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FIXED POINT RESULTS WITH APPLICATIONS TO INVOLUTION MAPPINGS

LUONG V. NGUYEN∗, NGUYEN T.N. TRAM

Department of Narural Sciences, Hong Duc University, Thanh Hoa, Vietnam

Abstract. In this paper, we first introduce a class of functions with the property (L), which is weaker than lower
semicontinuity property. We then prove a general result on the existence of fixed points of a mapping T in a
complete metric (X ,d) under the assumption that the function x→ d(x,T x) has the property. This result generalizes
several results in the literature. Finally, we apply our result to the existence of fixed points of involution mappings.
Examples are given to illustrate our results.
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1. INTRODUCTION AND PRELIMINARIES

Let (X ,d) be a metric space and K be a nonempty subset of K. A mapping T : K→ K is said
to be k- Lipschitz if

d(T x,Ty)≤ kd(x,y), ∀x,y ∈ K.

In 1996, Górnicki [3] proved the following result.

Lemma 1.1. [3, Lemma 1] Let C be a nonempty closed convex subset of a Banach space (X , || ·
||) with metric induced by norm d(x,y) = ||x− y|| for all x,y ∈ X and letT : C → C be a k-
Lipschitz. Assume that there exist constants a,b ∈ R with 0 ≤ a < 1 and b > 0 such that for
each x ∈C, there exists u ∈C satisfying

(a1) d(u,Tu)≤ a.d(x,T x),
(a2) d(x,u)≤ b.d(x,T x).

Then, T has at least one fixed point in C.

This result was restated and proved in the context of convex metric spaces in [1] by Beg
(see [1, Theorem 3.1]). We note that the convexity does not play any role in the proofs of the
mentioned results. Recently, Górnicki [4] replaced the Lipschitz condition by a condition of
Kannan type and proved the following result.

Lemma 1.2. [4, Lemma 1.2] Let C be a nonempty closed subset of a complete metric space
(X ,d) and let T : C→C be a mapping such that there exists 0≤ K < 1 satisfying

d(T x,Ty)≤ K[d(x,T x)+d(y,Ty)], ∀x,y ∈C. (1.1)
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Assume that there exist constants a,b ∈ R such that 0≤ a < 1 and b > 0. If for arbitrary x ∈C
there exists u ∈C such that (a1) and (a2) hold, then T has at least one fixed point.

The following example shows that the Lipschitzianity of T or condition (1.1) is too strong
for the existences of a fixed point of T .

Example 1.1. Let X = [−2,10] with the usual metric d(x,y) = |x− y| for all x,y ∈ X . Let
T : X → X be defined as

T x =
{

x/2, if −1 < x≤ 10,
−8x−6, if −2≤ x≤−1.

We can also check that, for any x ∈ X , there exists y = 0 such that above conditions (a1) and
(a2) hold with a = 1/2 and b = 2. We also see that z = 0 is a fixed point of T . However, T is not
Lipschitz and it does not satify condition (1.1) since d(T 10,T 0) = 5 = d(10,T 10)+d(0,T 0).
Thus, we cannot apply Lemma 1.1, Lemma 1.2 and [1, Theorem 3.1] to this example.

Another example shows that conditions (a1) and (a2) are still strong for the existence of a
fixed point of the consideration mapping.

Example 1.2. Let X = {0}∪{1/n : n = 1,2, · · ·} with metric d(x,y) = |x− y| for all x,y ∈ X .
Then (X ,d) is a complete metric space. Consider T : X → X defined as

T x =
{

0, if x = 0,
1/(n+1), if x = 1/n,n = 1,2, · · · .

One can easily check that T is k−Lipschitz with k = 1. Moreover, T has a fixed point z = 0
in X . However, conditions (a1) and (a2) are not satisfied. Otherwise, there exist a ∈ [0,1) and
b > 0 such that for x = 1/n with n sufficiently large, there exists u ∈ X such that

|u−Tu| ≤ a
n(n+1)

, (1.2)

and ∣∣∣∣u− 1
n

∣∣∣∣≤ b
n(n+1)

. (1.3)

We see that u cannot be 0 when n large enough. Indeed, if u = 0, then (1.3) becomes 1 ≤
b/(n+ 1), which is impossible when n sufficiently large. Hence, u = 1/m with m ≥ 1 and m
depends on n. Then (1.2) and (1.3) become

n(n+1)
m(m+1)

≤ a, (1.4)

and ∣∣∣1− n
m

∣∣∣≤ b
n+1

. (1.5)

Since a < 1, it follows from (1.4 that n < m and γ := limsupn→∞
n
m < 1. Taking the limit in both

sides of (1.5), we obtain |1− γ| ≤ 0, which is a contradiction. Therefore, conditions (a1) and
(a2) are not satisfied.

Motivated by above examples, in this paper, we first introduce a class of functions having
a property, which will be called Property (L). This class of functions contains the function
x→ d(x,T x) in both examples 1.1 and 1.2 as well as in the case T is Lipschitz or T satisfies
(1.1). We then present a fixed point result (Theorem 3.1) for a mapping T : X → X under,
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among others, assumption that the function x→ d(x,T x) having Property (L). Moreover, we
replace conditions (a1) and (a2) by more general conditions. So that Theorem 3.1 generalizes
both Lemma 1.1 and Lemma 1.2. We note that Lemma 1.1, Lemma 1.2 and [1, Theorem 3.1]
were used to study the existence of fixed points of involution mappings in Banach spaces (see,
[3, 4]) and in convex metric spaces (see [1]). Following these ideas, in this paper, we also
apply Theorem 3.1 to study the existence of fixed points of more general involution mappings
in convex metric spaces. For our purpose, the rest of this section will be devoted to recalling
some basic definitions about convex metric spaces.

Definition 1.1. [10] Let (X ,d) be a metric space. A mapping W : X×X× [0,1]→X is said to be
a convex structure on X if, for each (x,y,λ )∈X×X× [0,1] and u∈X , it holds d(u,W (x,y,λ ))≤
λd(u,x)+ (1−λ )d(u,y). Metric space (X ,d) together with the convex structure W is called
a convex metric space and is denoted by (X ,d,W ). A nonempty subset C of a convex metric
space (X ,d,W ) is said to be convex if W (x,y,λ ) ∈C for all x,y ∈C and λ ∈ [0,1].

All normed spaces and their convex subsets are convex metric spaces. However, there have
many examples of convex metric spaces, which are not embedded in any normed space (see
[10]).

Definition 1.2. [2] A convex metric space (X ,d,W ) is said to have Property (B) if d(W (x,y, t),
W (z,y, t))≤ td(x,z), for all x,y,z ∈ X and t ∈ (0,1).

Remark 1.1. [1, Remark 1.7] Let (X ,d,W ) be an uniformly convex metric space. If d(x,z) = a,
d(y,z) = b and d(x,y) = a+b, then z =W (x,y,b/(a+b)).

Definition 1.3. [9] A convex metric space (X ,d,W ) is said to be uniformly convex if for any
ε > 0, there exists α = α(ε) such that, for all r > 0 and x,y,z ∈ X with d(z,x) ≤ r, d(z,y) ≤ r
and d(x,y)≥ rε , it holds d(z,W (x,y,1/2))≤ r(1−α)< r.

2. FUNCTIONS HAVING PROPERTY (L)

In this section, we introduce a class of functions having Property (L).

Definition 2.1. Let (X ,d) be a metric space and f : X →R be a given function. The function f
is said to have Property (L) at a point x0 ∈ X if

liminf
x→x0

f (x)≤ 0 ⇒ f (x0)≤ 0.

The function f is said to have property (L) in a subset K of X if it has Property (L) at each
x ∈ K.

Remark 2.1. Let f : X → R and x0 ∈ X . If liminfx→x0 f (x)> 0, then f has Property (L) at x0.
If it is lower semicontinuous at x0, then it has Property (L) at x0.

The following example shows that there are functions having Property (L) but not lower
semicontinuous.

Example 2.1. Let f : R→ R be defined by

f (x) =
{

x−1, if x < 0,
x2, if x≥ 0.
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Then, f is not lower semicontinuous at 0 but f has Property (L) at 0 as liminfx→0 f (x) =−1 <
0 = f (0).

Example 2.2. Let f : R→ R be defined by

f (x) =
{

x−1, if x < 0,
x2 +1, if x≥ 0.

Then, f does not have Property (L) at 0. In fact, f (0) = 1 > 0 while liminfx→0 f (x) =−1 < 0.

Example 2.3. Let X ,d and T be as in Example 1.1. For all x ∈ X , we have

d(x,T x) =
{
|x|/2, if −1 < x≤ 10,
−9x−6, if −2≤ x≤−1.

It is obvious that the function x→ d(x,T x) has Property (L) at any x ∈ X with x 6= −1 since
it is continuous at those points. The function x→ d(x,T x) also has Property (L) at x = −1
since liminfx→−1 d(x,T x) = 1/2 > 0. Thus, the function x→ d(x,T x) has Property (L) in X .
However, x→ d(x,T x) is not lower semicontinuous at x = −1 since liminfx→−1 d(x,T x) =
1/2 < 3 = d(−1,T (−1)).

Example 2.4. Let (X ,d) be a metric space and T : X → X be a mapping. Let there exist
nonnegative numbers a1,a3,a2,a4,a5 with min{a2+a4,a2+a5,a3+a4,a3+a5}< 1 such that,
for all x,y ∈ X ,

d(T x,Ty)≤ a1d(x,y)+a2d(x,T x)+a3d(y,Ty)+a4d(x,Ty)+a5d(y,T x).

Let f : X→R be defined by f (x) = d(x,T x) for all x∈X . Then f has Property (L) in X . Indeed,
let x ∈ X be such that liminfy→x f (x)≤ 0. Then there exists a sequence {xn} in X converging to
x such that liminfn→∞ f (xn)≤ 0. Without loss of generality, we assume that a2 +a4 < 1. Then

d(x,T x) ≤ d(x,xn)+d(xn,T xn)+d(T xn,T x)

≤ a1d(x,xn)+a2d(x,T x)+a3d(xn,T xn)+a4d(xn,T x)

+a5d(x,T xn)+d(x,xn)+d(xn,T xn)

≤ a1d(x,xn)+a2d(x,T x)+a3d(xn,T xn)+a4d(xn,x)+a4d(x,T x)

+a5d(x,xn)+a5d(xn,T xn)+d(x,xn)+d(xn,T xn).

It follows that
1−a2−a4

1+a3 +a5
d(x,T x)≤ 1+a1 +a4 +a5

1+a3 +a5
d(xn,x)+d(xn,T xn),

or, equivalently,
1−a2−a4

1+a3 +a5
f (x)≤ 1+a1 +a4 +a5

1+a3 +a5
d(xn,x)+ f (xn).

Taking the limit, we obtain

1−a2−a4

1+a3 +a5
f (x)≤ liminf

n→∞
f (xn)≤ 0.

Hence, f (x)≤ 0 as 0 < (1−a2−a4)/(1+a3 +a5). Therefore, f has Property (L) at x.
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Example 2.5. Denote by Θ the set of all functions θ : [0,∞)→ [0,2) satisfying

limsup
n→∞

θ(tn)< 2 (2.1)

for any convergent sequence {tn} ⊂ [0,∞).
Let (X ,d) be a metric space and T : X → X . Assume that there exists θ ∈Θ such that

d(T x,Ty) ≤ θ(min{d(x,T x),d(y,Ty)})

× max
{

d(x,y),
1
2

d(x,T x),
1
2

d(y,Ty),
1
2

d(x,Ty),
1
2

d(y,T x)
}
,

for all x,y ∈ X . Let f : X → R be defined by f (x) = d(x,T x) for all x ∈ X . Then, f has
Property (L) in X . Indeed, let x ∈ X be such that liminfy→x f (x) ≤ 0. Then, there exists a
sequence {xn} in X converging to x and limn→∞ f (xn) ≤ 0. It implies that limn→∞ f (xn) = 0.
We show that f (x) = d(x,T x) ≤ 0. Assume to the contrary that f (x) > 0. We may assume
that f (xn) < f (x) for all n. Since { f (xn)} converges, by (2.1), there exists q ∈ (0,2) such that
limsupn→∞ ϕ( f (xn))≤ q. Then

d(x,T x) ≤ d(x,xn)+d(xn,T xn)+d(T xn,T x)

≤ d(x,xn)+d(xn,T xn)+θ(min{d(x,T x),d(xn,T xn)})

×max
{

d(x,xn),
1
2

d(x,T x),
1
2

d(xn,T xn),
1
2

d(x,T xn),
1
2

d(xn,T x)
}

≤ qmax
{

d(x,xn),
1
2

d(x,T x),
1
2

d(xn,T xn),

1
2

d(x,xn)+
1
2

d(xn,T xn),
1
2

d(xn,x)+
1
2

d(x,T x)
}

+d(x,xn)+d(xn,T xn)

≤ q
2
[2d(x,xn)+d(x,T x)+d(xn,T xn)]+d(x,xn)+d(xn,T xn).

Hence,
2−q
2+q

d(x,T x)≤ d(xn,T xn)+
2q+2
2+q

d(xn,x).

Taking the limit, we get
2−q
2+q

d(x,T x)≤ 0,

which contradicts the assumption that d(x,T x) > 0 as 0 < (2− q)/(2+ q). Therefore, f has
Property (L) at x.

3. FIXED POINT RESULTS

This section is devoted to fixed point results. Before stating our first fixed point result, we
introduce some classes of functions. Let f : X → [0,∞) be a function. We denote by A the set
of all functions α : X×X → [0,1] satisfying: for any sequence {xn} ⊂ X , if { f (xn)} converges,
then

limsup
n→∞

α(xn,xn+1)< 1.
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We denote by K ( f ) the set of functions κ : X×X→ [0,∞) satisfying: for any sequence {xn} ⊂
X , if { f (xn)} is a nonincreasing sequence converging to 0, then the sequence {κ(xn,xn+1)}
is bounded. We also denote by L ( f ) the set of all functions ` : X ×X → [0,∞) satisfying:
for any sequence {xn} ⊂ X , if { f (xn)} is a nonincreasing sequence converging to 0, then the
sequence {`(xn,xn+1)} is bounded below away from zero, i.e., there exists M > 0 such that
`(xn,xn+1)≥M for all n.

Example 3.1. Let (X ,d) be a metric space and f : X → [0,∞) be given function. Assume
that a,b,c are positive numbers satisfying a ∈ (0,1), b > 0 and c > 0. Let α : X ×X → [0,1],
κ : X×X→ [0,∞) and ` : X×X→ [0,∞) be defined by: α(x,y) = a, κ(x,y) = b and `(x,y) = c
for all x,y ∈ X . Then α ∈A ( f ), κ ∈K ( f ) and ` ∈L ( f ).

Example 3.2. Let (X ,d) be a metric space and f : X → [0,∞) be given function. Let α :
X×X → [0,1] κ : X×X → [0,∞) and ` : X×X → R be defined by: for all x,y ∈ X

α(x,y) =
f (x)

f (x)+ f (y)+1
, κ(x,y) = f (x). f (y)+5

and
`(x,y) =

√
f (x)+ f (y)+2.

Then α ∈A ( f ), κ ∈K ( f ) and ` ∈L ( f ).

Our first fixed point theorem is stated as follows.

Theorem 3.1. Let (X ,d) be a complete metric space and T : X → X. Define f : X → [0,∞) by
f (x) = d(x,T x) for all x ∈ X. Assume that there exist α ∈ A ( f ), κ ∈K ( f ) and ` ∈ L ( f )
such that for each x ∈ X, there exists y ∈ X satisfying

d(y,Ty)≤ α(x,y)d(x,T x), (3.1)

and
d(x,y)≤ κ(x,y)[d(x,T x)]`(x,y). (3.2)

Then, T has at least one fixed point in X provided that the function f has Property (L) in X.

Proof. Let x0 ∈ X . Under the assumptions, we can construct a sequence {xn} in X satisfying
the following conditions: for all n,

d(xn+1,T xn+1)≤ α(xn,xn+1)d(xn,T xn), (3.3)

and
d(xn,xn+1)≤ κ(xn,xn+1)[d(xn,T xn)]

`(xn,xn+1). (3.4)
Since α(x,y) ∈ [0,1] for all x,y ∈ X , from (3.3), one has

d(xn+1,T xn+1)≤ d(xn,T xn) for all n.

Hence {d(xn,T xn)} is a nonincreasing sequence of nonnegative real numbers. Thus, there exists
γ ≥ 0 such that

lim
n→∞

f (xn) = lim
n→∞

d(xn,T xn) = γ.

Since α ∈A ( f ), there exists β ∈ (0,1) such that

β = limsup
n→∞

α(xn,xn+1). (3.5)
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Assume that γ > 0. Taking the limit on both sides of (3.3), we obtain that

γ = limsup
n→∞

d(xn+1,T xn+1)≤ limsup
n→∞

α(xn,xn+1)d(xn,T xn)≤ βγ < γ,

which is a contradiction. Hence, γ = 0, i.e.,

lim
n→∞

f (xn) = lim
n→∞

d(xn,T xn) = 0. (3.6)

Since κ ∈K ( f ) and ` ∈ L ( f ), there exist K > 0 and L > 0 such that κ(xn,xn+1) ≤ K and
`(xn,xn+1)≥ L for all n. Now, let δ ∈ (β ,1). By (3.5) and (3.6), there exists n0 ∈ N such that

α(xn,xn+1)< δ and f (xn)< 1,

for all n≥ n0. From (3.3), we have

d(xn+1,T xn+1)< δd(xn,T xn), for all n≥ n0.

Then, by induction, we get

d(xn,T xn)< δ
n−n0d(xn0,T xn0), for all n > n0.

Using the latter inequality, (3.4) and the fact that d(xn,T xn)< 1 whenever n > n0, we have

d(xn,xn+1) ≤ κ(xn,xn+1)[d(xn,T xn)]
`(xn,xn+1) ≤ K[d(xn,T xn)]

`(xn,xn+1)

≤ K[d(xn,T xn)]
L < K[δ n−n0d(xn0,T xn0)]

L

= K[d(xn0,T xn0)]
L
δ

L(n−n0), for all n > n0.

Since δ ∈ (0,1), we have, for m > n > n0, that

d(xn,xm) ≤ d(xn,xn+1)+ · · ·+d(xm−1,xm)

≤ K[d(xn0,T xn0)]
L
δ

L(n−n0)+ · · ·+K[d(xn0 ,T xn0)]
L
δ

L(m−1−n0)

≤ K[d(xn0,T xn0)]
L
δ

L(n−n0)
(
1+δ

L +δ
2L + · · ·

)
=

K[d(xn0,T xn0)]
L

1−δ L δ
L(n−n0).

This implies that {xn} is a Cauchy sequence. Since X is complete, there exists z ∈ X such that
{xn} converges to z. Since f has property (L), one has d(z,T z) = f (z) ≤ 0. This implies that
d(z,T z) = 0, i.e., T z = z. This ends the proof. �

Remark 3.1. Theorem 3.1 includes [3, Lemma 1], [1, Theorem 3.1] and [4, Lemma 1.2] as
special cases.

If we replace α(x,y), κ(x,y) and `(x,y) in Theorem 3.1 by suitable functions, we can get
some corollaries which have simpler forms and are easier to apply. For instance,

Corollary 3.1. Let (X ,d) be a complete metric space and T : X → X. Assume that there exist
a ∈ (0,1), k > 0 and ` > 0 such that, for each x ∈ X, there exists y ∈ X satisfying

d(y,Ty)≤ ad(x,T x), (3.7)

and
d(x,y)≤ k[d(x,T x)]`. (3.8)
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Then, T has at least one fixed point in X provided that the function d(x,T x) has property (L) in
X.

Example 3.3. Let X ,d and T be as in Example 1.1. Then the function x→ d(x,T x) has property
(L) in X . We can also check that, for any x ∈ X , there exists y = 0 such that (3.7) and (3.8) hold
with α = 1/2, `= 1 and k = 2. Thus, all assumptions of Corollary 3.1 are satisfied and z = 0 is
a fixed point of T . However, T is not Lipschitz and it does not satisfy condition (1.1). Thus, we
cannot apply [3, Lemma 1], [1, Theorem 3.1] and [4, Lemma 1.2] to this example.

The following example shows the significance of the power `(x,y) when it is not equal to 1.

Example 3.4. Let X ,d and T be as in Example 1.2. As in Example 1.2, we cannot apply [3,
Lemma 1], [1, Theorem 3.1] and [4, Lemma 1.2] to this example since conditions (a1) and (a2)
are not satisfied. However, we can apply Corollary 3.1 to this example. Indeed, we have

d(x,T x) =

{
0, if x = 0,
1

n(n+1) , if x = 1
n ,n = 1,2, · · · .

It is evident that the function x→ d(x,T x) is lower semicontinuous and hence it has Property
(L) in X . Moreover, there exist a = 1/2, k = 2 and ` = 1/2 such that, for each x ∈ X , there
exists y = 0 satisfying (3.7) and (3.8). It is obvious when x = 0. If x = 1/n,n = 1,2, · · · , then
we can easily see that (3.7) holds and (3.8) is equivalent to

1
n
≤ 2

(
1

n(n+1)

)1/2

,

or, equivalently,

1≤ 4n
n+1

,

which obviously holds for n≥ 1. Thus, all assumptions of Corollary 3.1 are satisfied.

We next present some applications of Theorem 3.1. We first apply Theorem 3.1 to give
another shorter proof for the main result in [8].

Theorem 3.2. [8, Theorem 2.4] Let (X ,d) be a complete metric space and T : X → X be a
mapping such that, for all x,y ∈ X,

d(T x,Ty)≤ ad(x,y)+bd(x,T x)+ cd(y,Ty)+ ed(y,T x)+ f d(x,Ty), (3.9)

where 0 < a < 1, b,c,e, f ≥ 0, b+ c > 0 and a+b+ c+ e+ f = 1. If e+ f > 0, then T has a
unique fixed point.

Proof. Let x ∈ X and set z = T 2x. As in Step 1 of the proof of Theorem 2.4 in [8], there exists
λ ∈ (0,1) such that

d(z,T z)≤ λd(x,T x).
Moreover,

d(x,z) = d(x,T 2x)≤ d(x,T x)+d(T x,T 2x)

≤ d(x,T x)+ad(x,T x)+bd(x,T x)+ cd(T x,T 2x)+ ed(T x,T x)+ f d(x,T 2x)

= (1+a+b)d(x,T x)+ cd(T x,z)+ f d(x,z)

≤ (1+a+b+ c)d(x,T x)+(c+ f )d(x,z).
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This implies that

d(x,z)≤ 1+a+b+ c
1− c− f

d(x,T x).

Since the function x→ d(x,T x) has Property (L), the existence of a fixed point of T follows
Corollary 3.1. The uniqueness of fixed point of T follows from inequality (3.9). �

Corollary 3.2. Let (X ,d) be a complete metric space and T : X → X. Assume that, for all
x,y ∈ X,

d(T 2x,T 2y)≤ ad(x,y)+bd(x,T 2x)+ cd(y,T 2y)+ ed(y,T 2x)+ f d(x,T 2y) (3.10)

with a,b,c,e and f as in Theorem 3.2. Then, T has a unique fixed point in X.

Proof. By Theorem 3.2, T 2 has a unique fixed point, say x, in X . Then

d(x,T x) = d(T 2x,T 2(T x))

≤ ad(x,T x)+bd(x,T 2x)+ cd(T x,T 3x)+ ed(T x,T 2x)+ f d(x,T 3x)

= (a+ e+ f )d(x,T x),

which implies that (1−a− e− f )d(x,T x)≤ 0. Thus, d(x,T x) = 0, i.e., x is a fixed point of T .
Assume that z is another fixed point of T . Then, T 2z = T z = z, which implies that z = x. This
ends the proof. �

We next give an example for which Theorem 3.2 cannot be applied but Corollary 3.2 can.

Example 3.5. Let X = R with the usual metric d(x,y) = |x− y| for all x,y ∈ X . Consider the
mapping T : R→ R defined as

T x =
{
−5x if x≥ 0
− 1

10x if x < 0

Then, for x ≥ 0, we have T 2x = T (−5x) = −(−5x)/10 = x/2, and for x < 0, we get T 2x =
T (−x/10) = −5(−x/10) = x/2. Thus, T 2x = x/2 for all x ∈ X . It is easy to check that T
satisfies (3.10) with a= 1/2 and b= c= e= f = 1/8. Applying Corollary 3.2, we conclude that
T has a unique fixed point. In fact, 0 is the unique fixed point of T . However, we cannot apply
Theorem 3.2 to this example since condition (3.9) in Theorem 3.2 is not satisfied. Otherwise, for
(x,y) = (1,0) and (x,y) = (0,1), we should obtain 5≤ a+6b+5e+ f and 5≤ a+6c+e+5 f .
From the last two inequalities, we have 5 ≤ a+ 3(b+ c+ e+ f ). Since a+ b+ c+ e+ f = 1,
the latter inequality yields 2≤ b+ c+ e+ f which is a contradiction.

We next apply Theorem 3.1 to prove the existence of fixed points for a class of involution
mappings. Recall that a mapping T : X → X is called an involution if T 2 = I on X , where I is
the identity mapping on X .

Theorem 3.3. Let (X ,d,W ) be a convex complete metric space, K be a nonempty closed convex
subset of X and T : K→ K be an involution. Assume that there exists θ ∈Θ such that

d(T x,Ty) ≤ θ(min{d(x,T x),d(y,Ty)}) (3.11)

× max
{

d(x,y),
1
2

d(x,T x),
1
2

d(y,Ty),
1
2

d(x,Ty),
1
2

d(y,T x)
}

for all x,y ∈ K. Then, T has at least one fixed point in K.



424 L.V. NGUYEN, N.T.N. TRAM

Proof. By Example 2.5, we see that x→ d(x,T x) has property (L). Suppose that T has no fixed
point in K, i.e., d(x,T x)> 0 for all x ∈ K. For each x ∈ K, let y =W (x,T x,1/2). Then

d(x,y) = d(x,W (x,T x,1/2))≤ 1
2

d(x,x)+
1
2

d(x,T x) =
1
2

d(x,T x),

and

d(y,T x) = d(T x,W (x,T x,1/2))≤ 1
2

d(T x,x)+
1
2

d(T x,T x) =
1
2

d(x,T x).

Using above inequalities, we have

d(x,Ty) = d(T 2x,Ty)

≤ θ(min{d(T x,T 2x),d(y,Ty)})

× max
{

d(T x,y),
1
2

d(T x,T 2x),
1
2

d(y,Ty),
1
2

d(T x,Ty),
1
2

d(y,T 2x)
}

≤ θ(min{d(x,T x),d(y,Ty)})

× max
{

d(y,T x),
1
2

d(x,T x),
1
2

d(y,Ty),
1
2

d(T x,Ty),
1
2

d(x,y)
}

≤ 1
2

θ(min{d(x,T x),d(y,Ty)}).max{d(x,T x),d(y,Ty),d(T x,Ty)}, (3.12)

and

d(T x,Ty) ≤ θ(min{d(x,T x),d(y,Ty)})

× max
{

d(x,y),
1
2

d(x,T x),
1
2

d(y,Ty),
1
2

d(x,Ty),
1
2

d(y,T x)
}

≤ 1
2

θ(min{d(x,T x),d(y,Ty)}).max{d(x,T x),d(y,Ty),d(x,Ty)} . (3.13)

Assume that d(T x,Ty)≥max{d(x,T x),d(y,Ty)}. It follows from (3.12) that

d(x,Ty)≤ 1
2

θ(min{d(x,T x),d(y,Ty)}).d(T x,Ty)< d(T x,Ty).

This, together with (3.13), implies that

d(T x,Ty) ≤ 1
2

θ(min{d(x,T x),d(y,Ty)}).max{d(x,T x),d(y,Ty)}

< max{d(x,T x),d(y,Ty)},

which is a contradiction. Thus, d(T x,Ty)< max{d(x,T x),d(y,Ty)} and then

d(x,Ty)≤ 1
2

θ(min{d(x,T x),d(y,Ty)}).max{d(x,T x),d(y,Ty)}, (3.14)

and

d(T x,Ty)≤ 1
2

θ(min{d(x,T x),d(y,Ty)}).max{d(x,T x),d(y,Ty)} . (3.15)

Using (3.14) and (3.15), we have

d(y,Ty) = d(Ty,W (x,T x,1/2))≤ 1
2

d(Ty,x)+
1
2

d(Ty,T x)

≤ 1
2

θ(min{d(x,T x),d(y,Ty)}).max{d(x,T x),d(y,Ty)},
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which implies that

d(y,Ty)≤ 1
2

θ(min{d(x,T x),d(y,Ty)}).d(x,T x).

Applying Theorem 3.1 with α(x,y)= θ(min{d(x,T x),d(y,Ty)})/2, κ(x,y)= 1/2 and `(x,y)=
1 for all x,y ∈ X , we conclude that T has a fixed point in K. �

We can omit the assumption that T 2 = I in the previous result by assuming that T 2 satisfies
a certain contractive condition and that X is uniformly convex, K is bounded. Our next result is
based on the following result by Fukhar-ud-din, Khana and Akhtar [6].

Theorem 3.4. [6] Let K be a nonempty, closed, convex and bounded subset of a complete and
uniformly convex metric space (X ,d,W ) having Property (B). If T : K→K is a continuous map
satisfying (3.9) with a,b,c,e, f ≥ 0 and a+b+ c+ e+ f ≤ 1, then T has a fixed point in K.

Remark 3.2. Exploiting the proof of Theorem 3.4 in [6], we see that the continuity of T is only
used to obtain that the sets Cβ = {x : d(x,T x)≤ β}, where β ∈ (0,1), are closed (see the proof in
[6, page 4753]). It is easy to see that the sets Cβ are closed if the function x→ f (x) := d(x,T x)
is lower semicontinuous. Thus, the conclusion of Theorem 3.4 still holds true if we replace the
continuity of T by the lower semicontinuity of f .

Theorem 3.5. Let K be a nonempty, closed, convex and bounded subset of a complete and
uniformly convex metric space (X ,d,W ) having Property (B) and T : K→ K be such that x→
d(x,T 2x) is lower continuous. Assume that there exist a,b,c,d,e, f ≥ 0 with a+b+c+d+e+
f ≤ 1 such that

d(T 2x,T 2y)≤ ad(x,y)+bd(x,T 2x)+ cd(y,T 2y)+ ed(y,T 2x)+ f d(x,T 2y), (3.16)

for all x,y∈K. If, in addition, there exists θ ∈Θ such that (3.11) holds, then T has a fixed point
in K.

Proof. We may assume that b = c, e = f and a+2b+2e ≤ 1. Set C = {x ∈ K : T 2x = x}. By
Theorem 3.4 and Remark 3.2, C is nonempty. We next show that C is closed. Let {xn} be a
sequence in C converging to some x ∈ X . By the lower semicontinuity of x→ d(T 2x,x), we
have

0≤ d(T 2x,x)≤ liminf
n→∞

d(T 2xn,xn) = 0.

This implies that d(T 2x,x) = 0, i.e., T 2x = x. So, x ∈C and thus C is closed. We now prove that
C is convex. To this end let x,y ∈ C and t ∈ (0,1), we will show that W (x,y, t) ∈ C. Observe
that

d(x,T 2(W (x,y, t))) = d(T 2x,T 2(W (x,y, t)))

≤ ad(x,W (x,y, t))+b[d(x,T 2x)+d(W (x,y, t),T 2(W (x,y, t)))]

+e[d(x,T 2(W (x,y, t)))+d(W (x,y, t),T 2x)]

≤ (a+b+ e)d(x,W (x,y, t))+(b+ e)d(x,T 2(W (x,y, t))).

This yields

d(x,T 2(W (x,y, t)))≤ a+b+ c
1−b− e

d(x,W (x,y, t)). (3.17)
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Similarly, one has

d(y,T 2(W (x,y, t)))≤ a+b+ e
1−b− e

d(y,W (x,y, t)). (3.18)

Using (3.17) and (3.18), one has

d(x,y) ≤ d(x,T 2(W (x,y, t)))+d(y,T 2(W (x,y, t)))

≤ a+b+ e
1−b− e

[d(x,W (x,y, t))+d(y,W (x,y, t))]

≤ a+b+ c
1−b− e

[(1− t)d(x,y)+ td(y,x)] =
a+b+ e
1−b− e

d(x,y). (3.19)

If a+ 2b+ 2e < 1, then it follows from (3.19) that W (x,y, t) = x = y. Thus, W (x,y, t) ∈ C.
Assume that a+2b+2e = 1. From (3.17) - (3.19). Then

d(x,T 2(W (x,y, t))) = d(x,W (x,y, t)) = (1− t)d(x,y), (3.20)

and
d(y,T 2(W (x,y, t))) = d(y,W (x,y, t)) = td(x,y). (3.21)

From (3.20) and (3.21), we have
d(y,W (x,y, t))

d(x,W (x,y, t))+d(y,W (x,y, t))
=

td(x,y)
d(x,y)

= t.

Then, by Remark 1.1, T 2(W (x,y, t)) = W (x,y, t), that is, W (x,y, t) ∈ C. Thus, C is convex.
Moreover, T (C) = C and T 2 = I on C. Therefore, by Theorem 3.3, T has a fixed point in
K. �

Remark 3.3. In the setting of uniformly convex metric spaces, one can improve the assumption
on functions θ based on the modulus of convexity as, e.g., in [1, Theorem 3.4], [5, Theorem 3]
and [7, Theorem 2.4] to get a more general result than mentioned results.
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