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Abstract. We consider the periodic boundary value problem for a semilinear differential equation of a
fractional order ¢ € (1,2) in a Banach space. We prove auxiliary statements about fractional derivatives.
To solve this problem, we introduce the integral operator whose fixed points coincide with mild solutions
of our problem. An existence result is established.
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1. INTRODUCTION

The theory of differential equations of a fractional order arises from Leibnitz and Euler.
Recently, it has been under the spotlight due to its real applications in applied mathematics,
physics, engineering, biology, economics and other branches of natural sciences; see, e.g., [1]-
[21] and the references therein. In [12], the authors proved local and global existence results
for a semilinear differential inclusion in a Banach space of a fractional order ¢ € (0,1), and
demonstrated the compactness of the solution set and its continuous dependence on parameters.

It is well known that one of the most important boundary value problems is the periodic one.
Let us give a short survey of the results achieved in this direction. In [22], by using the Green
function method and the fixed point theorems of Schaeffer and Banach, Belmekki, Nieto and
Rodriguez-Lopez considered the following boundary value problem for a nonlinear fractional
differential equation of the form

DIx(r) — Ax(r) = f(t,x(r)), 1€ (0,1], ge(0,1),

lim 1 79x(r) = x(1
Jim £7x(r) = x(1),
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where D7 is the Riemann-Liouville fractional derivative, f : (0,1] x R — R is a continuous
function, and A € R. Belmekki, Nieto and Rodriguez-Lopez also considered a similar periodic
boundary value problem with impulse effects in [23] recently.

In [24], by using the Green function method, Bai and Lu considered the existence and mul-
tiplicity of positive solutions to a boundary value problem of a nonlinear fractional differential
equation

Dix(t)+ f(t,x(z)) =0, r€]0,1], qe(1,2),
x(0) = x(1) =0,
where D? is the Riemann-Liouville fractional derivative, and f : [0, 1] X [0,+0) — [0, +<0) is a
continuous function.

The periodic boundary value problem for a semilinear differential inclusions in Banach
spaces of a fractional order ¢ € (0,1) was investigated in [13] via the method of the transla-
tion multioperator along the trajectories of an inclusion.

In a separable Banach space E, for a semilinear fractional order g € (1,2) differential equation
of the form

Dix(t) = Ax(t) + f(t,x(z)), t€[0,T], (1.1)
by using the Green function method, we, in this paper, consider the problem of the existence of
a mild solution satisfying the following periodic boundary value conditions

x(0) =x(T), X' (0)=x(T), (1.2)

where D4 denotes the Caputo fractional derivative, A >0, and f: [0,T] x E — E is a nonlinear
map.

The paper is organized in the following way. In Section 2, we present necessary notions and
facts from the fractional analysis and from the theory of condensing maps. In Section 3, we
construct the Green function for the above problem. In Section 4, the last section, we introduce
and study the integral operator whose fixed points coincide with mild solutions of our problem.
Then, we prove the main existence result (Theorem 4.2, see below).

2. PRELIMINARIES

2.1. Differential equations of a fractional order. First, we will introduce the necessary def-
initions and notations from fractional analysis (more detailed can be found in monographs
[3, 4, 6]).

Definition 2.1. The Riemann—Liouville fractional integral of an order q > 0 of a function g :
[0,T] — E is the function 11g of the following form:
1

1g(0) = s [ =9 o),

where I is the Euler gamma-function
I'(qg)= / x4 te ¥ dx.
0
Notice that the following property holds for the Euler gamma-function (see, e.g., [4]):

L0, g=0-1,—2,.. 2.1)



A PERIODIC BOUNDARY VALUE PROBLEM 157

Definition 2.2. The Riemann-Liouville fractional derivative of an order ¢ > 0 of a function
g:10,T] — E is the function D?g of the following form:

1 d\n [?
Dg(t :—<—> / t—s)" 9 g(s)ds, n= 1,
80 =pgay (G) [, 9" s(0)ds, n=lal+
provided that the right-hand side of this equality is well defined.

Definition 2.3. The Caputo fractional derivative of an order ¢ > 0 of a function g € C"([0,T|;E)
is the function CDgg of the following form:

“Dis(t) = ﬁ /Ot(f —s)" 4 g" (s)ds, n=[q]+1.

provided that the right-hand side of this equality is well defined.

The Caputo fractional derivative of an order ¢ > 0 of a function g on [a,b] is related to the
Riemann-Liouville fractional derivative of the same order by the following relation:

n=1,k) (4
Do) = (0(e() - ¥ 5= a)) i)

A great advantage of the Caputo fractional derivative, in comparison with the Riemann-
Liouville fractional derivative, is the preservation of the main properties of the classic derivative,
for example, the equality to zero of the derivative of a constant function.

Definition 2.4. A function of the form
E,g(z) =Y —————, ¢>0,BpeC,zeC
P }%rwn+ﬁ>
is called the Mittag—Leffler function.

Denote E, | by E;. The Mittag-Leffler function is important in fractional calculus. Consider
the Cauchy problem for a scalar differential equation of a fractional order

CDix(t) = Ax(t) + f(z), t€[0,T], 1<q<2, (2.2)

x(0) =cy, x(0)=cy, (2.3)

where A € R, and f: [0,7] — R is a function for which /7f exists. The solution to problem
(2.2)-(2.3) is a continuous function x : [0, 7] — R satisfying condition (2.3) such that the Caputo

fractional derivative *Dx is a continuous function satisfying equation (2.2). It is well known
(see [3]) that the unique solution of this problem is the function

x(t) = C1E4 (A7) + ot Eyo (A7) + /O (6= 5)I Ey (At — 5)T) £(s) ds. 2.4)

Note (see [1, 6]) that the following relations holds true

1
E (1) = ) +1E, 5 4(t), (2.5)
d\n
(E) (P Ey (A1) =P E 5, (A7), 2.6)
/oz P UE, p(M1)dt = PE g1 (A27). 2.7)

We also need the following lemma.
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Lemma 2.1. If f € C([0,T];E), then the equality

(G (] =9 Eaga =576 ds) = [[ (6= 2Epqrs(2le =91 (5)ds. - 28)

0
holds.

Proof. Notice that the function % (t—s)4"'E, ,(A(t —s)7) f(s) is not continuous at = 5. There-
fore, it is necessary to present the initial integral as the sum:

/Ot(l‘ —s)q—lE%q(A(t _S)q)f(s) ds

:/Otd(t_s)qlEfIafI(l(t_s)q)f(S)dS-i— tid(t_S)qilEq,q(AO—S)q)f(S)dS
=1+,

forO0<d<t.

For Iy, (t — )9 'E, ,(A(t —5)9) f(s5) and % (t — )97 E; 4(A(t —5)9) f(s5) are continuous. So,
we can easily find the derivative of /1 by using formula (2.6) and the well known theorem from
mathematical analysis:

<%> ( /Ot_d(f =) Eqq(A(t —5)7) f(s)ds)

- /Or—d <%> ((; —5)47 E, (At —S)q)f(s)>ds
1A (A~ 1+ d)) (e d) —0- (0 Ey (A1) £(0)

B /ot_d(t —8)T2Eq g 1(A(t —5)1) f(s)ds+d9 Eqq(Ad?) (1 +d).

Now let us find the derivative of I;. Assuming without loss of generality that 0 < h < d, we
have

B(1) = Tim © ( /t;h_d(t +h— ) By (At +h— )0 f(s)ds

t+h
+/, (t+h—=5)T""Egq(A(t +h—5)?)f(s)ds

t

t+h—d
-/ ) By g (Al — )7 f(5) s — [ =) Byt =5))£(s)ds)

—d t+h—d
- lim % ( /Hh_d(t b h— )T E, (At +h—s)T) f(s)ds
[T B (A5 ds)

] 1 t+h—d g1 Py g
+f133<1)ﬁ</t_d (t+h =) E,y(A(t+h—s)7)f(s)ds

t+h—d
_/, (t_S)q_lEq,q(/l(t_S)q)f(s)ds>

—d
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1 t+h
lim ([ h— 91 By (A +h= 51 (5)ds

t+h—d
[ =T By A+ h=5))f(5) ds)

~ fim ( /, t ((t+h—s)q*1Eq7q(7L(t+h — )0 £(s) — (¢ —5)1 By g (At — 5)7) f(s)> ds)

h—=0h \ Ji4h—d

1 t+h—d
ﬂiﬂ%z </zd <(t +h—5)" " Eyg(A(t+h—s)7)f(s)

— (1= )7 Eqg (e = 5))f(s) ) ds)

1 t+h
lim ([ h— 91 By (A +h=5))f(5)ds

t+h—d
= [ =) By A+ h=5))f(5) ds)

~ fim ( /, t ((z = )T Ey (At +h—$)0) f(s) — (t — 5)1 7 By g (At — 5)7) f(s)) ds)

h—0h —d

1 t+h B
+%1%%</, (t+h—$)T E, o(A(t +h—)7) f(s)ds

t+h—d
= [ =T By A+ h=5)7) £ () ds).

From the conditions of the lemma, we can apply the Lebesgue theorem to the first term of the
last relation

lim % (/tt ((t +h—5)1" Ey (At +h—$)T)f(s) = (t =)0 " Egg(A(t — s)q)f(s)) ds)

h—0 —d
t

= [ i (o h =) By e+ h=990F() — (=5 By (e = 9))1())

- tid <%> <(t —5)1 Egq(A(1 - S)q)f(s)) ds

t

= tfd(t _S)q_qu,qfl(A’ (t —s)q)f(s) ds.

Now, we find the estimate of the limits

lim
h—0

’

%(/tt+h(t+h_s)q1Eq’q(;L(t +h—s)1)f(s) ds)

and

—(/t“rh_d(rl-h_S)q_lEq,q(l(t+h—S)q)f(s)a’s> .

—d




160 M. KAMENSKII, G. PETROSYAN, C.F. WEN

Let us estimate the first of them

] 1 t+h 1
fim | = ([ h =) By (e + h=1) 1 (s)ds)
q t+h
- t
q h
— 0
h—0 h q

— limh?! E, ,(A(2T)?) = 0.
lim 1 flloo Eq.q(A (2T )?)

Now, we find the estimate of the second limit

. 1 t+h—d - . q
jim E(/td (t4+h—s)Ey (At +h—5) )f(s)ds>
4q t+h—d
< lim 1 lle Eq.q(A(2T) )/ e
h—0 h .
q) rh+d
i 11l Eg g (A(27) )/ .
h—0 h y
_ i Wl Baq(ART)?) (h+d)? —d?
h—0 h p
o i+
lim |1 £1].. £ (A (2T)?) :

=d7 | fll o Eqq(A(2T)7),
since d can be taken arbitrarily, for />, we have
d t B t B
() ([ =97 Eggae =95 ds) = [ (1=5 iA1= 5))f(5)ds.
Gathering the evaluations above, we get

<%> </t<t — )7 Ey g (A1 —5)1) f(s) ds)

0
t

t—d
= [ =T B (=) ) ds+ [ (=92 Ey 1 (A=) S ()ds
t_
+d"E, ,(Ad?) f(t +d)
t
= /o (t— s)quEM_l (At —s)0)f(s)ds+ dq*IEqvq(/'qu)f(t +d).
Now, tending d — 0, we obtain the desired result. O

To prove the similar result for a function f € L*([0,T]; E), we need the following statements.

Lemma 2.2. [25] For every f € L*([0,T|;E), the set of its Lebesgue points is the set of full
measure for [0,T].
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Lemma 2.3. For every f € L*([0,T];E), there is a sequence {f,} C C([0,T];E) such that
fu(t) = f(t) at all Lebesgue points of the function f from [0,T]. Moreover, anc([o,T};E) <
11 2= (o.77:8) -

An example of such a sequence is the following one, constructed based on the Steklov pro-
jector

PRI
LI fo)ds, 1efo,T),

We also need the following classical result.

Lemma 2.4. [26] Let all the functions ¢y, be differentiable on the interval [0, T| and the sequence
of derivatives { ¢, } be converging on the whole interval uniformly with respect tot € [0,T). If it
is known that the sequence {¢,} converges at least at one point from [0,T|, then,

(1) {9, } uniformly converges on the whole interval;

(2) ¢ is differentiable. Moreover,

¢'(r) = lim ¢, (r).

n—oo

Lemma 2.5. Let f € L*([0,T];E). Then the following equality

() o -sr1s) = [ 0. 29
holds.

Proof. Let f € L*([0,T];E). By virtue of Lemmas 2.3 and 2.2, there exists a sequence of func-
tions {f,} C C([0,T];E) such that f,(¢t) — f(¢) for a.e. t € [0,T]. By virtue of Lemma 2.1 for
each function f, € C([0,T];E), the following equality holds

() ([ =5 B =151 ds) = [ (1= 2Egqr1(hle =10fa(s)ds. 2.10)

From Lebesgue’s theorem, we have

t

tim ([ (=97 Eqahli =905 d) = [ (1=9)7  Eyg(Aa =975} s, 2.1

n—oo 0

and

i ([ (=5 2Egq 1 =) fu(5)ds) = [ =9 2By 1 (20 =5)7)1(5)ds, 212

n—oo
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uniformly with respect to ¢ € [0, T]. Using Lemma 2.4, we get

(%) (/Ot(l —5) T Egg(A(1—9)")f(s) ds)
= (%) (/Ot(t = )T Eqq(A(1 —S)q)fn(s)ds>

n—oo
. d )
= lim ([ =912 E g1 (Al =9)7)f(5)ds)
1
= =57 2E g1 (= 9)1)1(5)ds,
0
uniformly with respect to 7 € [0, T]. UJ

2.2. Measures of noncompactness and condensing maps. Let & be a Banach space. We list
the following notations:

e P(&)={AC&:A+# 0},

e Pb(&)={A € P(&):Aisbounded };

o Pv(&)={A€P(&):Ais convex};

e K(&)={A € Pb(&):Aiscompact};

e Kv(&)=Pv(&)NK(E).

Definition 2.5. [27, 28] Let (<7,>) be a partially ordered set. A function 3 : Pb(&) — & is
called a measure of noncompactness (MNC) in & if, for each Q € Pb(&’), we have

B(c0Q) = B(Q),

where co Q denotes the closure of the convex hull of Q.

A measure of noncompactness f3 is called:
(1) monotone if, for each Q, Q; € Pb(&), Qp C Q) implies B(Qo) < B(L2));
(2) nonsingular if, for each a € & and each Q € Pb(&), B({a} UQ) = B(Q).
If o7 is a cone in a Banach space, then the MNC f is called:

(3) regular if B(Q) = 0 is equivalent to the relative compactness of Q € Pb(&);
(4) real if < is the set of all real numbers R with the natural ordering;
(5) algebraically semiadditive if B(Qo+ Q1) < B(Qo) + B(Q) for every Qp,Q; € Pb(&).
As an example of a real MNC obeying all above properties, we can consider the Hausdorff
MNC yx(Q):
x(Q) = inf{e > 0,for which Q has a finite €-net in &'}.
Note that the Hausdorff MNC satisfies the semi-homogeneity property, i.e.,

X(AQ) = |A|x (L),
for every A € R and Q € Pb(&). More generally, if £ : & — & is a bounded linear operator,
then

x(Z(Q) =[Zlx(Q)
for every Q € Pb(&).
Recall that the norm of a set M € Pb(&) is defined by

[M]] = sup [|x[| .
xeM



A PERIODIC BOUNDARY VALUE PROBLEM 163
The following definition and statements can be found in monographs [27, 28].

Definition 2.6. Let X be a closed subset of & and f aMNC in &. A map f: X — E is said to be
condensing w.r.t. 8 (or B-condensing) if, for every Q € Pb(X) which is not relatively compact,

B(f(Q)) Z B(Q).

Theorem 2.1. [27, 28] Let .# be a convex closed bounded subset of & and let f : H — H
be continuous 3-condensing map, where B is nonsingular MNC in & . Then, the fixed point set

Fix f = {x:x= f(x)} is non-empty.

Lemma 2.6. [27, Theorem 4.2.1] Let {&,} C L'([0,T);&) be a sequence of L'-integrably
bounded functions. Suppose that

x({Gn(1)}) < aft)

for a.e. t €[0,T], where a € LL([0,T];&). Then, for each § > 0, there exist a compact set
Ks C &, a set ms C [0,T] with meas (mg) < 8, and a set of functions Gg C L' ([0,T]; &) with
values in Kg such that, for each n > 1, there exists a function b, € Gg for which

1Gn (1) = ba(t)ll¢ < 2a(t) +8, 1 €[0,T]\ms.

Moreover, {b,} can be chosen so that b, = 0 on mg and this sequence is L' - weakly compact.

3. GREEN’S FUNCTION

Let us consider a version of a boundary value problem (2.2)-(2.3) in a separable Banach space
E:

CDix(t) = Ax(t)+ f(t), t€[0,T], 1<qg<2, (3.1)
x(0)=cy, ¥(0)=c,. (3.2)

Definition 3.1. A solution to boundary value problem (3.1) — (3.2) is a function x € C([0,T];E)
satisfying

x(t) = c1Eg(At9) 4 catEg2(At7) + /Ot (t =) Ey y(A(t —5)1) f(s)ds.
Lemma 3.1. Let f € C([0,T];E) and
(1—E4(AT?))? — E,o(ATT)E,2(AT?) # 0. (3.3)
Then the following boundary value problem
CDix(t) = Ax(t)+ f(t), t€[0,T], 1<g<2, (3.4)

x(0) =x(T), x(0)=x(T), (3.5)

has the unique solution
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where Green’s function G(t,s) has the following form

( (1—E4(AT9))(T—5)9"Ey (AT —$)1)+TE 2 (AT9)(T—5)92E, 41 (A(T—s)9)

(T Eg(ATTP—E, o AT1)E; 2 (AT7) Eq(A2%)
(1—Eg(AT))(T—5)4"2Ey 41 (A(T—35)1)+T ' E o(AT9))(T—5)T Ey 4(A(T—s5)7)
" 0 AT —E, o T4 . 2 (A7) “ tEq2(A17)
+(t =) E, 4 (A(t — 5)9), 0<s<t<T,

G(t,s) =

(1—E4(AT9))(T—5)4"Ey o(AM(T —5)))+TE 2(AT9)(T—5)4"2E; ;1 (A(T—s)%)
(1—E4(AT9))?—E,o(AT4)Ey»(AT9)

Ey(At?)

(OB AT ) (T =512 Eyy  (MT—5) )T Ey (AT ) (T =) By AT —5)7)
(1qu(qu))szqAro(qu)Eq’z(7LT‘1)
L 0 <r<s<T.

tE42(At1),

Proof. The solution of boundary value problem (3.1) — (3.2) in a Banach space E has the form
t
x(t) = e1Eg (M%) + eatEyn (M) + / (t — )9 By g (At — 5)7) £ (s) ds.
0
From (2.6) and Lemma 2.1, we find the derivative

X (t) = cit ' Ego(At?) + 2B, 1 (At9) + /O[(t —$)12E, 4 1(A(t —5)) f(s)ds.

From the property ﬁ = 0, we have the representation
o o (A7)
Eyo(At1) = - ot - ,
w0 = L gy~ T0) & Tam) & T

Therefore,

It follows that
x(0) =c1, ¥(0)=cs.
By using boundary conditions (3.5), we get
1 = C1E,(ATY) + caTE, 2 (AT9) + [ (T — 5)47 E, 4 (A(T —5)9) f(s)ds,
¢y =c1T Ego(AT9) +2E 1 (ATY) + [) (T — )7 2E, 4 1(A(T —5)4) f(s) ds.

We can present the corresponding values of the determinants to solve the system by using the
Cramer rule

A= (1=E4(AT?))* = Eqo(AT")Eq2(AT*),
A = (1—E,(ATY)) /OT(T —5)T E (AT —5)7) f(s)ds

L TE,5(ATY) /0 T )92, (AT — 5)7) () ds,
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B = (1~ B T9) [ (T 5)1 2B 1 (A(T —5)7)1(5) s

ST B AT [ (7)1 By (T —)7)1(5) s

Now, we get the values of the variables:

Ay
Ccl1 = K
(1= Ey(AT9) [ (T =)0~ Eg g (A(T —5)7) f(s) ds
(1—E,(AT%))2 —E,0(AT49)E,2(ATY)

TEy2(AT?) fy (T —5)72Egq 1 (AT —5)9)f(s)ds

(1 - Eq(qu))z - Eq,O(qu)qu(qu) ’
and ) A,
c) = A

— (1—Eq(ATq))foT(T—S)q_ZEM 1 (A(T —5)9)
(1—E4(AT?))? —E,0(AT49)E,»(ATY)

T~ Ego(AT9) 3 (T )9~ Ey g (A(T — )7 (s) s
(1= E,(AT4))? — Eqo(AT4)E,2(ATY)

Substituting the obtained coefficients to the solution, we arrive at
) 0 EaAT) i (T )" By (AT =31 (s)ds
(1— Eq(/qu))2 —E,0(AT9)E,2(AT4)
TEG(MT) i (T = 5)9 2By 1 (ML =90 (5)ds o
(1—Eg(AT?))> —Eqo(AT?)Eg2(ATY)
(1= E4(AT9)) Jy (T =) 2Eg g1 (A(T = 5)7)f(s)ds

f(s)ds

E (A7)

(1—E,(AT%))2 — E,o(AT9)E,»(AT9) tEq2(A17)
T B (AT Jo (T~ 5) By (AT —5))f(5)ds . 0
(1-E4(AT%))2 —E, 0(AT9)E 2 (AT9) Ly

+ /Ot(t — )T E, J(A(t—5)1) f(s)ds = /0 G(t,5)f(s)ds.
U

Arguing in the same way as in the proof of Lemma 2.5, we can construct Green’s function
for boundary value problem (3.4) — (3.5). It has the same form as in the previous lemma, but
under the condition that f € L*([0,T];E).

4. EXISTENCE RESULT

We will assume that the nonlinearity f : [0,7] x E — E from problem (1.1) - (1.2) obeys the
following conditions:

(f1) foreach x € E, f(-,x) : [0,T] — E is measurable;

(f2) forae.r€0,T], f(t,-) : E — E is continuous;
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(f3) for each r > 0, there exists a function @, € L7 ([0,T];E) such that, for each x € E with
Il <7,

1£(0.3) | < @,(0), for ac. € [0,7;

(f4) there exists a function p € L ([0, T]) such that, for each bounded set Q C E,

x(f(1,Q)) < u(t)x (),

for a.e. t € [0,T], where y is the Hausdorff MNC in E.
Consider the operator F' defined in the following way

(1= Eg(AT9) Jy (T = )4 Eqq(A(T —5)9) f (5,%(s))d
(1= Ey(AT4))* = Eqo(AT9)Eq2(AT4)
TEy2(AT9) Jy (T = )" *Eqgq1(A(T = 5)9) f(5,x(s)) ds
(1— E,(AT9))? —E,0(AT9)E,2(AT4)
(1= Eg(AT9)) o (T —5)4Eqq-1(A(T —5)9)f (s,x(s)) ds
(1= Eq(AT?))? — Eqo(AT9)E 2 (ATY)
T~ Ego(ATY) Jo (T = )7 Eqq(A(T —5)9) f(5,x(s)) ds
(1—E4(AT?))> —E,0(AT9)E,2(ATY)

+ /Ot(t — )T E, ;(A(t —5)1) f(s,x(s)) ds = /OT G(t,s)f(s,x(s))ds.

Fx(t) = *E, (A7)

E (At7)

tE42(At7)

tE,2(At7)

Note that it follows from conditions (f1) — (f4) that, forx € C([0,T|;E), f(-,x(-)) € L*([0,T];E).
At the same time, the formula of the Green function implies, for each ¢ € [0, T], that G(z,-) is not
continuous only at s = 7', and this point is a summable singularly. Therefore, F : C([0,T];E) —
C([0,T];E). Obviously, if a function x € C([0,T]; E) is a solution of problem (1.1) - (1.2), then
it is a fixed point of the operator F. Therefore, in the what follows, we will prove the existence
of fixed points of operator F.

Let us prove if the following condition holds

(A) if Green function G does not change its sign on the interval [0, T];

then G satisfies the equality

T 1
/0 |G(t,s)|ds = T (4.1)



A PERIODIC BOUNDARY VALUE PROBLEM
Indeed,
T (1-E (ATq))fT(T—s)q*1E7 (A(T —5)7)ds
G = R AT BaaiTe) LM
Tqu(/'LT‘I) T (T —5)172E, 4 1 (A(T —s)?)ds
(1 —E4(AT))* = Eg0(AT)E 2(ATY)

Eq(A17)

(1- (qu))f (T —5)12E, ,_(A(T —s)9)ds
B, (AT = qp(quq) E, > (0T7) tE, (A1)
T~ Ego(AT) J§ (T =5)9 Egq(A(T —5)9)ds
(‘] ( ))2 qO(/'LY?q% q2(7LTq) Eq72()ytq)

+/ (6 —5)T Egy(A(t — 5)7) ds.

Further, let us calculate the integrals in the last expression by means of (2.7):
T T
| =) BT =55 == [ (T =) gy (T = (T )
0 0

T
= [ ¥ gy = TIE, 411 (ATY)
Similarly, we have

T
/O (T — )72, g1 (A(T —5)7)ds = T9E, o (AT),

t
/0 (t—5)T By g(A(t — 5)7)ds = 1B, 41 (A29).

Now, notice that, if we will take § = 1 in (2.5), we get

1
Ey(MT") = pogy + AT By () = 1+ ATYE 411 (ATY),

and

1
E (A7) = Ol FAUE, g1 (M) = 1+ A9E, 441 (A19).

By using property (2.1), if we will take § = 0 in (2.5), then
1
Eqo(AT?) = T(0) FATIE q(AT?) = ATIE 4(AT).

Thus, we get the following equalities

g q— qg__— 1 q\ __ —
/0 (T = )1 By (AT =5)7)ds = T (E,(AT%) — 1) =

> =

r 1
| @ =912 (AT =5 ds = 5 Eyo(AT),

and

(Eq(A17)—1).

> =

[ =5 Byt =)0 =

(Eq(AT?)—1),

167
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It follows that

/OT G(t,s)ds
_ (1B, AT)g (E/(AT7) 1) +TEq,2(7LT")%TEq,0()»Tq)E At
- (1= Eg(AT9))2 = Eqo(AT9)E,2(AT9) g(A1%)

(1= Eg(AT9) 25Eqo(ATY) + T Eqo(AT?)5 (Eq(ATT) — 1)

(1 _%q(qu))z —E 0(AT9)E,2(ATY) tEq2(A17)
+% (Eq(A17) —1)
= —lEq(Mq) (1= E,(AT?))* = Eqo(AT")Eg2(AT?)
A (1—Eg(AT4))2 = Eq0(AT9)E5(AT9)
(1—-E,(AT?))(AT)"'E o(AT9) —(1—E (AT9))(AT)"'E o(AT9)
FHEaa(A) q (1 —Eq(/quq))2 _Eq,o(Aqu)quz()LTq) :
+% (Eq(A17)—1) = —%Eq(ltq) +% (E,(At7) —1) = _%

Then, (4.1) holds obviously. To prove the existence of a fixed point of the operator F, we
introduce the operator S : L*([0,T];E) — C([0,T]; E) of the form

t
S()0) = [ =) Eyg (At —5)") () ds.
Lemma 4.1. Let a sequence {n,} C L([0,T];E) be bounded and M, — ng in L'([0,T];E).
Then S(n,) — S(no) in C([0,T];E).
Proof. For d > 0, consider the operator Sy : L' ([0,T];E) — C([0,T]; E) defined by
0, t <d,
Sd(nn) = t—d -1 (42)
0 (t=85)1Ey (At —s5))N,u(s)ds, t>d.
Since the integrand in the last expression is the function continuous on [0,7 — d], we have

Sa (M) = Sa(No) (4.3)

in the space C([0,T];E). Let y be a continuous linear functional on C([0,T];E), i.e., ¥ €
C*([0,T];E). Then, we have

(W?S(nn)) = (W?Sd (nn)) + (WaS(nﬂ> —Sa (nn)) ,n=0,1,2,... (4.4)
From the definition of the operator S;, we conclude
Jat = )T Eqq(Alt =) ma(s)ds, 1 <d,
S(Mn) —Sa(My = ’
(S =Sam) 0 {f;’_da )T B (At —)) M (s)ds, 1> d.

Then, we obtain the following estimates

Ji(t = ) Ey (At — 5)7) () s, £ < .,
SN, —S n o < "
IS (1) =S4 (1) llcqo e {f,’_da—s)q B, (At = $)7) |10 (5) | o s, 1 > d,

< dEqq(AT?)|| 0| (0.7):8)-
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Therefore, for an arbitrary € > 0, we may choose such d > 0 that the following estimate holds

true:
E

) S :

4wlle-orye)
By virtue of (4.3), we have (¥, Sy (1,)) — (¥, S4(no)) . For a given €, we may choose number
ng such that

(4.5)

1S (M) = Sa (M)l 0,71

(W, Sd (Mny) —Sa (M0)) < €/2 (4.6)
By using (4.4), (4.5) and (4.6), we obtain

(¥, 8 (1Mn) —S(M0)) = (¥, 84 (1Mn) — Sa (Mo)) + (¥, S (M) = Sa (M) + (W, 84 (110) — S (1M0))
<2+ 20¥leqor :

:87

)4 HWHC*([O,T];E)

which concludes the proof. 0

Lemma 4.2. For each compact set K C E and bounded sequence {n,} C L”([0,T];E) such
that {n,(t)} C K for a.e. t € [0,T), the weak convergence N, — Mg in L' ([0, T|; E) implies the
convergence S(N,) — S(No) in C([0,T];E).

Proof. From the definition of the Mittag-Leffler function, we obtain

£({5M)0}) = [ 2By -5mi(5)} s =0

This means that the sequence {S(1,) (r)},_, C E is relatively compact for each z € [0, T]. From
the other side, if we take 71,1, € [0,T] such that 0 <7} <, < T, then

S(Mn) (t2) =S (M) (t1)

E

= /sz (o —S)q_lEq,q(l(tz —5))n,(s)ds — /Oll (1 —S)q_lEq’q(l(tl — )\, (5)ds

E

= /;:2 (tp — s)q_l Eqq(A(t2 —5)T)Nu(s)ds

E

[ (=9 By hli =) = (1= 9" EgyOrtt1 =5)%) ) ma(s)ds

E

+ /0[1 (tr—5)4""! (Eqq(A(t2—5)7) — Eqg(A(t1 — 5)9)) Nu(s)ds

=721+, + 73,

E
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where

and

73 = /011 (t —s)Q—l (Eq,q()h(IZ —5)1) —E, 4(A(1) —s)q)> Ta(s)ds

E
By using condition (f3), we can choose for a given £ > 0 a number §; > 0 such that |t — 11| <
01 implies the following estimate

th—1t)?
Z < ”wKHooEq,q(;LTq)% < €.

To estimate Z;, we take constant d > 0

x| [ (o Bt s
+ /,] ” J ((tz —s)? (- s)"‘l) E,y(A(t1 —)1)Ma(s)ds E
=L+,
where
"= ‘ /od ((2=9)7" = (0 =" ) By (o1 = )" m(s)ds K
and
b= /d (=97 = (61 =) ) Eyg(Al = 5)")ma(s)ds E

Consider the function v : [d,T] — E,v(t) = t9~!. This function is continuous on the interval
[d,T]. Hence, by the Cantor theorem, it is uniformly continuous on this interval, i.e., for each
Y > 0, there exists &, > 0 such that |1, — 71| < &, < d, 71, T; € [d,T] implies

‘rg_l — rf_l’ <7.
Now, taking T =t — s, we get
I < ||ok |l v(t1 —d)Eqq(AT?) < &.
By the direct integration, for I, we obtain
|k [l Eq,q(AT?)d? (2+29)
L < ’
q

Taking into account the definition of the Mittag-Leffler function, we conclude that, for each
x € K and y; > 0, there exists 03 > 0 such that |t —#;| < &3 implies

HE(M()»(IZ —s5))x—E,4(A(1 —s)q)xH <, x€K.

< &.
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So, we get
Z3 <nT9 < &.
Therefore, for each € > 0, we may choose § = min{9d;, 5,83} such that

S(Mu) () =S (M) (1) || <Z1+2Z2+7Z3
E
<E+E+E+E&

< E.

So, {S(n,)} is equicontinuous. From the Arzela—Ascoli theorem, we conclude that the se-
quence {S(n,)} C C([0,T];E) is relatively compact. From Lemma 4.1, we know that the weak
convergence 1), — 1o implies S(1,) — S(1no). Since {S(n,)} is relatively compact, we con-
clude that S(n,) — S(no) in C([0,T|;E). O

To prove that the operator F' is condensing, we consider the cone

R2 = {{=(8,8): 6 >0,6 >0} 4.7)

endowed with the natural ordering and introduce in the space C([0,T];E), the vector measure
of noncompactness
v:P(C([0,T;E)) — R
defined as
v(Q) = (9(Q),modc(Q)),
where ¢(Q) is the module of fiber noncompactness
@(Q) = sup x({(t):yeQ})
1€[0,T]
and the second component is the module of equicontinuity

modc(Q) = lim sup max ||y(t;) — y()||-
30y 1| <8

Theorem 4.1. Under assumptions (f1) — (f4), (3.3), and (A), suppose, in addition, that the

following condition

o
o< 1, (4.8)

holds true, where [L(-) is the function from condition (f4). Then, the operator F is V-condensing.

Proof. Let Q C C(]0,T];E) be a nonempty bounded set such that

V(F(Q)) = v(Q). 4.9)
Let us show that Q is relatively compact. From (4.9), it follows that
O(F(Q)) > o(Q). (4.10)

By using properties (f4) and (4.1), we get
T T
2 @) <2 ([ 60.970.006)ds) < lull [ 16(05) (s )as

T
< 1llp(@) [ 6(0.5)1ds = 1El=g(0)
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From the last estimate, we obtain

wp 7 (F(@)(0) < El=g(0) @11

t€[0,T]

or

o (F(@) < =g

Conditions (4.8) and (4.10) obviously imply
¢(Q) =0.

Now, from (4.9), we have
modc(F(Q)) > modc(Q). (4.12)
We next show that
modc(F(Q)) =0.

This means that we must demonstrate that the set of functions
t
M= {80 = /(6= 5By 30 - (sx())as 3 € 2
0

is equicontinuous. Let us fix € > 0. If we take t1,#, € [0,T] such that 0 < 1; <1, < T, then, for
arbitrary x € Q,

S(f) (1) =S(f) (1)

E
< /0 % (s = 57 By g (M2 — 5)7) £ (5,(s) )ds — /0 " (0 =57 By g (Mtr — )7) £ (5,x(s) )ds
E
< /t (6= 8) Ey (A (12— $)0) £ (5,x(s))ds
! E
+ /0 ! (=97 EygAla=)7) = (11 =) Eqg(Al11 = 5)7) ) F(s,x(s))ds
E

=271+ 2,
where

Zi=| [ 0= By hte - ) f(5.x(5))ds|

1 E

and

7= H (=9 Eghti2 =) = (1= 9" By 201 =5)1)) £5.5(5))ds

E

By using condition (f3), we can take §; > 0 such that the condition |, —#;| < 8 implies the
following estimate

th—11)4 E

21 < 0 By ) 2 <2



A PERIODIC BOUNDARY VALUE PROBLEM 173

To estimate Z,, we choose

Q=

E
64
101 || o Eq.g(AT7) (27 + 1)

i< 8 [
Then, forty <dandt, —t; <d,
Z2< [ (=9 EgaOrli2 =) |1 5,)) s
+ 0= B Ol =) 15 s
< [* =) g (A= 0] 15505 ds
4 [0 =T g0 =) 175, 3(6)) s

d4
< org lloo Eqg(AT?) (27 +1) 7

<&
G

For t; > d, we get

Z, <

[ (129 By hler =9~ (1 =) By Aoy —9)0) 7G5, 5(6))ds

E

N /:_d (=97 EgglAl2=)7) = (11 =) Eyg(Al11 = )7) ) f(s,x(s))ds )
=L+,
where
I = ‘ /0 e ((,2 — )T Egq(A(ta—5)1) — (11 — )T Egg(A(t1 — s)q)) f(s,x(s))ds A
and
L= /n “d <(t2 — )T E, (A1 —$)9) — (11 — ) Ey (A (11 — s)")) f(s,x(s))ds i

Take d small enough such that
b < |0l By AT 2429) _ e

<-.
q 6
Since x (Q(r)) = 0, we conclude from Lemma 2.6 that, for every 83 > 0, there exist a compact
set K5, C E, a set ms, C [0,T] of Lebesgue’s measure mes(mgs,) < 83, and a set of functions

A C L'([0,T]; E) with values in K, such that there exists a function b € A for which
| f(t,x(t) =b(t)||p < 8, t€[0,T]\msg,. (4.13)

Moreover, the function b € A could be chosen so that b(t) = 0 on mg, and the set A is weakly
compact in L' ([0, T];E). Then, for Iy, the following estimate holds
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B | [ (0 Eglh e 907 (1) By (A1 —5)9) (7(5,2(5)) ~bls)) s )
[ (9 Bl =9 — (=5 By (Al —9)) (s} E
< /[ovtl_d]\mgg(“Z‘SV_]EW““T””
0= Eqg (A —)") (o () b)) |
+ /[o,nd]mm(% (2 =)"" Eqq(2(2 = 5)7)

— (11 =9)" Eqq(A(11 —)1)) (f(5,x(s)) = b(s)) ds

E

T /[011 )\, <(12 —S)q_lEq,qOL (2 —5)1) — (11 —s)q_1 E,q(A(n _S)CI)) b(s)ds

E

+ /[O,tl—d]ﬂm(s3 ((12 —S)‘I—lEqﬂ()L(tZ —S)q) — (tl —s)q_l qu(l(tl _S)CI)> b(S)dS

E

th—$) I VE, (At —5)?
/[‘OJld]\méS ((2 S) q7@< (2 S) )

— (11 =) Eqq(A(11 —)1)) (f(5,x(s)) = b(s)) ds

E

+

ty— ) E, 4 (At — )4
/[vovtl —d]ﬂm53 (( 2 s) qv‘]( (2 S) )

— (11 =5)" Eqq(A (11 = 9)1)) (f(s5,x(5)) = b(s)) ds

E

+ /[Oh_d]\m(53 ((tz —s5)! E,qA(ty—5)T)— (1) — s)q’IEM(A (t — S)g)) b(s)ds

= N1 + N+ N3,

where

E

Ny =

th — CJ—IE Al — )4
/[Ovtld}\m% ((2 S) ‘]7‘]( (2 S) )

— (11 =9)" Eqq(A(11 —)1)) (f(s5,x(s)) —b(s)) ds

Y

E
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N:/ ty— )1 E, (A (ty — )4
) | o1—dims, (2 =5)7 Eqq(A(t2 —5)7)

(10— 5) By g (At —5)9)) (f(s.x(s)) — b(s)) ds

)

E

and

N3 = H /[()Jld]\ms3 ((tz — )1 Eyg(A(—5)1) — (11 — )T Eg (A1 _S)q)> b(s)ds E

By using (4.13), we find small 83 > 0 so that mes(mg,) < 2£d'~4 yields Ny < £, and N> < £.
Recall that the functions from A take their values in K, that implies A C L*([0,T];E). Then by
using Lemma 4.2, we can choose 04 > 0 such that |r, — ;| < & implies N3 < £. So, for each
€ > 0, we may choose 8 = min{d;, 8,03, 64} such that

<Zi+2,
E
<Zi+h+1h

<Zi+L+N +Ny)+ N3

$(f) (1) =S(f) (1)

for each x € Q and |t — 11| < 6, i.e., the set M is equicontinuous. From inequality (4.12), it
follows that modc () = 0, which further yields v(Q) = (0,0). The assertion is proved. O

Hence, we have the following result.

Theorem 4.2. Under conditions (f1),(f2), f(4), (3.3), and (A), suppose that condition (f3)
has the following form:
(f3') there exists a function o € L ([0,T]) such that

17 (&, x(0) | < o) (1+ [Ix(0)]] g)-

If% < 1, where k = max {||&||o, ||t ||.. } , functions & and u are from conditions (f3') and (f4)
respectively, then problem (1.1)—(1.2) has a solution.
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Proof. Taking an arbitrary x € C([0,T[;E), we have for ¢ € [0, T] the following estimate

T
IFx(0)lle < | [ Glos)f(s.x()ds

E

T
< [716(5)11£(s.x(5) e
T
< [ 160l (1 oy s

T
= llall (1 + o i) [ 1G.)]ds
el (M [lxlleo,77:2))

A
- k(1 +|lxllc(o.77:2))
< 1 :
So, if we will take R > %, then ||x[|c(jo,7):¢) < R implies [|[Fx{|c(o 7)) < R. Therefore,

F transforms the closed ball Bg(0) C C([0,T];E) into itself. Now, since r F is condensing,
we conclude from Theorem 2.1 that it has a fixed point, which is a solution of problem (1.1)-
(1.2). O
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