue of the d*-quasiinvexity-infine of
Gi(i € I), we deduce that ({;, (u,v)) <0 (Vi € Iy). Therefore,

(0Y, Wi, (u,v)) <0, (5.15)
icl)
as 1; > 0(Vi € I1). For each j € I, we have g;(x,,y,) < 0= g;(%,y). By the d*-quasiinvexity-
infine of g; (j € L), we obtain that (1}, (u,v)) <0 (Vj € h). Since 6 >0, v; > 0(V,j € L), the
latter implies that
(6Y vinj,(uv)) <0. (5.16)
Jjeh
For each [ € J,,1 # s, we have fi(x,,y,) < fi(x,¥). By the d*-quasiinvexity-infine of f;(/ €
J2,1# s), we obtain that (y;, (u,v)) <0 (VI € Jo,1#s). Since 6 >0, 6; > 0(VI € J»,] # 5), the
latter implies that
(6 Y o, (uv)<o0. (5.17)
ledy,l#s
Combining (5.13)-(5.17) yields that

(x+0vx:+0Y wGi+6Y vinj,(wv)+6 Y o, (u,v)) <0,
i€l jebh 1eJy,l#s

which contradicts (5.12). Hence (X,y) is a solution of (P). O

Remark 5.2. In this paper, we studied a nonsmooth optimistic multiobjective bilevel program-
ming problem, where the upper and lower level multiobjective problems involve inequality con-
straints. Weakly efficient solutions in multiobjective optimization problem (P} ) were considered
with respect to cone int Q1, while efficient solutions of (P,) with respect to cone Q> = Rff were
considered. Necessary conditions for solutions of bilevel programming problems were estab-
lished via convexificators. Theorem 3.1 obtained in this paper can be viewed as an extension of
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[1, Theorem 1] for scalar bilevel programming problems. Under assumptions on the general-
ized convexity, Karush—Kuhn—Tucker necessary conditions for weakly efficient solutions of the
problem become sufficient ones. It should be noted that necessary optimality conditions that
are expressed in terms of convexificators can be sharper than those expressed via the Clarke,
Michel-Penot and Mordukhovich subdifferentials even for locally Lipschitz funtions (see, e.g.,
[10, Example 2.1]).
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