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Abstract. Let 1 < p < g < o. The boundedness and compactness of the embedding from Campanato
spaces .Z), ; into tent spaces (1) are investigated in this paper. Meanwhile, the boundedness and the

essential norm of the Volterra operators 7, and I, from .Z),  to F(q,q—2+ @ ,s) are also studied.
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1. INTRODUCTION

Let D denote the open unit disk in the complex plane C and 7’ (D) denote the space of all
analytic functions in D. As usual, .77> denotes the space of bounded analytic functions. Let
p>1and 0 <A <eo. We say that an f € H” belongs to the analytic Campanato spaces .Z, 3 if

111, = sup o [1A(0) = P15 <o

where
fi= g [1©/5 1 op,

and the Hardy space H” (see [1]) consists of all f € H(ID) such that

1 21 .

£ = sup 5= [ 17 a6 < oo
O<r<«l1

If p = 2, then space % ; is called the Morrey space, which was first studied by Wu and Xie

[2] in the case of D. We refer to [3, 4] for more study on the Morrey space %5 3. If p =2 and

A =1, then %, j is just the BMOA space. For more information on BMOA space, we refer to

[5].
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Suppose that 0 < p < oo, =2 < g < o0 and 0 < s < 0. The space F(p,q,s) is defined by those
f € (D) with

17 () = !f(O)!”JrSlelg @I~ [212)4(1 — | @a(2)[*) dA(2) < oo,

where ¢,(z) = ¥==. This space was first introduced by Zhao [6]. If p =2 and ¢ = 0, it gives

l—az*

Oy spaces (see [7]). From [6], we see that F(p, p —2,s) is equivalent to a Bloch space for all
s > 1, where the Bloch space 4 is the class of all f € (D) such that

1f1l = 1£(0)| +sup(1 — [2]*)[ /' (2)] < eo.

zeD

The little Bloch space % consists of all f € 77 (D) for which
lim (1—[z[*)|f'(z)| =0.

|z]—1—

Let dD denote the boundary of ID. Let I be an arc of dD and |I| be the normalized Lebesgue
arc length of 1. The Carleson square based on /, denoted by S(1), is defined by

S(I) = {z:reie eD:1-|l|<r<1,® EI}.
Let 0 < o < o0, and let i be a positive Borel measure on D). Recall that u is called an o-Carleson

measure if
p(s))

IcoD |I ‘a
If i is an a-Carleson measure, then we set

< oo

w(s))
[fle = sup :
#llec= sup =77

If im0 L (\fl("{)) =0, then u is called a vanishing a-Carleson measure.
Let u be a positive Borel measure on . For 0 < g < 0 and 0 < s < o, the tent space .7, ()

consists of all y-measurable functions f such that

1
1 = sup — / 2)9du(z) < oo.
R STy UCIO
For more information about some function spaces embedding into tent space .77 (), we refer
to [4, 8,9, 10] and the references therein.

In this paper, we study the embedding of .Z), ; into .Z;?() when 1 < p < g < oo. That is, we
prove that the identity mapping i : £, ; — F:1(u) is bounded (resp.compactly) if and only if

S/ S/
sup M) < oo (resp. lim %

q(1-2)

= O)’
1coD ’I’S+ 7 |7]—0 |I’S+ 7

when 0 < A < 1 and % < s < oo. Furthermore, the boundedness, the compactness and the

essential norm of operators 7T, and I, from £, ; to F (g,q—2+ @,s) are also investigated.

Throughout this paper, let f and g be two positive functions, and write f < g if f < Cg holds,
where C is a positive constant independent of f and g. If f < g and g < f, then we say f < g.
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2. EMBEDDING .%, ; INTO TENT SPACES (1)

In this section, we investigate the boundedness and compactness of the identity mapping
A (). First, let us recall the following result, which can be found in [8].

Lemma 2.1. Let i be a positive Borel measure on D. If O < o, t < oo, then U is an a.-Carleson
measure if and only if

1— 2\t
wp [ (=laP)

acDJD |1 —C_lZ|a+tdu(Z) =

Moreover,

a2l
p HOUD [ UlaPY

= sup
1CoD || acDJD |1 —az|**!

Lemma 2.2. [9] Let 1 <p <ooand 0 <A < 1. If f € £, then
112,
VICIIDS —w z€D.
(1—1z[?) 7

Lemma 2.3. [11] For 0 <r <1, let x{_.|;| < be the characteristic function of the set {z : |z| <r}.
If W is a o-Carleson measure on D, then U is a vanishing o.-Carleson measure if and only if
| —trlla = O0asr— 17, where dy, = X{z:\zkr}d.u-

Now, we are in a position to prove the main result in this section.

Theorem 2.1. Let u be a positive Borel measure on D. Let 1 < p < g <o, 0 <A <1 and
ql < s < oo, Then the identity mapping i : £, ; — () is bounded if and only if

u(s{))

i) < oo

I1CID |]|

Proof. Assume thati:.%), ; — Z;%(u) is bounded. For a € D, set

(1— o)

(1—az)
By [9, Lemma 2.3], we have that f, € .,Zp,x and sup,cp [ fall.#,, < 1. Fixed anarc/ C dD. Let
¢! be the center of I and a = (1 — |I|)¢'®. Then

,z€D. 2.1)

Ja(z) =

A-1
[1—az| =< 1—la| =1, [fu(2)| < 1] 7",

whenever z € S(I). So

1&@Lv1/ fa@I%dp(2) < [ fall %oy <

e P

Therefore, p is a (s + al1l— - )) Carleson measure.
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Conversely, suppose that u is a (s + s > )) Carleson measure. Fix f € 2, ;. Let I be any

arc on D and a = (1 —|I|)e'®, where ¢/ is the midpoint of /. From Lemma 2.2, we have

< Mzl
T-la) T

By using the triangle inequality, we deduce that

1 o PP 5 g [ F@ () + g [ 17~ Fadut

1* Jsy
=0L+D.
It is obvious that
u(S(1)) q q
Ih's annfm S, , -
p

Since s > q’l , we obtain s + q(lp 2) > 1. By the assumed condition and Theorem 7.4 in [12], we

know that i z Af s 4, — LI(dp) is bounded. Note that
q

Based on these facts, we turn to estimate />. The estimate will be divided into two cases.
Case I: %—QL > 1.

[ Q- f@p
IzA/sm n—ap MO
<01a?) 7 [ PO

)1 —

f(a)l

S (1= JaP) /‘1 o
_azp

/p
(B-A)g _ 2q 1’ 1— ps_q_ !
< (1=-laf)"7 (/ - |'3 Ll gy I’LdA(z))
7 q

—a

< (1—Ja?) 31,14 2 (/ |f(z) |1_|:Z(|i—|a| ) dA(Z)>q/p
(( |a| 3 A— 2/ |f(z) |1_|:Z(|i—|a| ) dA(Z))q/p
— ((1—|Cl|2)1—7t/D|fo(pa(w)—f(a)|pdA(W)>q/p

4 a/p
< (=102 [ 1ro0u0) - r@pat)

<A1, <<

The last second inequality is from [13, Theorem 1].

qdu(Z)
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Case 2: 0<%—7L< 1.
b= (1=laP) [ 17() -~ f(@)*an(a)
- (1 _ ‘a|2)t;1s/s(1) wd‘u(z)

)

K
If ) = fla)]?

D

u@)

I—ad
/(@) = (@)l (1 ~[a])? a0
S-fapy 3 ([ LEZAOPEZIOD 4y 2o
s q/p
:< a7 [irogutn <a>|P<1—|<pa<w>\2>q“dA<w>)
q/p
< (=102 [ 1Fo0u00) @1 - W) aat))
a/p
< (a-1aP [ 17o0u) - r@pat)

<IAIY, <o

Combining the estimates /; and I, we conclude that the identity mapping i : £, ; — T () is
bounded. U

Recall that the identity mapping i : .Z), 3 — J5(1) is compact if

1
q =
tim 1 [ @) =0
whenever I C dD and {f,} is a bounded sequence in .Z), 5 that converges to O uniformly on
compact subsets of .

Theorem 2.2. Let i be a positive Borel measure on D. Let 1 < p < g <o, 0 <A <1 and
% < s < oo, Then the identity mapping i : £, 5 — 5 (1) is compact if and only if

I
Mni&¥%%—0
|1]—0 ‘ ‘S-i-q

Proof. Assume thati: %, ; — 7;(u) is compact. Give a sequence of arcs {1, } with limy, ., |1,,| =
0. Denote the center of I, by ¢'% and a, = (1 — |I,,|)e’%. Set

A—
(1= Jaa/?) 57
(1 —dyz)

It is clear that {f,} is bounded in %, ; and {f,} converges to zero uniformly on any compact
subset of D. Then lim,,_c \|fn||%q(“) = 0. Since

fu(z) = , z€D. (2.2)

A-1 A-1
P :|[n’ P

[fn (@)= (1= lax|) , 2€8(Ly),
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we obtain

u(S(In)) _ !
L P

o () < Wl = 0. o

Then u is a vanishing (s + gl )) Carleson measure by the arbitrariness of {1, }.
Conversely, suppose that u is a vanishing (s + al— )) Carleson measure. Then p is also

a(s+ a1— )) Carleson measure and lim,_,;- ||u — ,u,|| ai-d) = = 0 by Lemma 2.3. It follows

from the boundedness above, the mapping i : .Z), ; — ﬂsq( ) is bounded. Let { f,, } be a bounded
sequence in .Z), ; such that {fu} converges to zero uniformly on each compact subset of ID. We
have

1

17 o @@ S i [ 1@+ o [ 1@ - 1))

I

1

< q _ q
S 0 oy Q)+ b= s LA
1

< q _

~ |I|S /S(I) |fn(Z)| d,Llr(Z)+||[,L ,llr”s_'_w

— 0,

as r — 17 and n — co. Therefore, limy—« || ful| ¢(,,) = 0. This shows that i : &, , — Z(u) is
compact. O

3. BOUNDEDNESS OF Ty, I; AND M,

Let f,g € 2(D). The Volterra integral operator 7, and the integral operator /, are defined
by

Z

Tof(@) = [ &/ 06)fw)dw, 1f(0) = [ g(w)f (w)dw, z€ D,

respectively.

There are many interesting results associated with T,. For example, it was showed that T is
bounded on Hardy spaces if and only if g € BMOA (see, e.g., [14, 15]). In [16], Aleman and
Siskakis showed that 7, is bounded on the Bergman space A” if and only if g € %. In [17],
Siskakis and Zhao proved that T, : BMOA — BMOA is bounded if and only if g € BMOAq,.
Pau and Peléez [18] and Xiao [10] studied T, acting on Q,, respectively. For more information
on operator Ty, see [3, 8, 11, 14, 16, 17, 19, 20, 21, 22, 23, 24] and the references therein.

In this section, via the embedding theorem (Theorem 2.2), we provide the characterizations
for the boundedness of Volterra integral operator 7, and its companion operator /; from £, ;

to F(q,q—2+ @,s). Moreover, we study the multiplication operator M, from £, ; to
1-1
F(Q,C[—2+ %7‘9)'

Theorem 3.1. LetgG%”(D),1§p<q<°°,0<l<1and%<s<oo. Then Ty : £, 5 —
F(g,q—2+ @,s) is bounded if and only i

gl =llgllz-



VOLTERRA INTEGRAL OPERATORS AND CARLESON EMBEDDING 147

Proof. Let g € 4. Using the equivalent norm of Bloch function, we obtain

(2)

g(1-1)
2
_ NI 2\g—2+s+ 404 )(1—]a|> !

=sup [ |g(2)|?"(1—|z P — dA(z
sup [ 1¢/(2)1(1 = [<F) T (2

1 q(l
< swp e [ A,
1coD |55 /S0

_ q(
gl = sup | |g'@)1%(1=|z*)*(1 = @a(2)[*)™"
ach /D

This means that

dig(2) = ¢/ ()P (1 = 2775 aa(z)

a(s+ gl > )) Carleson measure. From Theorem 2.2, we find that i : £, ; — (1) is
bounded. Let f € £, 5. We deduce that

q(1
e 2t =308 LI Q=P (1 190 PdAC)
’ P ’ ac
_ a2 (1—]a)?\’
_ qi./ ql_ 2q2+s+41(1 A) A
sup | 171718/ (2)1(1 = i) "\ g @
= sup o [ 17t
ICoD !1!
= 1A1%0 )

Sl g2 ||f|!qgﬂp,L
5 :
= llgl%l A1, ,

Thatis, Ty : £, — F(g.q — 2+ L2 ) is bounded and || T, | < |lg]l -

Suppose that T, : £, , — F(q,9—2+ @,s) is bounded. Let a € D and f, be as in (2.1).
Then f, € £, 3 and || fal| 2, , < 1. It follows that

1 Tefallp, ppall=h) o) S I1Tsll N fallz,, S 1 Tell-

By Lemma 4.12 of [12], we have

I Tefall,

g2+ 100 )
;H)

gA-1)
<1—\a12>q+
Z/ g (2)|4 —
D(a’r)l (2)] =

azld
Zlg'(a)|(1—|al*).

5 (1= |@a(2) 2 dA(R)

q(1

(- 27 (1~ |gu) ) dA)
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Here D(a,r) = {z € D: B(a,z) < r} denotes the Bergman metric disk centered at a with radius
r (see [12]). It follows that

/ 2
g@)|(1—lal”) < ||TLf: ) S| T
| ( )|( | | ) H g aHF(%KI*z‘Fq(IP ),S) ” gH

Thus, g € 2 and |lg]ls < |7, . O

Theorem 3.2. Suppose that2 <p < g<oo, 0 <A <land A <s<2 Ifgec (D), thenl,:

Loy —F(q,9—2+ %,s) is bounded if and only if g € 7. Furthermore,

ol < gl

Proof. Suppose that g € 77 and f € £, ;. For any a € D), we have

q
1715, ,
)

=
(1—|2)7"7

F@I7<

From [25, Theorem 1], we have

I lrpp-1-2.2) S+l -
Thus,

1A%,

_nq(=4) s
g2+ 402 )<Hg|!;fmsup P @I =17 (1= |@u(2)P)’dA ()

< llly-sup [ @ (1= G241~ () A
< llgll%=sup [ £ @IP(1= 2P~ 4 (1= [9u(z)[)*dA(2)
achJ/D

< 81115, ,

Conversely, Let a € D and

A
(1—]aP?)'*>
F,= S
“T T a(l—az) A

Itis easily to see that sup,ep [|Ful|.#,, < 1 and hence

g Fall

allp(ggaraza gy < el 1Fall,, S gl

Furthermore, Lemma 4.12 of [12] gives
q

HIgFaHF( q72+q(171) )

q(A—1)

a a+ p q
N/ lg(z |‘1 | | ) | (l_kl )q 2+ ( (1_\%( )| YdAG)
g2y s
Z/]D)(ar) |g(Z)’q(l ‘l_’()izpq (1—]z|2)q72+ <p )(1—’(pa(Z)‘Z)SdA(Z)
Zlg(a)|?.

Therefore, |g(a)| < ||L,||. By the choice of a, we deduce that g € 77 and ||g||z= S ||| O
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Recall that (X, - ||x) and (Y, || - ||y) are analytic function spaces. Denote by M(X,Y) the set
of multipliers from X to Y, that is,

M(X,Y)={ge #(D): fgcY,VfeX}.
The multiplication operator M, is defined by
Myf(z) =g(2)f(z), fe A (D), zeD.

The operators T, and I, are closely related to M, due to

Tef +1of = Mg f — £(0)8(0).

Using Theorems 3.1 and 3.2, we characterize the multipliers from %}, ; to F(q,q —2+
q(1-1)
T—=20s).

p

Theorem 3.3. Suppose that2 < p < q <o, 0 <A <1 and % <s<2 ThenM(Z, ,,F(q,9—
2+ 1A ) = .

Proof. Let g € 7. It follows from Theorems 3.1 and 3.2 that

q(1-24) q(1-4)
p

Ty %) — F(q,q—2+ ,8) and Iy: 2,5 — F(q,q—2+ ,S)

are bounded. So M, : £, 5 — F(q,q—2+ @,s) is bounded.
Conversely, let f € F(q,q—2+ @, s) and a € D. It follows that

Hf\|F(q7q,2+q<1;A>7s)

1f(@)] S =
(1= lap)™* 5"
Since a is arbitrary, we get
<1 R

For any a € D, let f, be defined as in (2.1). Then {f,} is bounded in gpﬂ' It follows that
M,f, € F(q,q—2+M,s) and then

” gfaH q(l )
Flaa-2+257s) _ [ Mgl HfaH.,z M
My ful2)| < skl
(1-2) 7 A-P)7 " (-7
As a consequence,
1~ |’ A

A ~ 11
(1-az)'* 7" (1-[z) 7

Using the arbitrariness of z,a € D, and letting a = z, we conclude that g € 7 and ||g|| sz~ <
1Me]|- O
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4. ESSENTIAL NORM OF T, AND I,

Firstly, let us recall some definitions. Let (X,|| - ||x) and (Y,|| - ||y) be Banach spaces and
T : X — Y be a bounded linear operator. The essential norm of 7 : X — Y, denoted by ||T ||, is
defined by

IT|le = i2f{]|T —K||x—y : K is compact from X to Y }.

It is clear that 7 : X — Y is compact if and only if ||T'||, = 0. Let Q be a closed subspace of X.
Given f € X, the distance from f to Q, denoted by distx (f,Q), is defined by

disty (f,€) = inf || —g||x.
geQ
Lemma 4.1. [26, 27] If f € A, then

limsup(1— |z[*)| £ (z)| < dist(f, %o) < limsup||f — £, .

|z| =1~ r—1-
where f.(z) = f(rz),0<r<1,z€D.

We need the following lemma.

Lemma 4.2. Let1§p<q<oo,0<7t<1and%<s<oo. If0<r<1andge AB, then
Tg, : ZLpp — Flg,q—2+ @,s) is compact.

Proof. Given {f,} C .Z, ; such that {f,} converges to zero uniformly on any compact subset
of D and sup, || ful| ,, <1, for each a € D, we have

T q
H grfn HF(%q_z_'_q(l;l) ,S)

_na(=4)
=sup [ L (@Ig @11~ 1) (1 - [pu(a)Pydace)

< _ Hgnqﬂ | f(2)]9(1 — | |2)q—2+q(1;7t>(1 ~ Lo )|2)sdA( )

N(I—Y'z)ng]]g Dfnz Z Qu(z z
lgl%l.fall,

S U_—rz)q” /D(l — 2172 (1 — | @u(2)[*)*dA(2)
eI,

ST

By the dominated convergence theorem, we get the desire result. The proof is complete. 0

Theorem 4.1. Let 1 < p<g<oo,0< A <1and%<s<oo. Ifge A D)and Ty : £, ) —
F(gq,q—2+ @,s} is bounded, then

|Telle = limsup(1 — |21%)|g(2)| = distza(g, o).

|z| =1~

Proof. Let {a,} be a sequence in D such that lim,_,« |a,| = 1. For each n, let f, be defined as in
(2.2). Then {f,} is bounded in &), ; . Furthermore, {f,} converges to zero uniformly on every
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compact subset of D. Given a compact operator K : £, 3 — F(q,q —2+ %,s), we have
from [28] that llmn_m ||Kfn||F(q,q—2+ q(ll:l) ) =0. So
T, — K1l 2 limsup (T = K)full a0
> i _
2 imsup (1T full g oo =KDl g 5o )
= limsup 1 Tefulliyya =) g
1
, TN 2\g—2440-A) " q
> limsup /len(Z)\ &' (@) (1—z[%) 7 (1=, (2)[7)dA(z)
n—yoo
Z limsup(1 —|a|*)|g (@),
n—soo
which implies
1T le 2 limsup(1 —[an|*)|g (an)].
n—soo
It follows from Lemma 4.1 and the arbitrariness of {a,} that
|Telle 2 limsup(1 —[2]?)[g(z)| < distz (g, Zo)-
|z] =1~
On the other hand, by Lemma 4.2, we have that Ty, : £}, 5 — F(q,q —2+ @, §) is com-
pact. Then
ITelle < 1T = T, | = 1 Tg—g, | < llg — &/l 2-
Using Lemma 4.1 again, we have
1Tl < limsup [|g — /]| < dist(g, %o).
r—1-
The proof is complete. O

Using Theorem 4.1, we easily deduce the following corollary.

Corollary 4.1. Let | <p<g<oo, 0<A <1 and% <s<oo Ifge H (D), thenT,: 2,5 —
F(q,q—2+ @,s) is compact if and only if g € KA.

Theorem 4.2. Suppose that 2 < p < g <o, 0 <A <land A <s<2. Ifge A (D) and
Iy: %, 5 —F(q,q—2+ M,s) is bounded, then ||I,||. < ||g|| 7=
Proof. Let {a,}, {f,} and K be defined as in the proof of Theorem 4.1. Since K : £}, 5 —

F(g,q—2+ @,s) is compact, we get

lim HKanF(q,q_erq(l;z),s) =0.
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Hence,
I, — K|| Z limsu
1= K| 2 imsup g = K) ull st
2 limsu ( I K >
msup (Wl g o a0y = WKl g o ain
= hmsuPHIgan 2+q( A) )"
Therefore,

Iglle 2 1imsup [lfg full gy o a1 -

Similar argument as in the proof of Theorem 3.2 shows that

nganq q( |g(an)| )

L) ™

-2+

which implies that ||I,||. 2 ||g|| sz
On the other hand, Theorem 3.2 gives

glle = inf |y — K| < [IZe]l S llgll -
The proof is complete. U

Corollary 4.2. Suppose that 2 < p < q<oo, 0 <A <land A <s<2. If g€ (D), then
lg: 2,5 — F(q,q—2+@,s> is compact if and only if g = 0.
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