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MODIFIED INERTIAL SUBGRADIENT EXTRAGRADIENT ALGORITHMS FOR
PSEUDOMONOTONE EQUILIBRIUM PROBLEMS WITH THE CONSTRAINT OF
NONEXPANSIVE MAPPINGS
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Abstract. In this paper, we introduce the modified inertial subgradient extragradient algorithms for
solving the pseudomonotone equilibrium problems with the constraint of nonexpansive mappings. In our
algorithms, the subgradient projection onto some constructible half-space is used in place of the second
minimization problem over a closed convex set, and a new approach for attaining the step-size is provided.
Strong convergence theorems are established in the framework of Hilbert spaces.
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1. INTRODUCTION

Let ¢ be a real Hilbert space. Given a nonempty closed convex subset C C .77 and a
sequence {x,} C S, we use the notation x, — x, where x is a point in .77, to denote the strong
convergence of {x,} to x. We use the notation x, — x, to denote the weak convergence of {x,}
to x. Given a mapping S defined on J#, we denote by Fix(S) the fixed point set of S. Recall
that mapping S is said to be L-Lipschitz continuous if there exists a positive real number L
such that ||Sx — Sy|| < L||x—y||, Vx,y € 5. If L < 1, then S is called a contractive mapping.
If L =1, then S is called a nonexpansive mapping, that is, ||Sx — Sy|| < ||lx—y|, Vx,y € 7.
Furthermore, S is call a quasi-nonexpansive mapping if Fix(S) # 0 and ||Sx — y|| < [|x — y]|,
Vx € 4,y € Fix(S). We remark here that the class of quasi-nonexpansive mappings is quite
different with the class of nonexpansive mappings. Nonexpansive mappings are Lipschitz
continuous, however, the class of quasi-nonexpansive mapping may be discontinuous. The
theory of nonexpansive mappings finds a number of applications in convex optimization. Both
the class of quasi-nonexpansive mappings and the class of nonexpansive mappings have been
investigated extensively recently; see, e.g., [1, 2, 3, 4, 5] and the references therein. Recall
that S is demiclosed at zero if for any sequence {x,} with x, — x, the implication holds:
Sx; — 0 = Sx = 0. Recall that a mapping S is said to be monotone if (Sx — Sy,x —y) > 0,
Vx,y € A . S is said to be pseudomonotone if (Sx,y —x) > 0= (Sy,y—x) >0, Vx,y € ;S
is said to be strongly monotone if (Sx — Sy, x —y) > Bllx —y||?, Vx,y € 57, where B is some
positive real number. It is also called a -strongly monotone mapping.
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Let Pc be the metric projection from 7 onto C. It is known that Pcx is nonexpansive and has
the following basic properties:

(1) [[Pex = y||* < [lx—y||* = lx— Pex||?, ¥y € C;
(2) (x—Pcx,y—Pcx) <0,Vy € C;
3) ||[Pex—Pey||* < (Pex— Pey,x—y), Yy € A

Consider the classical variational inequality problem (VIP), which consists of finding x* € C
such that (Sx*,x —x*) > 0, Vx € C, where S is a monotone mapping on .7#. The solution set
of the VIP is denoted by Sol(C,S). The VIP provide a unified framework for lots of problems
arising in the real world; see, e.g., [6, 7, 8, 9, 10] and the references therein. To the best of our
knowledge, one of the most popular methods for solving the VIP is the extragradient method,
first investigated by Korpelevich [11] for saddle point problems in 1976. This method is efficient
for monotone VIPs with the aid of two projections. Recently, efforts and attention have been
given to various extragradient-like methods; see, e.g, [12, 13, 14, 15, 16] and the references
therein.

To improve the efficiency of Korpelevich’s extragradient method (due to the fact that two
projection are involved), Censor, Gibali and Reich [17] first introduced the subgradient extra-
gradient method, in which the second projection onto set C is replaced by a projection onto a
half-space, which is easy to implement

xg € I,

n = Pe(xp, — €Sxy),

Co={yec A :(x,—LSxp—yn,y—yn) <0},
Xn+1 = Pc,(xn —Sy,), Vn>0,

where S : 7 — 7 is a monotone k-Lipschitz mapping, and ¢ € (0, %) They proved that the
sequence {x,} generated via the subgradient extragradient method converges weakly to a solution
x* € Sol(C,S).

To accelerate the convergence rate of algorithms, much attention has been paid for developing
various fast iterative algorithms from the viewpoint of numerical analysis recently; see, e.g.,
[18, 19, 20, 21, 22] and the references therein. Among the recent acceleration methods, the
inertial method, which is originated from physics, that is, a dynamical system that describes the
behaviour of a rolling ball (heavy-ball dynamical system). The motion of the ball accelerates
due to inertia. In 2018, Thong and Hieu [23] investigated an inertial subgradient extragradient
algorithm and obtained the weak convergence of the algorithm. Recently, Thong and Hieu [24]
suggested an inertial subgradient extragradient method with line-search process for solving the
VIP with monotone and Lipschitz continuous mappings and the fixed point problem (FPP) of
quasi-nonexpansive mappings.

On the other hand, let ® : C x C — R be a bifunction with ®(x,x) = 0, Vx € C. Consider the
equilibrium problem (EP) of finding x* € C such that ®(x*,x) > 0, Vx € C. We denote the solution
set of the EP by EP(®), i.e., EP(®) = {x* € C: ®(x*,x) > 0, Vx € C}. It is worth mentioning
that the EP is a unified model of several problems, namely, variational inequality problems,
optimization problems, saddle point problems, complementarity problems, fixed point problems,
Nash equilibrium problems and so forth. Many algorithms have been suggested and studied
for solving the EP and its extensions; see, e.g., [25, 26, 27, 28, 29] and the therein references.
Very recently, Dadashi, lyiola and Shehu [26] suggested the following subgradient extragradient
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algorithm for solving the EP with a pseudomonotone, Lipschitz-type continuous bifunction.
Under some mild conditions, they established the weak convergence of their algorithm in Hilbert
spaces.

In this paper, we introduce modified inertial subgradient extragradient algorithms for solving
the pseudomonotone EP with the constraint of finitely many nonexpansive mappings and one
quasi-nonexpansive mapping in a real Hilbert space. In our algorithms, the subgradient projection
onto some constructible half-space is used in place of the second minimization problem over
a closed convex set, and a new approach for attaining the step-size is provided, that is, the
step-sizes are not fixed but generated by our algorithms. Strong convergence theorems are proved
under some suitable conditions.

2. PRELIMINARIES

Assume that C is a nonempty closed convex subset of a real Hilbert space .7”. The normal
cone Nc(u) of C at u € C is defined by

Ne(u) ={we 5 : (wyv—u) <0, Vv e C}.
The subdifferential of a convex function g : C — R at u € C is defined by
dg(u) ={we H :g(v)—g(u) > (w,v—u), YwweC}.

Let g : C — R be a convex subdifferentiable and lower semicontinuous function on C. Then,
x* € C is a solution to the convex minimization problem min{g(x) : x € C} if and only if
0 € dg(x*) + Nc(x*).

Recall that a bifunction ® : C x C — R is said to be

(i) pseudomonotone on C if O(x,y) > 0= O(y,x) <0, Vx,y € C;

(i1) Lipschitz-type continuous on C if there exist two constants ¢, c> > 0 such that

@(X,y) +®(y,Z> Z ®(X,Z) —C1||x—y||2 —c2||y—z||2, Vx,y,z eC.

We assume that the bifunction ® : C x C — R satisfies the following conditions:

(A1) O is pseudomonotone on C and O(x,x) =0, Vx € C;

(A2) O(x,-) is convex and subdifferentiable on H for every fixed x € H;

(A3) O is jointly weakly continuous on A x C, where A is an open set containing C in the
sense that if {x;} C A and {y;} C C are two sequences converging weakly tox € Aand y € C,
respectively, then @ (xy,yi) — O(x,y) as k — oo;

(A4) O is Lipschitz-type continuous on C with constants cy,cp > 0.

It is easy to show that if the solution set EP(®) is nonempty, then the solution set EP(®) is
closed and convex.

From the Lipschitz-type continuity of ® on C and [26, Lemma 2.5], we have the following
result immediately.

Proposition 2.1. Let C be a nonempty closed convex subset of a real Hilbert space 7. Let
O be a Lipschitz-type continuous on C with constants ci,cy > 0. Suppose that p € (0,1), 6 <
min{1, %,ﬁ} and 0 < u < 8. Then, there exists a real number A such that u®(y,z) >

A(O(x,z) — O(x,y) —cle—sz —czHy—sz) and pu < A < 8, where x,y,z € C.

In addition, we also need the following lemmas for our main result.
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Lemma 2.1. [30] Let C be a nonempty closed convex subset of a real Hilbert space F€. Let

A : C — I be a pseudomonotone and continuous mapping and let x € C. Then (Ax,y —x) >0,
VyeC < (Ay,y—x) >0, Vy e C.

Lemma 2.2. [31] Let C be a nonempty closed convex subset of a real Hilbert space 7. Let A
be a real number in (0,1], and let T : C — H be a nonexpansive mapping. Let T*:C—H
be a mapping defined by T*x := Tx — AVF(Tx), Vx € C, where F - H —> H is k-Lipschitzian
x=Thy|| <

and M-strongly monotone. Then T* is a contraction provided 0 < v <2 2, ie.,

(1-271) T=1—+/1-v(2n—vk?2) € (0,1].

Lemma 2.3. [32] Let C be a nonempty closed convex subset of a real Hilbert space 7€. Let '
be a nonexpansive self-mapping on C with Fix(T') # 0. Then I — T is demiclosed at zero, that is,
if {x} is a sequence in C such that x; — x € C and (I —T")x; — 0, then (I —T')x = 0, where I is
the identity mapping of F .

Lemma 2.4. [31] Let {ay} be a real sequence in [0,+o0) satisfying the condition: ay,; <
(1 —sg)ay + skby, Vk > 0, where {s;.} and {by} lie in R := (—o0,00) such that (a) {s;} C [0,1]
and Y;_ sk = oo, and (b) limsup;_, . by <0 or Y77 |sibk| < oo. Then limy_,.oax = 0.

Lemma 2.5. [33] Let {I',,} be a sequence of real numbers that does not decrease at infinity in
the sense that there exists a subsequence {I'y } of {I'y} which satisfies Iy, < Iy 11 for each
integer k > 1. Define the sequence {T(n)},>n, of integers as follows:

t(n) =max{k <n:T} <Tii1},

where integer ny > 1 such that {k <ng : Ty < Tyi1} # 0. Then, the following hold:
(i) T(ng) < t(no+1) <--- and ©(n) — oo;
(i) F’L’ (n) < 1—‘7:(n)+l and 1—‘n < Fr(n)Jrl: Vn > ny.

3. MAIN RESULTS

In this section, we present our main algorithms and analyze their convergence. Throughout
this section, we always assume that the following conditions hold:

T; is a nonexpansive mapping on 77 fori = 1,...,N, T is a quasi-nonexpansive mapping on
¢ with the fact that I — T is demiclosed at zero;

O satisfies conditions (A1)-(A4) such that Q = ﬂfy:() Fix(T;) NEP(®) # 0, where Ty := T

f+H — H is a contraction with constant § € [0,1), and F : 7 — S is n strongly monotone
and k-Lipschitzian such that { < 7:=1—+/1—v(2n —vk?2) for v € (O =1);

{€n} C (0,00), and {B,}, {1}, {0on} C (0,1) are sequences such that

(1) ﬁn +% <1, 23:1 n = o and limn%wﬁn =0;

(i1) 0 < liminf, e ¥, < limsup,_,, % < I and 0 < liminf,,_,, 0, < limsup,,_,., 0, < 1;

(iii) & = o(By,), i.€., lim,_e % =0.

In addition, we write T,, := T,;noqn for integer n > 1 with the mod function taking values in
the set {1,2,...,N}, thatis, if n = jN + ¢ for some integers j > 0and 0 < g < N, then T, = Ty,
ifg=0,and 7, =T, if 0 < g <N.

Algorithm 3.1. Initial Step: Let A} >0, a >0, p € (0,1), § < min{1
and xo,x; € H be arbitrary.
Iterative Steps: Calculate x,,, | as follows:

Lo<u<é

’ 261 ’ 262
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Step 1. Given the iterates x,,_; and x, (n > 1), choose o, such that 0 < o, < @&, where

. 8}1 .
&y = { min{e, ek i X 7 X1,

. (3.1)
a, otherwise.

Step 2. Compute p, = x, + Oy (X — X4—1), Vo = Gpn+ (1 — 0,)Tpy and

] 1
yn = argmin{A4,0(p,,y) + EHPn —y|*:yec}.

Step 3. Pick wy, € h®(pp,-)yn, construct C, = {z € H : {(pn — Aywn) — yn,2—yn) < 0} (ie., a
half-space whose bounding hyperplane supports C at y,), and compute z,, = argmin{ 44,0 (y,,y) +
1 2.
sllpn =yl 1y € G}

Step 4. Calculate x,, 11 = Bnf(zn) + Yuva + (1 — Yu)I — B, VF )T zy,, and update

. UO(Vn,zn)
Ans1 = min{d, . (3.2)
=M O] — il — =P 1)

Setn:=n+ 1 and return to Step 1.

Remark 3.1. (i) From (3.1), it follows that lim,, e, % ||, — xn—1|| = 0. Indeed, we have o, ||x, —

Xn_1|| < &, Vn > 1, which together with lim,, . % = 0 implies that

. Oy L&

—||x, — < — =0. .

nlgl‘}o Bn||xn Xn—1]| _nlgloloﬁn 0 (3.3)
(ii) It is easy to see that p, € EP(®) < p, = y,. In our convergence analysis, we assume that

DPn 7 Yn. According to Proposition 2.1, we have that A, in (3.2) is well-defined and

IvL@(ynaZn) > An+1 (®(pn7Zn) - G)(pmyn) —C1 ||pn _yn||2 - C2||yn _ZnHz)-
We are now in a position to state and prove the first main result in this paper.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space 7. Let {x,}

be the sequence constructed by Algorithm 3.1. Then x, — x* € Q, which is a unique solution to
the VIP: ((VF — f)x*,p—x*) >0, Vp € Q.

Proof. From Lemma 2.2, we have

1Pa(f +1—VF)x—Po(f+1—VF)y|
< |fG)=FOI+ T = VvE)x = (I = VvF)y]|
<[A—(t=0lllx—=yl vx,ye,
which implies that Po(f + 1 — VF) is a contraction. Banach contraction principle guarantees that
Po(f+1— VF) has a unique fixed point, say x* € H, that is, x* = Po(f +1— VF)x*. Thus, there
exists a unique solution x* € Q to the VIP ((VF — f)x*,p—x*) > 0,Vp € Q.
Next, we divide the rest of the proof into several steps.
Step 1. Show

2 =217 < Ml =12 = (1= A ) 120 = 201> = An1 (1= 241 o — vl

— A1 (1= 22n€2) |20 = 3>
From the definition of z, and Proposition 2.1, we get

(3.4)

1
0 € 0o (tAn®(yn,y) + 5 [l pn = ¥[1*) (zn) + N, (zn)-
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Hence, there exist w € d20(yy,-)(z,) and w € N¢, (z,) such that uA,w+z, — p, +w = 0. Thus,

<Zn_pnay_zn> =,Ll7tn<w,zn—y)+(vv,zn—y>. (3.5)

Since w € N, (z,), we obtain that (w,y —z,) <0, Vy € C,. This together with (3.5) implies
that (z, — pn,y — zn) > UA (W, 2, —¥), ¥y € C,,. From w € d,0(yy, -)(z,), we have (w,z, —y) >
O(yn,7n) — O(yn,y), Vy € . By the last two inequalities, we have

(Zn = P>y = 20) = WA (O(Vns2n) — O(yn,y)), Vy € Cy. (3.6)

In view of x* € EP(Q) and y, € C, we have O(x",y,) > 0. Hence, it follows from the pseu-
domonotonicity of ® that ®(y,,x*) < 0. This together with (3.6) ensures that

(zn — PnsX" = 2n) > UAn® (Y, 2n)- (3.7)

From wy, € 0,0(py, - )yn, We get (wy,y —yn) < O(pn,y) —O(pn,vn), Vy € H. Setting y = z,, in
the inequality above, we arrive at

<Wn>Zn _yn> < ®(PnaZn) - ®(Pna)’n)a Vye 2. (3.8)

From z, € C,, it follows that

(Pn—=Yns2n = Yn) < AalWnsZn — Yn)s
which together with (3.8) implies

<pn_ynazn_yn> < ;\fn<®(PnaZn) _®(pna)7n))- (3.9)
Consequently, combining (3.7) and (3.9) yields that

2/1n—|—1 [<pn — Yns2n _yn> - A'n(cl Hpn _ynH2 +02Hyn _ZnHz)]

< ZAHAW-H [®(pn7Zn) - ®(pn;yn) - ||pn _ynHz - CZHyn - ZnHZ]
< 2UAO (Y, 7n)

< 2(zn — P, X* — 2n)-

It follows that

Ans1(]| Pn —)’nH2 + |lzn —ynHz — || pn _ZnHZ)

< Npn =P = llzn = pall® = llzn =21 + 240 Ans1¢1 [ P = yall* + 240 An 12l yn — 2l

This leads to the desired conclusion.
Step 2. Show that {x,} is bounded.

Indeed, since 1 > limsup,_,., ¥, > liminf, ... %, >0and 1 > limsup,_,., 0, > liminf, .. 0,, >
0, we may assume, without loss of generality, that {7, } C [a,b] C (0,1) and {0,,} C [c,d] C (0,1).
From x* € Q = Y, Fix(T;) NEP(®), we get Tx* = x*, T,x* = x* and x* € EP(®). From
Proposition 2.1, we get pu < A, < 8. Then, it follows from (3.4) that

120 = x| < llpn =27 (3.10)
It follows from the definition of p, that
[pn =" = [ + 0 (X — X—1) — 7|

Op

) (3.11)
< Jn = X" + B - 5 %0 — Xn—1])-
n
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According to (3.3), we have %Hxn —Xp—1|| = 0 (n — o0). So, there exists a constant My > 0
such that

(04
ﬁ—”llxn—xn,nl < M. (3.12)
n

Combining (3.10), (3.11) and (3.12), we arrive at
20 =X < [lpa = x| < |l — x"[| + BuMo. (3.13)
In view of v,, = 6,py + (1 — 0,,) T, pn, We get
Vi = x*|| < Gullpn — x| 4+ (1 = Gu) | Tapn — x7[| < [l pn — X7
Therefore, from 3, + 79, < 1, Lemma 2.2 and (3.13), we conclude that

wsr — 1) < Bl () — G G 1)+ Bl ]
. . I_Yn . Bn

R ey
< Bl I+ 1)~ )+ a6
La-mle- P =
< Bl I+ 17~ )+ a5
Ha-mli- —
< (1= Bl O~ BaMo) + BullLF ) |+ 11— V)
< (1= B Ol |+ BuMo+ ") — ] + (= v

= (1= Bl D)l " + B — ) TV

VE)Tz, —x*||

* Bn *
VF)x +1—Yn<l VF)x"||

VF)Tz,— (I —

)llzn — x| + I(Z = vF)x|]

T—¢§
M, *) —x* I —VF)x*
< max( [, x|, M) = M= vPY
¢
By induction, we obtain
M, ) —x* I—VF)x*
Hxn_x*H SmaX{H)q—X*” ()-f-”f(X) X ||+H( )x H}’ vnz 1.

Y T—C

Thus, {x,} is bounded, so are {p,},{z.},{f(zn)},{Twpn}, and {Tz,}.
Step 3. Show that {x,} converges strongly to x*.
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Indeed, utilizing Lemma 2.2, (3.10), the convexity of the function A(s) = s, Vs € R, we obtain
that

e er =X 1% = [1Ba(F (zn) = S &) + Y v =) + (1= 1) [(T = 5 by,

VB B - vEIP

-

< 1B/~ £+ 00m =) + (1= 0= T2V,
Bn

—(1—WvF)x*]H%rzﬁn((f—vF)x*,xn+1 —x") (3.14)
< Bulllzn =X+ allpw =5l + (1= But = %) 12w —x*|]°
+2Bu{(f = VF)x" Xnp1 —x7)
< Bulllzn =212+ Wl pw =17 + (1= But — 1) 2w — 217
+ 2B {(f = VF)x" X1 —x7)
< (1= Bu(T = O)llpn =¥ [ +2Bu{(f = VF)x* 241 —x7).
dueto B8+ +(1—But—1%) =1—B(t— &) < 1. We claim that
a1 =x*[> < [1=Balz —ZJ)]Hxn—ka2

FBa(t— )2 (f — VE)X" s —x) + 2, — ]

for some M > 0. In fact, we get

1o =211 < fl = 2112 =+ 0t — X1 112200 — 2 + 0t — 201 ] (3.15)
Combining (3.14) and (3.15), we deduce that
[Pene1 =217 < [1 =BT = )l o =[P +2Ba{(f = VE )" xne1 —x7)
< (1= Bl = O w22+ Gl — 5 (2] — 2|+ @l 5011}
+2Bn((f = VF)x" , xn 11 —x7)
< (1= B = &) len =21 4 0l — 201 [[[2]1 60— | 4+ 0t 60 — 21 ]
+ 2B ((f = VF)x* X1 —x7)
< (1= B = ) len =21 4 0l — 201 [[3M +2Bu{(f = VF )" 21 — ")
=[1=Bu(t— )]
{

+ﬁn(r—C)[2 (f— VFT))i an+1 ) N T3MC g:Hxn ol

o — "1

(3.16)
where sup,,~ {||xn —x*||, 0 ||xn —x4—1]|} <M for some M > 0. Foreachn > 1, we set I';, =
%0 — x*[12, & = Bu(t — &) and O, = oty||xy — X1 ||3M + 2B, ((f — VF)x*,x,41 —x*). Then
(3.16) can be rewritten as the following formula ', | < (1 —¢&,)T, + Oy.

Finally, we show the convergence of {I',;} to zero by the following two cases:
Case 1. Suppose that there exists a positive integer ngy such that {I',} is non-increasing for
n > ng. Then we obtain that the limit lim,, e ||x,, — x*|| exists and I, — ;11 — 0 as n — 0. So,
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it follows from (3.4), (3.14) and (3.15) that

X1 — ¥
<[1=Ba(T =) = Wlllza = x> +Wallpn = X" [1P +2Bal(f = VF)x* X1 — x*)
<[1=Bu(t =) = Wllllpn = x> = (1 = A1) Pn = 20> = Ans 1 (1 = 22n€1) | P = vl I?
— A1 (1 _27an2)||zn_)’n||2] +yn||Pn_X*||2+2ﬁn||(f_ VE)x*||[[x+1 — x|
<[1=Ba(t = Olpn = x*[1> = [1 = Balt = &) = %[(1 = A1) | 1 — 2 ?
A+ A1 (1 =2,¢1) || Pn = ¥all? + A1 (1 = 22062) |20 — yul|?] + BaMi
< []xn _X*||2+an||xn —Xp—1(13M = [1 = (T — &) — W] [(1 = A1) | P _Zn||2
F 1 (1 =221 Pn = ¥all* + Ani1 (1= 220€2) |20 — ¥ |*] + BaM1,

where sup,,~ 1 2[|(f — VF)x*||[|x, —x*|| < M} for some M; > 0. This immediately yields

[1=Ba(t = &) = %l [(1 = A )10 — zall* + A1t (1= 22¢1) || Pr — ¥
+Afn+l(1 - Z)VnCZ)HZn _ynHz] <I, _Fn—l—l + aonn —Xn—1 H3M+ﬁnM1

Since I, = T',11 — 0, B, — 0, o ||x, — x4—1]| — 0 and liminf, (1 —7,) > 0, we obtain from
pu <A, <6 (Vn>1)that

,}grolo 1Pn =zl = ,}5130 [[Pn—ynll = ,}1_{{)10 |20 — ynll = 0. (3.17)
Since p, = x, + a, (x, —x,—1), We get
lim ||p, — x,|| = lim o, ||x, — x,—1]| = 0. (3.18)
n—oo n—oo
It follows from (3.13) that

Penst =12 = 11Ba(f (z0) = VT 20) + Ya(vn = X) + (1 = 1) (T 20 — ) ||
< (vn =)+ (1= %) (Tzn — )12 +2Bu(f (zn) — VF Tz, st — X*°)
= Yal[vn _X*Hz"" (1 =1 Tzn _X*”z — V(1= W) [[va — TZn||2
+2Bu(f(zn) — VF Tz, Xp11 — X*)
= YalOullpn — X[ + (1 = ) | Tupn — x> = 04 (1 — G) | pn — Tupul*]
+ (=9I Tzn = x| = %1 = 1) Iva = Tzal* +2Bul f (2n) = VF Tz, X1 = x°)
< Walllpn = X1 = 60 (1 = 6) [ Pn — Tupul 71+ (1 = ) |20 — x*[|?
= Y1 =%)l[vn — TZn||2 +2Bn(f (zn) = VET 20, Xn 11 — X7)
< Wl ([Pen =¥ + BaMo)* — 6 (1 = 63) || pn — Tupul|’]
+ (1= %) (0 = x*[| + BaM0)* — Ya (1 = 1) [lve — Tzal?
+ 2Bl f(zn) = VFT 24 |||| X041 — X7
< (|l = x*|| + BuMo0)* = %1Gu(1 = G) || pn = Tupal®
—~ Y1 = %) |[Ve = Tza||* +2Bul| £ (zn) — VF T 2| || Xn1 — X7,
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which immediately yields
10n (1= 6)l|Pn = Tupull* + %a(1 = %) [lva — Tz
< ([l =27 ||+ Bub0)? = [1xn1 = x*[|> 2Bl (z) = VET 2l || X011 —x7]|
= Do =gt + BuMo (2| — x| + BaMo) +2Bul|.f (20) = VE Tzl [l 041 — x7]].

Since B, — 0, I, =1 — 0, {%} C [a,b] C (0,1) and {0, } C [c,d] C (0,1), we have from
the boundedness of {x,} and {z,} that

2 2
| I

lim ||p, — Typnl| = lim ||v, — Tz,|| = 0. (3.19)
n—oo n—soo
It follows that
(Vi — TZn||2 = Onl|pn— TZnH2 + (1 =) Tupn — Tz,,||2 —0,(1—0n)|lpn— Tnpn||2-
By making use of (3.19) and {0, } C [¢,d] C (0, 1), we see that
lim || p, — Tz,|| = lim ||T,,p, — Tzy|| = 0. (3.20)
n—oo n—soo

In view of (3.17), (3.18), (3.19) and (3.20), we conclude that || Tz, — xu|| < |Tzn — zal| + |20 —
Xnll = 0, [[vi = x| < |V — Tznl| + | T2n — xn]| = O,

”Zn_an < Hzn_PnH + Hpn_xn” — 0, (3.21)
HTZn_Zn” < HTZn—an"i_Hpn_ZnH — 0, (3.22)
[|yn —Xn|| < ||yn_ZnH + ”Zn_an —0, (3.23)

as n — oo, Hence,
%1 = Xnll = | Bn(f(zn) = VETzn) + Ya (v —xn) + (1 = %) (Tzn — xa) |
< Ball £(zn) = VE Tzl + Yal[vi — x|l + (1 = 1) | Tzn — x| (3.24)
< Bullf(zn) = VF T zn|| + [vi — xu|| + [ T 20 — xa|| — O
as n — oo. Furthermore, from the boundedness of {x, }, it follows that there exists a subsequence
{xn, } of {x,,} such that
limsup((f — VF)x"*,x, —x*) = lim ((f — VF )x",x,, —x"). (3.25)

n—o0 k—ro0

Since space H is reflexive and sequence {x,} is bounded, we may assume, without loss of
generality, that x,, — X. Hence, it follows from (3.25) that

limsup((f — VF)x*,x, —x*) = klim((f— VF)X"  xp —x") = ((f — VF)x",x—x%).  (3.20)

n—yoo

We next claim that ¥ € EP(0). In fact, by the definition of y,, we get

0€ 9(1®(pn.y) + 3 Ipn — ¥IP) ) + Nelom).
Hence, there exist w € d,®(py, ) (v,) and w € N¢(y,) such that A,w+y, — p, +w = 0. Thus,
Yn = P>y = Yn) = An{W, 0 = ¥) + (W, 30 —y)- (3.27)
From w € N¢(y,), we obtain that (w,y —y,) < 0 Vy € C. This together with (3.27) implies

that (yn — P,y = ¥n) = AW,y — ¥), ¥y € C. From w € 1O(py,-)(yn), We get (w,y, —y) >
O(pn,yn) — O(pn,y), ¥y € H, By the last two inequalities, we have

M(O(pn,y) — O(pn,yn)) = (pn—Yn,y —yn), VyeC. (3.28)



MODIFIED INERTIAL SUBGRADIENT EXTRAGRADIENT ALGORITHMS 291

Owing to (3.18), we have p, — X. Also, by (3.23), we get y,, — X. By the definition of y,, we
know that y, € C, Vn > 1. Note that subset C is closed and convex set and space H is Hilbert.
So, C is weakly closed. Thus, ¥ € C. From A, < § < 1 and (3.28), we infer that

®(pnk7y> _®(Pnk»)’nk) > <pnk _ynkay_ynk>7 vy eC.

Letting k — oo, since O is jointly weakly continuous (condition (A3)), we get ®(%,y) > 0, ¥y € C.
This ensures that X € EP(®).

We further claim that & € Y, Fix(7;). In fact, we show that lim, e ||p, — Tjpa|| = O for
[=1,...,N. Note that fori = 1,...,N,

Hpn - n+iPnH < Hpn _Pn+iH + Hpn+i - Tn+ipn+iH + HTn+iPn+i - Tn+iPnH
<2||pn = Putill + |Pati — Tt iPnvill
< 2([|pn = xall + 1xn — Xnill + [1Xnti — Putill) + | Prti — TnsiPril -

Hence, from (3.18), (3.19) and (3.24), we get lim,, o || py — Ty4ipn|| = 0 for i = 1,...,N. This
immediately implies that

lim [|py —Tipall =0, forl=1,...,N. (3.29)
n—oo

From p;,, —x, — 0, z, —x, — 0 (due to (3.18), (3.21)) and x,, — X, we get p,, — X and z,,, — X.
From (3.22), we have p, — T;p,, — 0 for [ =1,...,N. Note that Lemma 2.3 guarantees the
demiclosedness of I — T; at zero for [ = 1,...,N. Thus & € Fix(7}). Since [ is an arbitrary element
in the finite set {1,...,N}, we get ¥ € NY_ | Fix(T;). Also, note that lim, e ||z, — T'z4|| = 0 (due
to (3.22)). So, utilizing the demiclosedness of I — T at zero, we deduce from z, — X that
% € Fix(T), which hence yields % € N, Fix(T;). Consequently, ¥ € N, Fix(7;) NEP(®) = Q.
In view of (3.26), we get

limsup(((f — VF)x",x, —x*)) = ((f — VF)x",f —x") <0, (3.30)

n—oo
which, together with (3.24), leads to

limsup((f = VF)x", x4 —x7)
n—soo

= limsup[((f — VF)x", Xy 11 —Xn) + {(f — VF)x",x, —x7)] (3.31)

n—oo

< timsup|(f = VE)x' |||l — ol + ((f = V)" 3, —x)] < 0.
n—oo

Note that {f,(7—{)} C [0,1], ¥ Bu(T— §) = o, and
2((f — VF)x* —x* 3M n
limsup[ <(f v )x yXn+1 — X > + i
n—oo T— C T— C ﬁn
Therefore, applying Lemma 2.4 to (3.16), we get limy_,, ||x, —x*|| = 0.

Case 2. Suppose that there exists {I',, } C {I',} such thatI',, <T', 11, Vk € Z, where Z is the
set of all positive integers. Define the mapping 7 : Z — Z by

t(n) :=max{k <n:T} <y}
By making use of Lemma 2.5, we get

Uiy <Teyer and Iy <Tpppyqg
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Putting I',, = ||x, — x*||?, Vn € Z and using the same inference as in Case 1, we can obtain
Jim [z 1 —Xe(n) | =0, (3.32)

and limsup,,_,..((f — vF)x*,xT(n)H —x*) <0. In view o L) < Tyny41 and 0 < [31(,1), we
conclude from (3.16) that

M 20 sty = ey

T_C ﬁr(n) T(n) T(n)—11

* 2 * *
Xy — x*[|” < q((f—VF)x Xg(ny41 —X )+

and hence limsup,,_,, [|x7(;) —x* |?> < 0. Thus, lim,, e [[xz(n) — X" |?> = 0. From (3.32), we have

X241 — X7 = [[xe( —x*I
= 2(Xg() 41— Xe(n)>Xe(n) — %) + Xo(n 11 — X2
< 2/xz ()1 — X 12y = X1+ X2y —Xe |2 =0 (n— o).

Thanks to Iy <T';(,,) 11, we get
[l —x*[|* < Hzxf(n>+1 —x|? ,
< gy = X7+ 2%z )11 = X ey = 2|+ 1z 41 — X I~
So it follows from (3.32) that x,, — x* as n — oo. This completes the proof. [

Next, we introduce another modified inertial subgradient extragradient algorithm.

Algorithm 3.2. Initial Step: Let 41 >0, & >0, p € (0,1), § <min{l, 55,5}, 0<pu <8
and xg,x| € H be arbitrary.

Iterative Steps: Calculate x,,, | as follows:

Step 1. Given the iterates x,_; and x, (n > 1), choose o, such that 0 < o, < @&, where

. 8}’1 .
5, = Mo Emyh A,
a, otherwise.

Step 2. Compute p, = x,, + 0, (x, —x,—1) and
. 1
yn = argmin{2,0(pn,y) + 5 P —yII* :y € C}.
Step 3. Pick w, € d,0(py, - )yn, construct
Cp = {2z € H : {(pn— 2aWn) = Yn,2—yn) < 0}
(i.e., a half-space whose bounding hyperplane supports C at y,), and compute
. 1
2 = argmin{pA,O(y.y) + 5P =)II* 1y € G}
Step 4. Calculate v, = o,p, + (1 —0,)Tz, and
Xnt1 = Puf(zn) + Yuvn + (1 = Y)I = BuVF ) Ty P,

and update

1O (yn,2n) )
O(pn:zn) = O(Pn,yn) = c1llpn = yull* = c2llyn — 2> + 1
Set n:=n+ 1 and return to Step 1.

Apt1 = min{0,
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Theorem 3.2. Let C be a nonempty closed convex subset of a real Hilbert space 7. Let {x,}
be the sequence constructed by Algorithm 3.2. Then x,, — x* € Q, which is a unique solution to
the VIP: ((VF — f)x*,p—x*) >0, Vp € Q.

Proof. Utilizing the same inference as in the proof of Theorem 3.2, we deduce that there exists a
unique solution x* € Q = NY Fix(T;) NEP(®) to the VIP ((VF — f)x*,p—x*) >0, Vp € Q.
Next, we divide the rest of the proof into several steps.
Step 1. We show that inequality (3.4) in the proof of Theorem 3.1 still holds. Indeed, utilizing
the same arguments as in the proof of Theorem 3.1, we derive the desired assertion.
Step 2. Show that {x, } is bounded.
Indeed, utilizing the same arguments as in the proof of Theorem 3.1, we deduce that inequali-
ties (3.10)-(3.13) and (3.15) still hold. From v, = o,p, + (1 — 0,,)Tz,, we get

Vi = x*|| < Gnllpn — x| + (1 = 0) | Tzn — x| < [[pn —x7|.
Therefore, Lemma 2.2, (3.13) and (3.15) guarantees that

Peer = x| < Bulll£(za) = FOON| + £ G5) = 2¥I1) + Tallvn —*]
+(1 = Bo = )| (2525 — == VF) Tupn — |

Bn

<l3n(C||zn—X*||+Hf( A2t pllon )

+(1 =)l = LV Tupy — (1= 2ovF)x 4+ o (1 vF )|
< BulCllon—* 1+ IFG) ') + nllon — ']

+(1 =Y = Ba )| pn —x*[| + Bull (1 — V)"

<1 =BT = O[]0 —x*|| 4+ BuMo) + Ba([lf () —x*[| + [|(1 — VF)x*||)
< 1= Bu(t=O)]|Jxn — x| + Bu(z—=&) - Mo+||f (") —x"||+[|T=VF)x"]]

¢
dl Mo+[|f (") x| +[|(T=VF)x H}
Y T_C

< max{||x, —x

By induction, we obtain

*” Mo+ |[f () =x*[[ +[[(1 = vF)x

il
Vn>1.
Y T—C }’ n—

e = x| < max{[ry —x

Thus, {x,} is bounded, so are {p,},{z.},{f(zn)},{Twpn} and {Tz,}.
Step 3. Show that {x,} converges strongly to x*.
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Indeed, utilizing Lemma 2.3, (3.10) and the convexity of the function h(s) = s> Vs € R, we
obtain that

1 — 7|2

< 1B (an) = 767 + 300 =) 4 (1= W~ 2 vE )T,

(P VEW I+ 2B~ VW et =)
< BuGlon— 4 1(Gllpa 12+ (1= Ga)za 1)+ (1= Bz = ) lpu I
P2/~ VI 1 )
<[ Bz = Ollln 4 26 (0 — VI s )
< [ B O =" I+ 0lltn —5u a2l 1+ e 5]}
+2Bu((f = VF)x", xp 11 —x7)

w112 2((f — VF)x*,xp 41 —x*> 3M o
< 1= Bal = )bt —x"P+ Bul = O] P g gl
(3.33)
where sup, - {||xn —x*||, & ||xn —xn—1]|} <M for some M > 0. For eachn > 1, we set I, =
2, — x*||%, & = Bu(t — ) and O, = @ ||xp — x5 1||3M + 2B, {(f — VF)x*,x, 1 — x*). Then
(3.33) can be rewritten as I';,11 < (1 — &), + Oy.
Finally, we show the convergence of {I',} to zero by the following two cases:
Case 1. Suppose that there exists a positive integer ng such that {I',} is non-increasing for
n > ng. Then we obtain that the limit lim,,_ ||x, — x*|| exists and ', —T',,;.1 — 0 as n — 0. So,
it follows from (3.4), (3.15) and (3.33) that

-

Hxn—i-l _JC*H2

< Bl + (1= 0)]l|zn —x* 1P+ [1 = BaT = 1u (1 = G)] [l o —x* ||
+2Bu((f — VF)x*, xp11 — X¥)

< [1=Bu(t = Ollpn — x*|1* = [Ba& + 11 — 6)][(1 — A1) | — 2l
+ A1 (1 =220 Pn = ¥ull* + A1 (1 = 22002) || 20 — Y ||?] -+ BuMy

< ot — || + A l|%0 — X0 1]13M — [Bi& + % (1 — 6)][(1 = Ay 1) || P — 2a|?
i1 (1 =221 [|Pn = Yull> + Ans1 (1= 22062) |z — vl ] + BuM1,

where sup,,~ | 2[|(f — VF)x*||||x, —x*[| < M for some M; > 0. This immediately yields

1B1C + ¥(1 = 0)][(1 = A1) Pr — 20l|* + A1 (1 = 220¢1) || Pn — Y2
A2 1 (1 =222 |20 = yull?] €T = Tt + O || — X 1||3M + B.M;.

Since I, =41 — 0, By — 0, ay|lx, —xp—1|| = 0 and liminf, . %,(1 — 0,) > 0, we obtain
from pu < A, < 8 that

lim || py — zu|| = 1im [|py — y|| = lim ||z, — yu[[ = O
n—oo n—oo n—oo
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In view of p, = x, + 0 (X, — X1 ), wWe get lim,, o0 || pn — x5 || = 0. It follows from (3.13) that
[ _)C*H2 < tallva _)C*H2 + (1= %) 1 Twpn _X*Hz — (1= %) [[ve — nPnH2
+2Bu(f (zn) = VETypn, X1 — X7)
< llln — 21— 6a(1 = G} [n — TzallP] (1= ) [ pw — 5"
= %1 =%)l[vn — Tnan2 +2B4u(f(2n) = VETupn; X1 —X*)
< (|l = (| + BaMo0)* = 10u(1 = Gp)[| pn — Tza|?
— V(1= %)V = Tpull® + 2Bl f (2n) — VE Tl |41 — X",
which immediately yields
1%0n(1 = 6)llPn = Tzl|* + ¥ (1 = %) [V — Tl
< T =gt + BuMo(2|xn — x*|[ + BaMo) + 2Bl f (zn) = VFTupa| |1 — x*-

Since B, = 0, T, — Ty — 0, {%} C [a,b] C (0,1) and {0, } C [¢,d] C (0,1), we have from
the boundedness of {x,},{z,} and {T,,p,} that

lim [[p, — T = lim v~ Ty =0, 334
Note that
v — nPnHZGnHPn nPn||2 (1_Gn)”TZn_TnPnH2_0n<1_Gn)HPn_TZnHz-

So it follows from (3.34) and {0, } C [¢,d] C (0,1) that
r}i_r&HPn—TnPnH :}EIC}OHTZn_TnPnH =0. (3.35)

Thus, from (3.34) and (3.35), we deduce that ||[v, — x| < ||vi — Tupull + || Tupn — pall + || pn —
Xnll = 0, || Tpn — xn|| < || Twpn — vl + ||va — 20| — 0 as n — o=. Hence,

X1 =xall - = 1Bu(f(zn) = VETupn) + Yo (v = 2%n) + (1 = %) (Tnpn — ) |
< Bullf (zn) = VETupall + va = xall + 1 T2 pn = 20| = 0

as n — oo. In addition, utilizing the similar arguments to those of (3.30) and (3.31), we have
limsup,,_,.((f — VF)x*,x, —x*) <0, and limsup,_,.((f — VF)x*,x,+1 —x*) < 0. Note that

{ﬁn(f_ C)} - [07 1]7 Z:;ozlﬁn(f_ C) = oo, and
limsu [2<(f_ VF)X*,)C”_H _X*> M oy
n—><x>p ‘L'—C T — C ﬁn

Therefore, using Lemma 2.4, we have lim,,_,¢ ||x,, —x*|| = 0.

Case 2. Suppose that there exists {I';, } C {I';} such thatI',, <I', 1, Vk € Z. Define the
mapping T :Z — Z by 7(n) := max{k <n:Ty <T'ti1}. In the remainder of the proof, utilizing
the same arguments as in Case 2 of the proof of Theorem 3.1, we obtain the desired assertion.
This completes the proof. H

X —xn-1]|] <O
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