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SHRINKING PROJECTION METHOD FOR SOLVING ZERO POINT AND FIXED
POINT PROBLEMS IN BANACH SPACES
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Abstract. In this article, we propose an algorithm for finding a common element of the set of fixed points
of quasi-¢@,-nonexpansive mappings and zero points of nonnegative, l.s.c., convex mapping in a real
p-uniformly convex and uniformly smooth Banach space by means of a modified shrinking projection
method. Under some mild assumptions, strong convergence theorems are established. Preliminary
numerical examples are performed to support our results.
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1. INTRODUCTION

Let E be a real Banach space with the topological dual space E*. Let J, (p > 1) denote the
generalized duality mapping from E to 2" defined by

Jp(x) i={x" € E*: (x",x) = [lx|]?, |x*|| = [P~ "}, ¥x € E,

where (-,-) denotes the duality pairing between E and E*. We call that J, is the normalized
duality mapping. Because of the Hahn-Banach Theorem, we have that J,,(x) is nonempty for any
xeckE.

Let f: E — R be a convex function. The set {x € X : f(x) < 4o} is denoted by domf. We
assume that the interior of the domain of f, intdomf, is nonempty. For any x € intdomf and
y € E, we denote by f°(x,y) the right-hand derivative of f at x in the direction y, that is,

) . f(x—i—ty)—f(x)
=1 .
fxy) = lim ;
The function f is called Gdteaux differentiable at x if lim,_,o(f(x+7y) — f(x))/t exists for any
y. In this case, f°(x,y) coincides with V f(x), the value of the gradient V f of f at x, see [17, 18].

Let f : E — R be a convex function which is Gateaux differentiable for any x € intdomf. The
function Dy : domf x intdomf — [0,+o0), defined by

Dy(y,x) = f(y) = f(x) = (Vf(x),y —x),
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is called the Bregman distance with respect to f, see [3]. Let us recall a function f, : E — R
by fp(x) = %||x||1’, where 1 < p < oo. In this case, the Bregman distance associated with f,(-)
reduces to

1
¢p(y,X)=—HyH” {Jpy,x) + I;HXH”,

where x,y € E, 1 < p < oo satisfies 1 » T ;1 = 1 with ¢ > 1. Under the assumption that E is

a Hilbert space, we have that f,(x) = %||x|| Vx € E and J, is an identity mapping, then the
Bregman distance associated with f>(-) reduces to ¢>(x,y) = 5 Lilx—y||% Vx,y €E.
We define a function V), : E* X E — [0, +0c0) associated with f,(x) = l]j||x||p (I < p <o) by

Vo (y,x) = %IHqu — (y,x) + 1—1,||fo", Vx € E,y € E*, see [1]. Recall that V), is nonnegative and

Vo(3x) = 9p(J, " (¥),%), VX EE,y EE".
By making use of the subdifferential inequality, we obtain that
Vp(3,x) + (2,0, 1 () =x) <V, (y+2,x), Vx €E,y,z €E*,

see [9, 12]. Since V), is convex in the first variable, hence we have that for all z € E,

th(Pp XiyZ >¢p< th )7 (1.1)

where (x;)¥; C E and ()Y, € (0,1) with ¥ ¥, #; = 1; see [10].
The modulus of convexity of E is the function 7 : (0,2] — [0, 1] defined as follows

x+y
w(@) =inf {1=||=22|| Il = Iyl = 13 e =yl = 0}

We call that E is uniformly convex if and only if 7(®) > 0,V € (0,2]. Let A > 0. We say that
E is A-uniformly convex if, there exists a positive constant 8 such that 7(@) > sw*, Vo € (0,2].
Let us define a unit sphere of E by Z(E) := {x € E : ||x|| = 1}. We say that E is strictly convex

if, ”xzi” <1, Vx,y€ B(E), x#y. We say that if E is a strictly convex and reflexive Banach
space with a strictly convex dual, one sees that the duality mapping from E* into E satisfies
that (J,)~'J, = Ir and J,,(J,) ! = I+, see [8]. On the other hand, we say that the norm of E
is Gateaux differentiable iff the limit limg_,g w exists for any x,y € #(E). In this case,
E is said to be a smooth Banach space. Recall that if E is smooth, then J), is single valued
and J,(x) := [|x||P~2J(x), Vx # 0, see [29]. The modulus of smoothness of E is a function

PE : [0,00) — [0,0) defined by

X+y|—|x—Yy
pe(t) = sup { FENZI ) e )y = ).

We say that a Banach space E is uniformly smooth iff, lim,_,o 2Z ( ) = 0. Givenr > 1. We say
that E is r-uniformly smooth iff, there exist a positive constant K such that k1" > pg(1). If E
is r-uniformly smooth, one sees that r <2 and E is uniformly smooth [28]. If E is uniformly
smooth, we obtain that J,, is uniformly continuous on bounded subsets of E. If E is uniformly
smooth, one obtains that ¢, is norm-to-norm uniformly continuous on bounded sets of E.

Let C be a nonempty, closed, and convex subset of a real Banach space E. Let us give a
mapping 7 from C into E. We denote by Fix(T) the solution set of finding u € E such that
u = Tu. According to [19], we say that T : C — E is
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(1) ¢,-nonxpansive if
¢p(x,y) Z (pP(Tx? Ty)7 Vx,y € C;
(ii) quasi-¢@,-nonexpansive if Fix(T) # @ and

Op(x*,x) > ¢,(Tx,x"),Vx € C,x" € Fix(T).

We assume that C is a nonempty, closed and convex subset of a smooth, strictly convex and
reflexive Banach space E. We recall that the generalized projection is a mapping [I¢: E — C
that assigns to an arbitrary point x € E the minimum point of ¢,(x,y), that is X = I1cx, where &
is the solution to the minimization problem

IIcx = argmin ¢, (x,y),
C gyeC¢p( y)

see [2]. In the setting of Hilbert spaces, operator I1c is the metric (nearest point) projection Fc.
One knows ([29]) I1¢ can be characterized by the following properties, for any x € E,

(z—Tcx,J,(x) —J,(Tex)) <0,z € C, (1.2)
from which one sees that
¢P(HCX7Z) S (pp(x?Z) o (Pp(X, HCX)7 VZ eC. (13)

Fixed point problems find a number of applications in many practical fields, such as, medical
imaging, traffic networks etc. Fixed point methods have been applied to monotone variational
inequalities, convex optimization problems and convex feasibility problems [35, 6, 23, 24, 25, 26].
There is an extensive literature on numerical approaches to solving the fixed point problems,
such as, the Halpern algorithm, the hybrid method and the Mann algorithm. Recently, the
iterative constructions of fixed points of nonlinear mappings via the Mann-like method have been
extensively investigated by many authors [7, 13, 16, 21]. However, it is worthwhile recalling that
this method is weakly convergent in the framework of infinite dimensional Hilbert spaces. As we
are working in infinite dimensional spaces, strong convergence, which is a convergence in norm
topology, is much more essential and desirable than weak convergence, which is a convergence
in weak topology.

Now we recall the shrinking projection method proposed by Takahasi, Takeuchi and Kubota in
Hilbert spaces [22]. They obtained a strong convergence result of fixed points for nonexpansive
mappings ( ||Tx—Ty|| < ||lx—y]|, Vx,y € C). To be more precisely, their result reads as follows.

Theorem 1.1. Let C be a nonempty closed convex subset of a Hilbert space H. Suppose that
T : C — H is a nonexpansive mapping with Fix(T) # 0. The iterate sequence {x,} is defined by

Xxo € H chosen arbitrarily,

C=C,

x1 = Feyxo,

Yn = OuXy + (1 — 04 Txypy

Cor1 ={z€C: |lyn—zll < lxn—2ll},
X1 = Fc, X0, Vn > 0.

(1.4)

\

where 0 < o, < a < 1,Yn € N. Then {x,} converges strongly to the fixed point of T nearest to
X0, as n —» oo

As a generalization of the shrinking projection method, Qin, Huang and Wang [14] improved
Theorem 3.1 from a Hilbert space to a Banach space. Their result reads as follows.
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Theorem 1.2. Let E be a uniformly smooth and strictly convex Banach space with the Kadec-
Klee property. Let C be a nonempty closed convex subset of E. Suppose that T : C — C is a
closed and quasi-@,-nonexpansive mapping. Let {x,} be a sequence generated in the following

manner
( xo € E chosen arbitrarily,

Ci=C,

x1 =[le¢, %o,

Yn = Jz_l [anJZXn + (1 - an)J2Txn] )
Coy1 = {Z € Cu: ¢2(z,9n) < ¢2(Zaxn)}a
Xp+l1 = ch+1xO, Vn Z 0,,

(1.5)

\
where {a,} C [0,1) and limsup, . o, < 1. Then {x,} converges strongly to the fixed point of
T nearest to xo, as n — oo.

On the other hand, many physically important problems can be modeled by initial value
problems expressed as Sx(¢) +x'(r) = 0,x(0) = xo, where S is a mapping defined in a Banach
space. Some examples where such evolution equations occur can be found in the wave, heat and
other fields. Under the assumption that x(¢) is dependent on ¢, the above problem can be reduced
to S(x) = 0 whose solutions correspond to the equilibrium points of initial value problems. We
denote the zero set of S by S~1(0), that is, S~!(0) = {z € domS : 0 € S(z)}. Recently, there are a
number of numerical methods for solving zero point problems; see, e.g., [4, 7, 15, 20, 21].

Motivated by the works mentioned above and their real applications, we consider the following
problem, which consists of

n
finding x € (| Fix(T) NS~ (0), (1.6)
i=1
where Ti,T>,...,T, are quasi-¢,-nonexpansive mappings, and § is a nonnegative, convex and
lower semi-continuous function.

An outline of this paper is organized as follows. In Section 3, we present some lemmas,
which are essential to obtain our main convergence theorem. In Section 3, the main convergence
theorem is obtained in a real uniformly smooth and p-uniformly convex Banach space. In Section
4, numerical examples are presented to support our algorithm.

2. LEMMAS

In this section, we list some lemmas, which are essential to obtain our main convergence
theorem.

Lemma 2.1. [27] Let E be a r-uniformly smooth Banach space. Then there is a ), > 0 such that
[l = y[I” < {lxll” = (v, Jr(x)) + 2 Iy [17, Vx,y € E.

Lemma 2.2. [20] Let E be a uniformly convex and smooth Banach space, and let C be a closed
convex nonempty subset of E. Let T be a quasi-@,-nonexpansive and closed mapping from C
into itself. Thus, Fix(T) is a closed and convex subset of C.

Lemma 2.3. [27] Let € > 0 and r > 1 be two real numbers. A Banach space E is uniformly convex
if and only if there exists a strictly increasing, continuous and convex function 6 : Rt — R*
such that 0(0) =0 and Vx,y € Be :={x € E: ||x|| < €}, a €[0,1], |[ox+ (1 —a)y||" < ex||x]|"+
(I—a)|y]" =Y, (@)0(||x—y|), where Y, (a) :== a’" (1l —a)+ a(l — a)".
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Lemma 2.4. [11] Let E be a real smooth and uniformly convex Banach space. Let {x,} and
{yn} be two sequences in E. Then 1imy,_c @ (xy,yn) = 0 if and only if lim, e || X, — yu|| = 0.

3. MAIN RESULTS

Theorem 3.1. Let E be a real uniformly smooth and p-uniformly convex Banach space with
dual E*, where 1 < p < oo. Let q be the conjugate of p, that is, p+q = pq. Let C be a nonempty,
closed and convex subset of E. Let T; : C — C (i = 1,2,...,m) be a finite family of closed
and quasi-@,-nonexpansive mappings. Let S : E — R be a nonnegative, convex and lower
semi-continuous (L.s.c) function. Let {x,} be a sequence generated by the following algorithm

( xo € E chosen arbitrarily,

C=C,
zn,m:Jp [and pxn + bpd p Tnxn + cn(JpXn — tady)] ’

]
Cor1={ueCy: SUP;;,>1 ‘pp(Zn.,ma u) < ‘pp(xn» )}
L Xn+1 = HCn+1x07

where {an},{bn},{cn} C (0,1) with a, + b, +c, = 1,VYn € N, d, is a search direction with
respect to S and

an(xn)IFI . .

=4 T fdnF0;

0, otherwise ,

1

for any p, € (O, (Xiq)qfl
(i) 0 <c<t, <¢forsomec,ccRandforanyn el :={k e N:d,#0};

r—1
ﬁUinﬁEr[pn<l——&%f@>]:>O;
(iii) S(xn) < {dy, X, —2), ¥n € Nand ¥z € S71(0).

IfA=", Fix(T,)NS~1(0) # 0, then {x,} converges strongly to 7z = Txxo, as n — oo

>, with respect of X4 given in Lemma 2.1. We additionally assume that

Proof. Since S is nonnegative 1.s.c convex function, we find that S~!(0) is convex and closed.
From this and Lemma 2.2, we obtain that A is closed and convex. It ensures that I, is well-
defined. Observe that

Coit :{u € Cy i sup @p(znm,u) < q)p(xn,u)},

m>1
= ﬂ {u€E:p(znmu) < @pxa,u)} NGy,
m>1
1
- N {u EE: (Upxn—Jyzumu) < —|lxal|? }mc,,.
r
m>1

This implies that G, is closed and convex. So, Ig, ., is well-defined, for n € N. Let us now fix
X € Q and show A C C,,. Recalling the expression of z, ,,, it follows from (1.1) that

(PP (Zn ms>X A)
= Op(J, ! [and pxn + bud p Tonn + Cn(JpXnn — tdly )], £)

_ ap by .
= ¢p <Jp [(1 — Cn) (—Jpxn + —CJmexn> +Cn(-]pxn - tndn)i| ,X) .

1—c¢c, 1—c,
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Setting briefly y, , = =J, ( J pXn + 1 J men) we immediately find that

Op(znm, %) <(1=cn)Op O, X) + cnp (I, (JpXn — tudln) %) - (3.2)

By use of Lemma 2.1 and the definition of #,, one has that

¢p( (pxn tady),X)
U TR
:;”Jpxn thdy ||q <pxn7 >+tn<dn»x>+;||x||p

1 U T
S;](||Jpxn||"—qtn<dn,xn> fa Xalldn|[*) = (Jpn, £) & tn (s )+ 1217

Lo o i o Xy s g (3-3)
= [l —<Jpxn,x>+l—)||xll — tn{dn, X — %) + . e

Pr‘fﬁlx S(xn)p
<¢P(xna ) pn( q q) “dan
S‘Pp(xnyxA)-

Invoking that 7; (i = 1,2, --- ,m) is quasi-¢,-nonexpansive, one finds from Lemma 2.3 that

op (Ynm, %) pXn+ J pTmXn

b,

Hl—cn 1— 1

< (72 Tl =Ty (1) 8 — Ty Tl
=g 1— 1—c pin pLimin

n
a b
_< - JpXn + l—nc JPmen7)?> +;H£Hp
n

q a b, 1
g T, > ZiIRP
<1_ pXn T+ — ¢, pimEnt +p||x||

I_Cn

a, (1 R L.
g (o Wl = (s £) 217

by L.
2 (Tl = T )+ 1417

1
= Yo (72 )0y~ i)

a _ R b _ R
Sﬁ‘?’p(‘lp I(Jpxn)ax) + ﬁ¢[’(‘]p I(Jmexn)ax)

n

1 a
=20y (72 ) 850 — Iy o)

o1 a
<0 8) = Yy (7 ) O3 = Iy T
q —Cn

(3.4)
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By collecting the above results (3.2), (3.3) and (3.4), one finds that

1 n
Op(anm ) <(1 =) (99 8) = Yo (72 )6 pea — Ty Tl

o () — (1 - P20 Sy

e ) o (3.5)
<Oplan.8) =~ (77 ) O pta — Iy T
_Cnpn<1_P3_1%q>S(xn)p'
q 7 |ldall”
From this, one concludes that
Op (2nms %) <Pp(xn, %). (3.6)

As a consequence, we obtain that A C C,,. In light of x,, =I1¢,x, Vi > 1, one finds from (1.3)
that

¢p(xn,X0> = (p]? (HCnXO,)C()) S (Z)P(XA?'XO) - (pp(jc\? HConO) S d)p(anxO)? Vl’l Z 1

This implies that {¢,(x,,X0)} is bounded. According to x,1 =I¢,, X0 € C,11 € Cy, we refer
that

Op (X0 X0) < Op(Xn41,%0), V> 1.
As aresult, we immediately have that {@,(x,,xo)} is nondecreasing and bounded. Then the limit
limy,—se0 ¢ (x5, X0) exists. Again, by making use of (1.3), we have that
Op (Knt1,%0) = Op (41,11, %0) < G (Xnt1,%0) — @ (T, X0, %0)
= Op(Xn+1,%0) — Pp (Xn,X0) ,
which implies that
lim ¢ (xp41,%,) = 0. (3.7)

n—yoo

It follows from (3.7) and Lemma 2.4 that
,}EIOlOHxn+1 — x| =0. (3.8)
On the other hand, taking account of (3.6) and (3.8), with the help of Lemma 2.4, we obtain that
i [ —3011]] = 0. (3.9)

Let us give some positive integers &,/ with k < /. By combining x; = Il¢,x9g € Ci with (1.3), we

infer that

Op (X1, x1) = Op (xx, T x0) < @ (x,%0) — @ (T, X0, X0)
(3.10)
= ¢p(xkax0) - ¢p(xl»x0) .

Since lim, e ¢ (x,,X0) exists, we have that (3.10) yields that lim;_,e ¢ (x¢,x;) = 0. From
Lemma 2.4, we get that lim; .. ||x; — x;|| = 0. Hence, {x,} is a Cauchy sequence. On the other
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hand, with the help of ¢,(,-), we derive that
(Pp(xn?xA) - (Pp(zn,mvﬁ)
C el = e+ S117) — (Hllznml? — G )+ 5]17)
=(—|xa||” — (Jpxn, %) + =117 ) — ( =llzamll” — (Jpzam, X) + —||%
q n prin D q n,m pln,m D

1 -
=5(lenll” = llzamll”) + pznm = Jpxn, %)

(3.11)

=0p(Xn:2nm) + IpzZnm — I pXn, £ — Znm) -
From the same argument above, we have that
Op(2n.ms X) — Op (X0, £) = Op(Zn.ms Xn) + (JpXn — TpZnms X — Xn) - (3.12)
Combining (3.11) with (3.12), one obtains that
Op (Xns Znm) + Op(Znms Xn) = TpZnm — I pXns Znm — Xn) -

As a classical result, one deduces that

(pp(xnazn,m) < <JpZn,m - Jpxnazn,m _xn> . (3.13)
By making use of (3.11) and (3.13), one immediately finds that
(pp(xn»)?) - (Pp(zn,m;je) S(Jpzn,m —JpxmxA _xn> . (3.14)

Keeping in mind that E is a p-uniformly convex and uniformly smooth real Banach space, we
have that J, is uniformly norm to norm continuous. Coming back to (3.8) and (3.9), we have that

’112130||Jpzn_‘m—lpxn|| =0. (3.15)
Returning to (3.5), together with (3.14), (3.15), we deduce that

1—c, an

o (T2 01t Iy Tl + o (1 -

<@p(xn,%) — Op(zpm,X) =0, as n — oo,

pg_IXq> S(xn)p
a7 (.16

By using successively (3.16) and Y,( e ) # 0, we check that

1—cy,

nliggﬁ(HJpxn —JpTnxn|]) = 0= nlgg [JpxXn — JpTnxn|| = 0. (3.17)
1

On the other hand, invoking p,, € (O, (qu) F) , we obtain that

P
fim S0)
n—oo Hdan

= 0= lim S(x,) = 0. (3.18)
n—oo

Recalling that J,; !'is also uniformly norm-to-norm continuous on bounded sets, (3.17) yields
that

lim [, — Ty = 0. (3.19)
n—soo

Observing that {x, } is a Cauchy sequence, we find that there exists X € E such that {x, } converges
strongly to X as n — co. Owning to (3.19), we have that {7,,x, } also converges strongly to ¥ as
n — oo. Recalling that 7; (i = 1,2,--- ,m) is closed, we immediately find that ¥ € ("}, Fix(T;).
Returning to (3.18), one sees that ¥ € S~1(0). In conclusion, we obtain that ¥ € A.
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Now we are in a position to prove that {x,} converges strongly to an element z = ITpx, as
n — o, Invoking x, = I¢, xo, it follows from (1.3) that

(xXn —x,Jpx0 — Jpxn) >0, Vx € A. (3.20)
Taking the limit as n — oo in (3.20), we obtain that
(X—x,Jpx0 —Jpx) >0, Vx € A.

As a classical result, we conclude that ¥ = IlIgxg. Thus, z = &. It follows that {x, } converges
strongly to z, as n — oco. The proof is completed. U

In Theorem 3.1, if direction vector d,, coincides with gradient VS(x,), then we obtain the
following corollary.

Corollary 3.1. Let E be a real uniformly smooth and p-uniformly convex Banach space with dual
E*, where 1 < p < . Let C be a nonempty, closed and convex subset of E. Let T; : C — C(i =
1,2,...,m) be a finite family of closed and quasi-¢,-nonexpansive mappings. Let S : E — R be
a nonnegative, convex lower semi-continuous (L.s.c) and Gateaux differentiable function with the
gradient VS : E — E. Let {x,} be a sequence generated by the following algorithm

( xo € E chosen arbitrarily,

C,=C,
x1 =I¢xo,
Znm = Jp_1 [and pxn + bud p Tinxn + ¢ (Jpxn — 6, VS(x))]
Cir1={ucC: Sup,,>1 ‘Pp(zn,ma”) < ‘Pp(xnv”)}v

L Xnt1 =1, X0,

where {an},{b,},{cn} C (0,1) and ay +b,+c, =1,¥n € N. If A = (", F(T;) N S~1(0) £ 0,

then {x,} converges strongly to z = Ipxxg, as n — oo.

(3.21)

4. NUMERICAL EXPERIMENTS

In this section, we use two numerical examples to illustrate the computational performance of
our proposed algorithm. All the programs are performed in MATLAB2018a on a PC Desktop
Intel(R) Core(TM) i5-8250U CPU @ 1.60GHz 1.800 GHz, RAM 8.00 GB.

Example 4.1. In the first experiment, we assume that £ = RN and C = E. Let us define
T.: RV RN (i=1,2,...,m) by Tpx := i%x(‘v’x € E). Meanwhile, we define S : RN — RN by
S(x) := x?(Vx € E). Then we check that 7; (i = 1,2,...,m) is quasi-@,-nonexpansive. In this
case, we observe that A = ., Fix(T;) N S~1(0) = 0 # 0.

We use our Algorithm (3.1) to solve Example 4.1 with N =3, m = 3 and Cy = R". Our
parameters are given as follows. We set a, = b, = ¢, = % and p, = 0.5 (Vn € N). Our initial
value is randomly generated in the range of (0,1)V. In this test, we consider four cases (Case I:
N =1; Case II: N = 10; Case III: N = 50; Case IV: N = 100). Let us define a sequence {E,}
by E, = ||x, — z||* with z = 0. In this experiment, the sequence {E,} can be regarded as the
iteration error of Algorithm (3.21), due to the fact that the unique solution of A is z = 0. We take
E, < 10~ as the stopping criteria. Our numerical results are reported in Figure 1 and Figure 2.

In addition, we also tested the numerical behaviors of our algorithm (3.1) with different values
of N and m. Our numerical results are represented in Figure 3 and Figure 4.
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FIGURE 1. Numerical behaviors of error sequence {E, } for Example 4.1.
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FIGURE 2. Numerical behaviors of each component of x, for Example 4.1.
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FIGURE 3. Numerical behaviors of error sequence {E, } for Example 4.1.
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Example 4.2. Let us consider a convex feasibility problem with E = RY and C = E. Given
any nonempty closed convex set Q; C RN (i=1,...,m) with Q := N~ Qi # 0. We attempt to
find the feasible solution z € Q := ", Q;. We define a finite family of mappings 7; : RN —
RN (i =1,2,---,m) by Tix := B(x) (x € RY), where P(x) = Pp,(x) (x € R") stands for the
metric projection from RY onto Q;. We define a mapping S : RN — RN by S(x) := x? (x € RV).
We observe that 7; (i = 1,2, --- ,m) is quasi-@,-nonexpansive with respect of Fix(7;) # 0. In this
experiment, we set Q; (i = 1,2,--- ,m) as a closed ball with center ¢; € RY and radius r; > 0.
Thus P, (i = 1,2,--- ,m) can be computed with

P { T T i) i flei=all > ri,
X, if Hci —_x“ <r;.

We choose r; =1 (i=1,...,m), c; = (1,0,...,0)" and ¢; = (—1,0,...,0)”. Meanwhile, c; is
randomly generated in the range of (—1/v/N,1/v/N)N(i=3,...,m). Give the values of c{,c2, 1
and r as above. In this case, one sees that A = (", Fix(T;)NS~1(0) =N, 0:NS~'(0) =0 #0.

We use our Algorithm (3.21) to solve Example 4.2, our parameter settings are given the same
as in Example 4.1. Our initial value is randomly generated by the MATLAB function k x rand
(Case I: k = 1; Case II: k = 10; Case III: k = 50; Case IV: k = 100). Let us denote E,, = ||x,, —z||?
by the iteration error of Algorithm (3.21) with z = 0. Let us take E, < 10~* as the stopping
criteria. In addition, we also test the numerical behavior of our algorithm (3.21) with different
values of N and m. Our numerical results are reported in Figure 5—Figure 8.

Remark 4.1. (1) Figure 1, Figure 3, Figure 5 and Figure 7 show the computational per-
formance of our proposed Algorithms (3.1) and (3.21) with different initial values and
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different dimensions. On the other hand, we also display the numerical behaviors of
each component of the generated sequence {x, } with different initial values and different
dimensions, see Figure 2, Figure 4, Figure 6 and Figure 8. The numerical results show
that the generated sequence {x,} is convergent to 0 as n — o0. From which, it implies
that the sequence {x,} converges to the solution of problems.

(i1) Based on the provided data in Example 4.1 and Example 4.2, we conclude that our
proposed Algorithms (3.1) and (3.21) are efficient for solving optimization problems in
finite dimensional Euclidean spaces. In addition, our algorithms are robust because the
choice of initial values and dimensions do not affect the computational performance of
the algorithms.
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