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INFINITELY MANY FAST HOMOCLINIC SOLUTIONS OF DAMPED VIBRATION
SYSTEMS WITH SUPERQUADRATIC CONDITIONS OR COMBINED
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Abstract. In this paper, we deal with the existence of infinitely many fast homoclinic solutions for
damped vibration systems where the nonlinearity is superquadratic or involves a combination of su-
perquadratic and subquadratic terms at infinity and the matrix L is not required to be either uniformly
positive definite or coercive.
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1. INTRODUCTION

In the end of the 19th century, Poincaré recognized the importance of homoclinic solutions of
dynamical systems. It is well known that homoclinic orbits play an important role in analyzing
the chaos of dynamical systems. If a system has the transversely intersected homoclinic orbits,
then it must be chaotic. If it has the smoothly connected homoclinic orbits, then it cannot stand
the perturbation, and its perturbed system probably produce chaotic phenomena. In this paper,
we consider the following damped vibration system

(27) i(t) +q(t)u(t) —L(t)u(t) + VW (t,u(t)) =0, Vt € R

where g : R — R is a continuous function such that Q(¢) = [ q(s)ds — +oo as |t| — oo,
L € C(R,RM") is a symmetric matrix-valued function and W : R x R¥ — R is a continuous
function, differentiable in the second variable with continuous derivative %—2’ (t,x) =VW(t,x). It
is of practical importance and mathematical significance to consider the existence of homoclinic

orbits of (27) emanating from zero. When ¢(t) =0 for all t € R, (27) is just the following
second order Hamiltonian system

(A7) i(t) —L(t)u(t) + VW (t,u(t)) =0, Vt € R,

which is a classical equation that play an important role in practical problems concerning rel-
ativistic mechanics, gas dynamics, nuclear physics, fluid mechanics and others. If L(z) and
W (t,x) are independent of # or periodic in ¢, the existence and multiplicity of homoclinic solu-
tions for the Hamiltonian system (#.%) have been studied via critical point theory and varia-
tional methods; see [1, 2, 3, 4, 5, 6] and the references cited therein. In this case, the existence

E-mail address: m_timoumi @yahoo.com.
Received February 2, 2020; Accepted March 8, 2021.

(©2021 Journal of Nonlinear and Variational Analysis

299



300 M. TIMOUMI

of homoclinic solutions can be obtained as a limit of periodic solutions of approximating prob-
lems. If L(¢) and W (z,x) are neither autonomous nor periodic in #, the problem is quite different
from the periodic case because of the lack of compactness of the Sobolev embedding. In 1991,
Rabinowitz and Tanaka [7] first considered this case and obtained the existence of homoclinic
solutions for (.777.%) when W satisfies the well-known Ambrosetti-Rabinowitz (in short (<7 %))
condition and L satisfies the following coercive condition

(L) L(t) is a positive symmetric matrix for all # € R and the smallest eigenvalue of L(7)

I(t) = |§i|nf1L(t)§ & — Fooas |t| —> oo,

where ”-” denotes the inner product in RY and |.| is the induced norm. Indeed, the condition (L)
can helps us recover the compactness of the Sobolev embedding. Recently, it has been exten-
sively applied in the study of the existence of homoclinic solutions for second order nonperiodic
systems. We refer the reader to the references [7]-[19]. In recent years, the research on how
to weaken the condition (L) attracted much attention (see, for example, [20, 21, 22]). In par-
ticular, Jiang and Zhang [20] proved the existence of infinitely many homoclinic solutions for
the Hamiltonian system (.7#.%") when the potential W satisfies some superquadratic conditions
at infinity and the matrix-valued function L is neither coercive nor uniformly positive definite.
More precisely, L is required to satisfy

(L1) The smallest eigenvalue /() of L(¢) is bounded from below;

(Lo) There exists a constant ry > 0 such that

lim meas({t €|s —ro,s+ro[/L(t) < MIy}) =0, VM > 0,

ls|—=o0

where meas denotes the Lebesgue’s measure on R. In [18], Wei and Wang obtained the
existence of infinitely many homoclinic solutions for the system (.77.%) with the case that
W (t,x) =U(t,x)+V(t,x), where U (t,x) is subquadratic and V (¢,x) is superquadratic by using
the following condition

(Ly) The exists a constant ¥ < 0 such that

1(0) |t|7™! — +ooas |t| — +oo.

Compared with the case where g(¢) = 0 for all t € R, the case where g(t) # 0 is more difficult
and it was only considered by few authors; see, e.g., [23]-[30]. In [29], the author studied
the existence of infinitely many fast homoclinic solutions for (#7") (see Definition 2.1) in the
case that L(¢) is coercive satisfying the condition (L) and W (¢,x) satisfies some superquadratic
conditions at infinity. The purpose of this paper is devoted to proving the existence of infinitely
many fast homoclinic solutions for system (Z7%) when L(z) is not coercive and the potential
W (t,x) is either superquadratic at infinity in the second variable and does not need to satisfy the
(o #)-condition or involves a combination of subquadratic and superquadratic terms. To the
best of our knowledge, it seems that no similar results are obtained in the literature for damped
vibration systems. The remainder of this paper is organized as follows. In Section 2, some
preliminary results are presented. In Section 3, we deal with the superquadratic conditions.
Section 4, the last section, is devoted to the combined nonlinearities.
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2. PRELIMINARIES

In order to introduce the concept of fast homoclinic solutions for (27) conveniently, we
first describe some properties of the weighted Sobolev space E on which the certain variational

functional associated with (27) is defined and the fast homoclinic solutions of (Z7%') are the

critical points of such functional. We shall use LZQ(]R) to denote the Hilbert space of measurable

functions from R into RY under the inner product

<u,v>p= / eQOu(r) - v(r)dr
e R
and the induced norm

1
_ o) 2ar)?
lull = ([ 2 o) ar)".

Similarly, Lj(R) (1 <s < ) denotes the Banach space of functions on R with values in RN

under the norm
1
= OIMNE )F
Jul, = ( [ 2 ato)as

and L°Q°(R) denotes the Banach space of functions on R with values in R" under the norm

o(t)
Jull ;= esssup {eT’ u(t)| /1 € R} .

In this section, we assume that L satisfies the following condition instead of the condition (L)
(L}) There exists a positive constant [y such that

I(r) = ‘éi?:flL(r)i &>y, Vi €R

and we introduce the Hilbert space
E= {u € H)(R)/ /R LOLOu(t) - u(t)dr < oo}
equipped with the following inner product
<u,y>= / Q) <u(r) V(1) + L(t)u(t) -v(t))dt
R
and the induced norm ||u|| =< u,u >1. Here, Hé(R) denotes the Sobolev space

H)(R) = {uecLj(R)/ic LH(R)}.

Evidently, E is continuously embedded into LSQ(R) for 2 < s < oo, i.e., forall 2 <s < oo. There
exists a constant 1 > 0 such that

HuHLsQSmHMM VucE. (2.1)
Definition 2.1. A solution u of (Z7) is called a fast homoclinic orbit if u € E.

Lemma 2.1. Assume that (Lll) and (Lg) are satisfied. Then E is compactly embedded in Ly (R)
forall2 < s < oo,
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Proof. Let (u,) C E be a bounded sequence such that #, — u in E. We shall show that u,, — u
in Lj(R) forall 2 <5 < co.

-Step 1. Consider the case s = 2. Suppose, without loss of generality, that u, — 0 in E. For
any s € R, we denote /,,,(s) the open interval in R centered at s with radius ry, i.e., I,,(s) =
|s —ro, s+ ro[, where rg is the constant given in (Lg). Let (s;);ey C R be a sequence of points
such that R = U 1, (s;) and each 7 € R is contained in at most two such intervals. For any
r>0andb >0, let

C(r,b)={t e R\]—r,r[/L(t) > by},
D(r,b) = {t e R\] —r,r[/L(t) < bly}.

Choosing be > %supneN [ ]|?, we have

/ 20 |u,? dr < i/ e OL(t)up (t) - un (t)dt
C(rbe) be Jc(rpe)

€

<1 / QOL ()it (¢) - 1n(£)dlt (2.2)
R

Now, we have

[ @upra<y [ 00 uy i
D(r,be) i=1D(rnbe)Nly (si)
1

eQ(Z) ’btn|4dt> 2 [measQ(D(l’, bs) mIro (Si>)

D=

1
2

where a, = sup;cy [measQ(D(r, be) NI, (s,))] . From (2.1), we have

( /1 eQ(t)\un]“dt)Z _ ( /R 20 ‘ X1 (52

ro (i)
< M4 HXU,O (si)Un

1

4 2
dt) '

< M4 [|un[ -

Hence
2

o(t) N 2dt < 2 . - Ny
/D(nbg)e |un|”dt < Mja ;H%u,o(s,)u

—n2a, Y / ( )eQ(’)[|b’tn|2—I—L(t)un(t).un(t)]dt
i=1"4rp\Si
< 277z%arsuP||”n||2-

neN
By an easy computation, we show that a, — 0 as r — oo, Therefore there exists r¢ > 0 such

that
/ 20 |, |? dt < E,
D(I’g,bg) 4
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which together with (2.2) implies

/ eQ(I)|un|2dt:/ ) |u, | dt—l—/ 2O Pdr < S (23)
R\}_”SJ’S[ C(re,be) D(re,be) 2

By Sobolev’s theorem, u;y — 0 uniformly on [—r¢,r¢|. Then there exists ko > 0 such that
2 £
/ lug|~dt < =, Vk > k. 2.4)
—Tele 2

Combining (2.3) with (2.4), and using the arbitrary of &€, we can obtain that uy — 0 in Lé(]R).
-Step 2. Case: 2 < s < oo. From [20, Lemma 2.3], for any v € H' (R), we have

V2 . 2
Il < 57 [ O+ Py 25)
Letu € E and set v(t) = e%u(z‘). By (L}), one has
022 o (.. 41>,
P+ pP)de= [ e <u+—u + Jul )dt
R R 2

S/R [2| | +<1+HQHL ), | ] 06

V2

o < — .
Jul; < 5el@)

</ReQ(Z)‘”|sdf)i ~ (/ReQ(I)’”muPzdt)i

a2 2
< llaellz= el

Hence

[\ 52 (2.7)

2s % %

< (5o) nwwnwy

V2, s=2
s(z%cwm rM\\mug

where my = min;cp Q). By virtue of Step 1 and (2.7), we obtain u,, — 0 in LSQ(R). The proof
of Lemma 2.1 is completed. U

To study the critical points of the variational functional associated with (27"), we need to
recall the following critical point theorems.
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Definition 2.2. Let E be a Banach space with the norm ||.|. One says that y € C!(E,R) satisfies
the
a) (PS).-condition, ¢ € R if any sequence (u,) C E satisfying

v(u,) — c and W' (u,) — 0 as n — oo

possesses a convergent subsequence,
b) (C).—condition, ¢ € R if any sequence (u,) C E satisfying

y(u,) — cand Hl//'(un)H (14 [Jun]|) — O as n — oo
possesses a convergent subsequence.

Lemma 2.2. (Symmetric Mountain Pass Theorem) [31] Let E be an infinite dimensional Ba-
nach space, and E =Y ©Z, where Y is finite dimensional space. Suppose that w € C'(E,R)
satisfies the Palais-Smale condition and

1) y(0) =0, y(—u) = y(u), Vu € E;

(

(2) There exist constants p,a > 0 such that Wjgp,nz >

(3) For any finite dimensional subspace E C E, there is R = R(E) > 0 such that y(u) < 0 on
E \ Bg, where Bg = {u € E/ ||u|]| < R}.

Then y possesses an unbounded sequence of critical values.

Remark 2.1. As shown in [32], a deformation lemma can be proved with (C).—condition re-
placing the (PS).—condition, and it turns out that Lemma 2.2 still holds true with the (C)).—condition
instead of the (PS).—condition.

Now, let E be a Banach space with the norm ||.|| and E = @ jenX;, where X; is a finite di-
mensional subspace of E. For each k € N, let ¥, = EB’]‘.:OX i Zy = m The functional
v € C!(E,R) is said to satisfy the (PS)* condition if for any sequence (u;) for which (y(u;))
is bounded, u; € Yy, for some k; with k; — oo and (vqykj)’(uj) — 0 as j — oo, has a subse-
quence converging to a critical point of y.

Lemma 2.3. (Dual Fountain Theorem) [33] Suppose that the functional w € C'(E,R) is even
and satisfies the (PS)* condition. Assume that, for each sufficiently large integer k, there exist
0 < ry < pr such that

(1) ar= inf  y(u)>0;
UEZ |[ull=px
(2) by= max y(u)<O0;
UEYy,||ul|=ry
(3) di= inf  y(u) —0ask — oo,
UEZy|lull <px

Hence y has a sequence of negative critical values converging to zero.
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3. SUPERQUADRATIC CONDITIONS

In this section, we deal with the superquadratic case and we introduce the following hypothe-
ses on the matrix L(¢) and the potential W (¢, x).
(Lg) There exists a constant ry > 0 such that

lim measo({t €|s —ro,s+ro[/L(t) < MIn}) =0, YM >0,

|| —o0

where measg denotes the Lebesgue’s measure on R with density ¢2(), i.e., measg(A) = [, 21 dr;
(W}) There exist constants a,b > 0 and p > 2 such that

VW (t,x)| < al|x|+bx|P~", V(r,x) e Rx RY;

(W) TAGE)

e

= +oouniformly int € R

and W (t,x) is bounded from below;

(W3) W(t,—x) =W(t,x), ¥(t,x) e R x RY;

(W) VW (t,x)-x—2W(t,x) >0, ¥(t,x) € R x RV
and there exist constants ¢y > 0, ro > 0 and o > 1 such that
W (2,x)|° < col|x|*° [VW(£,x) -x —2W (2,x)], Vi € R, |x| > ro;
(W) There exist constants (> 2 and y > 0 such that
W (r,x) < VW (r,x) - x+y|x]*, V(t,x) € R x RV,
Our first main results read as follows.

Theorem 3.1. Assume that (L), (Lg) and (Wy) — (Ws) hold. Then (27) has infinitely many
nontrivial fast homoclinic solutions.

Theorem 3.2. Assume that (Ly), (Lg), (Wi) — (Ws) and (W,) hold. Then (27Y) has infinitely
many nontrivial fast homoclinic solutions.

Remark 3.1. It is easy to see that conditions (L), (Lp) are weaker than the coercivity condition
(Ly). For example

L(t) = (|t|sin*t — 1)Iy

satisfies (L), (Lp) but is not coercive.
Besides, the usual condition (.27 %) is not required in our results. In fact, let

1 1 1
W@@:amﬂﬂﬂ%4ﬂ45+uu—A§+mf+4m+§—m4,
where a € C(R,R) is such that 0 < inf;cra(r) < sup,cgpa(t) < +oo. It is clear that W(¢,x)
satisfies (W) — (W3). It remains to verify (Wy). An easy computation shows that
2 x|
2|x|+1

VW (t,x)-x—2W(t,x) = a(r) [(4 x> —1) —2|x|+ 21n(% +|x|) —i—21n2} :
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It is easy to see that VW (¢,x) - x — 2W (¢, x) > 0 for all (¢,x) € R x RN, Moreover, for all 6 > 1,
we have

(tn(s+ 1))

2 Y

(er(ty’zx))c[vw(t,@ = 2W (0] e (da(r)) !

which converges to 0 as [x| —> oo, uniformly in ¢ € R. Hence there exist two positive constants
o, co such that

x|

(F550) < aloWie. 02— 2WG,0) W B el 2
X

Therefore (W) holds. Meanwhile it is easy to check that the (.7 %) condition is not satisfied.

By Theorem 3.1, the corresponding damped vibration system (27%") possesses infinitely many
nontrivial fast homoclinic solutions.

From (L), we know that there exists a positive constant [y such that inf;cg infie|_ L(t)€ - & +
21y > ly. Let L(t) = L(t) 4 2lply and W (¢,x) = W(z,x) + Iy |x|>. Consider the following damped
vibration system
(27) ii(t) +q(t)a(t) — L(t)u(t) + VW (r,u(t)) = 0, Vi € R.

Then (27) and (27) are equivalent and it is easy to check that the hypotheses (W;) — (W)

and (W) still hold for W provided that those hold for W, and L satisfies the conditions (LII),

(Lg). Hence, in what follows, we always assume without loss of generality that L satisfies (L} )
instead of (L;).
Consider the functional y associated to the system (27")
1
W) = ~ / 20T Ja(r) P+ L(e)u(e) - u(r) ] dr - / COW (1, u)dt
2JR R
1 (3.1)
— Sl = [ XOW (e,
2 R

defined on the space E introduced in Section 2. It is well-known that w € C'(E,R) and critical
points of y are fast homoclinic solutions of (27). Letting (e;) jen be an orthonormal basis of
E, we set

Y, =span{ey,....em}, Zm = span{emny1,...}, m € N.
Then E =Y, Z,,.

Lemma 3.1. Assume that (Ly), (Lp) and (Wy) are satisfied. Then there exist positive constants
mo, &, p such that

VI9BynZ,, = &

Proof. From (W), we have
b
W (1,x)] < g X2+ 2 x|”, V(t,x) € R x RV,
4

For any m € N, let

Jully
L(m)= sup and l,(m) = sup :
ez (o |ull ez oy |lull

g
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It is clear that [y (m+ 1) < Ip(m). So, l(m) — [ > 0 as m — oo. For any m € N, there exists
Uy € Zy, such that ||u,,|| = 1 and ||um||L%2 > %lz(m). By the definition of Z,,, and u,, — 0 in

E, we have that u,, — 0 in LZQ(R). Hence, [ = 0, that is, [,(m) — 0 as m — oo. Similarly,

I,(m) — 0 as m — co. Therefore, we can choose a larger integer ng such that

1
Sl Jalf, < £

2
lull 2 < 1 < g Il Ve € Z,

which together with (3.1) implies that

W) = 5 P = [ 0wt
2 R

1 2 a b
> _ _ o) (<122 ,P
> 5l = [ e (G2

1 2 a 2 b p
> —|lul|” - B ||”||L2Q - 1_7 HMHLZ
1
> 2 (P = )
2r2 1 1
:W:a, ‘v’uGZmo, ||M|‘:§:p,
which finish the proof of Lemma 3.1. UJ

To apply Lemma 2.3, we will take E =Y ©Z with Y =Y, and Z = Z,,,, where my 1s intro-
duced in Lemma 3.1.

Lemma 3.2. Assume that (L/l) (Lg), (W) and (W,) are satisfied. Then, for any finite dimen-
sional subspace E C E, there is a constant R = R(E) > 0 such that w(u) <0,Vu € E, ||u|]| > R.

Proof. We only need to prove
V(u) — —ooas |jul| —> o, uc k. (3.2)

Assume by contradiction that there exists a sequence (u,) C E with ||u,| — o as n — « and
y(u,) > —M for some constant M > 0, Vn € N. Letting v, = H%\’ one has ||v,|| = 1. Going to

a subsequence if necessary, we can assume that v, — v in E. Since F is finite dimensional, then
vy —> vin E. Thus ||v| = 1. Let
An(c,d)={teR/c<|u,(t)| <d},0<c<d

and

A={teR/v(t) #£0}.



308 M. TIMOUMI

For any 1 € A, we have lim,,—,c |1, (¢)| = lim,,—c0 ||ty ]| [V (2)| = +o0. Hence A C A, (r,00) for
n large enough. Property (3.1), Lemma 2.2, assumption (W;) and Fatou’s lemma imply

0= tim —M < im Y0 _ iy [l_/eQ(t)WOvun) |vn|2dt]
R

e P ua?
1 W (t W (t
B T T N S T N
n—->o0 2 An(OJ) |Mn| ,1(r7oo) |un|
1 b W (1
Stimsup [3+ (5 +2r02) [0 par— [ 0By 2y
n—-oo 2 2 p R n(r’oo) |un| (3.3)
1 a b, o W (t,up)
< 4 (=4 P 2> 2 1 £ 20 » U _ 2 4
>~ 2+(2+pr n, rlzrgl;lo Re | n|2 XAn(r, )|vn|
1 ra b, o W (t,up) 5
<<+ (— +—rP 2) 2 [ liminfe2® ’ o v lFdt
2 2 p m R n—>o0 |un|2 Xn(r, )| nl
It is a contradiction. Hence (3.2) is satisfied and the proof of Lemma 3.2 is finished. O

3.1. Proof of Theorem 3.1. By (W3) and Lemmas 3.1, 3.2, y satisfies the conditions (1), (2)
and (3) of Lemma 2.2. It remains to prove the Cerami’s condition.

Lemma 3.3. Assume that (L,), (Lg), (W1), (W2) and (W,) are satisfied. Then y satisfies the
(C)c—condition for any level ¢ > 0.

Proof. Let ¢ be a positive real and (u,) C E be a (C).—sequence, that is,
v (u,) — c and ||\//(un)H (14 |[un]|) —> 0 as n — oo.

Assume by contradiction that (u,) is not bounded, then up to a subsequence, we can assume

that ||u,|| —> 0 asn — . Let v, = ”Z—"” Then, ||v,|| = 1. Taking a subsequence if necessary,
n

then v, — v in E and Lemma 2.1 implies that v, — v in LZ(R) forqg=2,p, % and v, —v
a.e. on R. If v # 0, then

0= tim YU) _

n—s00 ||un||2 [ e {2

1 Wt
__/ eQ(t) ( 7’;11) |Vn|2dl < —co,
R |un]

which is a contradiction. So (uj) is bounded. If v=0, then v, — 0 in L‘é (R) forqg=2,p,20' =

2—61. On one hand, since y(u,) — ¢ and ||u,|| — oo, then it is easy to see that

G_
W (¢ 1
limsup eQ@(—’Z’“) val?dt > <. (3.4)
n—soo JR |un| 2
On the other hand, (3.1) implies
W(t b
/ eQ(’)—( ,1;,,) Va2 dt < (ﬂ + —r”_2> / 20 |y,|? dt
An(()?r) ‘un’ 2 p An(07r) (3 5)
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Now, for n large enough, we have

/ Q1) [%VW(t,un) Uy — W (t,uy) | dt = Y (uy) — %‘/’j(”n)”n <c+l
R

which with Holder’s inequality and assumption (Wy) implies

/( )eQ(z)W(taL;n) a2 dt

|”n‘

< O @) ([ o)

(3.6)
1 1 1 %
< o o) |2 . ° / 20’
< (2c0)s ( /A o YW (tt0) =W (2,0 ) (An(m) ) 2 dr)
< (2¢co(c+ 1))6 ||V"||L2QG’ — 0.
Combining (3.5) and (3.6) yields
/eQ([)w]vn\zdt:/ W, un) A dt+/ )\ val*dt — 0,
R |4 A,,(Or ‘”n| |”n|

which contradicts (3.4). Hence (u,) is bounded. Up to a subsequence, we can assume that
u, —> u in both LZQ(]R) and LZ(]R). It follows from (W}) and Holder’s inequality that

S/eQ(’)<a|un\+b\un]p1>]un—u|dt

R

ga/ eQ(t)]un\]un—u|dt—|—b/eQ(’)\un]p1|un—u\dt
R R

-1
< ””nHLZQ [un _”“LZQ +b H”nHIL)lé [ _””L’(’2 — 0.

/ COVW (1,u) - (un — u)dt
R

Therefore, we have

0= lim y'(u,)(u, —u)

n—-yoo

= lim <up,up—u>— lim [ COVW(t,u,)- (up — u)dt

n—-yoo n—so Jp

. 2 2
= tim_[fu*  [lu]>

2, which with u, — u in E implies

That is lim, e [|uy||* =
ity — u||* =<t — 1, 1ty —u >— 0.

Hence (u,) possesses a convergent subsequence in E. Thus y satisfies the (C).—condition. The
proof of Lemma 3.3 is completed. 0J

Consequently, Lemma 2.2 with Remark 2.1 imply that the functional y possesses an un-
bounded sequence of critical points. Therefore, the damped vibration system (27") possesses
infinitely many fast homoclinic solutions. The proof is finished.
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3.2. Proof of Theorem 3.2.

Lemma 3.4. Assume that (L/l), (Lg), (W1), (Wa) and (W) are satisfied. Then for all positive
constant ¢, Y satisfies the (C).—condition.

Proof. Let ¢ be a positive real and (u,) C E be a (C).—sequence, that is,
v(u,) — c and ||ll//(un)H (1+||un||) — 0 as n — oo.

Assume by contradiction that (u,) is not bounded, then up to a subsequence, we can assume

that ||u,|| — o0 as n — 0. Letting v, = ﬁ, one has ||v,|| = 1. By (H}), for n large enough,
n

one has

c+1>w<un>—1vﬂ< i

= £ P+ / LW () = W 0,0
,u
> A - .
> B ) = L
It follows that )
. u—
limsup ||v, |3 > —=—. 3.7
imsup v} > 55 6.7
Note ||v,|| = 1. Passing to a subsequence, v, — v in E, we conclude from Lemma 2.1 that

v, —> v in Lé(R), which together with (3.7) implies that v # 0. Similar to (3.3), we get a
contradiction. Therefore (u,) is bounded. The rest of the proof is the same as that in Lemma
3.3 and the proof of Lemma 3.4 is completed. 0

We conclude as in the proof of Theorem 3.1 that the functional ¥ possesses an unbounded
sequence of critical points and the proof of Theorem 3.2 is finished.

4. COMBINED NONLINEARITIES

In this section, we consider the system (27) involving a combination of superquadratic
and subquadratic terms at infinty. More precisely, we take W (¢,x) = U(t,x) + V (t,x), where
U,V :R xRN — R are continuous functions, differentiable with respect to the second vari-
able with continuous derivatives VU (t,x) = %U (t,x) and VV (t,x) = %V (t,x). Consider the
following conditions.

(Ws) U(t,O) 0 and there exist constants 1 <Y< 2, 1 < ¢ <2 and functions cg,a € L "(R,RT)
and b € Lé“’ (R,R™) such that
co(t) |x]Y < VU(t,x)-x, VU@, x)| <a(t) x| " +b(1)|x|°", ae.t eR, Vx e RY;

6 t,x) > O0forall (,x) e R x and thereexist U > 2, c € , an S )
W)V 0 for all R x R" and th istit >2, ceLy(R,R") andd € L(R,R*
such that

IVV(t,x)| <c(t)+d@) |x|* ", ae. t eR, Vx e RY;

2
(W7) There exist p >2,1< & <2and 6 € C(R,R*) L, ° (R,R") such that
pV(t,x)—VV(t,x)-x < 0(t) \x|6, aeteR, VxcRY,

Now, we state the main result of this section.
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Theorem 4.1. Assume that (L), (Lp), (W3) and (Ws) — (W;) are satisfied. Then system (2V")
possesses infinitely many fast homoclinic solutions.

Example 4.1. Let W(z,x) = U(t,x) + V(¢,x), where

and
1
1+ |¢]?

Vit = (——— ) |3 in(1+ ) + 15

By a classical computation, we check that (W3), (Ws) — (W5) are satisfied. Hence the corre-
sponding system (27) possesses infinitely many fast homoclinic solutions. Let us remark that
U (t,x) is subquadratic and V (¢, x) is superquadratic but do not satisfy the (<7 %) condition.

Consider the variational functional y associated to (Z7):

() = % /R ()2 + L(t)ue) - ue)]di — /R CLOW (¢, u)dr

defined in Section 3.

Lemma 4.1. Assume that (L)), (Lg), (Ws) and (W) are satisfied. If u, — u in E, then
VW (.,un) — VW (,u) € Lg(R). 4.1)
Proof. Arguing indirectly, by Lemma 2.1, there exists a subsequence (unp) such that
Un, — u in both LZQ(R) and LZQ(‘FI)(R) and up,, — ua.e.inR asp — o (4.2)

and

/}R 2 (VW (1,1, (1)) — VW (t,u(z))[2dt > €, Vp € N, (43)

for some positive constant &. By (4.2) and up to a subsequence if necessary, we can assume
that

Z H”np _”||L2 <%,
p=1 ¢
and

Z Hu”p - MHLZ(H*I) < oo,
p=1 0
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oo 2(u—1
Letw(r) =Y, |unp (1) — u(t)} forallt € R. Thenw € LZQ(R) ﬂLQ(” )(R). By (Ws) and (W),
there holds forall p € Nandr € R

VW (1,14n,) — VW (2,u)|?

IN

- 2
VWt un, )|+ IVW(t,u)!}

IN

- 2
(VU (t,un,) |+ |VV (t,un,)| + VU (t,u)| 4 |VV (t,u)|

|6—1

< -a‘unp‘y_l+b|unp —|—a\u|y71+b|u]671

_ 12
+20+d‘unp‘“ 1—|—d|u|“ l}

IN

a(|unp — u‘ + u|)¥! —i—b(‘unp — u| + Ju))° ! +alul" "+ blul! (4.4)
2
+2c+d(|un, —u| + | )H ! +d|u]“_l]

< [a(w a7 + b(w-+u))* " +alul”" +bu/o!
F2etdlw )P ]

<e [a2w2(7_1)+a2\u|2(7’1)+b2w2("‘1)+b2|u12("*1>
+ 2+ dPw D 4 g2 ‘u|2(u71)] — k(1)

where c is a positive constant. It is easy to see that k € LlQ(R). Hence, combining (4.2) with
(4.4), Lebesgue’s Dominated Convergence Theorem implies

lim [ @0 |YW (t,u, (1)) — YW (t,u(r))|* di =0,

p—JR

which contradicts with (4.3). Hence (4.1) is true. The proof of Lemma 4.1 is completed. L]

Under the assumptions of Theorem 4.1, it is well known that y € C' (E,R) and for all u,v € E

V= [

ReQ(’) [u(t) () + LOu(t) -v(t) — VW (t,u) -v} dt

(4.5)
=<u,v> —/ LOVW (t,u) - vd.
R

Moreover, ' : E — E* is compact and any critical point of y on E is a fast homoclinic solu-
tion for system (27).

In the next, we prove Theorem 4.1 by applying Lemma 2.3. Choose a completely orthonor-
mal basis (e;) of E and define X; = Re;. Then, ¥ and Z; can be defined as in Section 2. By
(W3), one has that y is even. In the following, we will check that all the conditions of Lemma
2.3 are satisfied.

Lemma 4.2. Assume that (L)), (L), (Ws) and (W7) are satisfied. Then y satisfies the (PS)*-
condition.
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Proof. Let (u;) be a (PS)"—sequence, that is, (y(u;)) is bounded, u; € ¥;; for some k; with

kj — oo and (W, )'(uj) — 0 as j — co. Now, we show that (u;) is bounded in E. By virtue
J

of the Mean Value Theorem, (2.1), (Ws) and (W7), there exists a positive constant M such that

pM+MHu]H>pw uj) =y (uj)u;
= E =0y + [ O[IW (7) - pW (t,0)]a

1) [|u | +/ VU (t,uj)-u ~—pU(t,Mj)}df
+/I‘{e ()[VV(Z‘,MJ')'Mj_pv(tvuj)]dt
zé—nwwfaéﬂ [ O+ 500 |

p/ y i|° }dt_/ 000 (1) |u;|° dr

_5—1H1H—1+ywﬂQ2WMy

P
~(1+7) IIbllLézc sz - 161 2 H”f'HLZQ

0
p p
> G0l =+ Sndlal 2, ol
~(1+2)ng Tl 2, il = N6l 2, ms 9 1uj|°

Q Q

Since p > 2 and y,0,8 < 2, it follows that (u;) is bounded in E. From the reflexivity of E and
up to a subsequence if necessary, we may assume that u; — u in E, for some u € E. Now, we
have

etj — |[* = (W () — v/ (1)) (1t} — +/ V(YW (t,u;) — VW (t,0)) - (e —u)dt.  (45)

It is clear that (y'(u;) — y/(u))(uj —u) — 0 as j —» oo. By Holder’s inequality, (2.1) and
Lemma 4.1, one has

/}R 20 (VW (1))~ VW (t,0) ) - (i — e
< ||[VW (. u;) = VW(. HL2 [ = ”HL2 (4.6)

< leHVW(.,uJ) VW(. ||L2 Hu] uH —0as j—> oo.

Combining (4.5)-(4.6), we deduce that u; — u in E and the proof of Lemma 4.2 is completed.
O

Lemma 4.3. Assume that (L), (Lg), (Ws) and (Ws) are satisfied. Then for any sufficiently
large k € N, there exists a constant py > 0 such that ay = inf,cz, 1—p, W(u) > 0.
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Proof. Let I,(k) be defined in the proof of Lemma 3.1. By the Mean Value Theorem, (Hs), (H)
and (2.1), we have, for any u € Z,

W) = 5 = [ LW,
R

1 1 1 1
> -Huuz—/eQ(f) [—a\uv—i——blu\c]dt—/eQ(’) elul+ - dul* ]ar
R (o2 R u

1 1
> —|lu||”—=la —— b 2.
_2H [& H | Qz HuH o” HLZ;" Hul\LzQ
1
u
_”C”LZQH”HLZQ_E”dHL“’””HLg
! lﬂk v 11 b
QIIMH —h ()HaHL;EYHMH —gz( ) 15| Qz [[ul|

4.7)

1
—lz(k)IICIILé||u||—ﬁnﬁ ]l = el

In view of (4.7), 4 > 2 and y,0 > 1, one has

1 1
v > gl = (CA® all 2+ 801D

1
Lf’y G

1
. u u-2
for [Ju| < lnf{l, <4Hdllenﬁ> } Let

p=8(SB0) all 2+ WD 2 +b(0)elyy ).

Q Q

L) llel ) lull - @8)

2
2
Q

It is easy to see that py — 0 as k — oo. Thus, for sufficiently large integer k, (4.8) implies
ai > % p,? > 0. The proof of Lemma 4.3 is completed. 0

Lemma 4.4. Assume that (L), (Lg), (Ws) and (Ws) are satisfied. Then di = inf,cz, jju|<p, V(1)
— 0ask — oo.

Proof. By (4.8), for any u € Z;, we have

1 1
> (=1Y — .
W (u) > (yl (k)HaHLézerG 3 (k) |12 f (k)HCHLé) el
Therefore, we get with [ju|| < px
1 1
>d, > (=17 — .
02t ~(yW) a2, + GEW bl o, +1i® el o

Since Il (k),pr — 0 as k —> oo, one has dy — 0 as k —» . The proof of Lemma 4.4 is
completed. U

Lemma 4.5. Assume that (L), (Lg), (Ws) and (Ws) are satisfied. Then by = inf ey, =y, W(u) <
0, Vk € N.
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Proof. First, we claim that there exists € > 0 such that

measg({t € R/co(t) |u(r)|" > €|lul|'}) > €, Vu € ¥\ {0}. 4.9)
If not, there exists a sequence (u,) C Y with |ju,|| = 1 such that
1 1
measQ<{t e R/co(t) lun(r)[? > —}) <. (4.10)
n n

Since dimY; < oo, it follows from the compactness of the unit sphere of Y; that there exists a
subsequence, say (u,), such that (u,) converges to some u € Y;. Hence, |lu]| = 1. Since all
norms are equivalent in the finite-dimensional space Y;, we have u, — u in LZQ(R). By the

Hoélder’s inequality, one has

[ 2oy —ul"dr < ol 2 Ny —ullty —>0asn—» e @.11)
R L=77 Q

Thus, there exists & > 0 such that
measg({t € R/co(t) |u(r)|" > &}) > &. (4.12)

In fact, if not, we have, for all n € N,

measQ<{t e R/co(t) [ult)]? > 1}) < %

Let n € N, then, for all integer m > n,

measQ<{t € R/co(t) [u(®)|! > %}) < measQ<{t € R/co(t) [u(®)|! > n%}) <
which implies

measQ<{t e R/co(t) |u(t)|” > %}) =0.
So
O ey (1) |u 2 dt

[y |
R

e
{teR/co(t)|u(t)|"<1}

< l/ Q) |u)? dr
R

n

2 2
Sn—2||u||2:&—>0asn—>c>0.
n n

Hence u = 0, which contradicts ||u|| = 1. Therefore (4.12) holds. Thus, define
Y Y 1
Qo= {r eR/co(r) [u(t)]" > &}, Qun=131€R/co(t) |un(r)|" < (-
Combining (4.10) and (4.12), we obtain

measg(Q ﬂ Q,) = measg(Qo \ (L, m Q))
> meas (o) — measg (L, ﬂ Q)

1
>¢g——, VvneN.
n
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Let n be large enough such that & — % > %80 and % — % > g—?, Then,

/ 20)co(t) [ —ulVdi > / 20 co(t) [t — u|” dr
R QN
& 1

> (27__1 - E> measg (o ﬂ Q)
€
27+1
for all large integer n, which is a contradiction to (4.11). Therefore (4.9) holds. For the € given
in (4.9), let

>

Qu={reR/co(t) lu(t)|” > el|u||"}), Vu € ¥\ {0} (4.13)

By (4.9), we obtain
measg(,) > €, Yu € Y\ {0}. (4.14)

For any u € Y}, by the Mean Value Theorem, (Ws), (W), (4.13) and (4.14), one has
1
W) =5l = [ COW(r,uyr
2 R

< 2l =L [ (et [ COVo
R

Y J/R
1 1
< Sl = [ cole)ula
Y/,
1 £
<5 Ju]* — P ]| measo (L)
1 2 82
< Sl =&l
Y
1
Choose 0 < ry < inf {pk, (%)fy } Direct computation shows that
by= inf  y(u) < Loy 1oy
ueYe lull=r =2k Tk kT gtk
The proof of Lemma 4.5 is completed. 0

Therefore, Lemmas 4.2-4.5 imply that all the conditions of Lemma 2.3 are satisfied. Thus, it
follows from Lemma 2.3 that y has infinitely many nontrivial critical points, that is, equation
(27) possesses infinitely many fast homoclinic solutions.

Remark 4.1. In the case where the nonlinearity W of the damped vibration system (Z7) is
superquadratic or involves a combination of superquadratic and subquadratic terms, we obtain
the existence of infinitely many nontrivial fast homoclinic solutions for system (27%") by using
variational methods and the critical point theory, which unify and sharply improve some recent
results in the literature. To the best of our knowledge, there is no result available concerning
these cases. Here we can give some nontrivial examples, which show that these assumptions of
the nonlinearity W are reasonable.
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