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A NEW INERTIAL SELF-ADAPTIVE ALGORITHM FOR SPLIT COMMON
FIXED-POINT PROBLEMS

JING ZHAO∗, YUAN LI

College of Science, Civil Aviation University of China, Tianjin 300300, China

Abstract. In this paper, we study the split common fixed-point problem of quasi-nonexpansive operators
in Hilbert space. We establish a weak convergence theorem of the proposed iterative algorithm, which
combines the primal-dual method and the inertial method. In our algorithm, the step sizes are chosen
self-adaptively so that the implementation of the algorithm does not need any prior information about
bounded linear operator norms. Finally, numerical results are included to illustrate the efficiency of the
proposed algorithm.
Keywords. Split common fixed-point problem; Quasi-nonexpansive operator; Inertial technique; Self-
adaptive algorithm; Weak convergence.

1. INTRODUCTION

The split common fixed point problem (SCFP), introduced by Censor and Segal [1], is an
inverse problem that aims to find an element in a fixed point set such that its image under
a linear transformation belongs to another fixed point set. More specifically, given two real
Hilbert spaces H1 and H2, the SCFP consists of finding x ∈ H1 such that

x ∈ F(U), Ax ∈ F(T ), (1.1)

where A : H1→H2 is a bounded linear operator, while F(U) and F(T ) stand for the fixed point
sets of U : H1→ H1 and T : H2→ H2, respectively.

In particular, if U and T are both metric projections, then the SCFP is reduced to the well-
known split feasibility problem (SFP), which includes many convex optimization problems as
special cases, and plays an important role in medical image reconstruction and in signal pro-
cessing (see, e.g., [2, 3, 4, 5, 6]). The SFP was first introduced by Censor and Elfving [7] and it
can be formulated as the problem of finding a point x ∈ H1 such that

x ∈C, Ax ∈ Q, (1.2)

where C ⊆ H1 and Q ⊆ H2 are the nonempty closed convex sets. As an optimization prob-
lem, the SFP can be used to solve airport aircraft taxiway route optimization. Recently, many
efficient iterative algorithms for solving the SFP have been proposed and analyzed (see, e.g.,
[8, 9, 10, 11, 12] and the references therein).
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One of the known methods for solving the SFP is Byrne’s CQ algorithm [3], which generates
a sequence {xk} via

xk+1 = PC(I− γkA∗(I−PQ)A)xk (1.3)
for each k ∈ N, where PC and PQ are the (orthogonal) projection onto C and Q, respectively,
γk ∈ (0, 2

λ
) with λ being the spectral radius of the operator A∗A.

As a generalization of the SFP, the SCFP has been successfully applied in the field of intensity-
modulated radiation therapy (IMRT) treatment planning. We note that, when projection opera-
tors PC and PQ are replaced by directed operators, CQ-algorithm (1.3) is reduced to the following
iterative scheme:

xk+1 =U(xk− γkA∗(I−T )Axk), (1.4)
which was proposed by Censor and Segal [1] for solving the SCFP (1.1) of directed operators.
Since then, many authors have introduced various iterative methods for solving the SCFP; see,
for example, [13, 14, 15, 16, 17]. We note that many iterative algorithms for solving the SCFP
were motivated and proposed by the works of the SFP.

For solving the SCFP (1.1) of quasi-nonexpansive operators, Moudafi [13] introduced the
following relaxed algorithm:

xk+1 = (1−αk)uk +αkU(uk), k ∈ N, (1.5)

where uk = xk + γβA∗(T − I)Axk, β ∈ (0,1), αk ∈ (0,1) and γ ∈ (0, 1
ηβ

) with η being the
spectral radius of the operator A∗A. Moudafi proved the weak convergence of algorithm (1.5)
in Hilbert spaces.

In [18], based on the idea in [19], the following general iterative algorithm with the dual
variable has been proposed for the SFP (1.2){

ωk+1 = (I−PC)(xk− γkA∗(I−PQ)Axk +(1−λ )ωk),

xk+1 = xk− γkA∗(I−PQ)Axk−λωk+1,
(1.6)

where {γk}⊂ (0, 2
‖A‖2 ), and λ ∈ (0,1]. If λ = 1, then algorithm (1.6) is reduced to CQ algorithm

(1.3). So, it generalizes CQ algorithm (1.3) for solving the SFP (1.1).
It is observed that, the weak convergence of the CQ method is guaranteed under the assump-

tion that {γk} ⊂ (0, 2
‖A‖2 ). So, the implementation of algorithms requires a norm estimation of

the bounded linear operator A, or the spectral radius of the matrix AT A in finite-dimensional
framework. It is not always easy in practice to compute (or, at least, estimate) the matrix norm
of A. To overcome this difficulty, there have been many works to select the stepsize without
any prior information of the matrix norm (see, for example, [20, 21, 22]). Lopez et al. [23]
introduced a modified CQ method by replacing the step-size {γk} in (1.3) with the following
adaptive step:

γk :=
ρk f (xk)

‖∇ f (xk)‖2 ,

where ρk ∈ (0,4), f (xk) =
1
2‖(I−PQ)Axk‖2 and ∇ f (xk) = A∗(I−PQ)Axk for all k ≥ 1.

Motivated by algorithm (1.6), the following self-adaptive iterative algorithm [24] with the
dual variable was proposed for the SCFP (1.1) of directed operators:{

ωk+1 = (I−U)(xk− γkA∗(I−T )Axk +(1−λ )ωk),

xk+1 = xk− γkA∗(I−T )Axk−λωk+1,
(1.7)
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where the stepsize γk is chosen by

γk :=

{
ρk‖(I−T )Axk‖2

‖A∗(I−T )Axk‖2 , (I−T )Axk 6= 0,
γ, (I−T )Axk = 0

with 0 < ρk < 2 and γ > 0. We note that algorithm (1.7) generalizes algorithm (1.4).
To speed up the convergence rate, Polyak [25] first introduced the heavy ball method of the

two-order time dynamical system, which is a two-step iterative method for minimizing a smooth
convex function f . To improve the convergence rate, Nesterov [26] proposed a modified heavy
ball method as follows {

yk = xk +αk(xk− xk−1),

xk+1 = yk−λk∇ f (yk),

where αk ∈ [0,1) is an inertial factor and {λk} is a positive sequence. Here, the inertial is
represented by the term αk(xk− xk−1). It is remarkable that inertial methodology makes use of
the previous two iterates such that the performance of the algorithm is improved greatly. It was
shown that inertial methods, such as, [8, 27, 28, 29], greatly improved the performance of their
original (non-inertial) algorithms, that is, αk = 0.

In order to overcome the difficulty of computing bounded linear operator norms, Gibali et
al. [30] recently introduced a self-adaptive inertial relaxed CQ algorithm for solving the SFP in
real Hilbert spaces. For solving the multiple-sets split feasibility problems, Suantai et al. [31]
based on the inertial technique with the self-adaptive method established strong convergence
theorems via a relaxed CQ algorithm with Halpern’s iteration. For recent other inertial iterative
algorithms for SFP and the SCFP, we can refer to [32, 33, 34].

Inspired and motivated by the above results, for solving the SCFP (1.1) of quasi-nonexpansive
operators, we construct a new self-adaptive iterative algorithm by combining inertial effects and
the primal-dual method. The contents of this paper are organized as follows. First, we give some
useful definitions and results for the convergence analysis of the iterative algorithm in Section
2. Second, we prove a weak convergence theorem of the proposed self-adaptive algorithm with
the dual variable in Section 3. Some related results for solving the SFP (1.2) are also obtained
in this section. Finally, numerical experiment is provided to illustrate the effectiveness of our
proposed algorithm in Section 4, the last section.

2. PRELIMINARIES

In this paper, we denote the inner product by 〈·, ·〉 and the norm by ‖ · ‖. We use→ and ⇀
to denote the strong convergence and weak convergence, respectively. We use ωw(xk) = {x :
∃xk j ⇀ x} to stand for the weak ω-limit set of {xk}.

Definition 2.1. An operator T : H→ H is said to be
(i) nonexpansive if, for all x,y ∈ H,

‖T x−Ty‖ ≤ ‖x− y‖;
(ii) firmly nonexpansive if, for all x,y ∈ H, 2T − I is nonexpansive or, equivalently,

〈x− y,T x−Ty〉 ≥ ‖T x−Ty‖2;

(iii) quasi-nonexpansive if F(T ) 6= /0 and

‖T x−q‖ ≤ ‖x−q‖



46 J. ZHAO, Y. LI

for all x ∈ H and q ∈ F(T );
(iv) firmly quasi-nonexpansive (also called a directed operator) if F(T ) 6= /0 and

〈x−q,T x−q〉 ≥ ‖T x−q‖2

for all x ∈ H and q ∈ F(T );
(v) demiclosed at the origin if, for any sequence {xn} which weakly converges to x, the

sequence {T xn} strongly converges to 0, then T x = 0.

Recall that the metric (nearest point) projection from H onto a closed and convex nonempty
subset C of H, denoted by PC, is defined as follows: for each x ∈ H,

PC(x) = argmin
y∈C
{‖x− y‖}.

A useful and simple norm equality is the following:

‖αx+(1−α)y‖2 = α‖x‖2 +(1−α)‖y‖2−α(1−α)‖x− y‖2

for all x, y ∈ H and α ∈ R.

Lemma 2.1. [13] Let H be a real Hilbert space, and let T : H → H be a quasi-nonexpansive
operator. Set Tα = (1−α)I +αT for α ∈ [0,1). Then the following properties are reached for
(x,q) ∈ H×F(T ):

(i) 〈x−T x,x−q〉 ≥ 1
2‖x−T x‖2 and 〈x−T x,q−T x〉 ≤ 1

2‖x−T x‖2;
(ii) ‖Tαx−q‖2 ≤ ‖x−q‖2−α(1−α)‖T x− x‖2;
(iii) 〈x−Tαx,x−q〉 ≥ α

2 ‖x−T x‖2.

Remark 2.1. Let Tα = (1−α)I+αT , where T : H→H is a quasi-nonexpansive operator and
α ∈ [0,1). We have F(Tα) = F(T ) and ‖Tαx− x‖2 = α2‖T x− x‖2. It follows from (ii) of
Lemma 2.1 that ‖Tαx−q‖2 ≤ ‖x−q‖2− 1−α

α
‖Tαx−x‖2, which implies that Tα is firmly quasi-

nonexpansive when α = 1
2 . On the other hand, if T̂ is a firmly quasi-nonexpansive operator, we

can easily obtain T̂ = 1
2 I + 1

2T , where T is quasi-nonexpansive.

It follows from Lemma 2.1 (iii) that the following proposition can be obtained easily.

Proposition 2.1. Let T : H → H be a quasi-nonexpansive operator and α ∈ [0,1). If Tα =
(1−α)I +αT , then

‖(I−Tα)x‖2 ≤ 2α〈x−q,(I−Tα)x〉
for all (x,q) ∈ H×F(T ).

Lemma 2.2. [8] Let the sequences {φk}∞
k=1 ⊂ [0,∞) and {δk}∞

k=1 ⊂ [0,∞) satisfy
(i) φk+1−φk ≤ θk(φk−φk−1)+δk,
(ii) Σ∞

k=1δk < ∞,
(iii) {θk} ⊂ [0,θ ], where θ ∈ [0,1).
Then {φk} is a converging sequence and Σ∞

k=1[φk+1−φk]+ < ∞, where [t]+ = max{t,0} for
any t ∈ R.

Lemma 2.3. [10] Let K be a closed and convex nonempty subset of a real Hilbert space H. Let
{xk} be a bounded sequence, which satisfies the following properties:

(a) every weak limit point of {xk} lies in K;
(b) limk→∞ ‖xk− x‖ exists for every x ∈ K.
Then {xk} converges weakly to a point in K.
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Lemma 2.4. [28, 35] Let K be a closed and convex nonempty subset of real Hilbert space H.
Let T : K→ K be a nonexpansive mapping. Then I−T is demiclosed at origin.

3. THE SELF-ADAPTIVE INERTIAL ITERATIVE ALGORITHM

In this section, we use the dual variable combined with the inertial technique to establish a
new self-adaptive iterative algorithm for solving the SCFP (1.1) of quasi-nonexpansive opera-
tors. We make use of the following assumptions:

(A1) U : H1→H1 and T : H2→H2 are quasi-nonexpansive operators. Uα1 = (1−α1)I+α1U
and Tα2 = (1−α2)I+α2T , where α1,α2 ∈ [0,1). A : H1→H2 is a bounded linear operator such
that A 6= 0;

(A2) Γ denotes the solution set of the SCFP (1.1) and Γ is nonempty.

Algorithm 3.1. (Self-adaptive inertial iterative algorithm)
Initialization: Choose α1 ∈ (0, 1

2 ], α2 ∈ (0,1), and two positive sequences {ρk}∞
k=1 and {εk}∞

k=1⊂
[0,∞) satisfying

0 < ρk <
1

α2
and

∞

∑
k=1

εk < ∞.

Select arbitrary starting points x0, x1, ω0 ∈ H1, η ∈ [0,1), {λk} ⊆ (0,1], γ > 0, and set k = 1,
ω1 = ω0.
Iterative step: For k ≥ 1, given the iterates xk−1, xk and ωk−1, choose βk such that 0≤ βk ≤ β̄k,
where

β̄k :=

{
min{η , εk

‖xk−xk−1‖2+‖ωk−1‖2}, i f xk 6= xk−1 or ωk−1 6= 0,
η , otherwise.

(3.1)

Compute 
yk = xk +βk(xk− xk−1),

ωk+1 = (I−Uα1)(yk− γkA∗(I−Tα2)Ayk +(1−λk+1)ωk),

xk+1 = yk− γkA∗(I−Tα2)Ayk−λk+1ωk+1,

where the stepsize γk is chosen in such a way that

γk :=

{
ρk‖(I−Tα2)Ayk‖2

‖A∗(I−Tα2)Ayk‖2 , (I−Tα2)Ayk 6= 0,

γ, (I−Tα2)Ayk = 0.
(3.2)

Remark 3.1. In Algorithm 3.1, the inertial extrapolation factor βk and the stepsize γk are chosen
via a self-adaptive way. We give the way of selecting the stepsizes such that the implementation
of the algorithm does not need any prior information about the norm of the bounded linear
operator.

Remark 3.2. From (3.1), we have that

βk(‖xk− xk−1‖2 +‖ωk−1‖2)≤ β̄k(‖xk− xk−1‖2 +‖ωk−1‖2)≤ εk

and then
Σ

∞
k=1βk(‖xk− xk−1‖2 +‖ωk−1‖2)< ∞. (3.3)
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For example, we take εk =
1

k1.5 , i.e.,

β̄k :=

{
min{η , 1

k1.5(‖xk−xk−1‖2+‖ωk−1‖2)
}, i f xk 6= xk−1 or ωk−1 6= 0,

η , otherwise.

Hence,
Σ

∞
k=1βk(‖xk− xk−1‖2 +‖ωk−1‖2)< ∞.

From the following lemma, we will see that {γk} is well-defined.

Lemma 3.1. {γk} defined by (3.2) is well-defined.

Proof. Taking z ∈ Γ, i.e., z ∈ F(U) and Az ∈ F(T ), we have

‖A∗(I−Tα2)Ayk‖ · ‖yk− z‖ ≥ 〈A∗(I−Tα2)Ayk,yk− z〉
= 〈(I−Tα2)Ayk,Ayk−Az〉

≥ 1
2α2
‖(I−Tα2)Ayk‖2.

Consequently, we have ‖A∗(I−Tα2)Ayk‖> 0 when ‖(I−Tα2)Ayk‖ 6= 0. This leads that {γk} is
well-defined. �

Lemma 3.2. Let {(ωk,xk)} be the sequence generated by Algorithm 3.1. Then, for any z ∈ Γ,
the following inequality holds

‖xk+1− z‖2 +λk+1‖ωk+1‖2

≤ ‖yk− z‖2 +λk+1‖ωk‖2−λ
2
k+1‖ωk‖2−λk+1(1−λk+1)‖ωk+1−ωk‖2

−λk+1(
1

α1
−2)‖ωk+1‖2− γk

( 1
α2
‖(I−Tα2)Ayk‖2− γk‖A∗(I−Tα2)Ayk‖2).

Proof. Denoting
uk = yk− γkA∗(I−Tα2)Ayk,

we have ωk+1 = (I−Uα1)(uk +(1− λk+1)ωk) and xk+1 = uk− λk+1ωk+1. Taking z ∈ Γ, we
have z ∈ F(U) and Az ∈ F(T ). So, z ∈ F(Uα1) and Az ∈ F(Tα2). It follows from Algorithm 3.1
and Proposition 2.1 that

‖ωk+1‖2 ≤ 2α1〈ωk+1,uk− z+(1−λk+1)ωk〉
and

‖xk+1− z‖2 = ‖uk− z‖2−2λk+1〈uk− z,ωk+1〉+λ
2
k+1‖ωk+1‖2.

Thus, we have

‖xk+1− z‖2 +λk+1‖ωk+1‖2

= ‖uk− z‖2−2λk+1〈uk− z,ωk+1〉+
1

α1
λk+1‖ωk+1‖2−λk+1(

1
α1
−1−λk+1)‖ωk+1‖2

≤ ‖uk− z‖2−2λk+1〈uk− z,ωk+1〉+2λk+1〈uk− z+(1−λk+1)ωk,ωk+1〉

−λk+1(
1

α1
−1−λk+1)‖ωk+1‖2

= ‖uk− z‖2 +2λk+1(1−λk+1)〈ωk,ωk+1〉−λk+1(
1

α1
−1−λk+1)‖ωk+1‖2.



A PERIODIC BOUNDARY VALUE PROBLEM 49

Since 2〈ωk+1,ωk〉= ‖ωk+1‖2−‖ωk+1−ωk‖2 +‖ωk‖2, we obtain

‖xk+1− z‖2 +λk+1‖ωk+1‖2

≤ ‖uk− z‖2 +λk+1(1−λk+1)‖ωk‖2 +λk+1(1−λk+1)‖ωk+1‖2

−λk+1(
1

α1
−1−λk+1)‖ωk+1‖2−λk+1(1−λk+1)‖ωk+1−ωk‖2

= ‖uk− z‖2 +λk+1‖ωk‖2−λ
2
k+1‖ωk‖2−λk+1(1−λk+1)‖ωk+1−ωk‖2

−λk+1(
1

α1
−2)‖ωk+1‖2.

(3.4)

It follows from Az ∈ F(Tα2) and Proposition 2.1 that

〈yk− z,A∗(I−Tα2)Ayk〉= 〈Ayk−Az,(I−Tα2)Ayk〉 ≥
1

2α2
‖(I−Tα2)Ayk‖2,

which implies that

‖uk− z‖2 = ‖yk− z‖2−2γk〈yk− z,A∗(I−Tα2)Ayk〉+ γ
2
k ‖A∗(I−Tα2)Ayk‖2

≤ ‖yk− z‖2− γk
( 1

α2
‖(I−Tα2)Ayk‖2− γk‖A∗(I−Tα2)Ayk‖2).

This together with (3.4) yields

‖xk+1− z‖2 +λk+1‖ωk+1‖2

≤ ‖yk− z‖2 +λk+1‖ωk‖2−λ
2
k+1‖ωk‖2−λk+1(1−λk+1)‖ωk+1−ωk‖2

−λk+1(
1

α1
−2)‖ωk+1‖2− γk

( 1
α2
‖(I−Tα2)Ayk‖2− γk‖A∗(I−Tα2)Ayk‖2).

The proof is completed. �

Theorem 3.1. Let I−U and I−T be demiclosed at origin. Let {λk} ⊆ (0,1] be nonincreasing,
liminfk→∞ λk > 0, and

0 < liminf
k→∞

ρk ≤ limsup
k→∞

ρk <
1

α2
.

Let {(ωk,xk)} be the sequence generated by Algorithm 3.1, then {xk} converges weakly to a
solution x∗ ∈ Γ and {(ωk,xk)} converges weakly to the point (0,x∗).

Proof. Let z ∈ Γ. From Lemma 3.2, we obtain

‖xk+1− z‖2 +λk+1‖ωk+1‖2

≤ ‖yk− z‖2 +λk+1‖ωk‖2−λ
2
k+1‖ωk‖2−λk+1(1−λk+1)‖ωk+1−ωk‖2

−λk+1(
1

α1
−2)‖ωk+1‖2− γk

( 1
α2
‖(I−Tα2)Ayk‖2− γk‖A∗(I−Tα2)Ayk‖2)

≤ ‖yk− z‖2 +λk‖ωk‖2−λ
2
k+1‖ωk‖2− γk

( 1
α2
‖(I−Tα2)Ayk‖2− γk‖A∗(I−Tα2)Ayk‖2).

(3.5)

On the other hand, one has

‖yk− z‖2 = ‖(1+βk)(xk− z)−βk(xk−1− z)‖2

= (1+βk)‖xk− z‖2−βk‖xk−1− z‖2 +βk(1+βk)‖xk− xk−1‖2.



50 J. ZHAO, Y. LI

This together with (3.5) yields that

‖xk+1− z‖2 +λk+1‖ωk+1‖2

≤(1+βk)‖xk− z‖2−βk‖xk−1− z‖2 +βk(1+βk)‖xk− xk−1‖2 +λk‖ωk‖2

−λ
2
k+1‖ωk‖2− γk

( 1
α2
‖(I−Tα2)Ayk‖2− γk‖A∗(I−Tα2)Ayk‖2). (3.6)

Let dk = ‖xk− z‖2 +λk‖ωk‖2 for k ≥ 1. It follows from (3.6) that

dk+1 ≤ dk +βk(‖xk− z‖2−‖xk−1− z‖2)+βk(1+βk)‖xk− xk−1‖2

−λ
2
k+1‖ωk‖2− γk

( 1
α2
‖(I−Tα2)Ayk‖2− γk‖A∗(I−Tα2)Ayk‖2),

which implies that
dk+1−dk

≤ βk(‖xk− z‖2 +λk‖ωk‖2−‖xk−1− z‖2−λk−1‖ωk−1‖2)+βkλk−1‖ωk−1‖2−λ
2
k+1‖ωk‖2

+βk(1+βk)‖xk− xk−1‖2− γk
( 1

α2
‖(I−Tα2)Ayk‖2− γk‖A∗(I−Tα2)Ayk‖2)

≤ βk(dk−dk−1)+2βk(‖xk− xk−1‖2 +‖ωk−1‖2)

−λ
2
k+1‖ωk‖2− γk

( 1
α2
‖(I−Tα2)Ayk‖2− γk‖A∗(I−Tα2)Ayk‖2).

(3.7)
For the case (I−Tα2)Ayk = 0, we have

dk+1−dk ≤ βk(dk−dk−1)+2βk(‖xk− xk−1‖2 +‖ωk−1‖2)−λ
2
k+1‖ωk‖2. (3.8)

Otherwise, we deduce from (3.2) and (3.7) that

dk+1−dk ≤ βk(dk−dk−1)+2βk(‖xk− xk−1‖2 +‖ωk−1‖2)

−λ
2
k+1‖ωk‖2−ρk(

1
α2
−ρk)

‖(I−Tα2)Ayk‖4

‖A∗(I−Tα2)Ayk‖2 .
(3.9)

From the assumptions on {ρk} and {λk}, (3.8)-(3.9), we get

dk+1−dk ≤ βk(dk−dk−1)+2βk(‖xk− xk−1‖2 +‖ωk−1‖2).

Setting
φk := dk, θk := βk, δk := 2βk(‖xk− xk−1‖2 +‖ωk−1‖2),

and using Lemma 2.2, we obtain that limk→∞ dk exists. Thus, it follows that {dk} is bounded.
Hence, {xk} is bounded. From (3.8) and (3.9), we also have

λ
2
k+1‖ωk‖2 ≤ dk−dk+1 +βk(dk−dk−1)+2βk(‖xk− xk−1‖2 +‖ωk−1‖2),

which implies that
lim
k→∞
‖ωk‖= 0. (3.10)

Taking into account that liminfk→∞ λk > 0, {dk} converges and δk→ 0 as k→∞. So, limk→∞ ‖xk−
z‖2 = limk→∞(dk−λk‖ωk‖2) = limk→∞ dk exists. We still denote uk = yk− γkA∗(I−Tα2)Ayk.
Now, we show that

lim
k→∞
‖(I−Tα2)Ayk‖= lim

k→∞
‖yk−uk‖= 0.
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If (I−Tα2)Ayk = 0, then
yk−uk = γkA∗(I−Tα2)Axk = 0. (3.11)

Otherwise, it follows from (3.9) that

ρk

( 1
α2
−ρk

) ‖(I−Tα2)Ayk‖4

‖A∗(I−Tα2)Ayk‖2

≤ dk−dk+1 +βk(dk−dk−1)+2βk(‖xk− xk−1‖2 +‖ωk−1‖2),

which implies

lim
k→∞

‖(I−Tα2)Ayk‖2

‖A∗(I−Tα2)Ayk‖
= 0. (3.12)

It follows from (A1) and
1
‖A‖
‖(I−Tα2)Ayk‖= ‖(I−Tα2)Ayk‖

‖(I−Tα2)Ayk‖
‖A‖‖(I−Tα2)Ayk‖

≤ ‖(I−Tα2)Ayk‖
‖(I−Tα2)Ayk‖
‖A∗(I−Tα2)Ayk‖

=
‖(I−Tα2)Ayk‖2

‖A∗(I−Tα2)Ayk‖
that limk→∞ ‖(I−Tα2)Ayk‖= 0. So, for the whole sequence {yk}, we have

lim
k→∞
‖(I−Tα2)Ayk‖= 0. (3.13)

It follows from (3.12) that

‖yk−uk‖= ‖γkA∗(I−Tα2)Ayk‖= ρk
‖(I−Tα2)Ayk‖2

‖A∗(I−Tα2)Ayk‖
→ 0

as k→ ∞. From (3.11), we arrive at

lim
k→∞
‖yk−uk‖= 0. (3.14)

From Algorithm 3.1, we have xk+1 = uk−λk+1ωk+1, which implies from (3.10) that

lim
k→∞
‖xk+1−uk‖= lim

k→∞
λk+1‖ωk+1‖= 0. (3.15)

On the other hand, it follows from (3.3) that

lim
k→∞

βk(‖xk− xk−1‖2 +‖ωk−1‖2) = 0,

which implies that limk→∞ βk‖xk−xk−1‖2 = 0. Using the fact β 2
k ‖xk−xk−1‖2≤ βk‖xk−xk−1‖2,

we conclude that limk→∞ βk‖xk− xk−1‖= 0. Hence,

lim
k→∞
‖yk− xk‖= lim

k→∞
βk‖xk− xk−1‖= 0. (3.16)

From (3.14), (3.15) and (3.16), we obtain

lim
k→∞
‖xk−uk‖= lim

k→∞
‖xk+1− xk‖= 0. (3.17)

In view of (3.10), we have

lim
k→∞
‖uk +(1−λk+1)ωk−Uα1(uk +(1−λk+1)ωk)‖= lim

k→∞
‖ωk+1‖= 0. (3.18)
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Now, we show that ωw(xk) ⊆ Γ. Since I−U and I− T are demiclosed at 0, we see from
I −Uα1 = (1− α1)(I −U) and I − Tα2 = (1− α2)(I − T ) that I −Uα1 and I − Tα2 are also
demiclosed at 0. Let x ∈ ωw(xk). That is, there exists a subsequence {xk j} of {xk} such that
xk j ⇀ x as j→ ∞. Then, we have from (3.16) that yk j ⇀ x and Ayk j ⇀ Ax. From (3.10) and
(3.17), we have uk j + (1− λk j+1)ωk j ⇀ x as j → ∞. It follows from (3.13) and (3.18) that
x ∈ F(Uα1) and Ax ∈ F(Tα2), which implies that x ∈ Γ. So ωw(xk)⊆ Γ.

Finally, by using Lemma 2.3 we have xk ⇀ x∗, where x∗ is a solution of the SCFP (1.1). Thus,
it follows from ωk→ 0 that (ωk,xk)⇀ (0,x∗). This completes the proof. �

Remark 3.3. Algorithm 3.1 includes the following algorithms for solving the SCFP (1.1) as
special cases.

(i) If λk+1 ≡ λ ∈ (0,1], Algorithm 3.1 is reduced to the following self-adaptive inertial algo-
rithm for solving the SCFP of quasi-nonexpansive operators

yk = xk +βk(xk− xk−1),

ωk+1 = (I−Uα1)(yk− γkA∗(I−Tα2)Ayk +(1−λ )ωk),

xk+1 = yk− γkA∗(I−Tα2)Ayk−λωk+1,

where 0≤ βk ≤ β̄k, β̄k and γk are chosen by (3.1) and (3.2), respectively.
(ii) If λk+1 ≡ 1, Algorithm 3.1 is reduced to the following self-adaptive inertial CQ algorithm

for solving the SCFP of quasi-nonexpansive operators{
yk = xk +βk(xk− xk−1),

xk+1 =Uα1(yk− γkA∗(I−Tα2)Ayk),
(3.19)

where γk is chosen by (3.2) and 0≤ βk ≤ β̄k satisfies

β̄k :=

{
min{η , εk

‖xk−xk−1‖2}, i f xk 6= xk−1,

η , otherwise
(3.20)

with η ∈ [0,1), {εk}∞
k=1 ⊂ [0,∞) and ∑

∞
k=1 εk < ∞.

(iii) If βk ≡ 0, Algorithm 3.1 is reduced to the following self-adaptive primal-dual algorithm
for solving the SCFP of quasi-nonexpansive operators{

ωk+1 = (I−Uα1)(xk− γkA∗(I−Tα2)Axk +(1−λk+1)ωk),

xk+1 = xk− γkA∗(I−Tα2)Axk−λk+1ωk+1,
(3.21)

where {γk} is chosen by

γk :=

{
ρk‖(I−Tα2)Axk‖2

‖A∗(I−Tα2)Axk‖2 , (I−Tα2)Axk 6= 0,

γ, (I−Tα2)Axk = 0
(3.22)

with 0 < liminfk→∞ ρk ≤ limsupk→∞ ρk <
1

α2
and γ > 0.

(iv) If βk ≡ 0 and λk+1 ≡ 1, Algorithm 3.1 is reduced to relaxed algorithm (1.5), which
was proposed by [13] with self-adaptive step sizes for solving the SCFP of quasi-nonexpansive
operators

xk+1 =Uα1(xk− γkA∗(I−Tα2)Axk),

where {γk} is chosen by (3.22).
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(v) If α1 = α2 =
1
2 , Algorithm 3.1 is reduced to the following self-adaptive inertial algorithm

for solving the SCFP of directed operators
yk = xk +βk(xk− xk−1),

ωk+1 = (I−U)(yk− γkA∗(I−T )Ayk +(1−λk+1)ωk),

xk+1 = yk− γkA∗(I−T )Ayk−λk+1ωk+1,

where 0≤ βk ≤ β̄k, β̄k is chosen by (3.1) and {γk} is chosen in such a way that

γk :=

{
ρk‖(I−T )Ayk‖2

‖A∗(I−T )Ayk‖2 , (I−T )Ayk 6= 0,
γ, (I−T )Ayk = 0

(3.23)

with 0 < liminfk→∞ ρk ≤ limsupk→∞ ρk < 2 and γ > 0.
(vi) If λk ≡ λ ∈ (0,1], βk ≡ 0, and α1 = α2 =

1
2 , Algorithm 3.1 is reduced to self-adaptive

iterative algorithm (1.7) proposed by [24] for solving the SCFP of directed operators{
ωk+1 = (I−U)(xk− γkA∗(I−T )Axk +(1−λ )ωk),

xk+1 = xk− γkA∗(I−T )Axk−λωk+1,

where γk is chosen in self-adaptive way by (3.23).
(vii) If λk ≡ 1, βk ≡ 0, and α1 = α2 = 1

2 , Algorithm 3.1 is reduced to the well-known CQ
iterative algorithm (1.4) proposed by [1] for solving the SCFP of directed operators

xk+1 =U(xk− γkA∗(I−T )Axk),

where γk is chosen in self-adaptive way by (3.23).

It is well known that the projection operator PC is firmly nonexpansive. So, I−PC is demi-
closed at the origin by Lemma 2.4. Assume that the solution set of the SFP (1.2) is nonempty.
From Theorem 3.1, we can deduce easily the following results.

Corollary 3.1. Let {λk} ⊆ (0,1] be a nonincreasing sequence with liminfk→∞ λk > 0. Let
{εk}∞

k=1⊂ [0,∞) and {ρk}∞
k=1⊆ [0,2] be sequences satisfying ∑

∞
k=1 εk <∞ and 0< liminfk→∞ ρk≤

limsupk→∞ ρk < 2. Let {(ωk,xk)} be a sequence generated by

x0,x1,ω0 ∈ H1 chosen arbitrarily,
η ∈ [0,1),ω1 = ω0,

yk = xk +βk(xk− xk−1),

ωk+1 = (I−PC)(yk− γkA∗(I−PQ)Ayk +(1−λk+1)ωk),

xk+1 = yk− γkA∗(I−PQ)Ayk−λk+1ωk+1,

(3.24)

where 0≤ βk ≤ β̄k with β̄k being chosen by (3.1) and the stepsize {γk} is chosen in such a way
that

γk :=

{
ρk‖(I−PQ)Ayk‖2

‖A∗(I−PQ)Ayk‖2 , (I−PQ)Ayk 6= 0,

γ, (I−PQ)Ayk = 0
(3.25)

with γ > 0. Then, {xk} converges weakly to a point x∗, where x∗ is a solution of the SFP (1.2)
and the sequence {(ωk,xk)} converges weakly to the point (0,x∗).
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Remark 3.4. (i) If λk+1 ≡ 1, then algorithm (3.24) is reduced to the following inertial self-
adaptive CQ algorithm for solving the SFP (1.2){

yk = xk +βk(xk− xk−1),

xk+1 = PC(yk− γkA∗(I−PQ)Ayk),

where 0≤ βk ≤ β̄k, β̄k and γk are chosen by (3.20) and (3.25), respectively.
(ii) If βk ≡ 0, then algorithm (3.24) is reduced to the following self-adaptive primal-dual

algorithm for solving the SFP (1.2){
ωk+1 = (I−PC)(xk− γkA∗(I−PQ)Axk +(1−λk+1ωk)),

xk+1 = xk− γkA∗(I−PQ)Axk−λk+1ωk+1,

where γk is chosen by (3.25).
(iii) If βk ≡ 0 and λk+1 ≡ λ ∈ (0,1], then algorithm (3.24) is reduced to the self-adaptive

primal-dual algorithm (1.6) proposed in [18] for solving the SFP (1.2){
ωk+1 = (I−PC)(xk− γkA∗(I−PQ)Axk +(1−λωk)),

xk+1 = xk− γkA∗(I−PQ)Axk−ωk+1,

where γk is chosen by (3.25).
(iv) If βk ≡ 0 and λk+1 ≡ 1, then algorithm (3.24) is reduced to the well-known CQ iterative

algorithm (1.3) proposed in [3] for solving the SFP (1.2)

xk+1 = PC(xk− γkA∗(I−PQ)Axk),

where γk is chosen in self-adaptive way by (3.25).

4. NUMERICAL EXPERIMENT

In this section, we provide a numerical experiment and show the performance of our proposed
self-adaptive inertial iterative Algorithm for solving the SCFP (1.1). All the codes are written in
MATLAB and are performed on a personal Lenovo computer with Intel(R) Core(TM)i5-6200U
CPU @2.30GHz 2.40GHz and RAM 4.00GB.

In this part, we take the following experiment parameters η = 0.9, γ = 0.5, ρk = 1.95 and
εk =

1
k1.5 for k ≥ 1 in Algorithm 3.1. In the implementation, we take p(x) < ε = 10−4 as the

stopping criterion, where
p(x) = ‖x−Ux‖+‖Ax−T (Ax)‖.

In the numerical results listed in the following tables, ”Iter.” denote the number of iterations.

Example 4.1. Define mappings U : R5→ R5 and T : R6→ R6 as follows:

U(x) =
1
2

x, T (y) = (z1,z2,z3,z4,z5,z6)
T ,

where x = (x1,x2,x3,x4,x5)
T ∈ R5, y = (y1,y2,y3,y4,y5,y6)

T ∈ R6 and

zi =

{
yi, yi < 0,
0, yi ≥ 0,

(1≤ i≤ 6).

Note that U and T are quasi-nonexpansive operators. Obviously, F(U) = {(0,0,0,0,0)T} and

F(T ) = {(y1,y2,y3,y4,y5,y6)
T ∈ R6 : yi ≤ 0, 1≤ i≤ 6}.
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TABLE 1. Numerical results with different βk and λk ≡ λ , where βk = τβ̄k.

λ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
τ 0.9 0.8 0.7 0.7 0.6 0.6 0.6 0.6 0.5 0.5

Algorithm 3.1 Iter. 306 149 86 77 56 50 45 42 37 29
algorithm (3.21) Iter. 390 197 133 101 82 70 61 54 49 45 (Algorithm (1.5))

Let

A =


2 −1 30 2 3
1 −2 50 2 1
2 0 24 10 −27
2 −16 6 −3 5
5 87 −3 6 7

12 −4 7 −9 3

 .

We apply the proposed inertial Algorithm 3.1 to solve the SCFP (1.1). Let βk = τβ̄k for k≥ 1.
In Algorithm 3.1, inertial extrapolation factor βk ∈ [0, β̄k]. We can choose different inertial
extrapolation factors by adjusting parameter τ ∈ [0,1]. If τ = 0, i.e., βk ≡ 0, then Algorithm
3.1 is reduced to the primal-dual algorithm (3.21) without inertial technique for solving the
SCFP (1.1) of quasi-nonexpansive operators. We take α1 = α2 = 1

2 , x0 = (−30,50,8,5,0)T ,
x1 = (−5,1,−80,8,−1)T and ω0 = (−1,−1,−1,2,6)T . In Table 1, we present our experiments
with different λk ≡ λ ∈ (0,1] and different inertial extrapolation factors. We take λk ≡ λ =
0.1,0.2 · · · ,1. If λk ≡ λ = 1, then Algorithm (3.1) is reduced to the inertial algorithm (3.19)
corresponding to the original algorithm (1.5) with self-adaptive step sizes. Moreover, if λk ≡
λ = 1 and βk ≡ 0, then Algorithm 3.1 is reduced to the algorithm (1.5) with self-adaptive step
sizes. Table 1 shows the iterative numbers of Algorithm 3.1, algorithm (3.21) without inertial
technique and algorithm (1.5) with self-adaptive step sizes. Further, Figure 1 presents error
value versus the iteration numbers. In Figure 1, we report the behavior of Algorithm 3.1 and
algorithm (3.21) for λk = 0.3 and λk = 0.4, where βk = 0.7β̄k in Algorithm 3.1. It can be
seen that Algorithm 3.1 is significantly faster than algorithm (3.21) and algorithm (1.5). So the
inertial term constructed in Algorithm 3.1 improves the speed of convergence.

Remark 4.1. In the numerical experiment, it is revealed that the sequence, generated via the
Algorithm 3.1 involving the inertial technique and dual variable, converges faster than the orig-
inal algorithms when we choose suitable inertial extrapolation factors. This concludes that the
inertial term constructed in Algorithm 3.1 improves the speed of convergence for solving the
SCFP (1.1) of quasi-nonexpansive operators.

5. THE CONCLUSION

The main aim of this paper is to propose a new iterative algorithm for solving the SCFP (1.1)
of quasi-nonexpansive operators. Two highlights are that the determination of the stepsizes does
not need any prior information about the operator norms, and our iterative algorithm combines
the primal-dual method and the inertial method. The weak convergence result of the proposed
algorithm extends and generalizes some existing ones for the SCFP.
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FIGURE 1. Comparison of the number of iterations of Algorithm 3.1 with algorithm(3.21).
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