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Abstract. In this paper, we consider parametric quasi-equilibrium problems for the sum of two set-
valued mappings. We present sufficient conditions for the existence of solution of these problems by
using a generalized KKM-type theorem in topological vector spaces. Also, we obtain the equivalence
between the existence of solution of these problems and scalar equilibrium problem, by a new scalariza-
tion.
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1. INTRODUCTION AND PRELIMINARIES

Optimization problems, equilibrium problems and variational inequalities are valuable tools
in the modeling of many problems in engineering and economics. For instance, some important
models in the study of equilibrium problems, in the engineering sciences (traffic network) and
in the economic sciences (oligopolistic market equilibrium problems) have mentioned in [1,
2, 3]. During the last decades, the set-valued optimization theory and its applications have
been investigated by many researcher; see, e.g., [4, 5, 6, 7, 8] and the references therein. Set-
valued optimization is an important and expanding branch of applied mathematics that deals
with optimization problems where the objective maps are set-valued maps. Here, we find some
efficient elements for the sum of two set-valued maps.

Nonlinear equilibrium problem with constraints can be converted into the constraint opti-
mization problems and variational inequality. In this work, we study also constraint parametric
equilibrium problems. Different types of equilibrium problems for set-valued maps in various
spaces were intensively studied and many results on the existence of solutions for equilibrium
problems were obtained, see [9, 10, 11, 12, 13, 14, 15, 16]. Moreover, equilibrium problems for
the sum of two set-valued mappings were studied in [15, 17]. In fact, Tan and Tinh [17] consid-
ered monotonicity assumption, Kassay and Miholca [14] and Kassay, Miholca and Vinh [15]
considered C-essential quasimonotonicity assumption for existence of solution of equilibrium
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problems. Here, we focus on set-valued mappings and replace their assumptions with coercivity
condition and extend respective results in [15, 17, 18].

The outline of this paper is as follows: In this section, we define vector parametric quasi-
equilibrium problems for the sum of two set-valued mappings and some preliminary definitions
and results which are utilized in the sequel. In Section 2, we obtain some sufficient condi-
tions for the existence of solution of vector parametric equilibrium problems. In Section 3, the
last section, we define gap functions for these problems and obtain the equivalence between
existence solution of these problems and their scalar equilibrium problems.

Let P be a Hausdorff topological space, X and Z be Hausdorff topological vector spaces. Let
A be nonempty subset of X and C : X x P — 2% be a set-valued map such that for all x € X
and for all p € P, C(x, p) is a closed, convex and pointed cone (CN (—C) = {0}) in Z such
that intC(x, p) # 0. Suppose that e : X x P — Z is a continuous vector valued map such that
e(x,p) € intC(x, p). Also, assume that K| : A x P — 24 and K : A x P — 24 are defined. Let
the machinery of the problems be expressed by F:AxAxP — 2?7 and G: A x A x P — 27,
For all subsets A and B, we adopt the following notations

Bi(A,B) means AC B,
B2(A,B) means ANB #0.

For B € {B1,B:}, and p € P, we consider the following vector parametric quasi-equilibrium
problem for the sum of two set-valued mappings:

(Pg(p)) Find € clK; (¥, p) such that, Vy € K>(%, p),

We denote the solution set of Problem (Pg(p)) with Sg(p).
By using the Problem (Pg(p)), we can make a mathematical modeling for implicit Cauchy
problem (see [19]). In the sequel, we imply special cases of Problem (Pg(p)). If C: X x P —

27 is a fix map, i.e. for any x € X and p € P, C(x,p) = C is a convex, closed and pointed cone
in Z, then

(i) if C = R*, and for each x € X and p € P, K{(x,p) = Ka(x, p), then Problem (Pg(p))

reduces to Problem (MEP) in [19];

(i) if for all x € X and p € P, K| (x, p) = K>(x, p), then Problem (Pg(p)) reduces to (VEP2)
and (VEP1) in [15]. Also, if F and G are single valued then we obtain Problem (VEP)
in [20];

(i) if B = B, and F(x,y, p) =< w,y —x >, such that T : A x P — 2LX:Z) and w € T'(x, p),
then we obtain parametric generalized vector quasi-variational-like inequality problem
in [21];

(iv) if for each x,y € A and p € P, we define G(x,y, p) = 0, then
(a) Problem (Pg(p)) reduces to vector parametric equilibrium problems, which has been
considered in, e.g., [9, 10, 11, 12, 13, 17, 22];
(b) if F(x,y,p) = H(y,p) — H(x,p), that H : A x P —> 27 then, we have vector para-
metric optimization problem (see [16, 18, 23]);
(c)if F(x,y,p) =<w,y—x>,suchthatT :A X P — 2LXZ) and w e T(x,p) then we
obtain vector parametric variational inequality (see [23, 24]).
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Definition 1.1. A set-valued map T : X — 2Y is said to be:

(1) closed if Gr(T) ={(x,y) e X xY :y € T(x),x € X} is a closed subset of X x Y.

(2) upper semi-continuous (u.s.c), iff for each closedset BC Y, T~ (B) ={x€ X : T(x)N
B # @} is closed in X.

(3) lower semi-continuous (1.s.c), iff for each openset BC Y, T~ (B) ={x€ X :T(x)NB #
@} is open in X.

(4) continuous if it is both upper and lower semi-continuous.

(5) intersectionally closed on A C X if;

(el (T(x) =cl(()T(x)).
x€A x€A
(6) topological pseudomonotone, if for all a,b € X,
cl( ﬂ T(u))Nla,b] = m T(u)N|a,b].
u€la,b] u€la,b
(7) KKM map if

comvA C | J T (x), foreachA € (X),
X€A

where, (X) denotes the family of all nonempty finite subsets of the set X.

The following lemma is a characterization of the upper (resp. lower) semi-continuity of a set-
valued mapping in terms of nets (see, for example, [25], Theorems 17.16 and 17.19).

Lemma 1.2. [25] Let X and Y be topological spaces and T : X — 2Y be a set-valued mapping.

(1) If T has compact values, then T is upper semi-continuous iff for every net xyin X con-
verging to x € X and for any net y, with yo € T(x4), there exist y € T'(x) and a subnet
Yo, Of yo converging to y.

(ii) T is lower semi-continuous iff for any net x4in X converging tox € X and each y € T'(x),
there exists a net y, converging to y, with y, € T (x4) for all a.

In the following, we introduce the notion of upper and lower mapping corresponding to map
C which is a generalization of Definition 2.3 in [15].

Definition 1.3. Let X and Z be Hausdorff topological vector spaces and A be nonempty subset
of X. Suppose that C : X — 27 is a set-valued map such that for all x € X and C(x) is a closed,
convex and pointed cone in Z such that intC(x) # 0. A set-valued map F : A — 27 is said to
be
(i) upper mapping corresponding to map C if and only if for i € {1,2,3,...,n}, x; € A and
Ai €10,1] such that X \A; =1

Z?:lliF (xi) - F(E?:llixi) + C(Z?:llix,-),

(ii) lower mapping corresponding to map C if and only if for i € {1,2,3,...,n}, x; € A and
Ai €[0,1] such that X | A; =1

F(Z?:llixl-) Q Z;’:lliF(x,-) _C(Z?zllixi)-
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Example 1. Let X =R, Z=R2, A= [0,1] and C : R — 2&’ defined as

R?, x#3,
Clx) = (1.1)

() LetF:A— 2R pe a mapping defined by

{(zw): 0<z<x,w<z}, x#31,
F(x) = (1.2)
[0,1] x {0}, x=73.
It easy to check that F' is upper mapping corresponding to map C. But F' is not lower mapping
corresponding to map C.
2)LetF:A— 2R pe a mapping defined by

{zw): 0<z<xw<z}, x#3,
F(x) = (1.3)
(3.3 < {0}, x=3.
It easy to check that F' is lower mapping corresponding to map C. But F is not upper mapping
corresponding to map C.

The next theorem plays a crucial role in the proof of our main results.

Theorem 1.4. [26] Let K be a nonempty and convex subset of a Hausdorff topological vector
space X and T : K — 2K, Assume that the following conditions hold:
(1) T is a KKM map;
(ii) for each A € (K), the set-valued map 7 N convA is intersectionally closed on convA;
(iii) T is topological pseudomonotone;
(iv) there exist a nonempty subset B of K and a nonempty compact subset D of K such
that conv(A U B) is compact, for any A € (K), and for each y € K\ D there exists x €
conv(BU{y}) such that y & T'(x).

Then, Nycx T (x) # 0.

2. EXISTENCE OF SOLUTION OF PARAMETRIC QUASI-EQUILIBRIUM PROBLEM

In this section, we obtain some sufficient conditions for the existence of solution of Problem
(Pg(p)). Motivated by an idea of Chadli at al. [19], let us define E(p) = {x € A: x € clK;(x,p)}
and Fﬁ : A X P —> 24 such that

Tg(yv,p) ={x€ E(p): B(F(x,,p)+G(x,y,p),Z\ (=int(C(x,p))))}.

Now, we define a coercivity condition and obtain sufficient conditions for existence solution of
Problem (Pg(p)).

Definition 2.1. We say that the pair (I'g, K1) satisfies the coercivity condition (M) if there exist
a nonempty subset By of X and a nonempty compact subset Dy of X such that conv(AgUBy) is
compact, for any Ag € (X) and for each y € X \ Dy, there exists x € conv(BoU{y}) such that if
x€ E(p)theny & T'g(x,p), andif x € E(p), then y & cIK;(x, p).
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Theorem 2.2. Let P be a Hausdorff topological space, X and Z be Hausdorff topological vector
spaces. Suppose that A is a nonempty convex subset of X. Assume that the following conditions
hold:
(i) (F(x,x,p)+G(x,x,p)) CC(x,p), forallx € A;

(i1) F and G are upper mapping corresponding to C in their second argument;

(iii) W(x,p) =Z\ (—intC(x, p)) is a closed map;

(iv) the pair (Fﬁ , K1) satisfies the coercivity condition (M).
Therefore,

(a) if F and G are lower semi-continuous in their first argument, then for all p € P, Problem
(Pg, (p)) has a solution.

(b) if F and G are upper semi-continuous in their first argument and compact valued, then
for all p € P, Problem (Pg,(p)) has a solution.

(¢) if F and G are continuous in their first argument and compact valued, then for all p € P,
Problem (Pg(p)) has a solution.

Proof. Let p € P. We will show that Nyeal's (y,p) # 0. First, we prove that the set valued map
[g(., p) fulfils the conditions of Theorem 1.4. From (i), we have y € Ig(y,p) # 0, forall y € A.
Hence, we show that I'g is KKM map. Suppose on the contrary that there exist {x1,x2,..., %, }
and 4; > O such that X | A4; = 1, x = X! | Aix; and x € UL T'g(x;, p). Then x € I'g(x;, p) for all
i €{1,2,...,n}. Hence, we have

(F (x,xi,p) + G(x,xi,p)) N Z\ (—intC(x, p)) = 0, 2.1
foreachi € {1,2,...,n} and
F(x,x:, p) + G(x,x;, p) C (—intC(x, p)), (2.2)
and
2 Ai(F(x,xi,p) +G(x,xi,p)) C (—intC(x, p)). (2.3)

On the other hand, by (ii),
XL AiF (x,x;,p) € F(x,x,p)+C(x,p),
X AiG(x,xi, p) € G(x,x,p) +C(x, p).
Then,
Z?:ll,-(F(x,x,-,p) +G<X,Xi,P)) = Z?:I)LiFOC?xi?p) +Z?:1liG(x,x,-,p)
F(x,x,p) +C(x,p) + G(x,x,p) +C(x, p)
C(x,p),

N 1N

that contradicts (2.3).
Now, we show that, for each y € A, I'g(y,p) is closed. Let (xg) C I'g(y, p) and xg — Xo.
Since (x¢) € I'g(y,p), then, for all a,

B(F (xa,y,P) + G(xa,3, ), Z\ (—int (C(xa; p))))- (2.4)

Let B = B, and condition (a) holds.

Suppose on the contrary that xo & Ig(y, p). Then F(xo,y, p) + G(xo,y, p) N (—int(C(xo, p)) #
0, so there exist wy € F(xo,y,p) and z9 € G(xg,y,p) such that wy + zo € (—intC(xp,p)). By
the lower semi-continuity of F' and G in their first argument and Lemma 1.2, there exist wy €
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F(xq,y,p) and z4 € G(xq,y, p) such that wg — wg and zg — 2. From (2.4), we conclude
that wy + 2o € W (xg, p). But W is a closed map, so wo +z9 € W(xp,p) = Z\ (—intC(xo, p)),
then wo +zo € (—intC(xo, p)), which is a contradiction. Therefore, ['g(., p) is closed.

let B = B, and condition (b) holds.

Suppose that xo & T'g(y, p), so F(xo,y, p) + G(x0,y,p) NZ\ (—int(C(x0,p)) = 0, and
F (x0,y,p) + G(x0,y, p) C (—int(C(x0,p))- (2.5)
On the other hand, for all o,

F(xaayap) +G(x067y7p) ﬂZ\ (—il’lt(C(xa,p))) % 0.

Hence, there exist wy, € F(xq,y, p) and zo € G(xq,y, p) such that wy + z¢ € W(xg, p). By the
upper semi-continuity of F and G in their first argument and Lemma 1.2, there exist wy €
F(x0,y,p), 20 € G(x0,y,p), subnet wg, of wg and subnet zq, of zo such that wg, — wo and
Zg; — 20. But W is a closed map. Hence wo +z9 € W(xp,p) = Z\ (—intC(xo, p)). It follows
that wy +zo & (—intC(xo, p)), which contradicts (2.5).

If condition (c) holds, then by the above argument, ['g(.,p) is closed. Therefore, the set-
valued map ['g(., p) NconvB is intersectionally closed on convB, for each B € (A).
Furthermore, we show that I'g(.,p) is a topological pseudomonotone set-valued map. If fix
a,b € X. Obviously,

N (Fﬁ(u,p)ﬂ[a,bD:( N Fﬁ(u,p)>ﬂ[a,b]§cl< N Fg(bt,p))ﬁ[a,b].

u€la,b] u€la,b] u€la,b]

Conversely; if xo € cl(ﬂue[a’b} I (u,p)) N [a,b], then there exists

(o) € ( () Tplw.p))Nfa.t]

u€la,bl
such that x4 — xo. So, for each &, x¢ € [a,b] and x¢ € T'g(u,p), for each u € [a,b]. Since

I'g(.,p) is closed valued, then xo € N;e[a,p] (FB (u,p) N [a,b]). Then I'g(., p) satisfies the con-

ditions of Theorem 1.4. So, Nyeal'g(y, p) # 0. Therefore, Sg(p) is nonempty. O

Kassay at al. [15], prove the existence of solutions for vector quasi-equilibrium problems
for the sum of two set-valued in the setting of topological vector spaces. Their methods are
based on a result concerning the existence of maximal elements. In Theorem 2.2, we prove
the existence of solutions for vector parametric quasi-equilibrium problem for the sum of two
set-valued map with moving cones and with weaker conditions by using generalized KKM-type
theorem.

The next example shows that our assumptions in Theorem 2.2 are weaker than those in [15].

Example 2. Let Ki,K; : [0,1] x [0,1] — 2% and F,G : [0,1] x [0, 1] x [0, 1] — 2 be defined
by KZ(x7p) = [07 1]’
(0,5, ifxe[0,3],p€Q,

Ki(x,p)=1 [0,1], ifxe[3 1],pe0°

{4—11}, 0.W,
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((0,4w), ifx=y,

(0,1), ifxe[0,4],p€Q,
F(x,y,p) =G(x,y,p) =
2,0), ifxe[3,1],p€ Q"

[ (—o0,3), o.w,

and for all x, p € [0,1], let C(x, p) = [0, +o0).
Its easy to see that, conditions (i), (ii) and (iii) of Theorem 2.2 hold. Also, F and G are lower
semi-continuous in their first argument. We have

0,1], ifpeQ,

2,1], ifpeQ.
Moreover, The pair (I'g , K1) satisfies the coercivity condition (M). Indeed, we set Dy = [0, }1] U
[%, 1] and By any subset of X. For any y € X \ Dy = (}T, %), there exists x =y € conv(By,{y})

such that for each p € P, x € E(p). Buty & clK;(x,p) = {JT} so the pair (g , K1) satisfies the
coercivity condition (M). Then all the conditions of Theorem 2.2 hold and

0,1], if,peQ,
Sp,(p) =
(3.1], ifpeg.

In the following results, under additional assumptions, we show that Sg(p) is compact and
convex

Theorem 2.3. Let P be a Hausdorff topological space, X and Z be Hausdorff topological vector
spaces. Suppose that A is a nonempty subset of a Hausdorff topological vector space X. Assume
that conditions (i)- (iv) of Theorem 2.2 hold.
Suppose that
(1) K> is lower semi-continuous in its first argument;
(i1) A is a compact set;
Therefore
(a) if F and G are lower semi-continuous, then, for all p € P, solution set S B, (p) is compact.
(b) if F and G are upper semi-continuous and compact valued, then, for all p € P, solution
set Sg, (p) is compact.
(c) if F and G are continuous and compact valued, then, for all p € P, solution set § B (p) is
compact.

Proof. Let B = B; and F and G satisfy condition (a). Assume that (x4 ) is a net in solution set
Sg(p) that xq — xo. Suppose that xo & Sg, (p), so there exists yo € Ka(xo, p) such that

F(x0,y0,p) +G(x0,y0,p) € Z\ (—intC(xo, p)).

Thus, there exist wy € F(xo,y0,p) and zo € G(xo,yo,p) such that wg + zo € (—intC(xg, p)).
Since K is lower semi-continuous in its first argument, by Lemma 1.2, there exists net (yq)
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such that yy € K>(x¢,p) and yq —> yo. On the other hand, for each @, x4 is a solution of
Problem (Pg(p)), so

F(xo,Ya,P) +G(xa,Ya,p) CZ\ (—int(C(xg,p)))-

Also, F and G are lower semi-continuous, by Lemma 1.2, there exist wy € F(xq,Yq,p) and
Za € G(xg, Y, p) and wg — wo and zo — 7o such that

Wa+2q € Z\ (—intC(xq,p)) = W(xq, p).

But W is a closed map, so, wg +z9 € W (xo, p), which is a contradiction.

Let B = B, and F and G satisfy condition (b).

Suppose that xo ¢ Sg, (p). Then there exists yo € K2 (xo, p) such that F (xo, yo, p) + G(x0, Y0, p) N
Z\ (—intC(xo, p)) = 0. It follow that

F(X(),y(),p) +G(x07)’0>1?) - (-ll’lt(C(Xo,p)) (26)

Since K is lower semi-continuous in its first argument, by Lemma 1.2, there exists net (yq)
such that, for each @, yq € K»(xq, p) and yo, — yo. On the other hand, for each a, x4 is a
solution of Problem (Pg(p)). Hence,

F(xa;Ya,p) +G(xa:Ya, p) NZ\ (—int(C(xa, p))) # 0.

So, there exist wy € F(xq,Ya,p) and zg € G(xq,Yq,p) such that wy + z¢ € W(xq,p). By
Lemma 1.2, there exist wy € F(xo,Y,p), z0 € G(xo0,y, p), subnet (wg,) of (wg) and subnet (z4,)
of (z¢) such that wg, — wo and z¢, — zo. But W is a closed map, then wy +z9 € W (xo, p) =
Z\ (—intC(xo, p)), and wo +zo & (—intC(xp, p)), wich contradicts (2.6).

Suppose that F" and G satisfy condition (c). Then, by the above argument, Sg (p) is a closed
subset of A. Since A is compact, then Sg(p) is compact. O

Theorem 2.4. Let P be a Hausdorff topological space, X and Z be Hausdorff topological vector
spaces. Suppose that A is a nonempty subset of a Hausdorff topological vector space X. Assume
that conditions of Theorem 2.2 hold.

Suppose that

(i) F and G are lower mapping corresponding to map (—C) in their first argument;
(ii) W(x,p) = Z\ (—intC(x, p)) is upper mapping corresponding to map C in its first argu-
ment;

Then, for all p € P, solution set Sg(p) is convex.

Proof. Let = f3; and xo,x; € Sg, (p). So, for each yo € K»(xo0,p) and y; € K>(x1, p),

F(x0,Y0,p) + G(x0,y0,p) € Z\ (=intC(xo, p)), (2.7)

F(x1,y1,p) +G(x1,y1,p) € Z\ (—intC(x1,p)). (2.8)
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For all A € [0, 1], since W is upper mapping corresponding to map C, F and G are lower mapping
corresponding to map (—C), we have

F(Axo+(1=A)x1,y,p) + G(Axo+ (1 =A)x1,y,p) €
AF (x0,y,p) + (1= A)F (x1,y,p) + C(Axo+ (1 = A)x1,p) +
AG(x0,y,p) + (1 =A)G(x1,y,p) + C(Axo+ (1 = A)x1,p) <
AW (x0,p) + (1= A)W(x1,p) + C(Axo + (1 = A)x1,p) <
W(Axo+ (1= A)x1,p) +C(Axo+ (1= A)x1,p) <
W(Axo+ (1 —2)x1,p).
Therefore, solution set Sg (p) is convex. For B = 3>, the proof is similar. O

As an immediate consequence of the above results, we obtain the following result.

Corollary 2.5. Let P be a Hausdorff topological space, X and Z be Hausdorff topological
vector spaces. Suppose that A is a nonempty, convex and compact subset of X. Assume that the
following conditions hold:

() (F(x,x,p)+G(x,x,p)) CC(x,p), forall x € A;

(2) F and G are upper mapping corresponding to map C in their second argument;

(3) F and G are lower mapping corresponding to map (—C) in their first argument;

(4) K; is lower semi-continuous in its first argument;

(5) W(x,p) =Z\ (—intC(x, p)) is a closed map;

(6) W(x,p) =Z\ (—intC(x,p)) is upper mapping corresponding to map C in its first argu-

ment

(7) the pair (I'g, K1) satisfies the coercivity condition (M).

Therefore,

(a) if F and G are lower semi-continuous, then for all p € P, solution set Sﬁl (p) is nonempty,
convex and compact.

(b) if F and G are upper semi-continuous and compact valued, then for all p € P, solution
set Sg, (p) is nonempty, convex and compact.

(c) if F and G are continuous and compact valued, then for all p € P, solution set SB (p) is
nonempty, convex and compact.

Notice that Example 2 satisfies all the conditions of Corollary 2.5, and, for each p € P, Sg, (p)
is nonempty, convex and compact.

Let X and Z be a Hausdorff topological vector space, K be a nonempty, closed and convex
subset of X. Let p € R™ and L(X,Z) denote the bounded linear operators space between X and
Zforse€intC*and T : X — L(X,Z), we define

F(x,y) = p¥(x,y), G(x,y) = (s,(Tx,y)),
where W : K X K — Z is a vector-valued bifunctions. Then, we obtain auxiliary vector equilib-
rium problem in [27]. By the above theorem we can deduce Theorem 4.1 and Theorem 4.2 in
[27] under different assumptions.

Here, we can consider the mixed vector equilibrium problem in [27], for all e € R :
(MVEP:) Find x¢ € clK|(x¢, p) such that ¥y € K (x¢, p)

B(F (xe,y,p) +€G(xe,y, p), Z\ (—intC(xe, p))).
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Theorem 2.6. Let P be a Hausdorff topological space, X and Z be Hausdorff topological vector
spaces. Suppose that A is a nonempty, convex subset of X. Assume that the following conditions
hold:

(1) (F(x,x,p)+G(x,x,p)) CC(x,p), forall x € A;

(2) F and G are upper mapping corresponding to map C in their second argument;

(3) F and G are lower mapping corresponding to map (—C) in their first argument;

(4) K; is lower semi-continuous in its first argument;

(5) W(x,p) =Z\ (—intC(x, p)) is a closed map;

(6) W(x,p) =Z\ (—intC(x,p)) is upper mapping corresponding to map C in its first argu-
ment;

(7) for all € € R, x; is solution of (MVEPF;);

(8) the pair (I'g, Ky ) satisfies the coercivity condition (M).

Therefore,

(a) if F and G are lower semi-continuous, then for all p € P, any cluster point of {x¢} €505
is a solution of Problem (Pg, (p)).

(b) if F and G are upper semi-continuous and compact valued, then for all p € P, any cluster
point of {x¢},-, is a solution of Problem (Pg,(p)).

(c) if F and G are continuous and compact valued, then for all p € P, any cluster point of
{Xe }¢~0- is a solution of Problem (Pg(p)).

Proof. Let B = B; and F, G satisfy condition (a). Suppose that x is a cluster point of {x¢}- -
Then, there exists net {xg, } C {x¢} such that x;, — x¢. On the other hand, x¢, is a solution of
(MVEP,). So, for all y € K> (x¢,,P),

F(xeq,y, ) +€aG(xey,y,p) € Z\ —intC(xe,, p). (2.9)

If xo & Sg, (p), then there exist yo € K2(xo, p), wo € F(x0,Y0,p) and zo € G(xo,yo, p) such that
wo +2z0 € (—intC(xo, p)). But K; is lower semi-continuous in its first argument, by Lemma 1.2,
there exists yg, € Ka(xe,,p), such that yg, — yo. Since F and G are lower semi-continuous,
from Lemma 1.2, there exist nets wg, € F(xg,,Ve,,p) and zg, € G(Xe,, Ve, p) such that we, —>
wo and z¢, — 2. From (2.9), we have

WEO{ + gaZga E Z\ (—lntC(XEa,p)) — W(.xga,p).

But W is a closed map. From Lemma 1.2, we have wg+z9 € Z\ (—intC(xp,p)), that is a
contradiction.

Let B = 3, and F and G satisfy condition (b).

Suppose that xq is a cluster point of {x¢}..,. Then, there exists net {xg,} C {x¢} such that
Xxe, — Xo. If xo & Sg,(p), then there exists yo € Ka(xo, p) such that F (xo, Yo, p) + G(x0,y0,p) N
Z\ (—intC(xo,p)) = 0. So

F(x0,y0,p) + G(x0,y0,p) C (—int(C(xo,p)). (2.10)

Since K> is lower semi-continuous in its first argument, we conclude from Lemma 1.2 that there
exists yg, € Ka(xg,,p) such that y, —> yo. On the other hand, x, is a solution of (MVEP;,).
So

F(x8a7y8a7p) +8OCG(x8a7y8a7p> mZ\ (—il’ll'C(Xga,p)) 7é @ (211)
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Hence, there exist we, € F(Xg,,Ve,,P) and zg, € G(Xe,,Ve,,P) sSuch that we, +z¢, € W(xe,, p).
By Lemma 1.2, there exist wo € F(xo,y,p), 20 € G(x0,), p), subnet (wg, ) of (we,) and subnet
(Zgai) of (zg,) such that We,, — wo and zg,, — zo. But W is a closed map. So wo +2z0 €
W(xo,p) =Z\ (—intC(xo, p)), and wo +z9 & (—intC(xo, p)), which contradicts (2.10).
Suppose that F' and G satisfy condition (c). Then, by the above argument, any cluster point
of {x¢ }e>0 is a solution of Problem (Pg(p)). O

Remark 2.7. Theorem 2.6 is a new version of Theorem 3.1 in [27].

3. AN SCALARIZATION METHOD

In this section, we introduce a new nonlinear scalarization function and define a gap function
for Problem (Pg(p)). We shall deduce a relation between solution of Problem (Pg(p)) and
scalar equilibrium problem via its gap function which generalize the results in [20].

Motivated by an idea of Sach [28] and by the Lemma 2 and the Remark 9 in [22], we will
define the following notations:

(i) Let C be a convex, closed and pointed cone in Z and e € intC. If A and B is compact subsets
of X, then @g : 2% x 2% x 2 — R, which is defined by

¢g(A,B,C) :=min{r € RY: B(A+B+te,Z\ (—intC))},

is well defined.
(i) Let C: X x P — 27 e(x,p) € C(x, p) and F, G be compact valued. Then, Vg XXX XZ—
R, which is defined by

l///;(x,y,p) = q’ﬁ(F(xa%p)aG(x »p >7C( X, P ))
= min{r € R : B(F(x,y,p) +G(x,y,p)
+ te(x,p),Z\ (—intC(x,p)))}

is well defined.

Definition 3.1. A function L : X x X x P — R is said to be a gap function for Problem
(Pg(p)) corresponding to functions K and K iff

(i) L(x,y,p) >0, for all x,y € X and p € P;

(ii) ¥ is a solution of Problem (Pg(p)) iff ¥ € clK; (¥, p) and L(%,y,p) = 0, for all y € K>(%, p).

Lemma 3.2. If C: X x P — 2% and W(x,p) = Z\ (—intC(x,p)) is a closed map, then the
functions yp is a gap function for Problem (Pg(p)), corresponding to functions K and K.

Proof. The proof with some minor modifications is similar to the proof of Lemma 3 in [22].
Hence, we omit it. OJ

Capata [20] considered a scalar function by assumption C* # 0. He established a relation be-
tween solutions of the strong vector equilibrium problem and the scalarized equilibrium prob-
lem. He also showed that the solution set is a nonempty, convex and compact set. In the fol-
lowing theorem, we obtain an equivalence relation between solutions of equilibrium Problem
(Pg(p)) and the scalar equilibrium problem via its gap function.
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Theorem 3.3. If ¥ is a solution of Problem (P3(p)), then, for all y € K> (¥, p),

Vs <X7yap) =0.

Conversely, if, for all y € K>(X, p), Wp(%,y,p) = 0 and W(x, p) = Z\ (—intC(x, p)) is closed,
then X is a solution for Problem (Pg(p)).

Proof. It is clear that, if X is solution of Problem (Pg(p)), then, forall y € K»(%, p), Wg(X,y, p) =
0.

Conversely, if, for all y € K»(%, p), wg(%,y,p) = 0, then there exists sequence 7, C R™ such
that 7, — 0, and, for all y € K> (X, p),

B(F(x,y,p)+G(X,y,p) +tne(X, p),Z\ (=intC(X, p))).

Suppose that X is not a solution of Problem (Pg(p)). Then, there exists yo € K> (X, p) F (%,y0, p) +
G(%x,y0,p) C (—intC(x,p))). So, for each w € F(X,y,p) and z € G(X,y,p), we have w+z €
(—intC(x,p)). But —intC(X, p) is an open set and #, —> 0. Then, there exists N € N such that,
foralln > N, w+z+t,e(%,p) € (—intC(%,p)), which is a contradiction. O

The existence of solutions of Problem (Pg(p)) can be investigated via the notions of some
approximate solutions. In order to consider this case, we suppose that € € R™, and p € P, we
define the set

Qg(€,p) = {x € clK;(x,p) :
B(F(x,y,p) +G(x,y,p) +€e(x, p),Z\ (—intC(x, p)))) Vy € Ka(x, p)}.

Proof of the following results are direct. Hence, we omit their proof.

Proposition 3.4. Let € > 0. Then the following statements hold:

(D) Ne>0Qp(€,p) = Sp(p);
(i1) 'Q'ﬁ (El,p) - Q‘ﬁ (Sz,p), for all £1,& > 0 with g < &;.

Also, we can obtain a nonlinear scalarization of approximate solutions for Problem (Pg(p))
by Theorems 3.3 and 3.4 via map yp..

Proposition 3.5. Let € > 0. If ¥ € Qg (¢, p), then yg(X,y, p) < €, forall y € K> (¥, p). Therefore,
X € Ne»0Qp (€, p) iff, X € Sg(p) iff, @g(%,y,p) =0 and W(x, p) = Z\ (—intC(x, p)) is a closed
map.
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