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Abstract. In this paper, four types of generalized quasi-eigenvector problems in the setting of normed linear spaces
are introduced. Some existence results on the solutions of the generalized common quasi-eigenvector problems are
established based on the generalized KKM theory.
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1. INTRODUCTION

In 1984, Shemsh [1] gave some conditions in which two square matrices A and B have a
common eigenvector. There are many results based on Shemsh’s results and a number of al-
gorithms in various applied sciences are drived by Shemsh’s results; see, e.g., [2]. However,
they basically remain formal results which are difficult to use in the presence of round-off errors
because the Shemsh’s formula is numerically unstable.

In 2001, Li [3] first proved some eigenvector theorems by applying the famous Fan-KKM
theorem [4] in infinite-dimensional case. Subsequently, Li and Park [5] obtained some new
eigenvector theorems from their equilibrium theorems. Afterwards, Lin and Du [6] studied four
types of common eigenvector problems for a family of mappings whose domains are subsets of
normed spaces (they called these problems common quasi-eigenvector problems). They estab-
lished some existence theorems in complex normed linear spaces. Recently, Abreu, Morales-
Rodrigo and Suarez [7] considered a nonlinear problem and proved the existence of the principal
eigenvalues. They also showed the existence and uniqueness of positive solution of their prob-
lem arising from population dynamics. The authors in [8] presented an optimization scheme to
solve generalized eigenvalue problems (GEP) involving a nonsmooth regularizer. They applied
an alternative formulation of GEP where the feasibility set of the model involved the Stiefel
manifold. Finally, they showed how the investigated problem improved statistical analysis of
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brain imaging data where the regularizer is derived from other 'views’ of the disease pathol-
ogy, involving clinical measurements and other image-derived representations. Song and Qi
[9] applied the Edelstein contraction theorem to present the nonlinear version of the famous
Krein-Rutman theorem. They also introduced a simple iterative process for finding a positive
eigenvector with positive eigenvalue of a strongly increasing and positively homogeneous map-
ping T defined on a Banach space. Recently, various iterative processes have been extensively
investigated for eigenvector problems and their related applications; see, e.g., [8, 10, 11, 12, 13].

In [14], Cai et al. provided the existence and uniqueness conditions for the solvability of an
algebraic eigenvalue problem with eigenvector nonlinearity. They stated a plain self-consistent
field iteration for solving nonlinear eigenvalue problem and then established local and global
convergence results for the self-consistent field iteration.

In the study of eigenvector problems, we mainly deal with some sort of inequalities and
equilibrium problems. One of the useful tools is to solve these problems is the KKM mappings
and the KKM principle. Therefore, KKM theory plays a key role in studying the existence of
solutions. For more information regarding these topics, we refer to [15, 16, 17, 18, 19, 20]. In
this paper, we continue these lines by replacing the identity function with a new function and
we call our problems generalized common quasi-eigenvector problems.

2. PRELIMINARIES

Definition 2.1. Let (Y, ||.||) be a normed linear space with origin 6 over the field %, the field
of real numbers R or the field of complex numbers C, and let X be a nonempty subset of Y. Let
f:X —Yand g:X — Y be two maps.

(a) The generalized common quasi-eigenvector problem (I) (in short [GCQEIVP]-(I)) is the
following problem:

e Find xp € X and A € % such that f(xo) = Ag(xo).

In [GCQEIVP]-(I), A and x are called eigenvalue and the corresponding weak quasi-
eigenvector for f with respect to g, respectively.

(b) The generalized common quasi-eigenvector problem (II) (in short [GCQEIVP]-(I)) is
the following problem:

e Find xp € X with xg # 6 and A € ¢ such that f(xo) = Ag(xo).

In [GCQEIVP]-(IT), A and x( are called eigenvalue and the corresponding (strong)
quasi-eigenvector for f with respect to g, respectively.

(c) The generalized common quasi-eigenvector problem (III) (in short [GCQEIVP]-(III)) is
the following problem:

e Find xp € X and A € % such that A f(xo) = g(xo).

In [GCQEIVP]-(III), A and x( are called quasi-eigenvalue and the corresponding
weak quasi-eigenvector for f with respect to g, respectively.

(d) The generalized common quasi-eigenvector problem (IV) (in short [GCQEIVP]-(1V))
is the following problem:

e Find xp € X with xg # 6 and A € J# with A # 0 such that f(xg) = Ag(xo).

In [GCQEIVP]-(IV), A and x( are called eigenvalue and the corresponding (strong)
quasi-eigenvector for f with respect to g, respectively. [GCQEIVP]-(IV) can be stated
as the following equivalent form:

e Find xp € X with xop # 0 and A € % with A # 0 such that A f(xp) = g(xo).
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It is easy to see that every solution of [GCQEIV P] — (II) and [GCQEIVP] — (IV) is
a solution of [GCQEIV P] — (I), and every solution of [GCQEIV P] — (IV) is a solution
of [GCQEIV P] — (II) and [GCQEIV P] — (III). While, the reverse implication does not
hold.

Example 2.1. Let Q be a bounded domain in R", n > 2, with Lipschitz continuous boundary,
and 1 < p < 0. It is well known that the p— Laplace operator on the domain €2 is defined by

—Apu = —div(|Vu|P~2Vu)

acting from the Sobolev space X = W, 7(Q2) to its dual X* = Wo_l’p (Q), where p' = 5E7. The
nonlinear eigenvalue problem with Dirichlet boundary condition is
Apu= A(julP~u), inQ,
(2.1)
u= 0, on 0Q.

This operator finds a number of real fields in applied mathematics and mechanics; see, e.g, [21].
If p = 2, then this problem simply reduces to the linear eigenvalue problem for the Laplace
operator —/\, which has been studied extensively in the last 150 years.

If we denote by f the differential operator defined by —/\, in the weak form, i.e.,

(f(u),v) = /Q V() [P 2Vu() V() dx,  (ue Wy"(R)),

and by g the Nemytskij operator [22, 23, 24, 25] generated by the nonlinearity on the right hand
side of (2.1), also in weak form, i.e.,

<g(u),V>=/Q\u(X)!”2M(X)V(X)dx, (ueWy"(Q)),

then we obtain two operators acting from X to its dual X*. Here, the norm on X is given by

Jull = ( [ [Vu(o)[Pdx)?,

which is, by the classical Poincare inequality [26, 27], equivalent to the usual norm on X in-
volving the L,— norm of u, as well. In this way, eigenvalue problem (2.1) may be rewritten for
A#0Oand u = %, equivalently, as the operator equation

f(u) = pg(u),

which is a nonlinear eigenvalue problem for operator pair (f,g). This problem is a special case
of our problem whenever X is a Hilbert space, for example X =R", n > 2. A survey of methods
and results for such problems can be found in [28].

In what follows, let Z : Y — Y be a set-valued mapping defined by
A(x)={rx:re X}, xev.

Clearly, for any x € Y, #Z(x) is closed and convex. For any u € Y with u # 0, % (u) can be
regarded as the line in Y passing through 6 and u. The vertical cone VC(X) of X is defined by

vex) = J %),
xeX
see [5, 23].
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Remark 2.1. If we take g as the identity mapping, then the generalized quasi-eigenvector prob-
lems reduces to the quasi-eigenvector problems studied by Lin and Du [6].

We use the technique of generalized KKM mappings and generalized KKM principle due to
Ding (see, [20]).

Definition 2.2. Let X be a nonempty subset of a topological vector space E. A set-valued
mapping F : X —o E is said to be a generalized KKM mapping (GKKM) if for each nonempty
finite set {xp,...,x,} C X, there exists a set {yj,...,y,} of points of E, not necessarily all
different, such that for each subset {y;,,...,y; } of {y1,...,y.}, we have

k

conv{yi,...,yi,} € UF(xij)'
j=1

The following theorem is a particular case of Corollary 3.1 in [20].

Theorem 2.1. Let X be a nonempty subset of a topological vector space E, and F : X — E be a
GKKM mapping. Assume that there exists a nonempty compact convex subset C of X such that
K = \iec F (x) is compact. Then,

ﬂF(x)#@.

xeX

Let A be a nonempty set of a normed linear space. We denote by (A), A, dA, and int A,
the family of all nonempty finite subsets of X, closure of A, boundary of A, and interior of A,
respectively.

3. MAIN RESULTS

The following result which plays a key role in the proof of the main results is a generalization
of Theorem 3.2 in [6].

Theorem 3.1. Let (Y, ||.||) be a normed linear space with origin 6 and X be a nonempty subset
of Y. Let f:Y =Y and g : Y — Y be continuous mappings such that g(x) = 6 implies that
f(x) = 0. Then, for eachy €Y,

G(y) ={xeX:d(f(y),Z(8(x))) = d(f(x),%(g(x)))}

is a closed set in X.

Proof. We follow the proof of Theorem 3.2 in [6]. Let £ € G(y). Then there exists a sequence
(x,) in G(y) such that x, — £ as n — oo, If g(£) = 0, then f(£) = 0 and so £ € G(y). If g(£) # 0,
then ||g(%)|| > 0. Since g(x,) — g(£), without loss of generality, we may assume that g(x,) # 6
and [|g(xn) — g(®)]| < ||g(%)||, for all n € N. There exist v € Z(g(x)) and z, € Z(g(x,)) such
that

1f(£) = vl =d(f(£),Z(s(%))), (3.1
and

1f(£) = zall = d(f (%), Z(g(x0))), (3.2)
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for all n € N. We show that, for all n € N, the following inequality holds

A(F(8), B (e(3)) < d(f (), B (g(50)) + | FE) — )]
@I+ 1) -] A
Te O —Tgtr) — g 1) ~8@- (33)

Since there exists w,, € Z(g(x,)) such that
1f (xn) = wall = d(f(xa), Z(8(xn))), (3.4)
we have from (3.2) and (3.4) that
1/ (%) =zall = d(f (%), Z(8(xn)))
< [IF (&) = wall (3.5
< NFE) = fean)ll +d(f (xn), 2 (8(xn))),
forall n € N. If || f(£) — v|| < || f(X) — zx]|, then by (3.1) and (3.5), we obtain
d(f(%),%(g(%)) = lf (%) -]
< [F(%) = zll (3.6)
< NF@E) = fGa)ll +d(f (xn), Z(8(xn)))-
Hence, (3.3) holds in this case. If || f(£) —v|| > || f(%) —zx, then z, # 6. Indeed, if z, = 6, then
1F(£) —vil = d(f(£), Z(g(£))) < /(%) =zl

which leads to a contradiction. Thus, z, # 0. Since, z, € Z(g(xn)), we see that there exists
tn € J¢ such that z, = 1,8(x,). Then,

el

o] = 2l >
T o)

Letv, =t,g(X) € Z(g(%)). Since
znl| < LG+ 1) = zall <[ FE+[1FE) =],

we have

g el

L@+ NE) =Vl .
ey 8@ =gl (3.7)

[+ /) — v .
< —g(x)]|.
< T -Ta(® e #9 ~86)1

Combining (3.1), (3.2), (3.5) and (3.7), we get our claim (3.3) as follows:
d(f(%),%(g(%))) < ||f(£) = vall
< I E) = zall + [lzn — vall

< d(f(%),2(8(xn))) +

@I+
e~ — (o <)~

) el e @U@=l
< d(Fs0), A 8(0) ) Flan)|+ oS el -

g@)|-
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Next, we take a € Z(g(%)) and u,, € %(g(x,)) such that
1F () —all =d(f(y),%(g(%)))

and

1) = unll = d(f (), % (g(xn))),

for all n € N. We also claim that the following inequality holds, for all n € N,

A0, (eC)) < 170) a4 ”( H>|| leCen) —2(®)]1
If a = 6, then we have from (3.9) that

1f ) —unll = d(f(y), 2(g(xa))) < lF(y) —all
So, (3.10) holds in this case. If a # 0, then a = yg(%) for some 7y # 0. Thus,

 Jal
M= Teon”

For eachn € N, let ¢, = yg(x,) € Z(g(x,)). Consequently, it follows that

d(f(y),2(8(xn)) < f(y)—call
< NfO) —all+lla—call

]
Tz ()IIH g(xn) —g(®),

1F(y) —all+

which proves (3.10). Since x, € G(y), we have

d(f(y),%(8(xn))) = d(f (xn), Z(g(xn)))-
From (3.3), (3.8), (3.10) and (3.11), we obtain
d(f(v), %)) = [lf(y)—al

> d(f(y), Z(8(x))) =

lal]

lg ()l

lall

d(f (xn), %(g(xn))) = Tz ()IIH g(xn) =g

18(xn) — g

v

> d(F(8), 2(s()) — 1FE) — Fl)l
@I @
Te N~ Tglen) —g@) 160 ~ 8@
 lal )
el lgton) - (o),

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

for all n € N. Since f and g are continuous and x,, — X as n — oo, we conclude from (3.12) that

d(f(v),#(8(%))) = d(f (%), Z(g(%)))

which means that £ € G(y). This completes the proof.

O

Theorem 3.2. Let (Y,||.||) be a normed linear space with origin 0, X be a nonempty subset of
Y. Let f: Y — Y be a one to one, onto continuous map and g : Y — Y be a continuous map such

that g(x) = 0 implies that f(x) = 6. Suppose that
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(Hy) there exists a nonempty compact subset K of X and a nonempty compact convex subset
C of X such that for each y € X\K there exists z € C such that d(f(z),Z(g(y))) <

d(f(y),Z(8()))-

Then, there exists xo € X such that

d(f(x),%(g(x0))) = d(f(x0), Z(8(x0)));
for all x € X. Moreover, if f(xo) & %Z(g(xo)), then f(xo) must be a boundary point of f(X).
Proof. Define a multifunction G : X — X by

G(y) ={xeX:d(f(y),Z(g(x))) = d(f(x),Z(8(x)))}-

By Theorem 3.1, G(y) is closed for each y € X. We show that fo G : X — Y is a generalized
KKM mapping. Suppose that yi,...,y, are in X and yo & U;_; G(x). Then, we have

d(f(v0),%(8(v0))) > d(f k), #(8(0))), k=1,2,....n
Let

S(vo) ={y € X :d(f(y0), Z(g(y0))) > d(f(y), #(g(y0)))}-
Clearly, yx € S(yo), for each 1 < k < n. We take z; € Z(g(yo)) such that

d(f(vo), Z(8(30))) > lf (&) — zl-
Let 44 > 0and }7_, Ax = 1. Then, we have

‘ n
k=1

Since Z(g(yo)) is convex

a( Y A 00), R 00))) < d(7(30). Z(s(30)))
k=1

Y e < ma 70—
k=1 SKSR
<d(f(v0),%(8(30)))-

Hence, we deduce that

£ (convi () f(yn)}> C S(30).

Since yo & S(yo), we have yo & f~ <conv{ f), }> Consequently,

£ (comv{f01)..... S0} ) € U GO,

k=1
Since f is onto, we get

n
conv{f(y1),...,f(ya)} € |J foG
k=1
This shows that f o G is a generalized KKM mapping. Letting K = (< G(x), thanks to injec-
tivity of f, we deduce that f(K) = (\,ec f o G(x). Condition (H;) implies that K is compact.
Hence, by Theorem 2.1, ¢y f o G(x) # 0. Therefore, (,cx G(x) # 0 . Let xo € ey G(x).
Then

d(f(x),2%(g(x0))) = d(f(x0),Z(8(x0))),
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forall x € X. If f(xo) € Z(g(x0)), then there exists uy € Z(g(xp)) such that

d(f(x0),u0) = d(f(x0),#(g(x0)) > 0.
Suppose that f(xg) € intf(X). Then there exists > 0, small enough, such that

B(f(xo0),t) Cintf(X)
and
0 <t <d(f(xo0),Z(g(x0)))-
It is clear that
B(f(x0),1) (") B(uo,d(f(x0),%(g(x0))) — 1) # 0.

If y = f(x), x € X, is any element of this intersection, then

d(f(x),Z(8(x0))) < d(f(x),u0) <d(f(x0),%(g(x0)))

which is a contradiction. [l

Using Theorem 3.2, we have the following theorem which gives a sufficient condition for the
existence of solution of problem [GQEIVP] — (I).

Theorem 3.3. Let (Y, ||.||) be a normed linear space with origin 6, X be a nonempty subset of
Y. Let f:Y — Y be a one to one, onto continuous map and g : Y — Y be a continuous map such
that g(x) = 0 implies that f(x) = 6. Suppose that the condition (Hy) in Theorem 3.2 holds.
Assume that either Kerf NX # 0 or f(X) is an open subset of Y. Then, there exist xo € X and
A € A such that f(xo) = Ag(xo).

Proof. We first assume that Kerf NX # 0. By Theorem 3.2, there exists xo € X such that
d(f(x),Z(g(x0))) > d(f(x0),Z%(g(x0))), for all x € X. Since Kerf NX # 0, there exists v € X
such that f(v) = 0. Therefore,

d(f(x0), Z(g(x0))) < d(f(v), #(g(x0))) = 0.

Thus, we have d(f(xo),Z(g(x0))) =0 or f(xo) € Z(g(x0)). So there exists A € % such that
f(x0) = Ag(xp). Now suppose that f(X) is an open subset of Y and f(xp) & Z(g(xo)). Then,
by Theorem 3.2, f(xo) is a boundary point of f(X), which is a contradiction. O

If we take g = I, we get the following corollary which gives an existence result for eigenvector
problem. Note that our sufficient conditions for the solution of eigenvector problem are different
from Theorem 3.5 in [6].

Corollary 3.1. Let (Y,||.||) be a normed linear space with origin 6, X be a nonempty subset of
Y. Let f: Y — Y be a one to one, onto continuous map satisfying f(0) = 6. Suppose that the
following condition holds.

(Cy) there exist a nonempty compact subset K of X and a nonempty compact convex sub-
set C of X such that for each y € X\K there exists z € C such that d(f(z),Z(y)) <
d(f(y),2(y))-

Assume that either Kerf NX # 0 or f(X) is an open subset of Y. Then, there exist xo € X and
A € H such that f(xo) = Axo.

The following existence theorem related to problem [GQEIV P] — (II) is established imme-
diately from Theorem 3.3.
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Theorem 3.4. Under the same hypothesis of Theorem 3.3 and assume that 0 ¢ X, problem
[GOQEIV P| — (II) has a solution.

We also have the following existence theorem for solution of problem [GQEIV P| — (II).

Theorem 3.5. Let (Y, ||.||) be a normed linear space with origin 6, X be a nonempty subset of
Y. Let f:Y — Y be a one to one, onto continuous map and g : Y — Y be a continuous map
satisfying that g(x) = 0 implies f(x) =0, 0 € X Ug(X), and g(X) CVC(f(X)). Suppose that
the condition (Hy) in Theorem 3.2 holds. Then, there exist xo € X with xo # 0 and A € & such
that f(xo) = Ag(xo).

Proof. By Theorem 3.2, there is 6 # xo € X such that d(f(x),Z(g(x0))) > d(f(x0), % (g(x0))),
for all x € X. Since g(X) C VC(f(X)), there exists x; € X such that g(xp) € Z(f(x1)). Thus,
there exists ¥ € % such that g(xg) = yf(x1). Since 6 ¢ g(X), we have y # 0. Hence, f(x;) =
v le(xo) € Z(g(x0)). It follows that

d(f(x0),Z(8(x0))) < d(f(x1),%(g(x0))) =0,
and we have d(f(xo), Z(g(x0))) =0 or f(xo) € Z(g(x0)). Therefore, there exists A € .# such
that f(xo) = Ag(x0)- O

Remark 3.1. Under the same of hypothesis of Theorem 3.5 and the assumption 6 ¢ f(X), we
get a solution of the problem [GQEIVP] — (IV).

By interchanging the roles of f and g in Theorem 3.3 and Theorem 3.5, we obtain the fol-
lowing existence theorems for solutions of problems [CQEIV P] — (III) and [CQEIVP] — (IV),
respectively.

Theorem 3.6. Let (Y,||.||) be a normed linear space with origin 6, X be a nonempty subset of
Y. Let f:Y — Y be a continuous map and g : Y — Y be a one to one, onto continuous map
such that f(x) = 0 implies that g(x) = 0. Assume that either Ker(g) "X # 0 or g(X) is an open
subset of Y. Suppose that
(H,) there exist a nonempty compact subset K of X and a nonempty compact convex subset
C of X such that for each y € X\K there exists z € C such that d(g(z),Z(f(y))) <
d(g(y), Z(f(y))).
Then, there exist xo € X and A € & such that A f(xo) = g(xo).

Theorem 3.7. Let (Y, ||.||) be a normed linear space with origin 0, X be a nonempty subset of Y
with @ € X. Let f : Y — Y be a continuous map. Let g: Y — Y be a one to one, onto continuous
map satisfying f(x) =0 = g(x) =0, and 0 € f(X) CVC(g(X)). Suppose that the condition
(H,) in Theorem 3.6 holds. Then, there exist xo € X with xo # 0 and A € & with A # 0 such
that A f(xo) = g(xo).

The following corollary which improves Theorem 4.2 in [6], is established immediately from
Theorem 3.6 by letting g = 1.

Corollary 3.2. Let (Y,]|.||) be a normed linear space with origin 6, X be a nonempty open
subset of Y. Let f :Y — Y be a continuous map with f~1(0) C {8}. Suppose that

(Cy) there exist a nonempty compact subset K of X and a nonempty compact convex sub-
set C of X such that for each y € X\K there exists 7 € C such that d(z,Z(f(y))) <

d(y, Z(f(y)))-
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Then, there exist xo € X and A € & such that A f(xp) = xo.

Corollary 3.3. Let J be an arbitrary index set. Let (Y}, ||.||;), for j € J, be a normed linear
space with origin 6, X be a nonempty subset of Y. LetY =[] ;c;Y; with origin 6 = (0)) jes and
X =1ljesXj. For jeJ, let fj:Y —Y; be aone to one, onto continuous map and g;:Y —Y;be a
continuous map such that g j(x) = 0 implies that fj(x) = 6;. Assume that KerfjNX # 0. Define
Y =Y by f(x)=(fj(x))jesand g:Y =Y by g(x) = (g(x)); € J. Suppose that the condition
(H,) in Theorem 3.2 holds. Then, there exist xo € X and A € & such that f(xy) = Ag(xo).

Proof. Clearly, Y is a normed linear space with norm ||y|| = sup ¢, ||y;|| where y = (y;) es €Y,
and X is a nonempty subset of Y. Moreover, f is an one to one, onto continuous map and g is
a continuous map such that g(x) = 6 implies that f(x) = 6. All conditions of Theorem 3.2 are
satisfied, and hence there exists xg € X such that d(f(x),Z(g(x0))) > d(f(x0),Z(g(x0))), for
all x € X. Since Kerf;NX # 0, then there exists v € X such that f;(v) = 6, and hence f(v) = 6.
Therefore, d(f(x0),%Z(g(x0))) < d(f(v),Z(g(x0))) = 0 implies that d(f(xo),Z(g(x0))) =0,
and hence f(xg) € Z(g(xo))). Thus, there exists A € ¢ such that f(xg) = Ag(xo). O

Corollary 3.4. Let J be an arbitrary index set. Let (Y;,||.||;), for j € J, be a normed linear
space with origin 6;, X; be a nonempty subset of Y; with 0; ¢ X;. Let Y = [];c;Y; with origin
0 = (0;)jes and X =Tljc;Xj. For j€J, Let fj :Y — Y; be a one to one, onto continuous
map and g : Y — Y; be a continuous map such that g ;(x) = 0; implies that f;(x) = 6}, 0; &
X;Ug(X;). Define f:Y =Y by f(x) = (fj(x))jesand g:Y =Y by g(x) = (gj(x)); € J. Assume
that g(X) CVC(f(x)) = UsexZ(f(x)). Suppose that the condition (Hy) in Theorem 3.2 holds.
Then, there exist xo € X and A € & such that f(xo) = Ag(xo).

Proof. Clearly, Y is a normed linear space with norm ||y[| = sup ;¢ ||y;|| where y = (y;) jes €Y,
and X is a nonempty subset of Y. Moreover, f is an one to one, onto continuous map and g
is a continuous map such that g(x) = 6 implies that f(x) = 6. All conditions of Theorem 3.2
are satisfied, and hence there exists xo € X such that d(f(x),Z(g(x0))) > d(f(xo),Z(g(x0))),
for all x € X. Since g(X) CVC(f(x)) = UrexZ(f(x)), there exists v € X such that g(xg) €
Z(f(v)). Thus, there exists A € # such that g(xg) = Af(v) and A # 0. Thus, f(v) =
A~ 'g(x0) € %(g(x0) which follows that d(f(xo),Z(g(x0))) < d(f(v),Z(g(x))) = 0. It im-
plies that f(xo) € Z(g(x0))) = 0, and hence there exists A € ¢ such that f(xp) = Ag(xp). O
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