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Abstract. In this paper, we combine variational methods and truncation techniques to study the existence
of at least two weak solutions for a p-Laplacian problem depending by a positive parameter λ and with
reaction term singular at zero. A quantitative estimate of the parameters is also given.
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1. INTRODUCTION

Starting form the pioneering papers [14] and [31], singular elliptic equations have been ex-
tensively studied by many scholars, so much so that it is impossible to summarize the many and
important contributions present in the literature on this topic. Some of those ones, closely
related to what are studied in this paper, can be found, for instance, in [13, 15], and the
monograph [18], dealing with semilinear problems. For p-Laplace equations, we refer to
[19, 20, 21, 22, 26, 28, 29] and the references therein.

Let N ≥ 3 and Ω⊆ RN be a bounded domain with C2-boundary ∂Ω. In this paper, we study
the existence of at least two weak solutions for the following Dirichlet problem:

−∆pu = λ f (x,u) in Ω,
u > 0 in Ω,
u = 0 on ∂Ω,

(Pλ , f )

where 1 < p < N, ∆pu := div(|∇u|p−2∇u) denotes the p-Laplacian operator, λ > 0 is a pa-
rameter, and f : Ω× (0,+∞)→ [0,+∞) is a Carathéodory function satisfying the following
assumptions:
H(f)1 : lim

s→0+
f (x,s) = +∞, uniformly w.r.t. x ∈Ω.

H(f)2 : There exist s0,b1 > 0, b2 ≥ 0, γ ∈ (0,1), q ∈ (1, p∗), and a ∈ Lq′(Ω)+ such that:
(i) f (x,s)sγ ≤ b1, for a.a. x ∈Ω and for all s ∈ (0,s0);
(ii) f (x,s)≤ a(x)+b2sq−1 for a.a. x ∈Ω and for all s ∈ [s0,+∞), with p∗ := N p

N−p .
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Moreover, in order to obtain a second solution in the superlinear case, that is, p < q < p∗, we
also require that f fulfills the Ambrosetti-Rabinowitz condition (unilater version; cf. [26, pag.
154] and also [28, 29]):

(AR+) : There exist µ > p, R > s0, and s1 ∈ [s0,R) such that

0 < inf
x∈Ω

∫ R

0
f (x, t)dt, 0 < µ

∫ s

s1

f (x, t)dt ≤ f (x,s)s,

for a.a. x ∈Ω and for all s≥ R, where s0 is as in H(f)2.
Roughly speaking, we ensure the existence of at least two weak solutions for problem (Pλ , f )

by looking for a local minimizer and a mountain pass critical point for a suitable energy func-
tional Jλ associated to it (Theorem 3.2).

A crucial point in the analysis of both regular and singular problems via variational methods
is to guarantee that a suitable energy functional satisfies the classical mountain pass geometry
[2]. The truncation methods based on the so-called W 1,p versus C1 local minimizers results,
introduced in [4], and the regularity theory for PDEs (cf. [9, 17, 20, 21]) are powerful tools to
the purpose. See also the more recent bifurcation results collected in [26].

In this paper, motivated by [8, 10, 11, 28, 29], we get the first solution for (Pλ , f ) as a local
minimizer by applying a new version (Theorem 2.1) of a critical point result due to [7] (see
also [6]). In particular, unlike [28, 29], we do not adopt perturbation arguments to get a local
minimum. In view of [8, 10, 11], we achieve the goal by introducing a suitable truncation f ∗,
only from below, of the reaction term f . In order to preserve the C1-regularity of Jλ , we extend
f ∗ for s < 0 by symmetry (Lemmas 2.1 and 2.2). Although that new variational framework
forces us to assume the function f to be positive, it allows us to get some advantages as, for
instance,

• a quantitative estimate of the parameter λ is provided thanks to [32];
• the nonlinear term f (x,u) may be non-monotone with respect to u, and therefore we can

apply our results for a wider class of functions than those ones usually considered in
the aforementioned papers, where f appears as the polynomial perturbation of the pure
singular case, i.e., f (x,u) = a(x)u−γ + µg(x,u), where a and g are suitable functions,
and µ ∈ R, 0 < γ < 1 are opportune constants.

Section 2 is devoted to some preliminary results, while the main results (Theorems 3.1 and
3.2) are contained in Section 3.

2. PRELIMINARIES

Let N ≥ 3 and Ω⊆ RN be a bounded domain with C2-boundary ∂Ω.
Let Y be a real-valued function space, and u,v ∈ Y . We say that u≤ v if u(x)≤ v(x) for a.a. x.
Moreover, we define Y+ := {u ∈ Y : u≥ 0}. Hereafter, we denote by d the ‘distance function’:

d : Ω→ [0,+∞), d(x) := dist(x,∂Ω) = min
y∈∂Ω

|x− y|, (2.1)

where | · | is the standard N-dimensional Euclidean norm. Symbol ‖ ·‖p denotes the norm in the
Lebesgue space Lp(Ω), i.e.,

‖u‖p :=
(∫

Ω

|u(x)|pdx
) 1

p

∀u ∈ Lp(Ω),
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while ‖ · ‖ is the usual equivalent norm in W 1,p
0 (Ω), i.e., ‖u‖ := ‖∇u‖p for any u ∈W 1,p

0 (Ω).
Moreover, one has that the embedding W 1,p

0 (Ω) ↪→ Lq(Ω) is compact for every q ∈ [1, p∗),
where p∗ := N p

N−p is the critical Sobolev exponent, as usual. Here, Cq stands for the best constant
in the embedding inequality

‖u‖q ≤Cq‖u‖ ∀u ∈W 1,p
0 (Ω). (2.2)

Taking into account [32], we can obtain that

Cq ≤ Sq := π
−1/2N−1/p|Ω|

p∗−q
p∗q

(
p−1
N− p

)1−1/p{
Γ(1+N/2)Γ(N)

Γ(N/p)Γ(1+N−N/p)

}
,

where Γ stands for the Gamma function.
Moreover, we denote by λ1 and ϕp the first eigenvalue and the corresponding (Lp-normalized)

positive eigenfunction associated to the negative p−Laplacian in W 1,p
0 (Ω). In other words, ϕp

solves problem (Pλ1,|u|p−2u). The strong maximum principle [30] and the regularity theory [24]
ensure that

ϕp ∈C1,α
0 (Ω), 0 < α ≤ 1 and l̃d(x)≤ ϕp(x)≤ L̃d(x), (2.3)

for all x ∈Ω, where l̃ and L̃ are two positive constants, and d is as in (2.1).

Owing to [23], (2.3) implies that d(x)−γ ∈ L1(Ω), and the following classical inequality holds
(cf. [1]).

Proposition 2.1 (Hardy-Sobolev’s inequality). Let p ∈ (1,N), τ ∈ [0,1] and set 1
r = 1

p −
1−τ

N .

Then, for any u ∈W 1,p
0 (Ω), one has ud−τ ∈ Lr(Ω) with∥∥ud−τ

∥∥
r ≤ Dτ‖u‖, (2.4)

where Dτ > 0 is a constant independent of u.

Furthermore (see, for instance, [12]), the regularity results and the estimate (2.3) also hold
true for a weak solution u of problem (P1,g), where g ∈ Lq(Ω) is a non-negative and non-trivial
function, and q > N p

N p−N+p .
In order to fix an auxiliary variational setting, the first step is to show that problem (Pλ , f )

admits a subsolution.

Lemma 2.1. Let H(f)1 hold true and s0 be as in H(f)2(i). Then, for every λ > 0, there exist
0 < δ < s0, l = l(λ )> 0, and u ∈C1,α

0 (Ω), where α is as in (2.3), such that u is a subsolution
to problem (Pλ , f ), that is,∫

Ω

|∇u|p−2
∇u∇vdx≤ λ

∫
Ω

f (x,u)vdx ∀v ∈W 1,p
0 (Ω)+, (2.5)

and
ld(x)≤ u(x)≤ δ ∀x ∈Ω, (2.6)

where d is defined in (2.1).

Proof. Trivially, H(f)1 provides δ > 0 small enough such that

f (x,s)≥ 1 ∀(x,s) ∈Ω× (0,δ ]. (2.7)
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Let us fix any λ > 0. Arguing as above (see, e.g., [27, Appendix E]), we obtain that the unique
solution eλ of the problem {

−∆pu = λ in Ω,
u = 0 on ∂Ω,

(2.8)

satisfies condition (2.3) (with eλ instead of ϕp). Set M = M(λ ) := max
{

max
Ω

eλ ,δ
}

and
u := δ

M eλ . For every x ∈Ω, one has

δ

M
l̃d(x)≤ δ

M
eλ (x) = u(x)≤ δ

M
max

Ω

eλ ≤ δ ,

so (2.6) is proved. Moreover, (2.7) yields

−∆pu(x) =
(

δ

M

)p−1

(−∆peλ (x))≤ λ ≤ λ f (x,u(x)),

for any x ∈Ω. Integration by parts concludes the proof. �

To avoid unnecessary technicalities, “for all x” will take the place of “for almost all x”.
Hereafter, we will use c1, c2, ..., to denote the suitable positive constants which may change
their values line by line, and we will write u instead of u(x) where no confusion arises.

Take any u as in Lemma 2.1 and define the following function f ∗ : Ω×R→ R as

f ∗(x,s) =


f (x,s), if s≥ u,
f (x,u), if |s|< u,
f (x,−s), if s≤−u,

(2.9)

It is straightforward that f ∗ is a Carathéodory function. Exploiting (2.6), besides H(f)2, we
get

f ∗(x,s)≤
{

b1u−γ ≤ b̃1d−γ , if |s|< s0,
a(x)+b2|s|q−1, if |s| ≥ s0,

(2.10)

where b̃1 = b1l−γ . Hence, using (2.4), the Hölder inequality, and (2.2), one gets∣∣∣∣∫
Ω

f ∗(x,u)vdx
∣∣∣∣≤ ∫

Ω

f ∗(x,u)|v|dx

≤ b̃1

∫
Ω

|v|d(x)−γdx+b2

∫
Ω

|u|q−1|v|dx+
∫

Ω

a(x)|v|dx

≤ c1
(
‖v‖+‖u‖q−1

q ‖v‖q +‖a‖q′‖v‖q
)

≤ c2
(
1+‖u‖q−1 +‖a‖q′

)
‖v‖<+∞,

(2.11)

for every u,v ∈W 1,p
0 (Ω). Therefore, problem (Pλ , f ∗) admits the equivalent weak formulation∫

Ω

|∇u|p−2
∇u∇vdx = λ

∫
Ω

f ∗(x,u)vdx ∀v ∈W 1,p
0 (Ω). (2.12)

A key-point in our approach is the following

Lemma 2.2. For any λ > 0, any solution to (Pλ , f ∗) is a solution of (Pλ , f ).
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Proof. Fix λ > 0 and let u ∈W 1,p
0 (Ω) be a weak solution to (Pλ , f ∗). It is sufficient to prove that

u≥ u. First, we show that u≥ 0. Indeed, testing (2.12) with v =−u−, it follows that∫
Ω

|∇u−|pdx = λ

∫
Ω

f ∗(x,u)(−u−)dx≤ 0,

which implies ‖u−‖= 0, that is, u≥ 0 in W 1,p
0 (Ω).

Recall (2.5) and test (2.12) again with v = (u−u)+ ∈W 1,p
0 (Ω), we infer∫

Ω

|∇u|p−2
∇u∇(u−u)+dx≤ λ

∫
Ω

f (x,u)(u−u)+dx, (2.13)

and ∫
Ω

|∇u|p−2
∇u∇(u−u)+dx = λ

∫
Ω

f ∗(x,u)(u−u)+dx. (2.14)

Subtracting (2.13) and (2.14) term by term, we deduce from (2.9) that∫
Ω

[|∇u|p−2
∇u−|∇u|p−2

∇u](u−u)+dx≤ 0.

Hence, according to the strict monotonicity of p-Laplacian (cf. [25, Remark 12.13]), we con-
clude ‖(u−u)+‖= 0, that is, u≥ u. �

Set

F : Ω×R→ R, F(x,s) =
∫ s

0
f ∗(x, t)dt, (2.15)

and

Ψ : W 1,p
0 (Ω)→ R, Ψ(u) =

∫
Ω

F(x,u)dx. (2.16)

Clearly, F is a Carathéodory function. Bearing in mind (2.10), one has

f ∗(x,s)≤ a1(x)+b2|s|q−1, (2.17)

for all x ∈ Ω, where a1 = c1d−γ + a ∈ L1(Ω) with c1 being a suitable constant. Function a1

does not satisfy the standard summability condition a1 ∈ Lq′(Ω), which ensures the Nemyskii
operator NFu := F(x,u) associated to F to be of class C1 in Lq(Ω). Thus, for the reader’s
convenience, we collect in the following lemma some properties of the integral functional Ψ,
and, for the sake of completeness, we also give a sketch of their proofs.

Lemma 2.3. Under hypotheses H(f)1 and H(f)2, the functional Ψ, introduced in (2.16), is
well-defined, of class C1, and weakly sequentially continuous, with

〈Ψ′(u),v〉=
∫

Ω

f ∗(x,u)vdx

for all u,v ∈W 1,p
0 (Ω). Moreover, the operator Ψ′ : W 1,p

0 (Ω)→W−1,p′(Ω) is strongly continu-
ous (i.e., un ⇀ u implies Ψ′(un)→Ψ′(u)).
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Proof. From (2.10), (2.6) and Young’s inequality, we have

|F(x,s)| ≤
∫ |s|

0
f ∗(x, t)dt ≤ b1

∫ s0

0
max{t,u(x)}−γdt +

b2

q
|s|q +a(x)|s|

= b1

(∫ u(x)

0
u(x)−γdt +

∫ s0

u(x)
t−γdt

)
+

b2

q
|s|q +a(x)|s|

≤
(

1+
1

1− γ

)
b1s1−γ

0 +
1
q′

a(x)q′+
b2 +1

q
|s|q,

(2.18)

for all x ∈Ω and s ∈ R. The last member of (2.18) for s = u+(x) is a L1(Ω) function. Thus, Ψ

is well-defined.
In order to prove the regularity of Ψ, let us compute its Gâteaux derivative. Take any v ∈

W 1,p
0 (Ω).

lim
t→0+

Ψ(u+ tv)−Ψ(u)
t

= lim
t→0+

∫
Ω

F(x,(u+ tv))−F(x,u)
t

dx. (2.19)

Fix any t > 0. According to Torricelli’s theorem, one has

F(x,(u+ tv))−F(x,u) = tv
(∫ 1

0

(
d
ds

F(x,u+ stv)
)

ds
)

= tv
(∫ 1

0
f ∗(x,u+ stv)ds

)
.

(2.20)

On the other hand, (2.17) furnishes

f ∗(x,y+ z)≤ c1d(x)−γ +a(x)+b22q−1(|y|q−1 + |z|q−1), (2.21)

for every x ∈Ω and y,z∈R. Plugging (2.20) into (2.19), and using Fubini’s theorem, inequality
(2.4), estimate (2.21), Lebesgue’s dominated convergence theorem (argue as in (2.11)), we have

〈Ψ′(u),v〉= lim
t→0+

Ψ(u+ tv)−Ψ(u)
t

= lim
t→0+

∫
Ω

(∫ 1

0
v f ∗(x,u+ stv)ds

)
dx

= lim
t→0+

∫ 1

0

(∫
Ω

v f ∗(x,u+ stv)dx
)

ds

=
∫ 1

0

(∫
Ω

v lim
t→0+

( f ∗(x,u+ stv))dx
)

ds,

=
∫

Ω

f ∗(x,u)vdx,

(2.22)

for all u,v ∈W 1,p
0 (Ω).

First of all, observe that, for any u ∈W 1,p
0 (Ω) and {un} ⊆W 1,p

0 (Ω) such that un ⇀ u in
W 1,p

0 (Ω), the compactness of the embedding W 1,p
0 (Ω) ↪→ Lq(Ω) for q ∈ [1, p∗) implies that

there exists w ∈ Lq(Ω) such that

un→ u in Lq(Ω),un→ u a.e. in Ω and |un| ≤ w (2.23)
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for every n ∈ N (see [3, Theorem 4.9]). Now we prove that Ψ′ : W 1,p
0 (Ω)→W−1,p′(Ω) is a

continuous operator. To this aim, let un→ u in W 1,p
0 (Ω). According to (2.17), we have

f ∗(x,un)≤ c1d(x)−γ +a(x)+b2|w|q−1 (2.24)

for all x ∈ Ω and n ∈ N. Therefore, as above, Lebesgue’s dominated convergence theorem and
the continuity of f ∗(x, ·) for a.a. x ∈Ω ensure that

lim
n→∞
〈Ψ′(un),v〉=

∫
Ω

lim
n→∞

f ∗(x,un)vdx =
∫

Ω

f ∗(x,u)vdx = 〈Ψ′(u),v〉.

We conclude that Ψ is of class C1. In order to prove that Ψ′ is strongly continuous, we let
un ⇀ u in W 1,p

0 (Ω). Observe that

lim
n→∞

∣∣〈Ψ′(un)−Ψ
′(u),v〉

∣∣≤ lim
n→∞

∫
Ω

| f ∗(x,un)− f ∗(x,u)||v|dx (2.25)

for any v ∈ W 1,p
0 (Ω). Owing to (2.23)-(2.24), Lebesgue’s dominated convergence theorem

applies. Thus, (2.25) gives Ψ′(un)→Ψ′(u), as desired. The weak sequential continuity of Ψ is
a direct consequence of [33, Corollary 41.9]. �

Remark 2.1. We explicitly observe that the auxiliary function f ∗ in (2.9) involves only a trun-
cation from below of the reaction term f . Of course, it clearly appears that f ∗ allows us to avoid
the singularity of the function f .

However, to simplify the estimate of the parameter λ ∗ defined in Theorem 3.1, and at the
same time to preserve the C1-regularity property of the functional Ψ given in (2.16), we needed
to extend f ∗ by evenness for s < 0, because we cannot assume f ∗(x,s) = 0 for s < 0.

On the other hand, since we do not make any truncation of f from above by employing an
appropriate supersolution of problem (Pλ , f ), we take advantage from that by using variational
methods to obtain a first solution without assuming any asymptotic condition at infinity on f .

Remark 2.2. Estimate (2.18) implies that, for any R> 0 and u∈W 1,p
0 (Ω), there exists a positive

constant Π(R) such that ∫
Ω(|u|≤R)

|F(x,u(x))|dx≤Π(R), (2.26)

where Ω(|u| ≤ R) = {x ∈Ω :−R≤ u(x)≤ R}. Analogously, estimates (2.10) and (2.6) ensure
that, for any R > 0 and u ∈W 1,p

0 (Ω), there exists a positive constant Π′(R)∫
Ω(|u|≤R)

f ∗(x,u(x))|u(x)|dx≤Π
′(R). (2.27)

Variational methods are the essential tool to obtain our main results. In this connection, we
apply the following general local minimum theorem to get a first solution for problem (Pλ , f ).

Theorem 2.1. Let X be a reflexive Banach space, Φ : X → R and Ψ : X → R two continuously
Gâteaux differentiable functionals such that Φ is coercive and sequentially weakly lower semi-
continuous, while Ψ is sequentially weakly upper semicontinuous with infX Φ = Φ(0) = Ψ(0),
and r > 0. Then, for every

λ ∈

]
0,

r
supΦ−1([0,r])Ψ

[
,
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the functional Jλ := Φ−λΨ has a critical point uλ ∈Φ−1([0,r]) satisfying Jλ (uλ )≤ Jλ (v) for
any v ∈Φ−1([0,r]).

Proof. The regularity assumptions on the functionals Φ and Ψ imply that both Φ−1([0,r])
is weakly compact in X and the functional Jλ is sequentially weakly lower semicontinuous
in Φ−1([0,r]). Therefore, Tonelli-Weierstrass’s Theorem guarantees that there exists u∗ ∈
Φ−1([0,r]) such that

Jλ (u
∗) = min

Φ−1([0,r])
Jλ .

Hence, our conclusion follows arguing as in the proof of [7, Theorem 3.3]. �

Remark 2.3. A different proof of Theorem 2.1, based on non-smooth critical point theory, can
be obtained, for instance, arguing as in [6, Remark 3.3]. For a general overview about this topic,
we refer to [5].

In order to get multiplicity results, we will make use of the Mountain Pass Theorem by
Ambrosetti and Rabinowitz [2]. We premise one of its main ingredients, the so-called Palais-
Smale condition.

Definition 2.1 ((PS)). Let X be a Banach space and J ∈C1(X). We say that J satisfies the Palais-
Smale condition if any sequence {xn} ⊆ X such that {J(xn)} is bounded and ‖J′(xn)‖X∗ → 0
admits a convergent subsequence.

Theorem 2.2. Suppose that X is a Banach space, and J ∈C1(X) satisfies (PS)-condition. Let
x0,x1 ∈ X, and ρ > 0 such that

max{J(x0),J(x1)} ≤ inf
∂B(x0,ρ)

J =: ηρ , ‖x1− x0‖X > ρ.

Set
Γ :=

{
γ ∈C0([0,1];X) : γ(0) = x0, γ(1) = x1

}
, c := inf

γ∈Γ
sup

t∈[0,1]
J(γ(t)).

Then c≥ ηρ and there exists x ∈ X such that J(x) = c and J′(x) = 0. Moreover, if c = ηρ , then
x can be taken on ∂B(x0,ρ).

3. MAIN RESULTS

The following three positive constants A, B, and r∗
λ

play a crucial role in our existence result:

A =

(
1+

1
1− γ

)
b1s1−γ

0 |Ω|+ 1
q′
‖a‖q′

q′, (3.1)

B =

(
b2 +1

q

)
Sq

q p
q
p , (3.2)

with Sq arising from (2.2), and

r∗
λ


> r : λBr

q
p − r+λA = 0, if 1 < q < p,

> λA
1−λB , if q = p,

=
(

A
B

p
q−p

) p
q
, if p < q < p∗.

(3.3)

Our first main result is the following.
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Theorem 3.1. Suppose that H(f)1 and H(f)2 hold. Set

λ
∗ =


+∞, if 1 < q < p,
1
B , if q = p,
1
q

(q−p
A

)1− p
q
( p

B

) p
q , if p < q < p∗,

(3.4)

where A, B, and r∗
λ

are defined in (3.1)-(3.2)-(3.3). Then, for any λ ∈ (0,λ ∗), there exists a

weak solution u∗ = u∗(λ ) to (Pλ , f ) with ‖u∗‖ ≤ (pr∗
λ
)

1
p .

Proof. Taking into account Lemma 2.2, our goal is to apply Theorem 2.1 to the energy func-
tional Jλ = Φ−λΨ associated to problem (Pλ , f ∗), where

Φ : W 1,p
0 (Ω)→ R, Φ(u) =

1
p
‖u‖p,

and
Ψ : W 1,p

0 (Ω)→ R, Ψ(u) =
∫

Ω

F(x,u)dx,

with f ∗ and F being defined in (2.9) and (2.15), respectively. Bearing in mind both Lemma 2.3
and the well-known properties of the p−Laplacian operator, in particular

〈Φ′(u),v〉=
∫

Ω

|∇u|p−2
∇u∇vdx

for all u,v ∈W 1,p
0 (Ω), we find that functionals Φ and Ψ satisfy all the assumptions of Theorem

2.1, as well as that the critical points of Jλ are weak solutions of problem (Pλ , f ∗).
Fix r > 0. Owing to (2.18), (3.1), and (3.2), one has

1
r

sup
‖u‖≤(pr)

1
p

Ψ(u)≤ A
r
+Br

q
p−1 =:

1
h(r)

. (3.5)

Notice that
lim

r→0+
h(r) = 0 (3.6)

for any q ∈ (1, p∗),

lim
r→+∞

h(r) =


+∞, if 1 < q < p,
1
B , if q = p,
0, if p < q < p∗,

(3.7)

and h is strictly increasing whenever q ∈ (1, p]. If p < q < p∗, then a direct computation of the
(unique) critical point of h shows that

sup
r>0

h(r) = h

((
A
B

p
q− p

) p
q
)

=
1
q

(
q− p

A

)1− p
q ( p

B

) p
q
.

Thus

sup
r>0

h(r) = λ
∗ ≤

r∗
λ

supΦ−1([0,r∗
λ
])Ψ

,

where r∗
λ

is as in (3.3). Finally, we fix λ ∈ (0,λ ∗). The conclusion follows from Theorem 2.1,
once we take r = r∗

λ
. �
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Remark 3.1. It is worth noticing that the constants A and B are related to both the estimate
(2.18) and the geometry of the problem (Pλ , f ) (see also (2.2)). On the other hand, r∗

λ
gives

the smallest radius of the ball in W 1,p
0 (Ω) where a local minimum for the energy functional

Jλ , associated to problem (Pλ , f ∗), is located. Finally, we point out that in the case q ≤ p the
functional Jλ turns out to be coercive.

Remark 3.2. The condition
(j) limsups→0+ f (x,s)sγ ≤ b1, uniformly w.r.t. x ∈Ω,

clearly means that there exists ρ > 0 such that f (x,s)sγ ≤ b1 for every 0 < s < ρ . If, in addition,
we have that

(jj) the function
Mρ : Ω→ [0,∞), Mρ(x) = sup

s∈[ρ,s0]

f (x,s),

belongs to Lq′(Ω),
then it follows that H(f)2(ii) continues to hold whenever the function a is replaced with the
function Mρ +a ∈ Lq′(Ω).

Of course, (jj) is guaranteed in the autonomous case, i.e., when f does not depend on x.

Example 3.1. Let h ∈ L∞(Ω), ess infh > 0, γ ∈ (0,1), g1 : Ω×R→ [0,+∞) a Carathéodory
function such that

g1(x,s)≤ c1 + c2sq−1,

for all x∈Ω and s≥ 0, with c1,c2 ≥ 0 and q > 1. Let g2 : R→ [0,+∞) be a continuous function
such that

limsup
s→0+

g2(s)
sγ

=+∞, limsup
s→0+

g2(s)≤ b1, limsup
s→+∞

g2(s)
sq−1+γ

<+∞,

for some b1 ≥ 0 and q ∈ (1, p∗).
Nonlinearities that satisfy hypotheses H(f)1 - H(f)2 are, e.g.,

f (x,s) =
h(x)
sγ

+g1(x,s),

and

f (x,s) =
g2(s)

sγ
.

Below, we expose our main result concerning the existence of two weak solutions for problem
(Pλ , f ).

Lemma 3.1. Suppose that H(f)1, H(f)2, and (AR+) hold. Then the functional Jλ satisfies (PS)
and is unbounded from below.

Proof. This proof is patterned after [16, Theorems 15 and 16]. Let us consider a sequence
{un}⊆W 1,p

0 (Ω) such that {Jλ (un)} is bounded and {J′
λ
(un)} converges to zero. In other words,

for any n ∈ N,
1
p
‖un‖p−λ

∫
Ω

F(x,u+n )dx≤ c1 (3.8)

and ∣∣∣∣∫
Ω

|∇un|p−2
∇un∇vdx−λ

∫
Ω

f ∗(x,un)vdx
∣∣∣∣≤ ‖v‖ ∀v ∈W 1,p

0 (Ω) (3.9)
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hold true for an appropriate constant c1 > 0, independent of n. We will prove that {un} is
bounded by showing the property for {u−n } and {u+n }. Exploiting (3.9) with v =−u−n leads to

‖u−n ‖p ≤ ‖u−n ‖p +λ

∫
Ω

f (x,un)u−n dx≤ ‖u−n ‖,

and hence ‖u−n ‖ ≤ 1 for all n ∈ N. Let Ωn := {x ∈ Ω : u+n (x) ≥ R} and Ω′n := Ω \Ωn for any
n ∈ N. According to (2.26), one has∫

Ω′n
F(x,u+n )dx≤Π(R), (3.10)

while (AR+) gives∫
Ωn

F(x,u+n )dx =
∫

Ωn

(
F(x,s1)+

∫ u+n

s1

f (x, t)dt
)

dx

≤Π(s1)+
1
µ

∫
Ωn

f (x,u+n )u
+
n dx

≤Π(R)+
1
µ

∫
Ω

f ∗(x,un)u+n dx− 1
µ

∫
Ω′n

f ∗(x,un)u+n dx.

(3.11)

On the other hand, from (2.27), we get∣∣∣∣∫
Ω′n

f ∗(x,un)u+n dx
∣∣∣∣≤Π

′(R). (3.12)

Then, (3.11) becomes∫
Ωn

F(x,u+n )dx≤Π(R)+
1
µ

∫
Ω

f ∗(x,un)u+n dx+
1
µ

Π
′(R). (3.13)

From (3.8), we infer

1
p
‖u+n ‖p ≤ 1

p
‖un‖p ≤ c1 +λ

(∫
Ωn

F(x,u+n )dx+
∫

Ω′n
F(x,u+n )dx

)
≤ c1 +λ

(
2Π(R)+

1
µ

∫
Ω

f ∗(x,un)u+n dx+
1
µ

Π
′(R)

)
=:

λ

µ

∫
Ω

f ∗(x,un)u+n dx+ c2,

(3.14)

while (3.9), tested with v = u+n , yields

− 1
µ
‖u+n ‖p− 1

µ
‖u+n ‖ ≤ −

λ

µ

∫
Ω

f ∗(x,un)u+n dx. (3.15)

Adding term by term (3.14) and (3.15), we conclude(
1
p
− 1

µ

)
‖u+n ‖p− 1

µ
‖u+n ‖ ≤ c2.

Hence, {u+n } is bounded in W 1,p
0 (Ω). Up to subsequences, we have un ⇀ u in W 1,p

0 (Ω). Since
Ψ′ is strongly continuous (see Lemma 2.16), by (3.9) we have

lim
n→∞
〈Φ′(un),un−u〉= lim

n→∞
〈J′

λ
(un),un−u〉+λ lim

n→∞
〈Ψ′(un),un−u〉= 0.



466 P. CANDITO, U. GUARNOTTA, K. PERERA

Property (S+) of the p-Laplacian operator (see [25, Proposition 2.72]) forces un→ u in W 1,p
0 (Ω).

In conclusion, Jλ satisfies (PS).
Next, we prove that Jλ is unbounded from below. For all M≥ 1, set ΩM = {x∈Ω : Mϕp(x)≥

R} and Ω′M :=Ω\ΩM, with ϕp as in (2.3). Fix M > 0 such that |ΩM|> 0 (this choice is possible
because ΩM ↑Ω for M→+∞). Obviously, ΩM ⊆ΩM for all M≥M, and hence |ΩM|> 0. From
(AR+), we have, for any σ ≥ R,

µ

σ
≤ f (x,σ)∫

σ

s1
f (x, t)dt

=

∂

∂σ

(∫
σ

s1
f (x, t)dt

)
∫

σ

s1
f (x, t)dt

. (3.16)

Let s≥ R. Integrating (3.16) in σ on [R,s], we get

log
[( s

R

)µ]
≤ log

(∫ s
s1

f (x, t)dt∫ R
s1

f (x, t)dt

)
.

Hence, ∫ s

s1

f (x, t)dt ≥
(

R−µ

∫ R

s1

f (x, t)dt
)

sµ =: G(x)sµ ∀s≥ R, (3.17)

with G(x) = R−µ
∫ R

s1
f (x, t)dt > 0 for all x∈Ω, by virtue of (AR+). Moreover, H(f)2(ii) ensures

that G ∈ L1(Ω). We claim that limM→+∞ Jλ (Mϕp) =−∞. To this end, we observe that∫
ΩM

F(x,Mϕp)dx =
∫

ΩM

(
F(x,s1)+

∫ Mϕp

s1

f (x, t)dt
)

dx

≥−Π(s1)+Mµ

∫
ΩM

G(x)ϕµ
p dx

≥Mµ

(
R
M

)µ ∫
ΩM

G(x)dx−Π(R)

(3.18)

for M ≥M. Notice that
∫

ΩM
G(x)dx > 0, because G > 0 in Ω and |ΩM|> 0. On the other hand,

(2.26) gives ∣∣∣∣∫
Ω′M

F(x,Mϕp)dx
∣∣∣∣≤Π(R). (3.19)

Plugging (3.18)-(3.19) together, we find

Jλ (Mϕp) =
1
p
‖Mϕp‖p−λ

(∫
ΩM

F(x,Mϕp)dx+
∫

Ω′M

F(x,Mϕp)dx
)

≤ λ1

p
Mp−λ

(
R
M

)µ

Mµ

∫
ΩM

G(x)dx+2λΠ(R)→−∞

(3.20)

for M→+∞. The claim is proved. �

Theorem 3.2. Suppose that H(f)1 and H(f)2 hold. Let f be satisfying (AR+). Then, for any
λ ∈ (0,λ ∗), problem (Pλ , f ) admits at least two weak solutions u∗(λ ) and ũ(λ ), where λ ∗ is
defined in (3.4).

Proof. Fix λ ∈ (0,λ ∗) and consider r∗
λ

, defined by (3.3). Set r′ := (pr∗
λ
)

1
p , and

B(0,r′) :=
{

u ∈W 1,p
0 (Ω) : ‖u‖< r′

}
.
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The existence of a solution u∗ ∈ B(0,r′) is guaranteed by Theorem 3.1, and u∗ is a minimizer
of the restriction to B(0,r′) of the functional Jλ . Without loss of generality, we can suppose u∗

to be a proper minimizer, i.e.,

Jλ (u
∗)< Jλ (u) ∀u ∈ B(0,r′)\{u∗}. (3.21)

According to Lemma 3.1, the functional Jλ satisfies (PS) and is unbounded from below. Then,
for any M > 0 sufficiently large, (3.20)-(3.21) imply

Jλ (Mϕp)< Jλ (u
∗)≤ inf

∂B(0,r′)
Jλ . (3.22)

Taking a larger M if necessary, we can also suppose∥∥Mϕp−u∗
∥∥> r′. (3.23)

Owing to (3.22)-(3.23), Theorem 2.2 ensures the existence of ũ ∈W 1,p
0 (Ω) such that Jλ (ũ) >

Jλ (u∗) (by (3.21)) and J′
λ
(ũ) = 0 (so ũ is a solution to (Pλ , f )). �

Remark 3.3. It is worth pointing out that all the above results remain true even for q = 1 (cf.
H(f)2). In this case, the function a is assumed to be essentially bounded.
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[21] J.V.A. Gonçalves, M.C. Rezende, C.A. Santos, Positive solutions for a mixed and singular quasilinear prob-

lem, Nonlinear Anal. 74 (2011), no. 1, 132–140.
[22] D.D. Hai, On a class of singular p-Laplacian boundary value problems, J. Math. Anal. Appl. 383 (2011), no.

2, 619–626.
[23] A.C. Lazer, P.J. Mckenna, On a singular nonlinear elliptic boundary value problem, Proc. Amer. Math. Soc.

111 (1991), no. 3, 721–730.
[24] G. Liebermann, The natural generalization of the natural conditions of Ladyzhenskaya and Ural’tseva for

elliptic equations, Comm. Partial Differential Equations 16 (1991), 311–361.
[25] D. Motreanu, V.V. Motreanu, N.S. Papageorgiou, Topological and variational methods with applications to

nonlinear boundary value problems, Springer, New York, 2014.
[26] N.S. Papageorgiou, G. Smyrlis, A bifurcation-type theorem for singular nonlinear elliptic equations, Methods

Appl. Anal. 22 (2015), no. 2, 147–170.
[27] I. Peral, Multiplicity of Solutions for the p-Laplacian, ICTP Lecture Notes of the Second School of Nonlinear

Functional Analysis and Applications to Differential Equations, Trieste, 1997.
[28] K. Perera, E.A.B. Silva, Existence and multiplicity of positive solutions for singular quasilinear problems, J.

Math. Anal. Appl. 323 (2006), no. 2, 1238–1252.
[29] K. Perera, Z. Zhang, Multiple positive solutions of singular p−Laplacian problems by variational methods,

Bound. Value Probl. 3 (2005), 377-382.
[30] P. Pucci, J. Serrin, The maximum principle, Prog. Nonlinear Differential Equations Appl. 73, Birkhäuser
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