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Abstract. In this paper, we propose a new model for supervised multiclass feature selection which has
the ¢ 1-norm in both the fidelity loss and the regularization terms with an additional ¢, o-constraint. This
problem is challenging for applying available optimization methods because of the discontinuous and
nonconvex nature of the ¢ o-norm. We first convert the constraint defined by the ¢, p-norm into a new con-
straint defined by a difference of two matrix norms. Then we reformulate the problem as an unconstrained
problem using the exact penalty method. Based on a derived formula for the proximal mapping of this
difference of matrix norms and Nesterov’s smoothing techniques, the nonmonotonic accelerated proximal
gradient method is applied to solve the unconstrained problem. Numerical experiments are conducted on
many benchmark data sets to show the effectiveness of our proposed method in comparison with existing
methods.

Keywords. Feature selection; ¢, o-norm constraint; Exact penalty; Proximal operator; Smoothing tech-
nique.

1. INTRODUCTION

Many machine learning applications require dealing with high dimensional data. For instance, in
problems of face recognition [1, 2], bioinformatics [3] or video semantic recognition [4], each instance
often has several hundreds or thousands of features. The high dimensional nature of the data requires
much time and a lot of space to process as they usually contain noise and redundant features. In addition,
an enormous amount of training data is required to ensure that learning algorithms work properly as in low
dimensional settings. To overcome this difficulty, feature selection algorithms are used to preprocess data
in order to identify a small subset of relevant and important features that can give a compact and accurate
representation for the original data; see [3, 5, 6] and the references therein. Once the best features are
selected, subsequent analysis such as visualization, regression or classification can be favorably applied.
Feature selection is also useful for reducing storage requirements and training time, facilitating data
visualization and data understanding, eliminating noise and improving the prediction performance. We
refer the reader to [7, 8, 9] for more details.
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Machine learning methods for feature selection can be roughly divided into three classes: wrapper,
filter, and embedded methods. Wrapper methods exploit the predictive performance of a predefined
learning algorithm to evaluate the quality of selected features; see, e.g., [6, 10]. Filter-type methods
usually rank each feature individually based on certain statistical measures, where no learning algorithm
is involved. Representative filter-type methods include the reliefF [11, 12, 13], T-test [14, 15] and Fisher
score [16, 17]. Embedded-type methods embed the feature selection procedure into a learning model and
only a single optimization problem is involved; see, e.g., [18, 19]. Our main goal in this paper is to study
an embedded-type method for multiclass feature selection using sparsity-based feature selection models.

Many sparsity-based feature selection models have been proposed and have shown promising per-
formance in practical applications; see [7, 9] and the references therein. In these models, the feature
selection problem is reformulated as an optimization problem in which a sparsity-inducing regularization
term is added to the fitting error. Sparsity-inducing regularization terms defined by the ¢;-norm or the
{p-norm are often used in binary classification, while those defined by the /> j-norm or the ¢, o-norm are
often used in multiclassification. The presence of sparse regularization terms shrinks irrelevant feature
coefficients towards zero and then the corresponding features should simply be eliminated. From the
sparsity perspective, the £yp-norm or the ¢, o-norm is more desirable to select the features because it can
induce the sparsest solution, i.e., each feature should be associated with either the zero coefficient or a
large coefficient. However, the resulting optimization problem is of nonconvex nature and is very difficult
to solve; see [20]. Therefore, it is often relaxed using the ¢;— or the ¢; j-regularization. The ¢;-norm
based feature selection method, also known as Lasso [21], is commonly used for binary-class data sets. In
multi-task learning, ¢, ;-norm regularization has been successfully employed to couple feature selection
across tasks. Many /, 1-norm based feature selection methods for multiclass data have been proposed
over the last decade; see [22, 23] and the references therein.

In this paper, we propose a new model for multiclass feature selection which can be seen as the
combination of two popular sparsity-inducing methods proposed by Nie et al. [22] and Cai et al. [24].

Paper’s Contributions:

¢ Our feature selection model, which has the ¢, ;-norm in both the fidelity loss and the regularization
terms with an additional ¢, o-constraint, inherits the merits from existing ¢, - and ¢, - feature
selection approaches. The proposed model is robust to outliers and it can select features across all
instances in the data with joint sparsity. In addition, with the use of an additional ¢; o-constraint,
the model becomes very efficient for selecting essential features in the data.

e We provide a new approach to deal with the discontinuous and nonconvex ¢; o-constraint of the
form [[W|, 0 < K by converting it into a continuous penalized term represented as the difference
of two matrix norms.

e We provide a new explicit formula for computing the proximal mapping for the difference of two
matrix norms and therefore open up the possibility of applying the proximal gradient methods
and its variants to deal with the ¢, o-constraint.

Notation: All vectors are in column format. For a matrix W = (w;;) € R"*¢, we denote its ith row by
w' and its jth column by w;, i.e.,

Wil wij
w=1]: | andw; =

Wic Wnj
Given W = (w;;) € R"¢ and Z = (z;;) € R"*¢, define the inner product:

(W,Z) = ZW,'J'Z,'J' = tl‘(WTZ).
i\
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This inner product induces the Frobenius norm of W:

Wl = VW) = |3 Y w2 = \/ Z Wil

i=1j=1

Note that the squared Frobenious norm function defined on the Euclidean space E := R"*¢ is differentiable
with gradient given by V|| - ||%(W) = 2W. The ¢, ;-norm is defined by

n n c
W21 ::X;”Wl”z:z; Z}W?j-
= 1= ]J=

Throughout this paper, we use X = [xj,...,x,] € R" to denote the training data set of m instances in
R" in which each instance x; belongs to exactly one class from {1,...,c}. Weuse Y = [y1,...,yn]' €
{0,1}"*¢ to denote the associated label matrix in which the ij-entry of Y is 1 if x; is associated with the
Jjth class and is O otherwise.

Paper’s organization: The rest of this paper is organized as follows. In Section 2, we present our
model as a nonconvex discontinuous optimization problems. Section 3 is devoted to reformulating of the
problem under consideration as an unconstrained continuous problem based on the exact penalty method.
Nesterov’s smoothing techniques for functions with matrix variables are presented in Section 4. In Section
5, accelerated proximal gradient methods based on a new proximal mapping are employed to solve the
problem. Finally, numerical experiments on many benchmark data sets are presented in Section 6.

2. PROBLEM FORMULATIONS

Given a training matrix X € R™ and the associated label matrix ¥ € {0, 1 , standard multi-
variate regression problems solve the following optimization problem to find the projection matrix
W = [wi,...,w;| € R" and the bias b € R

m m C
HV}I’?,Z‘I IW T xi 4+ b —yill3 = ;;(WJT"I‘MJ —ij)*.

}m><c

For simplicity, the bias b can be absorbed into W when the constant value 1 is added as an additional
dimension for each sample x; for i = 1,...,m. The problem then can be rewritten in a matrix form as

i X'W-—v|>.
min IX W Y|

To select a subset of relevant features, sparsity-inducing feature selection methods [7] aim at solving the
following problem with an additional regularization term:

min |XTW — Y|} + 72 (W),

where 7 > 0 is a trade-off parameter to balance the overfitting and interpretability of the model. Once a
solution W is obtained, the features can be ranked according to the ¢;-norm of its rows: the higher the
value, the more relevant the feature is. One of the key drawbacks of the squared error loss lies in the fact
that it is prone to outliers. Some outliers with large squared errors of the form ||[W "x; — y;||? can easily
dominate the objective function. To reduce the effect of outliers, other measurements should be used
instead of the squared error.

Among the many effective methods is the robust feature selection method (RFS) proposed by Nie et al.
in [22] which used the ¢ ;-norm on both fidelity loss and regularization term. Its model is as follows

min IXTW =Yll21 +YIW]2.1. 2.1

This model has showed its efficiency in selecting meaningful features across all instances of the data with
joint sparsity and also in reducing the effect of outliers. It has been successfully applied to train biological
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data, outperforming other methods in many aspects. Problem (2.1) is convex and a global solution can be
obtained; see [22].

The top-K feature selection method (TopK, for brevity) proposed by Cai et al. [24] with an ¢, 1-loss
and an explicit £ o- equality constraint solves

mui/n IX"W —Y|lo; subjectto |[W|20=K, (2.2)

where ||W||20 stands for the number of nonzero rows of W. Although problem (2.2) is nonconvex,
an effective alternating algorithm based on the augmented Lagrangian method in [24] can find good
approximation solutions. The main advantage of this model is that it uses the ¢, o-norm constraint instead
of incorporating it as a regularization term and therefore it alleviates the burden of adjusting the regularized
parameters in practice. This model turns out to be very effective when the number of selected features is
quite small (e.g., K is less than 20). However, this is also a drawback of this method because in many
cases (especially, for large K) we cannot control the sparsity level of the final solution; see section 6.4.
In this paper, we propose a new model which can be seen as a combination of the above two models:

min IXTW =Y [l21 + VW2, (2.3)
subjectto  [|[W|20 < K.

In this model, the ¢, j-regularization plays a significant role in selecting features with joint sparsity, i.e.,
each feature either has small coefficient for all data points or has large coefficient over all data points. The
?> o-constraint controls the sparsity level, i.e., it controls number of nonzero rows in W. Because of its
nonsmoothness and nonconvexity, this problem is very challenging.

3. EXACT PENALTY METHODS FOR FEATURE SELECTION

In this section, we use the exact penalty method to introduce an unconstrained optimization model for
dealing with the constrained optimization problem (2.3). The difficulty when solving problem (2.3) comes
from the discontinuity and nonconvexity of the ¢, p-norm constraint. Our approach is to use a penalty
term defined by the difference of the ¢, ;-norm and the fk >1-norm in order to model an unconstrained
optimization which has the same optimal solution set as the constrained one when the penalty parameter
is sufficiently large.

Definition 3.1. Given an n x ¢ matrix W and a positive integer K such that 1 < K < n, we rearrange all
rows of W in the descent order of their />-norms, i.e.,

L P e

and then define
Wl 21 := (w2 + ..+ w5 2.

From this definition, we can see that

n n
W k21 = mvaX{Zwllwllz [vie {01}, vi= K}.
i=1 i=1

The following proposition allows us to convert the cardinality constraint in (2.3) into a DC constraint and
gives a formula for computing the subdifferential of the {x »;-norm function.

Given a finite dimensional Euclidean space E and a convex function f: E — R, recall that the
subdifferential in the sense of convex analysis of f at x € E is defined by

f(%):={wekE | (w,x—x) < f(x)— f(x) forallx € E}.

The reader is referred to [25] for more details on subdifferentials of convex functions.
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Proposition 3.1. For any matrix W of n rows and any positive integer 1 < K < n, we have
() [Wll20 < K if and only if W (|21 — [W||x21 = 0.
(ii) The function f(W) := ||W||k 21 is convex with the subdifferential given by
df(W) = conv{diag(v)p(W) |ve (W)}, 3.1
where p(W) is a set consisting of all matrices the same size as W defined row-wisely by
(W] B, if [w]l2 =0,
p j o — i . .
U il 2o,
and the active index set at W is defined by
n n
I(W):= {V [ve {01}, ) vi=K, ) vilwlla = |Wlkar }
i=1 i=1

Proof. (i) Assume that |[W||,o < K. This means that W has at most K rows that are not zero vectors.
When we rearrange all rows of W in the descent order of their #;-norm, i.e.,

w2 > 2wl > > w2,

these nonzero rows must be among {w(l), . ,W(K)}. This means that all the rows w/) for j =K +1,...,n
must be zero vectors, and so

n n K
W2t =Y 1wl = Y W= Y (Il = Wik
i=1 i=1 i=1

The converse implication can be proved similarly. For (ii), since f(W) = ||W||k 21 is a pointwise supremum
of a finite number of convex functions, the function f is convex. Recall that the subdifferential of the
Euclidean norm function is given by

21 2)(w) {’f } i ]l =0,
R n o it lwllz #0.

[[wll2
The subdifferential formula (3.1) is now obtained from the well-known rule for max functions in convex
analysis; see, e.g., [25]. O
Based on Proposition 3.1, we introduce the following penalized version of problem (2.3):

min  F(W) =X W =Y 21+ 7IWla+p (Wl = [IW]k21). (3.2)

In the theorem below, we establish an important relationship between problem (3.2) and problem (2.3),
which allows us to use a fixed threshold for p when optimizing (3.2).

Theorem 3.1. Let ||X||. := max; j |x;;| be the largest absolute value of all entries of X. If the penalty
parameter p satisfies P > Pmax, Where

Prmax 1= m||X || — ¥,
then any solution W of the penalized problem (3.2) is also a solution of problem (2.3).
Proof. Let W be a solution of (3.2). It follows from Proposition 3.1 (i) that if W is feasible for (2.3), i.e.,
W21 — Wk 21 = 0 or equivalently ||[W||2 < K, then it is a solution of (2.3).
Let us now show that if p > pmax, then W is indeed a feasible solution of problem (2.3). Suppose

by contradiction that W is not feasible for (2.3) or |W||2,1 — [|[W||k21 > 0. Let us fix an index v € I(W).
Since [|[W |21 — [W||g21 > 0, we have K < n and ¥; o ||[# |2 > 0. Define an n x ¢ matrix W as follows

S i — 1
A %vt forallt=1,...,n.
Oge, if7 =0
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It follows that

W20 <K, [Wllka1 = |[Wl|x21 and W21 — [W21 = Y [[#]2. (3.3)

=0

By the triangle inequality, for each i € {1,...,m} we have

HWTXI' _yiH2 = ||X1i1:VVl + . xW” —yiHQ

= Z xli‘:VVt — Vi Z Xt,W yl

=1 =1

2

= Z on + Z xttW —Yi— Z xtiwt
=0

V=1

2
n
= an'W[ —Yi— Z X W
=1 v =0 2
n
< an‘Wt =il + Z xiw
t=1 2 =0 2
=T _
< W xi—yilla+ Y [xill[W])2
7=0
=T _
< IW i =il + X[l Y 1912,
7=0
This implies that, for each i € {1,...,m}, the following holds:
=T ~ _
W xi = yilla = IW " = yill2 > =X | Y 192 (3.4)
7=0
Combining (3.3) and (3.4), we have
W) -
m
= | X IW = yill + AW o+ (Wl = Wl 21)
i=1

Z W i = yill2 + AW |21+ p (W [2.1 — HW!ml)]

i=1

> —m||X]]e Z HW’HHYZ W [l2+p Z 12

V,—

— ¥ 7l -ty i) >

=0

by the facts that Y, o ||#||2 > 0 and p > m||X || — . This is a contradiction because W is a solution of
(3.2). The proof is now complete. U

Remark 3.1. Theorem 3.1 ensures that problem (2.3) can be solved by minimizing the objective function
Z in the penalized problem (3.2) with a fixed parameter of p > pmax. However, a large value of p could
lead to an approximation solution that is too sparse and is not good for selecting features, especially when
K is quite large. We observe from practice that, in many cases, using a smaller value of p (not necessary
greater than pp,.x) gives better results.
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4. NESTEROV’S SMOOTHING TECHNIQUES

Using the exact penalty method, we have been able to convert the constrained optimization problem
(2.3) with the constraint defined by a discontinuous function to the unconstrained optimization problem
(3.2) with a continuous objective function. However, the nonsmoothness and nonconvexity still exist in this
new model. One of the key components in our method for solving problem (3.2) involves approximating
nonsmooth functions by smooth functions to reduce the level of nonsmoothness. The smoothing technique
introduced by Nesterov in his seminal paper [26] plays crucial role in our method.

Let x € R"” and y € R¢ be two given vectors and let Q be a convex compact subset of R¢. Consider the
function f: R"*¢ +—— R of matrix variable given by

f(w) :zmax{(WTx—y,u> |ue Q} , W e R™C.

This function is convex with respect to W but nonsmooth in general. Given t > 0, consider the function
fu defined by

fuW) = max { W x—y,u) = £ Julld | u € 0

W € R"¢. The theorem below shows that the smooth approximation f, as well as its gradient has closed
forms that can be expressed in terms of the Euclidean projection. The proof follows directly from [27,
Theorem 2.1] and [26, Theorem 1].

Theorem 4.1. The function f, has the following explicit representation:

W ix—yl3 pp Wix—y o
Tz—z[d(iéQﬂ

u
and is continuously differentiable on R" with gradient given by

oo ()]

fu(W) =

2
The gradient V f,, is Lipschitz with constant L = % In addition, the following estimate holds

FulW) < FW) < fuW)+5C @

for all W € R™¢, where C = sup{||q||3 | ¢ € O} < +oe.
Corollary 4.1. The function g(W) := ||W/||2,1 with variable W € R"*“ has a smooth approximation given

by
w1552

=1 2H

I

where W' is the ith row of W and IB stands for the closed unit ball in R¢. This function is smooth with
gradient Vg, (W) is given row-wisely by

[ngW)]i:[pB(V:)T foralli=1,...n

This gradient Vg, (W) is Lipschitz continuous with constant L = ﬁ In addition,

gu(W) <g(W) <gu,(W)+ %n, for all W € R™*¢.
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5. SOLVING THE PENALIZED PROBLEM VIA THE ACCELERATED PROXIMAL GRADIENT METHOD

The proximal gradient method (see, e.g., [28]) is one of the most widely used convex optimization
algorithms for solving convex optimization problems with nonsmooth objective functions. Recent
generalizations to the nonconvex setting in [29, 30] allow ones to deal with nonconvex objective functions.
In this section, we provide a new formula for finding the proximal mapping of the penalty term defined by
a difference of the ¢, ;-norm and the ¢ >;-norm, which allows us to solve the optimization problem (3.2)
using the proximal gradient method and its variants.

Let E be a finite dimensional Euclidean space. The proximal gradient method has been widely used for
solving optimization problems of the form

n%‘i/n LW):=0W)+p¥W),
where @: E — R and W: E — (—o0, 0| are two convex functions. Given a constant ¢ > 0, define

1
prox,y(U) := argmin{2||W—UH%—|—a‘P(W)} (5.1
W

for U € E. Note that proxu(U) is always a singleton when W is proper, convex, and lower semicontinu-
ous. Assuming further that ® is Fréchet differentiable with L - Lipschitz continuous gradient, the classical
proximal gradient algorithm defines a sequence {W*} by choosing a starting point W° € E and set

whtl — Proxey, <Wk - I{V@(W")) for k € N.

It is well-known that this algorithm has the convergence rate of 0(%) By incorporating an extrapolation
step, the accelerated version [31, 32] defined by

1
wktl — Proxpy <Uk - LV@(Uk)> ,

te—1
Ukl — ikt ’;7(W"<Jrl _Wk) fork e N,
k+1

where U =W € E,fp=land ;| = 7”4lkzz+l+l; improves the convergence rate to O(kiz) The proximal
gradient algorithm and its accelerated versions have recently been extended to the nonconvex setting with
the same requirement on ® but ¥ could be nonconvex; see [29, 30]. The state-of-art proximal gradient
algorithm for nonconvex programming is the nonmonotonic APG proposed by Li and Lin in [30]. This
nmAPG extends Beck and Teboulle’s monotone APG [33] and has a rigorous convergence guarantee
which ensures that every accumulation point of the iterative sequence is a critical point of the problem;

see [30, Theorem 1].

Proposition 5.1. (See [34]) If ¥ is proper; lower-semicontinuous and inf'W > —oo, then the solution set
of (5.1) is nonempty and compact.

From Theorem 3.1, to solve feature selection problem (2.3) we solve its penalized problem (3.2) with a
fixed value of penalty parameter p > Pmax. This problem can be written as

min 7 (W) =S (W)+p H(W),
where
GW) = X"W —=Yl|l21+ VW21,
Hx(W) = W21 —Wl]k21-

In what follows, we will derive an explicit formula of the proximal operator for 7%, which plays a crucial
role in applying the proximal gradient method.

(5.2)
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Proposition 5.2. Let W e proxX, . (U). Then the ith row of W is zero if and only if the ith row of U is
zero.

Proof. Given U € R"*¢ and o > 0, define
1
W) = S[IW = U7+ (Wl = [Wllka1)- (53)

It follows from (5.1) that

We prox, . (U) < W € argmin®(W).
W eRnxc
Note that [|[W||2,1 — [|W||x,21 > 0 for all W € R"*. By Proposition 5.1, the set prox ;. (U) is nonempty

~

and compact. Consider the case where U has some zero row, say u’ = 0. Define the matrix W by replacing
w' by the zero vector. Since W is a minimizer of ®,

1, . ~ ~
S < () - @(W) <o,

This implies w' = 0.

Let us now prove that if w' = 0, then «’ = 0. Assume by contradiction that u’ # 0. We define a new
n x ¢ matrix W such that the ith row is zero and the other rows are the same as those of W. Since we
replace a row in W with a row with zero norm to obtain W, we have

Wiz = Wl 21 = [Wll21 = W[k 21-
Taking into account that ||u!||, > 0, we thus have
1 S 1. .
SW) = 5 ¥ v/ = w3+ 13+ (W oy = [W 21
J#i
1 i N N
>3 2w = 2+ oW1 = Wil 21)
J#i
= D(W).
This contradicts to the fact that W is a solution. Thus, we have justified u’ = 0 iff the corresponding row
w =0, O
Theorem 5.1. Let U € R and let v € I(U). An element W € prox, .. (U) can be chosen by
. ul, ifvi=1or u=0,
w = . .
(1—%)»&, if = 0and ul # 0.
Proof. By Proposition 5.2, we only need to consider the case where all rows of U are nonzero (and thus

all rows of W are nonzero). Note that the function @ defined in (5.3) can be represented as a difference of
convex functions ® = ®; — P,, where

1
&1 (W) =S IW— U7 +a|Wll21 and @2(W) := a|W||k.21-

By the optimality condition for differences of convex functions (see, e.g., [35]), if W € prox, , (U)
then

8@2(W) C 0P (W)
It follows that for any v € (W), we have
i

(W —u') +a(l —vj)——

— =0fori=1,...,n.
w2
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This implies that
. wi, ifvi=1,
U = ] 5.4)
w —|—(XHW,H , ifv;=0.

Thus, for any W € prox,, ;. (U) and v € I(W), we have

‘ i ifv,=1
o = 4 112 =2 (5.5)
W'+ e, ifv,=0.

Fix v € I(U) and define W as follows

. u', ifvi=1
W= , ~
(1 _ L,.) W, if v =0.
('
We will show that W € prox, ., (U). It suffices to show that O(W) < H(W) for all W satisfying the
necessary optimality condition (5.4). By the definition of W, we have

; W |a, ifv;=1,
']l = H~,.H . (5.6)
W'+, ifv;=0.

Since o > 0, we have from (5.6) that |||, < |||, for all i = 1,...,n. We first claim that v € I(W).
Indeed, taking any v € {0,1}" with Y7, v; = K, we have

n

n n .
ZV W= W=}, Hu’Hz—szHu‘Hz Z il > Y villw]la,
-1 i=1

vi=1 vi=1 i=1

where the first inequality is due to v € I(U) and the second inequality is due to ||[W'||, < |Ju!||, for all
i =1,...,n. Thus, we have clarified that v € I(W) and hence

n
Y il = Wk - (5.7)
i=1

From the definition of W and (5.7), we have

n

D) =3 Y 17—l B+ (W .~ [Wlcar)
i=1
1 n
=3 ; ; (1=7) 7]
1 l
=5 0K+ E (- @)

Vlf

Observe that v € I(W). Using (5.4) and (5.5), we have

&
eW) =3 Y W =3+ a(([W]la1 = [W]k21)
i=1

f% Y a’+a (Z ]!wi\|2>
Vl'IO V,‘ZO

K ta (z <||u"|z—a>) -

=0
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Since v € I(U), we have Y/, v;|u||2 > Y, vi||u']|2. It follows that

Y ]l = Z(l —vi)[|u' |2
=0 i—1

Thus, we can conclude that ®(W) < ®(W) for all W satisfying (5.4). The proof is now complete. [

From Theorem 3.1, to solve feature selection problem (2.3) we can solve its penalized problem (3.2)
with a fixed value of penalty parameter p satisfying condition p > m||X || — 7. However, it is not ready to
apply the proximal gradient method because the function ¢ in (5.2) is nonsmooth. Employing Theorem
4.1 and Corollary 4.1, we can approximate this function by

2
1 & Ul Whx—y;
= —Y|Wxi—yli-% [d;B}
2u;u =5 X |4 )

o fs 2 E ()]

Recall that the Euclidean projection from a vector u € R¢ onto the closed unit ball B of R¢ can be

computed easily by
{u}, if [Jul2 <1,
PB(M) = {

{W} if Jlul > 1.
To proceed further, let us denote %,, = B X IB X ... x IB as a subset of R"*¢. For an m X ¢ matrix U, the
projection from U to %, is defined by
-
H(U,@m) = [PB(L!l), . ,PB(um)] .
It follows that
[d(U;B))> = |IU —TI(U; Z) ||

m

= Z lu — P ()| =) [d(u's B)]*.

i=1

By rewriting ¢, in this notation and using the differentiability of squared distance functions, the result
below is a direct consequence of Theorem 4.1.

Proposition 5.3. The function .% in (3.2) is approximated by the function
FuW): =94, (W)+p (W), (5.8)

where

2
1 u X'W-vy
(W) ::@Hﬂw—m%— ble(XEa)]

2
TH W,
Twi - a (S|

Hx(W) @ = HWH2,1 —[Wll&.21-
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We have the following estimate

FuW) <F (W) < Fu (W) +

=

(m+yn). (5.9
The function 4, (W) is differentiable with gradient

Tw —
Ve, (W) = XTI <XVZY;,@,”) Y <V:$> .

The gradient V9, is Lipschitz continuous with constant

Xy
u

Thus, to find an approximate solution for (3.2), we minimize .%, in (5.8) with a sufficiently small value
of smoothing parameter y. The pseudo-code of nmAPG is outlined below.
Algorithm 1. nmAPG with fixed p.
INPUT: training matrix X € R"*™ label matrix ¥ € R™*¢,
integer K > 0,y >0, p > 0, u > 0, initial guess W°.
Set Z! =W!'=W% 1=0,/; = 1,7 €[0,1), c; = Fu(W!),
2

q=11>L;= HX”%/ and 6 € (0,7 —Ly).

fork=1,...,T do
- -1 ,

Uk =Wk L1z —Wkl) + b= (W —wh)

ZK 1 ¢ Proxp . (U - 1vg, (UY)

if 7,(Z1) <cp— 8|1 ZK! — UX||2, then

Ly

Wk+1 — Zk+1
else
VAL € proxe i, (W — V9. (WH))
Wk+1 _ ZkH, Lg;u(zkﬂ) < fu(VkJrl),
vkt otherwise.
end if
VAR +1+1
fkr1 = f
Gk+1 =MNqr+1
naick + Fu (W)
Ck+1 =
Gik+1
end for

OUTPUT: wT+L,

Remark 5.1. It often happens that using a small value of the smoothing parameter u is better because
it reduces the approximation gap between .7 and .#,,. However, a too small value of u implies a very
large value of the Lipschitz constant L,,. This makes the step-size % in nmAPG too small which leads to
a slow convergence rate. Thus, the time cost of the algorithm is expensive if we fix y ahead of time. In
practice, we often decrease u gradually until a preferred threshold . is attained. From the estimate (5.9),
we choose

2

- m4yn’

which ensures that the gap .% — %, is less than €. The final optimization scheme is outlined as follows.

L
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Algorithm 2. nmAPG with gradually decreasing {.
INPUT: training matrix X € R"*™ label matrix ¥ € R"™*¢,
Y> 0, p >0, integer K > 0,
WO e R™¢ 6 € (0,1), o >0,€ >0
Set k +— 0.
repeat the following
Compute W1 < Algorithm1(X,Y,7,p, K, e, W5)
Update i1 <— Ol

Setk<+—k+1
OUTPUT: W

04
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FIGURE 1. Redundancy rate comparison of 7 feature selection methods on 9 data sets.

6. NUMERICAL EXPERIMENTS

In order to evaluate the performance of our method (nmAPG, for brevity), we will compare it with
the following popular multiclass supervised feature selection methods: RFS [22], TopK [24], ReliefF
[11, 12], Fisher [16, 17], InfoGain [36, 37] and T-test [14, 15]. The efficiency of each method is
estimated by the average of the redundancy rate and the classification accuracy.

For TopK, we use the following parameters: it =0.1,p = 1.02, maxiter = 1000, and for RFS we vary
its regularization in the set ¥ = {0.001,0.01,0.1,0.2,0.8, 1} and then chose the best result to report. The
others four methods are parameter free. We set the parameters for nmAPG as

T:2Lu76 :0'1(1714#)?" 20.9,

and set the starting guess W to be the zero matrix.
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FIGURE 2. 1-NN classification accuracy comparison of 7 feature selection meth-
ods on 9 data sets.

6.1. Datasets Description. The following 9 benchmark data sets for feature selection are used in our
experiments. All of them are available at
http://featureselection.asu.edu/datasets.php.

TABLE 1. Summary of 9 data sets.

Data # Instances | # Features | # Classes | Types
COIL20 1440 1024 20 Image
WarpPIE10P | 210 2420 10 Image
USPS 9298 256 10 Image
Yale 165 1024 15 Image
LUNG 203 3312 5 Biology
GLI-85 85 22283 2 Biology
Lymphoma | 96 4026 9 Biology
Isolet 1560 617 26 Voice
leukemia 72 7070 2 Biology

6.2. Redundancy Rate Comparison. The redundancy rate is a popular measurement to evaluate the
quality of selected features. Let F' be the set of features being selected by some method, the redundancy
rate is defined by

1

RED(F) := FF=1)

corr;j,
fivfjeFv i>j
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where |F| is the cardinality of F and corr;; is the correlation between two features f; and f;. Here the
correlation is computed on the reduced data represented by features in F. A large value of RED(F)
indicates that many selected features are correlated and there exist some redundancy in F'. We apply
Algorithm 1 for all runs in this section with the same setting of parameters below:

y=1,u0=0.01,p =0.01.

The algorithm will terminate whenever the maximum number of iterations is 1000 or the following
conditions is satisfied: ) -

W =Wl _ 07

max (W7 1) <1077, 6.1
Each data set is randomly divided into training set and testing set with the ratio 70% train - 30% test. For
each case, we perform 10 independent runs and report the average RED in Fig. 1. The result show that
the set of features chosen by our method has lower redundancy rate in almost all cases than the others
and therefore our method is very efficient in eliminating irrelevant features. Note also that the RED is
computed directly on the reduced data without employing any learning algorithm. The comparison result
also shows that our method does not rely on any specific classifier. This fact will be clarified in what
follows.

6.3. Classification Accuracy Comparison. In this section, 1-NN and SVM with 5-fold cross-validation
are employed to evaluate the quality of selected features. We use the support vector machine (SVM)
with linear kernel and set its parameter C = 1. The number of selected features K on each data set varies
from 1 to 50 with the incremental step 1. The better FS method is expected to have higher classification
accuracies. We apply Algorithm 2 for all runs in this section with the setting of parameters as follows

y=0.1,40=1,6=0.1,6 =0.1,
p € {0.001Pmax, 0.01 prmax }

where pmax is defined in Theorem 3.1. We switch to the next smaller value of i after every 200 iterations
or when condition (6.1) is reached. We also use a “warm start” technique by using the solution of the
previous problem as an initial guess for the next one.

The plots of average classification accuracy versus the number of selected features for 10 independent
runs are reported in Fig. 2 for 1-NN and in Fig. 3 for SVM.

Our numerical examples show that method outperforms the compared FS methods on both classifiers.
The accuracy curves of RFS and nmAPG are much more stable than that of TopK. The result also shows
that, although both TopK and nmAPG use the ¢, gp-norm constraint, our method outperforms TopK in
the cases where K is quite large, e.g., K > 20.

6.4. Sparsity Level Investigation. Both TopK and our model employ the ¢, p-norm constraint to pro-
mote sparsity. We now conduct experiments to examine the effect of the sparsity constraint on the selected
features. The row-sparsity of a solution W obtained by some FS method is determined by the number of
rows whose #;-norms are greater than a tolerance tol. With the same setting as section 6.3, we plot the
sparsity investigation of both methods on LUNG data set in Fig. 4. The sparsity curve of TopK is not
linearly increasing with respect to K as expected. The sparsity level of nmAPG is nearly the same as the
number of features to be selected. This shows that the ¢, o-norm constraint in our model is very effective
from the sparsity perspective.

6.5. Convergence of nmAPG. We now chose two labeled data sets COIL20 and Isolet to illustrate
the convergence of Algorithm 1 and Algorithm 2. Recall that for minimizing the function .# in (3.2),
we minimize its approximation .%, in (5.8) by Algorithm 1 with a fixed u or by Algorithm 2 with
decreasing u. Fig. 5 plots values of .% versus iterations of both algorithms for solving (3.2) in which
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FIGURE 5. The convergence of Algorithm 1 and Algorithm 2 on Yale and USPS.

Y=0.1,p =0.01 and K = 10. We can see that both algorithms decrease the objective function very fast,
and Algorithm 2 converges much faster than Algorithm 1.

7. CONCLUSIONS

In this paper, we introduced a new supervised FS model which has the ¢, j-norm on both loss and regu-
larization terms with an additional ¢, o-norm constraint. Using the exact penalty method, we reformulated
the problem as a continuous one by adding to the objective a penalized term of the form /> | —k >1. Based
on an explicit formula for the proximal mapping of the ¢ | — ¢k 21 —norm as well as Nesterov’s smoothing
techniques, the problem can be effectively solved by the accelerated proximal gradient methods. Our
numerical examples show that the proposed method outperforms many state-of-art FS methods on several
benchmark data sets. The approach to deal with ¢; ¢ in this paper can be applied to many other problems
in constrained sparse optimization. This is a promising research topic we would like to pursue in the
future.
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