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Abstract. Let 1 ≤ p < q < ∞. The boundedness and compactness of the embedding from Campanato
spaces Lp,λ into tent spaces T q

s (µ) are investigated in this paper. Meanwhile, the boundedness and the
essential norm of the Volterra operators Tg and Ig from Lp,λ to F(q,q−2+ q(1−λ )

p ,s) are also studied.
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1. INTRODUCTION

Let D denote the open unit disk in the complex plane C and H (D) denote the space of all
analytic functions in D. As usual, H ∞ denotes the space of bounded analytic functions. Let
p≥ 1 and 0 < λ < ∞. We say that an f ∈H p belongs to the analytic Campanato spaces Lp,λ if

‖ f‖p
Lp,λ

= sup
I⊂∂D

1
|I|λ

∫
I
| f (ζ )− fI|p

|dζ |
2π

< ∞,

where

fI =
1
|I|

∫
I

f (ζ )
|dζ |
2π

, I ⊆ ∂D,

and the Hardy space H p (see [1]) consists of all f ∈ H(D) such that

‖ f‖p
H p = sup

0<r<1

1
2π

∫ 2π

0
| f (reiθ )|pdθ < ∞.

If p = 2, then space L2,λ is called the Morrey space, which was first studied by Wu and Xie
[2] in the case of D. We refer to [3, 4] for more study on the Morrey space L2,λ . If p = 2 and
λ = 1, then L2,λ is just the BMOA space. For more information on BMOA space, we refer to
[5].
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Suppose that 0 < p < ∞,−2 < q < ∞ and 0 < s < ∞. The space F(p,q,s) is defined by those
f ∈H (D) with

‖ f‖p
F(p,q,s) = | f (0)|

p + sup
a∈D

∫
D
| f ′(z)|p(1−|z|2)q(1−|ϕa(z)|2)sdA(z)< ∞,

where ϕa(z) = a−z
1−az . This space was first introduced by Zhao [6]. If p = 2 and q = 0, it gives

Qs spaces (see [7]). From [6], we see that F(p, p− 2,s) is equivalent to a Bloch space for all
s > 1, where the Bloch space B is the class of all f ∈H (D) such that

‖ f‖B = | f (0)|+ sup
z∈D

(1−|z|2)| f ′(z)|< ∞.

The little Bloch space B0 consists of all f ∈H (D) for which

lim
|z|→1−

(1−|z|2)| f ′(z)|= 0.

Let ∂D denote the boundary of D. Let I be an arc of ∂D and |I| be the normalized Lebesgue
arc length of I. The Carleson square based on I, denoted by S(I), is defined by

S(I) :=
{

z = reiθ ∈ D : 1−|I| ≤ r < 1,eiθ ∈ I
}
.

Let 0<α <∞, and let µ be a positive Borel measure on D. Recall that µ is called an α-Carleson
measure if

sup
I⊂∂D

µ(S(I))
|I|α

< ∞.

If µ is an α-Carleson measure, then we set

‖µ‖α = sup
I⊂∂D

µ(S(I))
|I|α

.

If lim|I|→0
µ(S(I))
|I|α = 0, then µ is called a vanishing α-Carleson measure.

Let µ be a positive Borel measure on D. For 0 < q < ∞ and 0 < s < ∞, the tent space T q
s (µ)

consists of all µ-measurable functions f such that

‖ f‖q
T q

s (µ)
= sup

I⊂∂D

1
|I|s

∫
S(I)
| f (z)|qdµ(z)< ∞.

For more information about some function spaces embedding into tent space T q
s (µ), we refer

to [4, 8, 9, 10] and the references therein.
In this paper, we study the embedding of Lp,λ into T q

s (µ) when 1≤ p < q < ∞. That is, we
prove that the identity mapping i : Lp,λ →T q

s (µ) is bounded (resp.compactly) if and only if

sup
I⊂∂D

µ(S(I))

|I|s+
q(1−λ )

p

< ∞ (resp. lim
|I|→0

µ(S(I))

|I|s+
q(1−λ )

p

= 0),

when 0 < λ < 1 and qλ

p < s < ∞. Furthermore, the boundedness, the compactness and the

essential norm of operators Tg and Ig from Lp,λ to F(q,q−2+ q(1−λ )
p ,s) are also investigated.

Throughout this paper, let f and g be two positive functions, and write f . g if f ≤Cg holds,
where C is a positive constant independent of f and g. If f . g and g. f , then we say f � g.
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2. EMBEDDING Lp,λ INTO TENT SPACES T q
s (µ)

In this section, we investigate the boundedness and compactness of the identity mapping
i : Lp,λ →T q

s (µ). First, let us recall the following result, which can be found in [8].

Lemma 2.1. Let µ be a positive Borel measure on D. If 0 < α, t < ∞, then µ is an α-Carleson
measure if and only if

sup
a∈D

∫
D

(1−|a|2)t

|1− āz|α+t dµ(z)< ∞.

Moreover,

sup
I⊂∂D

µ(S(I))
|I|α

� sup
a∈D

∫
D

(1−|a|2)t

|1− āz|α+t dµ(z).

Lemma 2.2. [9] Let 1≤ p < ∞ and 0 < λ < 1. If f ∈Lp,λ , then

| f (z)|.
‖ f‖Lp,λ

(1−|z|2)
1−λ

p

, z ∈ D.

Lemma 2.3. [11] For 0< r < 1, let χ{z:|z|<r} be the characteristic function of the set {z : |z|< r}.
If µ is a α-Carleson measure on D, then µ is a vanishing α-Carleson measure if and only if
‖µ−µr‖α → 0 as r→ 1−, where dµr = χ{z:|z|<r}dµ .

Now, we are in a position to prove the main result in this section.

Theorem 2.1. Let µ be a positive Borel measure on D. Let 1 ≤ p < q < ∞, 0 < λ < 1 and
qλ

p < s < ∞. Then the identity mapping i : Lp,λ →T q
s (µ) is bounded if and only if

sup
I⊂∂D

µ(S(I))

|I|s+
q(1−λ )

p

< ∞.

Proof. Assume that i : Lp,λ →T q
s (µ) is bounded. For a ∈ D, set

fa(z) =
(1−|a|2)1+ λ−1

p

(1− āz)
, z ∈ D. (2.1)

By [9, Lemma 2.3], we have that fa ∈Lp,λ and supa∈D ‖ fa‖Lp,λ
. 1. Fixed an arc I ⊂ ∂D. Let

eiθ be the center of I and a = (1−|I|)eiθ . Then

|1− āz| � 1−|a|= |I|, | fa(z)| � |I|
λ−1

p ,

whenever z ∈ S(I). So

µ(S(I))

|I|s+
q(1−λ )

p

� 1
|I|s

∫
S(I)
| fa(z)|qdµ(z)≤ ‖ fa‖q

T q
s (µ)

< ∞.

Therefore, µ is a (s+ q(1−λ )
p )-Carleson measure.
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Conversely, suppose that µ is a (s+ q(1−λ )
p )-Carleson measure. Fix f ∈Lp,λ . Let I be any

arc on ∂D and a = (1−|I|)eiθ , where eiθ is the midpoint of I. From Lemma 2.2, we have

| f (a)|.
‖ f‖Lp,λ

(1−|a|)
1−λ

p

=
‖ f‖Lp,λ

|I|
1−λ

p

.

By using the triangle inequality, we deduce that
1
|I|s

∫
S(I)
| f (z)|qdµ(z).

1
|I|s

∫
S(I)
| f (a)|qdµ(z)+

1
|I|s

∫
S(I)
| f (z)− f (a)|qdµ(z)

= I1 + I2.

It is obvious that

I1 .
µ(S(I))

|I|s+
q(1−λ )

p

‖ f‖q
Lp,λ
. ‖ f‖q

Lp,λ
.

Since s > qλ

p , we obtain s+ q(1−λ )
p > 1. By the assumed condition and Theorem 7.4 in [12], we

know that i : Ap
ps
q −1−λ

→ Lq(dµ) is bounded. Note that

Lp,λ ⊆ H p ⊆ Ap
ps
q −1−λ

.

Based on these facts, we turn to estimate I2. The estimate will be divided into two cases.
Case 1: ps

q −λ ≥ 1.

I2 �
∫

S(I)

| f (z)− f (a)|q

|1− āz|s
dµ(z)

� (1−|a|2)
(3−λ )q

p

∫
S(I)

| f (z)− f (a)|q

|1− āz|
(3−λ )q

p +s
dµ(z)

. (1−|a|2)
(3−λ )q

p

∫
D

| f (z)− f (a)|q∣∣∣(1− āz)
3−λ

p + s
q

∣∣∣q dµ(z)

. (1−|a|2)
(3−λ )q

p − 2q
p

(∫
D

| f (z)− f (a)|p(1−|a|2)2

|1− āz|3−λ+ ps
q

(1−|z|2)
ps
q −1−λ dA(z)

)q/p

. (1−|a|2)
(3−λ )q

p − 2q
p

(∫
D

| f (z)− f (a)|p(1−|a|2)2

|1− āz|4
dA(z)

)q/p

=

(
(1−|a|2)3−λ−2

∫
D

| f (z)− f (a)|p(1−|a|2)2

|1− āz|4
dA(z)

)q/p

=

(
(1−|a|2)1−λ

∫
D
| f ◦ϕa(w)− f (a)|pdA(w)

)q/p

.

(
(1−|a|2)1−λ

∫
∂D
| f ◦ϕa(ζ )− f (a)|pdζ

)q/p

≤ ‖ f‖q
Lp,λ

< ∞.

The last second inequality is from [13, Theorem 1].
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Case 2: 0 < ps
q −λ < 1.

I2 � (1−|a|2)−s
∫

S(I)
| f (z)− f (a)|qdµ(z)

� (1−|a|2)
4q
p −s

∫
S(I)

| f (z)− f (a)|q

|1− āz|
4q
p

dµ(z)

. (1−|a|2)
4q
p −s

∫
D

| f (z)− f (a)|q

|1− āz|
4q
p

dµ(z)

. (1−|a|2)
4q
p −

2q
p −s
(∫

D

| f (z)− f (a)|p(1−|a|2)2

|1− āz|4
(1−|z|2)

ps
q −λ−1dA(z)

)q/p

=

(
(1−|a|2)2− ps

q

∫
D
| f ◦ϕa(w)− f (a)|p(1−|ϕa(w)|2)

ps
q −λ−1dA(w)

)q/p

.

(
(1−|a|2)1−λ

∫
D
| f ◦ϕa(w)− f (a)|p(1−|w|2)

ps
q −λ−1dA(w)

)q/p

.

(
(1−|a|2)1−λ

∫
∂D
| f ◦ϕa(ζ )− f (a)|pdζ

)q/p

. ‖ f‖q
Lp,λ

< ∞.

Combining the estimates I1 and I2, we conclude that the identity mapping i : Lp,λ →T q
s (µ) is

bounded. �

Recall that the identity mapping i : Lp,λ →T q
s (µ) is compact if

lim
n→∞

1
|I|s

∫
S(I)
| fn(z)|qdµ(z) = 0

whenever I ⊆ ∂D and { fn} is a bounded sequence in Lp,λ that converges to 0 uniformly on
compact subsets of D.

Theorem 2.2. Let µ be a positive Borel measure on D. Let 1 ≤ p < q < ∞, 0 < λ < 1 and
qλ

p < s < ∞. Then the identity mapping i : Lp,λ →T q
s (µ) is compact if and only if

lim
|I|→0

µ(S(I))

|I|s+
q(1−λ )

p

= 0.

Proof. Assume that i : Lp,λ →T q
s (µ) is compact. Give a sequence of arcs {In}with limn→∞ |In|=

0. Denote the center of In by eiθn and an = (1−|In|)eiθn. Set

fn(z) =
(1−|an|2)1+ λ−1

p

(1− ānz)
, z ∈ D. (2.2)

It is clear that { fn} is bounded in Lp,λ and { fn} converges to zero uniformly on any compact
subset of D. Then limn→∞ ‖ fn‖T q

s (µ) = 0. Since

| fn(z)| � (1−|an|)
λ−1

p = |In|
λ−1

p , z ∈ S(In),
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we obtain

µ(S(In))

|In|s+
q(1−λ )

p

� 1
|In|s

∫
S(In)
| fn(z)|qdµ(z)≤ ‖ fn‖q

T q
s (µ)
→ 0, n→ ∞.

Then µ is a vanishing (s+ q(1−λ )
p )-Carleson measure by the arbitrariness of {In}.

Conversely, suppose that µ is a vanishing (s+ q(1−λ )
p )-Carleson measure. Then µ is also

a (s+ q(1−λ )
p )-Carleson measure and limr→1− ‖µ − µr‖s+ q(1−λ )

p
= 0 by Lemma 2.3. It follows

from the boundedness above, the mapping i : Lp,λ →T q
s (µ) is bounded. Let { fn} be a bounded

sequence in Lp,λ such that { fn} converges to zero uniformly on each compact subset of D. We
have

1
|I|s

∫
S(I)
| fn(z)|qdµ(z).

1
|I|s

∫
S(I)
| fn(z)|qdµr(z)+

1
|I|s

∫
S(I)
| fn(z)|qd(µ−µr)(z)

.
1
|I|s

∫
S(I)
| fn(z)|qdµr(z)+‖µ−µr‖s+ q(1−λ )

p
‖ fn‖q

Lp,λ

.
1
|I|s

∫
S(I)
| fn(z)|qdµr(z)+‖µ−µr‖s+ q(1−λ )

p

→ 0,

as r→ 1− and n→ ∞. Therefore, limn→∞ ‖ fn‖T q
s (µ) = 0. This shows that i : Lp,λ →T q

s (µ) is
compact. �

3. BOUNDEDNESS OF Tg, Ig AND Mg

Let f ,g ∈H (D). The Volterra integral operator Tg and the integral operator Ig are defined
by

Tg f (z) =
∫ z

0
g′(w) f (w)dw, Ig f (z) =

∫ z

0
g(w) f ′(w)dw, z ∈ D,

respectively.
There are many interesting results associated with Tg. For example, it was showed that Tg is

bounded on Hardy spaces if and only if g ∈ BMOA (see, e.g., [14, 15]). In [16], Aleman and
Siskakis showed that Tg is bounded on the Bergman space Ap if and only if g ∈B. In [17],
Siskakis and Zhao proved that Tg : BMOA→ BMOA is bounded if and only if g ∈ BMOAlog.
Pau and Peláez [18] and Xiao [10] studied Tg acting on Qp, respectively. For more information
on operator Tg, see [3, 8, 11, 14, 16, 17, 19, 20, 21, 22, 23, 24] and the references therein.

In this section, via the embedding theorem (Theorem 2.2), we provide the characterizations
for the boundedness of Volterra integral operator Tg and its companion operator Ig from Lp,λ

to F(q,q− 2+ q(1−λ )
p ,s). Moreover, we study the multiplication operator Mg from Lp,λ to

F(q,q−2+ q(1−λ )
p ,s).

Theorem 3.1. Let g ∈H (D), 1 ≤ p < q < ∞, 0 < λ < 1 and qλ

p < s < ∞. Then Tg : Lp,λ →
F(q,q−2+ q(1−λ )

p ,s) is bounded if and only if g ∈B. Furthermore, ‖Tg‖ � ‖g‖B.
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Proof. Let g ∈B. Using the equivalent norm of Bloch function, we obtain

‖g‖q
B � sup

a∈D

∫
D
|g′(z)|q(1−|z|2)q−2(1−|ϕa(z)|2)s+ q(1−λ )

p dA(z)

= sup
a∈D

∫
D
|g′(z)|q(1−|z|2)q−2+s+ q(1−λ )

p

(
1−|a|2

|1− āz|2

)s+ q(1−λ )
p

dA(z)

� sup
I⊂∂D

1

|I|s+
q(1−λ )

p

∫
S(I)
|g′(z)|q(1−|z|2)q−2+s+ q(1−λ )

p dA(z).

This means that

dµg(z) = |g′(z)|p(1−|z|2)q−2+s+ q(1−λ )
p dA(z)

is a (s+ q(1−λ )
p )-Carleson measure. From Theorem 2.2, we find that i : Lp,λ → T q

s (µg) is
bounded. Let f ∈Lp,λ . We deduce that

‖Tg f‖q

F(q,q−2+ q(1−λ )
p ,s)

= sup
a∈D

∫
D
| f (z)|q|g′(z)|q(1−|z|2)q−2+ q(1−λ )

p (1−|ϕa(z)|2)sdA(z)

= sup
a∈D

∫
D
| f (z)|q|g′(z)|q(1−|z|2)q−2+s+ q(1−λ )

p

(
1−|a|2

|1− āz|2

)s

dA(z)

� sup
I⊂∂D

1
|I|s

∫
S(I)
| f (z)|qdµg(z)

= ‖ f‖q
T q

s (µg)

. ‖µg‖s+ q(1−λ )
p
‖ f‖q

Lp,λ

� ‖g‖q
B‖ f‖q

Lp,λ
.

That is, Tg : Lp,λ → F(q,q−2+ q(1−λ )
p ,s) is bounded and ‖Tg‖. ‖g‖B.

Suppose that Tg : Lp,λ → F(q,q−2+ q(1−λ )
p ,s) is bounded. Let a ∈ D and fa be as in (2.1).

Then fa ∈Lp,λ and ‖ fa‖Lp,λ
. 1. It follows that

‖Tg fa‖F(q,q−2+ q(1−λ )
p ,s)

≤ ‖Tg‖ ‖ fa‖Lp,λ
. ‖Tg‖.

By Lemma 4.12 of [12], we have

‖Tg fa‖q

F(q,q−2+ q(1−λ )
p ,s)

≥
∫
D
|g′(z)|q (1−|a|

2)q+ q(λ−1)
p

|1− āz|q
(1−|z|2)q−2+ q(1−λ )

p (1−|ϕa(z)|2)sdA(z)

≥
∫
D(a,r)

|g′(z)|q (1−|a|
2)q+ q(λ−1)

p

|1− āz|q
(1−|z|2)q−2+ q(1−λ )

p (1−|ϕa(z)|2)sdA(z)

&|g′(a)|q(1−|a|2)q.
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Here D(a,r) = {z ∈ D : β (a,z)< r} denotes the Bergman metric disk centered at a with radius
r (see [12]). It follows that

|g′(a)|(1−|a|2). ‖Tg fa‖F(q,q−2+ q(1−λ )
p ,s)

. ‖Tg‖.

Thus, g ∈B and ‖g‖B . ‖Tg‖. �

Theorem 3.2. Suppose that 2≤ p < q < ∞, 0 < λ < 1 and λ < s < 2. If g ∈H (D), then Ig :
Lp,λ → F(q,q−2+ q(1−λ )

p ,s) is bounded if and only if g ∈H ∞. Furthermore, ‖Ig‖ � ‖g‖H ∞ .

Proof. Suppose that g ∈H ∞ and f ∈Lp,λ . For any a ∈ D, we have

| f ′(z)|q .
‖ f‖q

Lp,λ

(1−|z|2)q+ q(1−λ )
p

.

From [25, Theorem 1], we have

‖ · ‖F(p,p−1−λ ,λ ) . ‖ · ‖Lp,λ
.

Thus,

‖Ig f‖q

F(q,q−2+ q(1−λ )
p ,s)

≤ ‖g‖q
H ∞ sup

a∈D

∫
D
| f ′(z)|q(1−|z|2)q−2+ q(1−λ )

p (1−|ϕa(z)|2)sdA(z)

≤ ‖g‖q
H ∞ sup

a∈D

∫
D
| f ′(z)|p(1−|z|2)p−2+1−λ (1−|ϕa(z)|2)λ dA(z)

≤ ‖g‖q
H ∞ sup

a∈D

∫
D
| f ′(z)|p(1−|z|2)p−1−λ (1−|ϕa(z)|2)λ dA(z)

. ‖g‖q
H ∞‖ f‖p

Lp,λ
.

Conversely, Let a ∈ D and

Fa =
(1−|a|2)1+ λ−1

p

a(1−az)
∈Lp,λ .

It is easily to see that supa∈D ‖Fa‖Lp,λ
. 1 and hence

‖IgFa‖F(q,q−2+ q(1−λ )
p ,s)

≤ ‖Ig‖ ‖Fa‖Lp,λ
. ‖Ig‖.

Furthermore, Lemma 4.12 of [12] gives

‖IgFa‖q

F(q,q−2+ q(1−λ )
p ,s)

&
∫
D
|g(z)|q (1−|a|

2)q+ q(λ−1)
p

|1− āz|2q (1−|z|2)q−2+ q(1−λ )
p (1−|ϕa(z)|2)sdA(z)

&
∫
D(a,r)

|g(z)|q (1−|a|
2)q+ q(λ−1)

p

|1− āz|2q (1−|z|2)q−2+ q(1−λ )
p (1−|ϕa(z)|2)sdA(z)

&|g(a)|q.

Therefore, |g(a)|. ‖Ig‖. By the choice of a, we deduce that g ∈H ∞ and ‖g‖H ∞ . ‖Ig‖. �
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Recall that (X ,‖ · ‖X) and (Y,‖ · ‖Y ) are analytic function spaces. Denote by M(X ,Y ) the set
of multipliers from X to Y, that is,

M(X ,Y ) = {g ∈H (D) : f g ∈ Y, ∀ f ∈ X}.

The multiplication operator Mg is defined by

Mg f (z) = g(z) f (z), f ∈H (D), z ∈ D.

The operators Tg and Ig are closely related to Mg due to

Tg f + Ig f = Mg f − f (0)g(0).

Using Theorems 3.1 and 3.2, we characterize the multipliers from Lp,λ to F(q,q− 2 +
q(1−λ )

p ,s).

Theorem 3.3. Suppose that 2≤ p < q < ∞, 0 < λ < 1 and qλ

p < s < 2. Then M(Lp,λ ,F(q,q−
2+ q(1−λ )

p ,s)) = H ∞.

Proof. Let g ∈H ∞. It follows from Theorems 3.1 and 3.2 that

Tg : Lp,λ → F(q,q−2+
q(1−λ )

p
,s) and Ig : Lp,λ → F(q,q−2+

q(1−λ )

p
,s)

are bounded. So Mg : Lp,λ → F(q,q−2+ q(1−λ )
p ,s) is bounded.

Conversely, let f ∈ F(q,q−2+ q(1−λ )
p ,s) and a ∈ D. It follows that

| f ′(a)|.
‖ f‖

F(q,q−2+ q(1−λ )
p ,s)

(1−|a|2)1+ 1−λ

p

.

Since a is arbitrary, we get

| f (a)|.
‖ f‖

F(q,q−2+ q(1−λ )
p ,s)

(1−|a|2)
1−λ

p

.

For any a ∈ D, let fa be defined as in (2.1). Then { fa} is bounded in Lp,λ . It follows that

Mg fa ∈ F(q,q−2+ q(1−λ )
p ,s) and then

|Mg fa(z)|.
‖Mg fa‖F(q,q−2+ q(1−λ )

p ,s)

(1−|z|2)
1−λ

p

.
‖Mg‖ ‖ fa‖Lp,λ

(1−|z|2)
1−λ

p

.
‖Mg‖

(1−|z|2)
1−λ

p

.

As a consequence, ∣∣∣∣∣ 1−|a|2

(1− āz)1+ 1−λ

p

g(z)

∣∣∣∣∣. ‖Mg‖

(1−|z|2)
1−λ

p

.

Using the arbitrariness of z,a ∈ D, and letting a = z, we conclude that g ∈H ∞ and ‖g‖H ∞ .
‖Mg‖. �
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4. ESSENTIAL NORM OF Tg AND Ig

Firstly, let us recall some definitions. Let (X ,‖ · ‖X) and (Y,‖ · ‖Y ) be Banach spaces and
T : X → Y be a bounded linear operator. The essential norm of T : X → Y, denoted by ‖T‖e, is
defined by

‖T‖e = inf
K
{‖T −K‖X→Y : K is compact from X to Y}.

It is clear that T : X → Y is compact if and only if ‖T‖e = 0. Let Ω be a closed subspace of X .
Given f ∈ X , the distance from f to Ω, denoted by distX( f ,Ω), is defined by

distX( f ,Ω) = inf
g∈Ω
‖ f −g‖X .

Lemma 4.1. [26, 27] If f ∈B, then

limsup
|z|→1−

(1−|z|2)| f ′(z)| � distB( f ,B0)� limsup
r→1−

‖ f − fr‖B,

where fr(z) = f (rz), 0 < r < 1,z ∈ D.

We need the following lemma.

Lemma 4.2. Let 1 ≤ p < q < ∞, 0 < λ < 1 and qλ

p < s < ∞. If 0 < r < 1 and g ∈B, then

Tgr : Lp,λ → F(q,q−2+ q(1−λ )
p ,s) is compact.

Proof. Given { fn} ⊂Lp,λ such that { fn} converges to zero uniformly on any compact subset
of D and supn ‖ fn‖Lp,λ

≤ 1, for each a ∈ D, we have

‖Tgr fn‖q

F(q,q−2+ q(1−λ )
p ,s)

= sup
a∈D

∫
D
| fn(z)|q|g′r(z)|q(1−|z|2)

q−2+ q(1−λ )
p (1−|ϕa(z)|2)sdA(z)

.
‖g‖q

B

(1− r2)q sup
a∈D

∫
D
| fn(z)|q(1−|z|2)q−2+ q(1−λ )

p (1−|ϕa(z)|2)sdA(z)

.
‖g‖q

B‖ fn‖q
Lp,λ

(1− r2)q

∫
D
(1−|z|2)q−2(1−|ϕa(z)|2)sdA(z)

.
‖g‖q

B‖ fn‖q
Lp,λ

(1− r2)q .

By the dominated convergence theorem, we get the desire result. The proof is complete. �

Theorem 4.1. Let 1 ≤ p < q < ∞, 0 < λ < 1 and qλ

p < s < ∞. If g ∈H (D) and Tg : Lp,λ →
F(q,q−2+ q(1−λ )

p ,s) is bounded, then

‖Tg‖e � limsup
|z|→1−

(1−|z|2)|g′(z)| � distB(g,B0).

Proof. Let {an} be a sequence in D such that limn→∞ |an|= 1. For each n, let fn be defined as in
(2.2). Then { fn} is bounded in Lp,λ . Furthermore, { fn} converges to zero uniformly on every
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compact subset of D. Given a compact operator K : Lp,λ → F(q,q− 2+ q(1−λ )
p ,s), we have

from [28] that limn→∞ ‖K fn‖F(q,q−2+ q(1−λ )
p ,s)

= 0. So

‖Tg−K‖& limsup
n→∞

‖(Tg−K) fn‖F(q,q−2+ q(1−λ )
p ,s)

& limsup
n→∞

(
‖Tg fn‖F(q,q−2+ q(1−λ )

p ,s)
−‖K fn‖F(q,q−2+ q(1−λ )

p ,s)

)
= limsup

n→∞

‖Tg fn‖F(q,q−2+ q(1−λ )
p ,s)

≥ limsup
n→∞

(∫
D
| fn(z)|q|g′(z)|q(1−|z|2)q−2+ q(1−λ )

p (1−|ϕan(z)|2)sdA(z)
) 1

q

& limsup
n→∞

(1−|an|2)|g′(an)|,

which implies

‖Tg‖e & limsup
n→∞

(1−|an|2)|g′(an)|.

It follows from Lemma 4.1 and the arbitrariness of {an} that

‖Tg‖e & limsup
|z|→1−

(1−|z|2)|g′(z)| � distB(g,B0).

On the other hand, by Lemma 4.2, we have that Tgr : Lp,λ → F(q,q−2+ q(1−λ )
p ,s) is com-

pact. Then

‖Tg‖e ≤ ‖Tg−Tgr‖= ‖Tg−gr‖ � ‖g−gr‖B.

Using Lemma 4.1 again, we have

‖Tg‖e . limsup
r→1−

‖g−gr‖B � distB(g,B0).

The proof is complete. �

Using Theorem 4.1, we easily deduce the following corollary.

Corollary 4.1. Let 1≤ p < q < ∞, 0 < λ < 1 and qλ

p < s < ∞. If g ∈H (D), then Tg : Lp,λ →
F(q,q−2+ q(1−λ )

p ,s) is compact if and only if g ∈B0.

Theorem 4.2. Suppose that 2 ≤ p < q < ∞, 0 < λ < 1 and λ < s < 2. If g ∈H (D) and
Ig : Lp,λ → F(q,q−2+ q(1−λ )

p ,s) is bounded, then ‖Ig‖e � ‖g‖H ∞.

Proof. Let {an}, { fn} and K be defined as in the proof of Theorem 4.1. Since K : Lp,λ →
F(q,q−2+ q(1−λ )

p ,s) is compact, we get

lim
n→∞
‖K fn‖F(q,q−2+ q(1−λ )

p ,s)
= 0.
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Hence,

‖Ig−K‖& limsup
n→∞

‖(Ig−K) fn‖F(q,q−2+ q(1−λ )
p ,s)

& limsup
n→∞

(
‖Ig fn‖F(q,q−2+ q(1−λ )

p ,s)
−‖K fn‖F(q,q−2+ q(1−λ )

p ,s)

)
= limsup

n→∞

‖Ig fn‖F(q,q−2+ q(1−λ )
p ,s)

.

Therefore,
‖Ig‖e & limsup

n→∞

‖Ig fn‖F(q,q−2+ q(1−λ )
p ,s)

.

Similar argument as in the proof of Theorem 3.2 shows that

‖Ig fn‖q

F(q,q−2+ q(1−λ )
p ,s)

& |g(an)|q,

which implies that ‖Ig‖e & ‖g‖H ∞ .
On the other hand, Theorem 3.2 gives

‖Ig‖e = inf
K
‖Ig−K‖ ≤ ‖Ig‖. ‖g‖H ∞.

The proof is complete. �

Corollary 4.2. Suppose that 2 ≤ p < q < ∞, 0 < λ < 1 and λ < s < 2. If g ∈H (D), then
Ig : Lp,λ → F(q,q−2+ q(1−λ )

p ,s) is compact if and only if g = 0.
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