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Abstract. In this paper, we introduce the modified inertial subgradient extragradient algorithms for
solving the pseudomonotone equilibrium problems with the constraint of nonexpansive mappings. In our
algorithms, the subgradient projection onto some constructible half-space is used in place of the second
minimization problem over a closed convex set, and a new approach for attaining the step-size is provided.
Strong convergence theorems are established in the framework of Hilbert spaces.
Keywords. Inertial subgradient extragradient method; Pseudomonotone equilibrium problem; Nonexpan-
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1. INTRODUCTION

Let H be a real Hilbert space. Given a nonempty closed convex subset C ⊂H and a
sequence {xn} ⊂H , we use the notation xn→ x, where x is a point in H , to denote the strong
convergence of {xn} to x. We use the notation xn ⇀ x, to denote the weak convergence of {xn}
to x. Given a mapping S defined on H , we denote by Fix(S) the fixed point set of S. Recall
that mapping S is said to be L-Lipschitz continuous if there exists a positive real number L
such that ‖Sx− Sy‖ ≤ L‖x− y‖, ∀x,y ∈H . If L < 1, then S is called a contractive mapping.
If L = 1, then S is called a nonexpansive mapping, that is, ‖Sx− Sy‖ ≤ ‖x− y‖, ∀x,y ∈H .
Furthermore, S is call a quasi-nonexpansive mapping if Fix(S) 6= /0 and ‖Sx− y‖ ≤ ‖x− y‖,
∀x ∈H ,y ∈ Fix(S). We remark here that the class of quasi-nonexpansive mappings is quite
different with the class of nonexpansive mappings. Nonexpansive mappings are Lipschitz
continuous, however, the class of quasi-nonexpansive mapping may be discontinuous. The
theory of nonexpansive mappings finds a number of applications in convex optimization. Both
the class of quasi-nonexpansive mappings and the class of nonexpansive mappings have been
investigated extensively recently; see, e.g., [1, 2, 3, 4, 5] and the references therein. Recall
that S is demiclosed at zero if for any sequence {xn} with xn ⇀ x, the implication holds:
Sxk → 0⇒ Sx = 0. Recall that a mapping S is said to be monotone if 〈Sx− Sy,x− y〉 ≥ 0,
∀x,y ∈H . S is said to be pseudomonotone if 〈Sx,y− x〉 ≥ 0⇒ 〈Sy,y− x〉 ≥ 0, ∀x,y ∈H ; S
is said to be strongly monotone if 〈Sx− Sy,x− y〉 ≥ β‖x− y‖2, ∀x,y ∈H , where β is some
positive real number. It is also called a β -strongly monotone mapping.
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Let PC be the metric projection from H onto C. It is known that PCx is nonexpansive and has
the following basic properties:

(1) ‖PCx− y‖2 ≤ ‖x− y‖2−‖x−PCx‖2, ∀y ∈C;
(2) 〈x−PCx,y−PCx〉 ≤ 0, ∀y ∈C;
(3) ‖PCx−PCy‖2 ≤ 〈PCx−PCy,x− y〉, ∀y ∈H .

Consider the classical variational inequality problem (VIP), which consists of finding x∗ ∈C
such that 〈Sx∗,x− x∗〉 ≥ 0, ∀x ∈C, where S is a monotone mapping on H . The solution set
of the VIP is denoted by Sol(C,S). The VIP provide a unified framework for lots of problems
arising in the real world; see, e.g., [6, 7, 8, 9, 10] and the references therein. To the best of our
knowledge, one of the most popular methods for solving the VIP is the extragradient method,
first investigated by Korpelevich [11] for saddle point problems in 1976. This method is efficient
for monotone VIPs with the aid of two projections. Recently, efforts and attention have been
given to various extragradient-like methods; see, e.g, [12, 13, 14, 15, 16] and the references
therein.

To improve the efficiency of Korpelevich’s extragradient method (due to the fact that two
projection are involved), Censor, Gibali and Reich [17] first introduced the subgradient extra-
gradient method, in which the second projection onto set C is replaced by a projection onto a
half-space, which is easy to implement

x0 ∈H ,
yn = PC(xn− `Sxn),
Cn = {y ∈H : 〈xn− `Sxn− yn,y− yn〉 ≤ 0},
xn+1 = PCn(xn− `Syn), ∀n≥ 0,

where S : H →H is a monotone κ-Lipschitz mapping, and ` ∈ (0, 1
κ
). They proved that the

sequence {xn} generated via the subgradient extragradient method converges weakly to a solution
x∗ ∈ Sol(C,S).

To accelerate the convergence rate of algorithms, much attention has been paid for developing
various fast iterative algorithms from the viewpoint of numerical analysis recently; see, e.g.,
[18, 19, 20, 21, 22] and the references therein. Among the recent acceleration methods, the
inertial method, which is originated from physics, that is, a dynamical system that describes the
behaviour of a rolling ball (heavy-ball dynamical system). The motion of the ball accelerates
due to inertia. In 2018, Thong and Hieu [23] investigated an inertial subgradient extragradient
algorithm and obtained the weak convergence of the algorithm. Recently, Thong and Hieu [24]
suggested an inertial subgradient extragradient method with line-search process for solving the
VIP with monotone and Lipschitz continuous mappings and the fixed point problem (FPP) of
quasi-nonexpansive mappings.

On the other hand, let Θ : C×C→ R be a bifunction with Θ(x,x) = 0, ∀x ∈C. Consider the
equilibrium problem (EP) of finding x∗ ∈C such that Θ(x∗,x)≥ 0, ∀x∈C. We denote the solution
set of the EP by EP(Θ), i.e., EP(Θ) = {x∗ ∈C : Θ(x∗,x)≥ 0, ∀x ∈C}. It is worth mentioning
that the EP is a unified model of several problems, namely, variational inequality problems,
optimization problems, saddle point problems, complementarity problems, fixed point problems,
Nash equilibrium problems and so forth. Many algorithms have been suggested and studied
for solving the EP and its extensions; see, e.g., [25, 26, 27, 28, 29] and the therein references.
Very recently, Dadashi, Iyiola and Shehu [26] suggested the following subgradient extragradient
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algorithm for solving the EP with a pseudomonotone, Lipschitz-type continuous bifunction.
Under some mild conditions, they established the weak convergence of their algorithm in Hilbert
spaces.

In this paper, we introduce modified inertial subgradient extragradient algorithms for solving
the pseudomonotone EP with the constraint of finitely many nonexpansive mappings and one
quasi-nonexpansive mapping in a real Hilbert space. In our algorithms, the subgradient projection
onto some constructible half-space is used in place of the second minimization problem over
a closed convex set, and a new approach for attaining the step-size is provided, that is, the
step-sizes are not fixed but generated by our algorithms. Strong convergence theorems are proved
under some suitable conditions.

2. PRELIMINARIES

Assume that C is a nonempty closed convex subset of a real Hilbert space H . The normal
cone NC(u) of C at u ∈C is defined by

NC(u) = {w ∈H : 〈w,v−u〉 ≤ 0, ∀v ∈C}.

The subdifferential of a convex function g : C→ R at u ∈C is defined by

∂g(u) = {w ∈H : g(v)−g(u)≥ 〈w,v−u〉, ∀v ∈C}.

Let g : C→ R be a convex subdifferentiable and lower semicontinuous function on C. Then,
x∗ ∈ C is a solution to the convex minimization problem min{g(x) : x ∈ C} if and only if
0 ∈ ∂g(x∗)+NC(x∗).

Recall that a bifunction Θ : C×C→ R is said to be
(i) pseudomonotone on C if Θ(x,y)≥ 0⇒Θ(y,x)≤ 0, ∀x,y ∈C;
(ii) Lipschitz-type continuous on C if there exist two constants c1,c2 > 0 such that

Θ(x,y)+Θ(y,z)≥Θ(x,z)− c1‖x− y‖2− c2‖y− z‖2, ∀x,y,z ∈C.

We assume that the bifunction Θ : C×C→ R satisfies the following conditions:
(A1) Θ is pseudomonotone on C and Θ(x,x) = 0, ∀x ∈C;
(A2) Θ(x, ·) is convex and subdifferentiable on H for every fixed x ∈ H;
(A3) Θ is jointly weakly continuous on ∆×C, where ∆ is an open set containing C in the

sense that if {xk} ⊂ ∆ and {yk} ⊂C are two sequences converging weakly to x ∈ ∆ and y ∈C,
respectively, then Θ(xk,yk)→Θ(x,y) as k→ ∞;

(A4) Θ is Lipschitz-type continuous on C with constants c1,c2 > 0.
It is easy to show that if the solution set EP(Θ) is nonempty, then the solution set EP(Θ) is

closed and convex.
From the Lipschitz-type continuity of Θ on C and [26, Lemma 2.5], we have the following

result immediately.

Proposition 2.1. Let C be a nonempty closed convex subset of a real Hilbert space H . Let
Θ be a Lipschitz-type continuous on C with constants c1,c2 > 0. Suppose that ρ ∈ (0,1), δ <
min{1, 1

2c1
, 1

2C2
} and 0 < µ < δ . Then, there exists a real number λ such that µΘ(y,z) ≥

λ (Θ(x,z)−Θ(x,y)− c1‖x− y‖2− c2‖y− z‖2) and ρµ < λ < δ , where x,y,z ∈C.

In addition, we also need the following lemmas for our main result.
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Lemma 2.1. [30] Let C be a nonempty closed convex subset of a real Hilbert space H . Let
A : C→H be a pseudomonotone and continuous mapping and let x ∈C. Then 〈Ax,y− x〉 ≥ 0,
∀y ∈C⇔ 〈Ay,y− x〉 ≥ 0, ∀y ∈C.

Lemma 2.2. [31] Let C be a nonempty closed convex subset of a real Hilbert space H . Let λ

be a real number in (0,1], and let T : C→H be a nonexpansive mapping. Let T λ : C→ H
be a mapping defined by T λ x := T x−λνF(T x), ∀x ∈C, where F : H → H is κ-Lipschitzian
and η-strongly monotone. Then T λ is a contraction provided 0 < ν < 2η

κ2 , i.e., ‖T λ x−T λ y‖ ≤
(1−λτ)‖x− y‖, ∀x,y ∈C, where τ = 1−

√
1−ν(2η−νκ2) ∈ (0,1].

Lemma 2.3. [32] Let C be a nonempty closed convex subset of a real Hilbert space H . Let Γ

be a nonexpansive self-mapping on C with Fix(Γ) 6= /0. Then I−Γ is demiclosed at zero, that is,
if {xk} is a sequence in C such that xk ⇀ x ∈C and (I−Γ)xk→ 0, then (I−Γ)x = 0, where I is
the identity mapping of H .

Lemma 2.4. [31] Let {ak} be a real sequence in [0,+∞) satisfying the condition: ak+1 ≤
(1− sk)ak + skbk, ∀k ≥ 0, where {sk} and {bk} lie in R := (−∞,∞) such that (a) {sk} ⊂ [0,1]
and ∑

∞
k=0 sk = ∞, and (b) limsupk→∞ bk ≤ 0 or ∑

∞
k=0 |skbk|< ∞. Then limk→∞ ak = 0.

Lemma 2.5. [33] Let {Γn} be a sequence of real numbers that does not decrease at infinity in
the sense that there exists a subsequence {Γnk} of {Γn} which satisfies Γnk < Γnk+1 for each
integer k ≥ 1. Define the sequence {τ(n)}n≥n0 of integers as follows:

τ(n) = max{k ≤ n : Γk < Γk+1},
where integer n0 ≥ 1 such that {k ≤ n0 : Γk < Γk+1} 6= /0. Then, the following hold:

(i) τ(n0)≤ τ(n0 +1)≤ ·· · and τ(n)→ ∞;
(ii) Γτ(n) ≤ Γτ(n)+1 and Γn ≤ Γτ(n)+1, ∀n≥ n0.

3. MAIN RESULTS

In this section, we present our main algorithms and analyze their convergence. Throughout
this section, we always assume that the following conditions hold:

Ti is a nonexpansive mapping on H for i = 1, ...,N, T is a quasi-nonexpansive mapping on
H with the fact that I−T is demiclosed at zero;

Θ satisfies conditions (A1)-(A4) such that Ω =
⋂N

i=0 Fix(Ti)∩EP(Θ) 6= /0, where T0 := T ;
f : H→H is a contraction with constant ζ ∈ [0,1), and F : H →H is η-strongly monotone

and κ-Lipschitzian such that ζ < τ := 1−
√

1−ν(2η−νκ2) for ν ∈ (0, 2η

κ2 );
{εn} ⊂ (0,∞), and {βn},{γn},{σn} ⊂ (0,1) are sequences such that
(i) βn + γn ≤ 1, ∑

∞
n=1 βn = ∞ and limn→∞ βn = 0;

(ii) 0 < liminfn→∞ γn ≤ limsupn→∞ γn < 1 and 0 < liminfn→∞ σn ≤ limsupn→∞ σn < 1;
(iii) εn = o(βn), i.e., limn→∞

εn
βn

= 0.
In addition, we write Tn := TnmodN for integer n≥ 1 with the mod function taking values in

the set {1,2, ...,N}, that is, if n = jN +q for some integers j ≥ 0 and 0≤ q < N, then Tn = TN ,
if q = 0, and Tn = Tq if 0 < q < N.

Algorithm 3.1. Initial Step: Let λ1 > 0, α > 0, ρ ∈ (0,1), δ < min{1, 1
2c1

, 1
2c2
}, 0 < µ < δ

and x0,x1 ∈ H be arbitrary.
Iterative Steps: Calculate xn+1 as follows:
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Step 1. Given the iterates xn−1 and xn (n≥ 1), choose αn such that 0≤ αn ≤ ᾱn, where

ᾱn =

{
min{α, εn

‖xn−xn−1‖}, if xn 6= xn−1,

α, otherwise.
(3.1)

Step 2. Compute pn = xn +αn(xn− xn−1), vn = σn pn +(1−σn)Tn pn and

yn = argmin{λnΘ(pn,y)+
1
2
‖pn− y‖2 : y ∈C}.

Step 3. Pick wn ∈ ∂2Θ(pn, ·)yn, construct Cn = {z ∈H : 〈(pn−λnwn)−yn,z−yn〉 ≤ 0} (i.e., a
half-space whose bounding hyperplane supports C at yn), and compute zn = argmin{µλnΘ(yn,y)+
1
2‖pn− y‖2 : y ∈Cn}.

Step 4. Calculate xn+1 = βn f (zn)+ γnvn +((1− γn)I−βnνF)T zn, and update

λn+1 = min{δ , µΘ(yn,zn)

Θ(pn,zn)−Θ(pn,yn)− c1‖pn− yn‖2− c2‖yn− zn‖2 +1
}. (3.2)

Set n := n+1 and return to Step 1.

Remark 3.1. (i) From (3.1), it follows that limn→∞
αn
βn
‖xn−xn−1‖= 0. Indeed, we have αn‖xn−

xn−1‖ ≤ εn, ∀n≥ 1, which together with limn→∞
εn
βn

= 0 implies that

lim
n→∞

αn

βn
‖xn− xn−1‖ ≤ lim

n→∞

εn

βn
= 0. (3.3)

(ii) It is easy to see that pn ∈ EP(Θ)⇔ pn = yn. In our convergence analysis, we assume that
pn 6= yn. According to Proposition 2.1, we have that λn+1 in (3.2) is well-defined and

µΘ(yn,zn)≥ λn+1(Θ(pn,zn)−Θ(pn,yn)− c1‖pn− yn‖2− c2‖yn− zn‖2).

We are now in a position to state and prove the first main result in this paper.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H . Let {xn}
be the sequence constructed by Algorithm 3.1. Then xn→ x∗ ∈Ω, which is a unique solution to
the VIP: 〈(νF− f )x∗, p− x∗〉 ≥ 0, ∀p ∈Ω.

Proof. From Lemma 2.2, we have

‖PΩ( f + I−νF)x−PΩ( f + I−νF)y‖
≤ ‖ f (x)− f (y)‖+‖(I−νF)x− (I−νF)y‖
≤ [1− (τ−ζ )]‖x− y‖ ∀x,y ∈H ,

which implies that PΩ( f + I−νF) is a contraction. Banach contraction principle guarantees that
PΩ( f + I−νF) has a unique fixed point, say x∗ ∈H, that is, x∗ = PΩ( f + I−νF)x∗. Thus, there
exists a unique solution x∗ ∈Ω to the VIP 〈(νF− f )x∗, p− x∗〉 ≥ 0, ∀p ∈Ω.

Next, we divide the rest of the proof into several steps.
Step 1. Show

‖zn− x∗‖2 ≤ ‖pn− x∗‖2− (1−λn+1)‖pn− zn‖2−λn+1(1−2λnc1)‖pn− yn‖2

−λn+1(1−2λnc2)‖zn− yn‖2 (3.4)

From the definition of zn and Proposition 2.1, we get

0 ∈ ∂2(µλnΘ(yn,y)+
1
2
‖pn− y‖2)(zn)+NCn(zn).
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Hence, there exist w ∈ ∂2Θ(yn, ·)(zn) and w̄ ∈ NCn(zn) such that µλnw+ zn− pn + w̄ = 0. Thus,

〈zn− pn,y− zn〉= µλn〈w,zn− y〉+ 〈w̄,zn− y〉. (3.5)

Since w̄ ∈ NCn(zn), we obtain that 〈w̄,y− zn〉 ≤ 0, ∀y ∈ Cn. This together with (3.5) implies
that 〈zn− pn,y− zn〉 ≥ µλn〈w,zn− y〉, ∀y ∈Cn. From w ∈ ∂2Θ(yn, ·)(zn), we have 〈w,zn− y〉 ≥
Θ(yn,zn)−Θ(yn,y), ∀y ∈H . By the last two inequalities, we have

〈zn− pn,y− zn〉 ≥ µλn(Θ(yn,zn)−Θ(yn,y)), ∀y ∈Cn. (3.6)

In view of x∗ ∈ EP(Ω) and yn ∈ C, we have Θ(x∗,yn) ≥ 0. Hence, it follows from the pseu-
domonotonicity of Θ that Θ(yn,x∗)≤ 0. This together with (3.6) ensures that

〈zn− pn,x∗− zn〉 ≥ µλnΘ(yn,zn). (3.7)

From wn ∈ ∂2Θ(pn, ·)yn, we get 〈wn,y− yn〉 ≤Θ(pn,y)−Θ(pn,yn), ∀y ∈H . Setting y = zn in
the inequality above, we arrive at

〈wn,zn− yn〉 ≤Θ(pn,zn)−Θ(pn,yn), ∀y ∈H . (3.8)

From zn ∈Cn, it follows that

〈pn− yn,zn− yn〉 ≤ λn〈wn,zn− yn〉,

which together with (3.8) implies

〈pn− yn,zn− yn〉 ≤ λn(Θ(pn,zn)−Θ(pn,yn)). (3.9)

Consequently, combining (3.7) and (3.9) yields that

2λn+1[〈pn− yn,zn− yn〉−λn(c1‖pn− yn‖2 + c2‖yn− zn‖2)]
≤ 2λnλn+1[Θ(pn,zn)−Θ(pn,yn)− c1‖pn− yn‖2− c2‖yn− zn‖2]
≤ 2µλnΘ(yn,zn)
≤ 2〈zn− pn,x∗− zn〉.

It follows that

λn+1(‖pn− yn‖2 +‖zn− yn‖2−‖pn− zn‖2)
≤ ‖pn− x∗‖2−‖zn− pn‖2−‖zn− x∗‖2 +2λnλn+1c1‖pn− yn‖2 +2λnλn+1c2‖yn− zn‖2.

This leads to the desired conclusion.
Step 2. Show that {xn} is bounded.

Indeed, since 1> limsupn→∞ γn≥ liminfn→∞ γn > 0 and 1> limsupn→∞ σn≥ liminfn→∞ σn >
0, we may assume, without loss of generality, that {γn}⊂ [a,b]⊂ (0,1) and {σn}⊂ [c,d]⊂ (0,1).
From x∗ ∈ Ω =

⋂N
i=0 Fix(Ti)∩EP(Θ), we get T x∗ = x∗, Tnx∗ = x∗ and x∗ ∈ EP(Θ). From

Proposition 2.1, we get ρµ < λn < δ . Then, it follows from (3.4) that

‖zn− x∗‖ ≤ ‖pn− x∗‖. (3.10)

It follows from the definition of pn that

‖pn− x∗‖= ‖xn +αn(xn− xn−1)− x∗‖

≤ ‖xn− x∗‖+βn ·
αn

βn
‖xn− xn−1‖.

(3.11)
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According to (3.3), we have αn
βn
‖xn− xn−1‖ → 0 (n→ ∞). So, there exists a constant M0 > 0

such that

αn

βn
‖xn− xn−1‖ ≤M0. (3.12)

Combining (3.10), (3.11) and (3.12), we arrive at

‖zn− x∗‖ ≤ ‖pn− x∗‖ ≤ ‖xn− x∗‖+βnM0. (3.13)

In view of vn = σn pn +(1−σn)Tn pn, we get

‖vn− x∗‖ ≤ σn‖pn− x∗‖+(1−σn)‖Tn pn− x∗‖ ≤ ‖pn− x∗‖.

Therefore, from βn + γn ≤ 1, Lemma 2.2 and (3.13), we conclude that

‖xn+1− x∗‖ ≤ βn(‖ f (zn)− f (x∗)‖+‖ f (x∗)− x∗‖)+ γn‖vn− x∗‖

+(1−βn− γn)‖(
1− γn

1−βn− γn
I− βn

1−βn− γn
νF)T zn− x∗‖

≤ βn(ζ‖zn− x∗‖+‖ f (x∗)− x∗‖)+ γn‖pn− x∗‖

+(1− γn)‖(I−
βn

1− γn
νF)T zn− (I− βn

1− γn
νF)x∗+

βn

1− γn
(I−νF)x∗‖

≤ βn(ζ‖zn− x∗‖+‖ f (x∗)− x∗‖)+ γn‖pn− x∗‖

+(1− γn)[(1−
βn

1− γn
τ)‖zn− x∗‖+ βn

1− γn
‖(I−νF)x∗‖]

≤ [1−βn(τ−ζ )](‖xn− x∗‖+βnM0)+βn(‖ f (x∗)− x∗‖+‖(I−νF)x∗‖)
≤ [1−βn(τ−ζ )]‖xn− x∗‖+βn(M0 +‖ f (x∗)− x∗‖+‖(I−νF)x∗‖)

= [1−βn(τ−ζ )]‖xn− x∗‖+βn(τ−ζ ) ·M0 +‖ f (x∗)− x∗‖+‖(I−νF)x∗‖
τ−ζ

≤max{‖xn− x∗‖, M0 +‖ f (x∗)− x∗‖+‖(I−νF)x∗‖
τ−ζ

}.

By induction, we obtain

‖xn− x∗‖ ≤max{‖x1− x∗‖, M0 +‖ f (x∗)− x∗‖+‖(I−νF)x∗‖
τ−ζ

}, ∀n≥ 1.

Thus, {xn} is bounded, so are {pn},{zn},{ f (zn)},{Tn pn}, and {T zn}.
Step 3. Show that {xn} converges strongly to x∗.
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Indeed, utilizing Lemma 2.2, (3.10), the convexity of the function h(s) = s2, ∀s∈R, we obtain
that

‖xn+1− x∗‖2 = ‖βn( f (zn)− f (x∗))+ γn(vn− x∗)+(1− γn)[(I−
βn

1− γn
νF)T zn

− (I− βn

1− γn
νF)x∗]+βn( f −νF)x∗‖2

≤ ‖βn( f (zn)− f (x∗))+ γn(vn− x∗)+(1− γn)[(I−
βn

1− γn
νF)T zn

− (I− βn

1− γn
νF)x∗]‖2 +2βn〈( f −νF)x∗,xn+1− x∗〉

≤ [βnζ‖zn− x∗‖+ γn‖pn− x∗‖+(1−βnτ− γn)‖zn− x∗‖]2

+2βn〈( f −νF)x∗,xn+1− x∗〉

≤ βnζ‖zn− x∗‖2 + γn‖pn− x∗‖2 +(1−βnτ− γn)‖zn− x∗‖2

+2βn〈( f −νF)x∗,xn+1− x∗〉

≤ [1−βn(τ−ζ )]‖pn− x∗‖2 +2βn〈( f −νF)x∗,xn+1− x∗〉.

(3.14)

due to βnζ + γn +(1−βnτ− γn) = 1−βn(τ−ζ )≤ 1. We claim that

‖xn+1− x∗‖2 ≤ [1−βn(τ−ζ )]‖xn− x∗‖2

+βn(τ−ζ )[ 2
τ−ζ
〈( f −νF)x∗,xn+1− x∗〉+ 3M

τ−ζ
· αn

βn
‖xn− xn−1‖],

for some M > 0. In fact, we get

‖pn− x∗‖2 ≤ ‖xn− x∗‖2 +αn‖xn− xn−1‖[2‖xn− x∗‖+αn‖xn− xn−1‖]. (3.15)

Combining (3.14) and (3.15), we deduce that

‖xn+1− x∗‖2 ≤ [1−βn(τ−ζ )]‖pn− x∗‖2 +2βn〈( f −νF)x∗,xn+1− x∗〉

≤ [1−βn(τ−ζ )]{‖xn− x∗‖2 +αn‖xn− xn−1‖[2‖xn− x∗‖+αn‖xn− xn−1‖]}
+2βn〈( f −νF)x∗,xn+1− x∗〉

≤ [1−βn(τ−ζ )]‖xn− x∗‖2 +αn‖xn− xn−1‖[2‖xn− x∗‖+αn‖xn− xn−1‖]
+2βn〈( f −νF)x∗,xn+1− x∗〉

≤ [1−βn(τ−ζ )]‖xn− x∗‖2 +αn‖xn− xn−1‖3M+2βn〈( f −νF)x∗,xn+1− x∗〉

= [1−βn(τ−ζ )]‖xn− x∗‖2

+βn(τ−ζ )[
2〈( f −νF)x∗,xn+1− x∗〉

τ−ζ
+

3M
τ−ζ

αn

βn
‖xn− xn−1‖],

(3.16)
where supn≥1{‖xn− x∗‖,αn‖xn− xn−1‖} ≤M for some M > 0. For each n ≥ 1, we set Γn =

‖xn− x∗‖2, εn = βn(τ − ζ ) and ϑn = αn‖xn− xn−1‖3M + 2βn〈( f − νF)x∗,xn+1− x∗〉. Then
(3.16) can be rewritten as the following formula Γn+1 ≤ (1− εn)Γn +ϑn.

Finally, we show the convergence of {Γn} to zero by the following two cases:
Case 1. Suppose that there exists a positive integer n0 such that {Γn} is non-increasing for
n≥ n0. Then we obtain that the limit limn→∞ ‖xn− x∗‖ exists and Γn−Γn+1→ 0 as n→ ∞. So,
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it follows from (3.4), (3.14) and (3.15) that

‖xn+1− x∗‖2

≤ [1−βn(τ−ζ )− γn]‖zn− x∗‖2 + γn‖pn− x∗‖2 +2βn〈( f −νF)x∗,xn+1− x∗〉
≤ [1−βn(τ−ζ )− γn][‖pn− x∗‖2− (1−λn+1)‖pn− zn‖2−λn+1(1−2λnc1)‖pn− yn‖2

−λn+1(1−2λnc2)‖zn− yn‖2]+ γn‖pn− x∗‖2 +2βn‖( f −νF)x∗‖‖xn+1− x∗‖
≤ [1−βn(τ−ζ )]‖pn− x∗‖2− [1−βn(τ−ζ )− γn][(1−λn+1)‖pn− zn‖2

+λn+1(1−2λnc1)‖pn− yn‖2 +λn+1(1−2λnc2)‖zn− yn‖2]+βnM1
≤ ‖xn− x∗‖2 +αn‖xn− xn−1‖3M− [1−βn(τ−ζ )− γn][(1−λn+1)‖pn− zn‖2

+λn+1(1−2λnc1)‖pn− yn‖2 +λn+1(1−2λnc2)‖zn− yn‖2]+βnM1,

where supn≥1 2‖( f −νF)x∗‖‖xn− x∗‖ ≤M1 for some M1 > 0. This immediately yields

[1−βn(τ−ζ )− γn][(1−λn+1)‖pn− zn‖2 +λn+1(1−2λnc1)‖pn− yn‖2

+λn+1(1−2λnc2)‖zn− yn‖2]≤ Γn−Γn+1 +αn‖xn− xn−1‖3M+βnM1.

Since Γn−Γn+1→ 0, βn→ 0, αn‖xn− xn−1‖→ 0 and liminfn→∞(1− γn)> 0, we obtain from
ρµ < λn < δ (∀n > 1) that

lim
n→∞
‖pn− zn‖= lim

n→∞
‖pn− yn‖= lim

n→∞
‖zn− yn‖= 0. (3.17)

Since pn = xn +αn(xn− xn−1), we get

lim
n→∞
‖pn− xn‖= lim

n→∞
αn‖xn− xn−1‖= 0. (3.18)

It follows from (3.13) that

‖xn+1− x∗‖2 = ‖βn( f (zn)−νFT zn)+ γn(vn− x∗)+(1− γn)(T zn− x∗)‖2

≤ ‖γn(vn− x∗)+(1− γn)(T zn− x∗)‖2 +2βn〈 f (zn)−νFT zn,xn+1− x∗〉

= γn‖vn− x∗‖2 +(1− γn)‖T zn− x∗‖2− γn(1− γn)‖vn−T zn‖2

+2βn〈 f (zn)−νFT zn,xn+1− x∗〉

= γn[σn‖pn− x∗‖2 +(1−σn)‖Tn pn− x∗‖2−σn(1−σn)‖pn−Tn pn‖2]

+ (1− γn)‖T zn− x∗‖2− γn(1− γn)‖vn−T zn‖2 +2βn〈 f (zn)−νFT zn,xn+1− x∗〉

≤ γn[‖pn− x∗‖2−σn(1−σn)‖pn−Tn pn‖2]+ (1− γn)‖zn− x∗‖2

− γn(1− γn)‖vn−T zn‖2 +2βn〈 f (zn)−νFT zn,xn+1− x∗〉

≤ γn[(‖xn− x∗‖+βnM0)
2−σn(1−σn)‖pn−Tn pn‖2]

+ (1− γn)(‖xn− x∗‖+βnM0)
2− γn(1− γn)‖vn−T zn‖2

+2βn‖ f (zn)−νFT zn‖‖xn+1− x∗‖

≤ (‖xn− x∗‖+βnM0)
2− γnσn(1−σn)‖pn−Tn pn‖2

− γn(1− γn)‖vn−T zn‖2 +2βn‖ f (zn)−νFT zn‖‖xn+1− x∗‖,
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which immediately yields

γnσn(1−σn)‖pn−Tn pn‖2 + γn(1− γn)‖vn−T zn‖2

≤ (‖xn− x∗‖+βnM0)
2−‖xn+1− x∗‖2 +2βn‖ f (zn)−νFT zn‖‖xn+1− x∗‖

= Γn−Γn+1 +βnM0(2‖xn− x∗‖+βnM0)+2βn‖ f (zn)−νFT zn‖‖xn+1− x∗‖.
Since βn→ 0, Γn−Γn+1→ 0, {γn} ⊂ [a,b] ⊂ (0,1) and {σn} ⊂ [c,d] ⊂ (0,1), we have from
the boundedness of {xn} and {zn} that

lim
n→∞
‖pn−Tn pn‖= lim

n→∞
‖vn−T zn‖= 0. (3.19)

It follows that

‖vn−T zn‖2 = σn‖pn−T zn‖2 +(1−σn)‖Tn pn−T zn‖2−σn(1−σn)‖pn−Tn pn‖2.

By making use of (3.19) and {σn} ⊂ [c,d]⊂ (0,1), we see that

lim
n→∞
‖pn−T zn‖= lim

n→∞
‖Tn pn−T zn‖= 0. (3.20)

In view of (3.17), (3.18), (3.19) and (3.20), we conclude that ‖T zn− xn‖ ≤ ‖T zn− zn‖+‖zn−
xn‖→ 0, ‖vn− xn‖ ≤ ‖vn−T zn‖+‖T zn− xn‖→ 0,

‖zn− xn‖ ≤ ‖zn− pn‖+‖pn− xn‖→ 0, (3.21)

‖T zn− zn‖ ≤ ‖T zn− pn‖+‖pn− zn‖→ 0, (3.22)
‖yn− xn‖ ≤ ‖yn− zn‖+‖zn− xn‖→ 0, (3.23)

as n→ ∞. Hence,
‖xn+1− xn‖= ‖βn( f (zn)−νFT zn)+ γn(vn− xn)+(1− γn)(T zn− xn)‖

≤ βn‖ f (zn)−νFT zn‖+ γn‖vn− xn‖+(1− γn)‖T zn− xn‖
≤ βn‖ f (zn)−νFT zn‖+‖vn− xn‖+‖T zn− xn‖→ 0

(3.24)

as n→ ∞. Furthermore, from the boundedness of {xn}, it follows that there exists a subsequence
{xnk} of {xn} such that

limsup
n→∞

〈( f −νF)x∗,xn− x∗〉= lim
k→∞
〈( f −νF)x∗,xnk− x∗〉. (3.25)

Since space H is reflexive and sequence {xn} is bounded, we may assume, without loss of
generality, that xnk ⇀ x̃. Hence, it follows from (3.25) that

limsup
n→∞

〈( f −νF)x∗,xn− x∗〉= lim
k→∞
〈( f −νF)x∗,xnk− x∗〉= 〈( f −νF)x∗, x̃− x∗〉. (3.26)

We next claim that x̃ ∈ EP(Θ). In fact, by the definition of yn, we get

0 ∈ ∂2(λnΘ(pn,y)+
1
2
‖pn− y‖2)(yn)+NC(yn).

Hence, there exist w ∈ ∂2Θ(pn, ·)(yn) and w̄ ∈ NC(yn) such that λnw+ yn− pn + w̄ = 0. Thus,

〈yn− pn,y− yn〉= λn〈w,yn− y〉+ 〈w̄,yn− y〉. (3.27)

From w̄ ∈ NC(yn), we obtain that 〈w̄,y− yn〉 ≤ 0 ∀y ∈ C. This together with (3.27) implies
that 〈yn− pn,y− yn〉 ≥ λn〈w,yn− y〉, ∀y ∈ C. From w ∈ ∂2Θ(pn, ·)(yn), we get 〈w,yn− y〉 ≥
Θ(pn,yn)−Θ(pn,y), ∀y ∈ H, By the last two inequalities, we have

λn(Θ(pn,y)−Θ(pn,yn))≥ 〈pn− yn,y− yn〉, ∀y ∈C. (3.28)
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Owing to (3.18), we have pnk ⇀ x̃. Also, by (3.23), we get ynk ⇀ x̃. By the definition of yn, we
know that yn ∈C, ∀n≥ 1. Note that subset C is closed and convex set and space H is Hilbert.
So, C is weakly closed. Thus, x̃ ∈C. From λn < δ < 1 and (3.28), we infer that

Θ(pnk ,y)−Θ(pnk ,ynk)> 〈pnk− ynk ,y− ynk〉, ∀y ∈C.

Letting k→∞, since Θ is jointly weakly continuous (condition (A3)), we get Θ(x̃,y)≥ 0, ∀y∈C.
This ensures that x̃ ∈ EP(Θ).

We further claim that x̃ ∈
⋂N

i=0 Fix(Ti). In fact, we show that limn→∞ ‖pn−Tl pn‖ = 0 for
l = 1, ...,N. Note that for i = 1, ...,N,

‖pn−Tn+i pn‖ ≤ ‖pn− pn+i‖+‖pn+i−Tn+i pn+i‖+‖Tn+i pn+i−Tn+i pn‖
≤ 2‖pn− pn+i‖+‖pn+i−Tn+i pn+i‖
≤ 2(‖pn− xn‖+‖xn− xn+i‖+‖xn+i− pn+i‖)+‖pn+i−Tn+i pn+i‖.

Hence, from (3.18), (3.19) and (3.24), we get limn→∞ ‖pn−Tn+i pn‖= 0 for i = 1, ...,N. This
immediately implies that

lim
n→∞
‖pn−Tl pn‖= 0, for l = 1, ...,N. (3.29)

From pn− xn→ 0, zn− xn→ 0 (due to (3.18), (3.21)) and xnk ⇀ x̃, we get pnk ⇀ x̃ and znk ⇀ x̃.
From (3.22), we have pnk −Tl pnk → 0 for l = 1, ...,N. Note that Lemma 2.3 guarantees the
demiclosedness of I−Tl at zero for l = 1, ...,N. Thus x̃ ∈ Fix(Tl). Since l is an arbitrary element
in the finite set {1, ...,N}, we get x̃ ∈ ∩N

i=1Fix(Ti). Also, note that limn→∞ ‖zn−T zn‖= 0 (due
to (3.22)). So, utilizing the demiclosedness of I− T at zero, we deduce from znk ⇀ x̃ that
x̃ ∈ Fix(T ), which hence yields x̃ ∈

⋂N
i=0 Fix(Ti). Consequently, x̃ ∈

⋂N
i=0 Fix(Ti)∩EP(Θ) = Ω.

In view of (3.26), we get

limsup
n→∞

〈〈( f −νF)x∗,xn− x∗〉〉= 〈( f −νF)x∗, x̃− x∗〉 ≤ 0, (3.30)

which, together with (3.24), leads to

limsup
n→∞

〈( f −νF)x∗,xn+1− x∗〉

= limsup
n→∞

[〈( f −νF)x∗,xn+1− xn〉+ 〈( f −νF)x∗,xn− x∗〉]

≤ limsup
n→∞

[‖( f −νF)x∗‖‖xn+1− xn‖+ 〈( f −νF)x∗,xn− x∗〉]≤ 0.

(3.31)

Note that {βn(τ−ζ )} ⊂ [0,1], ∑
∞
n=1 βn(τ−ζ ) = ∞, and

limsup
n→∞

[
2〈( f −νF)x∗,xn+1− x∗〉

τ−ζ
+

3M
τ−ζ

· αn

βn
‖xn− xn−1‖]≤ 0.

Therefore, applying Lemma 2.4 to (3.16), we get limk→∞ ‖xn− x∗‖= 0.
Case 2. Suppose that there exists {Γnk} ⊂ {Γn} such that Γnk < Γnk+1, ∀k ∈ Z, where Z is the
set of all positive integers. Define the mapping τ : Z→ Z by

τ(n) := max{k ≤ n : Γk < Γk+1}.

By making use of Lemma 2.5, we get

Γτ(n) ≤ Γτ(n)+1 and Γn ≤ Γτ(n)+1.
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Putting Γn = ‖xn− x∗‖2, ∀n ∈ Z and using the same inference as in Case 1, we can obtain

lim
n→∞
‖xτ(n)+1− xτ(n)‖= 0, (3.32)

and limsupn→∞〈( f − νF)x∗,xτ(n)+1− x∗〉 ≤ 0. In view o Γτ(n) ≤ Γτ(n)+1 and 0 < βτ(n), we
conclude from (3.16) that

‖xτ(n)− x∗‖2 ≤ 2
τ−ζ

〈( f −νF)x∗,xτ(n)+1− x∗〉+ 3M
τ−ζ

·
ατ(n)

βτ(n)
‖xτ(n)− xτ(n)−1‖,

and hence limsupn→∞ ‖xτ(n)− x∗‖2 ≤ 0. Thus, limn→∞ ‖xτ(n)− x∗‖2 = 0. From (3.32), we have

‖xτ(n)+1− x∗‖2−‖xτ(n)− x∗‖2

= 2〈xτ(n)+1− xτ(n),xτ(n)− x∗〉+‖xτ(n)+1− xτ(n)‖2

≤ 2‖xτ(n)+1− xτ(n)‖‖xτ(n)− x∗‖+‖xτ(n)+1− xτ(n)‖2→ 0 (n→ ∞).

Thanks to Γn ≤ Γτ(n)+1, we get

‖xn− x∗‖2 ≤ ‖xτ(n)+1− x∗‖2

≤ ‖xτ(n)− x∗‖2 +2‖xτ(n)+1− xτ(n)‖‖xτ(n)− x∗‖+‖xτ(n)+1− xτ(n)‖2.

So it follows from (3.32) that xn→ x∗ as n→ ∞. This completes the proof. �

Next, we introduce another modified inertial subgradient extragradient algorithm.

Algorithm 3.2. Initial Step: Let λ1 > 0, α > 0, ρ ∈ (0,1), δ < min{1, 1
2c1

, 1
2c2
}, 0 < µ < δ

and x0,x1 ∈ H be arbitrary.
Iterative Steps: Calculate xn+1 as follows:
Step 1. Given the iterates xn−1 and xn (n≥ 1), choose αn such that 0≤ αn ≤ ᾱn, where

ᾱn =

{
min{α, εn

‖xn−xn−1‖}, if xn 6= xn−1,

α, otherwise.

Step 2. Compute pn = xn +αn(xn− xn−1) and

yn = argmin{λnΘ(pn,y)+
1
2
‖pn− y‖2 : y ∈C}.

Step 3. Pick wn ∈ ∂2Θ(pn, ·)yn, construct

Cn = {z ∈ H : 〈(pn−λnwn)− yn,z− yn〉 ≤ 0}

(i.e., a half-space whose bounding hyperplane supports C at yn), and compute

zn = argmin{µλnΘ(yn,y)+
1
2
‖pn− y‖2 : y ∈Cn}.

Step 4. Calculate vn = σn pn +(1−σn)T zn and

xn+1 = βn f (zn)+ γnvn +((1− γn)I−βnνF)Tn pn,

and update

λn+1 = min{δ , µΘ(yn,zn)

Θ(pn,zn)−Θ(pn,yn)− c1‖pn− yn‖2− c2‖yn− zn‖2 +1
}.

Set n := n+1 and return to Step 1.



MODIFIED INERTIAL SUBGRADIENT EXTRAGRADIENT ALGORITHMS 293

Theorem 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H . Let {xn}
be the sequence constructed by Algorithm 3.2. Then xn→ x∗ ∈Ω, which is a unique solution to
the VIP: 〈(νF− f )x∗, p− x∗〉 ≥ 0, ∀p ∈Ω.

Proof. Utilizing the same inference as in the proof of Theorem 3.2, we deduce that there exists a
unique solution x∗ ∈Ω = ∩N

i=0Fix(Ti)∩EP(Θ) to the VIP 〈(νF− f )x∗, p− x∗〉 ≥ 0, ∀p ∈Ω.
Next, we divide the rest of the proof into several steps.

Step 1. We show that inequality (3.4) in the proof of Theorem 3.1 still holds. Indeed, utilizing
the same arguments as in the proof of Theorem 3.1, we derive the desired assertion.
Step 2. Show that {xn} is bounded.

Indeed, utilizing the same arguments as in the proof of Theorem 3.1, we deduce that inequali-
ties (3.10)-(3.13) and (3.15) still hold. From vn = σn pn +(1−σn)T zn, we get

‖vn− x∗‖ ≤ σn‖pn− x∗‖+(1−σn)‖T zn− x∗‖ ≤ ‖pn− x∗‖.

Therefore, Lemma 2.2, (3.13) and (3.15) guarantees that

‖xn+1− x∗‖ ≤ βn(‖ f (zn)− f (x∗)‖+‖ f (x∗)− x∗‖)+ γn‖vn− x∗‖
+(1−βn− γn)‖( 1−γn

1−βn−γn
I− βn

1−βn−γn
νF)Tn pn− x∗‖

≤ βn(ζ‖zn− x∗‖+‖ f (x∗)− x∗‖)+ γn‖pn− x∗‖
+(1− γn)‖(I− βn

1−γn
νF)Tn pn− (I− βn

1−γn
νF)x∗+ βn

1−γn
(I−νF)x∗‖

≤ βn(ζ‖zn− x∗‖+‖ f (x∗)− x∗‖)+ γn‖pn− x∗‖
+(1− γn−βnτ)‖pn− x∗‖+βn‖(I−νF)x∗‖
≤ [1−βn(τ−ζ )](‖xn− x∗‖+βnM0)+βn(‖ f (x∗)− x∗‖+‖(I−νF)x∗‖)
≤ [1−βn(τ−ζ )]‖xn− x∗‖+βn(τ−ζ ) · M0+‖ f (x∗)−x∗‖+‖(I−νF)x∗‖

τ−ζ

≤max{‖xn− x∗‖, M0+‖ f (x∗)−x∗‖+‖(I−νF)x∗‖
τ−ζ

}.

By induction, we obtain

‖xn− x∗‖ ≤max{‖x1− x∗‖, M0 +‖ f (x∗)− x∗‖+‖(I−νF)x∗‖
τ−ζ

}, ∀n≥ 1.

Thus, {xn} is bounded, so are {pn},{zn},{ f (zn)},{Tn pn} and {T zn}.
Step 3. Show that {xn} converges strongly to x∗.
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Indeed, utilizing Lemma 2.3, (3.10) and the convexity of the function h(s) = s2 ∀s ∈ R, we
obtain that

‖xn+1− x∗‖2

≤ ‖βn( f (zn)− f (x∗))+ γn(vn− x∗)+(1− γn)[(I−
βn

1− γn
νF)Tn pn

− (I− βn

1− γn
νF)x∗]‖2 +2βn〈( f −νF)x∗,xn+1− x∗〉

≤ βnζ‖zn− x∗‖2 + γn(σn‖pn− x∗‖2 +(1−σn)‖zn− x∗‖2)+(1−βnτ− γn)‖pn− x∗‖2

+2βn〈( f −νF)x∗,xn+1− x∗〉

≤ [1−βn(τ−ζ )]‖pn− x∗‖2 +2βn〈( f −νF)x∗,xn+1− x∗〉

≤ [1−βn(τ−ζ )]{‖xn− x∗‖2 +αn‖xn− xn−1‖[2‖xn− x∗‖+αn‖xn− xn−1‖]}
+2βn〈( f −νF)x∗,xn+1− x∗〉

≤ [1−βn(τ−ζ )]‖xn− x∗‖2 +βn(τ−ζ )[
2〈( f −νF)x∗,xn+1− x∗〉

τ−ζ
+

3M
τ−ζ

αn

βn
‖xn− xn−1‖],

(3.33)
where supn≥1{‖xn− x∗‖,αn‖xn− xn−1‖} ≤M for some M > 0. For each n ≥ 1, we set Γn =

‖xn− x∗‖2, εn = βn(τ − ζ ) and ϑn = αn‖xn− xn−1‖3M + 2βn〈( f − νF)x∗,xn+1− x∗〉. Then
(3.33) can be rewritten as Γn+1 ≤ (1− εn)Γn +ϑn.

Finally, we show the convergence of {Γn} to zero by the following two cases:
Case 1. Suppose that there exists a positive integer n0 such that {Γn} is non-increasing for

n≥ n0. Then we obtain that the limit limn→∞ ‖xn− x∗‖ exists and Γn−Γn+1→ 0 as n→ ∞. So,
it follows from (3.4), (3.15) and (3.33) that

‖xn+1− x∗‖2

≤ [βnζ + γn(1−σn)]‖zn− x∗‖2 +[1−βnτ− γn(1−σn)]‖pn− x∗‖2

+2βn〈( f −νF)x∗,xn+1− x∗〉
≤ [1−βn(τ−ζ )]‖pn− x∗‖2− [βnζ + γn(1−σn)][(1−λn+1)‖pn− zn‖2

+λn+1(1−2λnc1)‖pn− yn‖2 +λn+1(1−2λnc2)‖zn− yn‖2]+βnM1
≤ ‖xn− x∗‖2 +αn‖xn− xn−1‖3M− [βnζ + γn(1−σn)][(1−λn+1)‖pn− zn‖2

+λn+1(1−2λnc1)‖pn− yn‖2 +λn+1(1−2λnc2)‖zn− yn‖2]+βnM1,

where supn≥1 2‖( f −νF)x∗‖‖xn− x∗‖ ≤M1 for some M1 > 0. This immediately yields

[βnζ + γn(1−σn)][(1−λn+1)‖pn− zn‖2 +λn+1(1−2λnc1)‖pn− yn‖2

+λn+1(1−2λnc2)‖zn− yn‖2]≤ Γn−Γn+1 +αn‖xn− xn−1‖3M+βnM1.

Since Γn−Γn+1→ 0, βn→ 0, αn‖xn− xn−1‖ → 0 and liminfn→∞ γn(1−σn) > 0, we obtain
from ρµ < λn < δ that

lim
n→∞
‖pn− zn‖= lim

n→∞
‖pn− yn‖= lim

n→∞
‖zn− yn‖= 0.
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In view of pn = xn +αn(xn− xn−1), we get limn→∞ ‖pn− xn‖= 0. It follows from (3.13) that

‖xn+1− x∗‖2 ≤ γn‖vn− x∗‖2 +(1− γn)‖Tn pn− x∗‖2− γn(1− γn)‖vn−Tn pn‖2

+2βn〈 f (zn)−νFTn pn,xn+1− x∗〉

≤ γn[‖pn− x∗‖2−σn(1−σn)‖pn−T zn‖2]+ (1− γn)‖pn− x∗‖2

− γn(1− γn)‖vn−Tn pn‖2 +2βn〈 f (zn)−νFTn pn,xn+1− x∗〉

≤ (‖xn− x∗‖+βnM0)
2− γnσn(1−σn)‖pn−T zn‖2

− γn(1− γn)‖vn−Tn pn‖2 +2βn‖ f (zn)−νFTn pn‖‖xn+1− x∗‖,

which immediately yields

γnσn(1−σn)‖pn−T zn‖2 + γn(1− γn)‖vn−Tn pn‖2

≤ Γn−Γn+1 +βnM0(2‖xn− x∗‖+βnM0)+2βn‖ f (zn)−νFTn pn‖‖xn+1− x∗‖.

Since βn→ 0, Γn−Γn+1→ 0, {γn} ⊂ [a,b] ⊂ (0,1) and {σn} ⊂ [c,d] ⊂ (0,1), we have from
the boundedness of {xn},{zn} and {Tn pn} that

lim
n→∞
‖pn−T zn‖= lim

n→∞
‖vn−Tn pn‖= 0. (3.34)

Note that

‖vn−Tn pn‖2
σn‖pn−Tn pn‖2 +(1−σn)‖T zn−Tn pn‖2−σn(1−σn)‖pn−T zn‖2.

So it follows from (3.34) and {σn} ⊂ [c,d]⊂ (0,1) that

lim
n→∞
‖pn−Tn pn‖= lim

n→∞
‖T zn−Tn pn‖= 0. (3.35)

Thus, from (3.34) and (3.35), we deduce that ‖vn− xn‖ ≤ ‖vn−Tn pn‖+‖Tn pn− pn‖+‖pn−
xn‖→ 0, ‖Tn pn− xn‖ ≤ ‖Tn pn− vn‖+‖vn− xn‖→ 0 as n→ ∞. Hence,

‖xn+1− xn‖ = ‖βn( f (zn)−νFTn pn)+ γn(vn− xn)+(1− γn)(Tn pn− xn)‖
≤ βn‖ f (zn)−νFTn pn‖+‖vn− xn‖+‖Tn pn− xn‖→ 0

as n→ ∞. In addition, utilizing the similar arguments to those of (3.30) and (3.31), we have
limsupn→∞〈( f − νF)x∗,xn− x∗〉 ≤ 0, and limsupn→∞〈( f − νF)x∗,xn+1− x∗〉 ≤ 0. Note that
{βn(τ−ζ )} ⊂ [0,1], ∑

∞
n=1 βn(τ−ζ ) = ∞, and

limsup
n→∞

[
2〈( f −νF)x∗,xn+1− x∗〉

τ−ζ
+

3M
τ−ζ

· αn

βn
‖xn− xn−1‖]≤ 0.

Therefore, using Lemma 2.4, we have limn→0 ‖xn− x∗‖= 0.
Case 2. Suppose that there exists {Γnk} ⊂ {Γn} such that Γnk < Γnk+1, ∀k ∈ Z. Define the

mapping τ : Z→ Z by τ(n) := max{k ≤ n : Γk < Γk+1}. In the remainder of the proof, utilizing
the same arguments as in Case 2 of the proof of Theorem 3.1, we obtain the desired assertion.
This completes the proof. �
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