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GENERIC CONVERGENCE OF METHODS FOR SOLVING STOCHASTIC
FEASIBILITY PROBLEMS
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Department of Mathematics, The Technion — Israel Institute of Technology, 32000 Haifa, Israel

Abstract. We use an implementation of the generic approach to solve (generalized) stochastic feasibility
problems. These are the problems of finding almost common fixed points of measurable (with respect to
a probability measure) families of mappings. Such an implementation for a bounded set K has already
been presented by Gabour, Reich and Zaslavski in 2001. Our strong convergence results provide iterative
methods (in the case where the set K is not necessarily bounded) for finding an almost common fixed
point of a generic measurable family of mappings. Some of our results involve the case where a subset
of the almost common fixed point set is a nonexpansive retract of K. Our results are applicable to both
the consistent case (that is, the case where the aforesaid almost common fixed points exist) and the
inconsistent case (that is, the case where there are no common fixed points at all).

Keywords. Baire category; Banach space; Common fixed point problem; Residual set; Stochastic feasi-
bility problem.

1. INTRODUCTION AND BACKGROUND

Suppose that (X, ||-||) is a normed vector space with norm ||-||, K C X is a nonempty, closed
and convex subset of X, and (Q, .7, i) is a probability measure space (more information on
measure spaces and measurable mappings can be found, for example, in [1]). Denote by .4
the set of all bounded and nonexpansive mappings A : K — K, that is, all bounded mappings
A : K — K such that ||Ax —Ay|| < ||x—y]| for each x,y € K. For the set .4, define a metric
py N x N —Rby

p.y (A,B) :=sup{||Ax—Bx||: x€ K} ,A,Be V.
Clearly, the metric space (.4, p_y ) is complete if (X,]-||) is a Banach space. Denote by .# the

set of all sequences {A,},_; C .# . For the set .#, we consider two uniformities determined
by the bases

E(N,€) = {({An) oy ABaYo)) € M x M oy ({An)ry ABa}o) < €.n=1,2,...N}
and

Eé (8) = {({An}::l 7{Bn}:zo:1) €MXM: Py ({An}::l ={Bn}:=1) <g&n=12,... }7
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where € >0 and N = 1,2,.... These two uniformities induce two uniform topologies, respec-
tively, 7] and 75 on .. These topologies on .# will be called the weak and strong topologies,
respectively. Clearly, 7 is indeed weaker than 7}, and the uniform space .# with each of these
topologies is metrizable (by metrics p;; and py;, respectively) and complete if (X, |[-[|) is a Ba-
nach space. More information on uniformities and uniform spaces can be found, for example,
in [2].

Denote by 4q the set of all bounded mappings 7 : Q — .4 such that, for each x € K,
the mapping 7} : Q — K, defined, for each @ € Q, by T} () := T (®) (x) for each x € K, is
measurable. It is not difficult to see that if T € A4q, then Tx’ is integrable on Q. For each
T € A, define an operator T : K — K by Tx = [ T! (®)du (). By the separation theorem,
this is indeed a self-mapping of K. Note that this mapping is onto K. Clearly, for each T € 45,
we have T € .#". Thus we consider the topology defined by the following pseudo-metric on
N0

PAg (T,S) =Py (f,:g'v) ,T,S € NG.

It is not difficult to see that the pseudo-metric space (.4,p.s,) is complete if (X, |-) is a
Banach space. The topology defined by the pseudo-metric p_s, on .4 will be called the weak
topology. For the set .4, define a metric d 4, : A" x A" — R by

d s, (T,S) :=sup{py (T (®),S(w)): @€ Q},T,S€ N.

The topology defined by the metric d 4, on .4 will be called the strong topology. It is not
difficult to see that this topology is indeed stronger than the topology defined on .4 by the
pseudo-metric p,_,. Clearly, the metric space (4,d ) is complete if (X, ||-||) is a Banach
space.

Denote by .#Zq the set of all sequences {7}, ; C 4. For the set .#q, we consider two
uniformities determined by the bases

E\(N,&) ={({Tu}_1 {Su}rs)) € Mo x Mo p sy (T1,Sy) <€,n=12,...N}

and
Ey (&) = {({Tn}roy ASutio)) € Mo x Mo pag (T, Sn) <€,n=12,... },
where € >0and N = 1,2,.... These two uniformities induce two uniform topologies, 71 and 1,

respectively, on .Zq. These topologies on .#Zq will be called the weak and strong topologies,
respectively. Clearly, 7 is indeed weaker than 7,, and the uniform space .#q with each of these
topologies is pseudo-metrizable (by pseudo-metrics p7, and p,, respectively) and complete if
(X,]]-]|) is a Banach space.

We denote by //lé the set of all sequences of mappings {7,},_; C 4G which are bounded in
(A0, d s, ) and by 45 the set of all sequences of mappings {7, };,_, C /o which are bounded
in (Ji/gz,p /VQ) It is not difficult to see that //lé C //lff. For the set %g, define a metric
d g MG ¥ MG~ R by

d o ({Tudizy ASn b)) = sup{duig (T, Sn) : =12} AT 1 {Sa}ily € S

The topology defined by the metric d b On ///3 will be denoted by 73. It is not difficult to see
that this topology is stronger than the relative strong topology (and therefore stronger than the
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relative weak topology) on .#§. Clearly, the metric space (.//lg,d a2 ) is complete if (X, ||-||)

is a Banach space, and ,//lg is a closed subset of .Zq with respect to the strong topology.
The following two propositions follow easily from the definitions.

Proposition 1.1. The mapping T — T from ANq with the weak topology onto (N ,p_y) is
continuous.

(o]

Proposition 1.2. The mapping {T,},_, — {Tn} | from Mq with the strong (respectively,
e

weak) topology onto ./ with the strong ( respectivefy, weak) topology is continuous.

We denote by .4 the set of all operators T € g for which there exists x € K such that
Tx=x, and by ///gg the set of all sequences {7y}, | € .#q for which there exists x € K such
that 7,x = x for all n = 1,2,..... We denote by .4 5° the closure of .4, in 4o with respect
to the strong topology, by .#,° N.#8 the closure of .4 N.#& with respect to the strong
topology and by % N.#} the closure of .4 * N .4} with respect to the 73 topology.

Finally, we consider F C K, which is a nonempty, bounded, closed and convex subset of
K. Denote by Jiﬁ(F) the set of all operators T € .4 such that, for almost all @ € Q, we have

T (w)x = x for each x € F. It is not difficult to see that Jiﬁ(F) is a closed subset of .4 with

respect to the strong topology. Denote by //lg) the set of all sequences {7}, € JV&F ) and

by # g ) the closure of ///g) in .#q with the weak topology. It is not difficult to see that

//Zg) N //g is a closed subset of //S’; with respect to the 73 topology. Denote by ///g) Nl

the closure of ///g(ZF) N.#E with respect to the strong topology.

Recall that a mapping P : K — F is a nonexpansive retraction of K onto F if P € .4 and
Px=xforall x € F, and F is a nonexpansive retract of K if there exists a nonexpansive retraction
P of K onto F. More information on nonexpansive retractions and nonexpansive retracts can be
found, for example, in [3] and [4], and the references therein.

In all our results we also assume (X, ||-||) is a Banach space.

2. STATEMENTS OF THE MAIN RESULTS

In this section, we state our main results. They are based on the generic approach (for more
applications of this approach, see, for example, [5]). We establish them in Section 4 below.
Some of our results include, inter alia, the extensions of all the results which were obtained in
[6] to an unbounded set K.

Recall that, for each S € .45, a point x € K is an almost common fixed point of the family
{S(®)}peq if S(@)x = x for almost all @ € Q. Similarly, for each {S,},_; € .#q, a point
x € K is an almost common fixed point of the family {S, (®)}ycq n—12... if Su (@) x = x for all
n=1,2,... and almost all ® € Q.

Theorem 2.1. There exist sets # C No and F' C.F NN gg, which are countable intersections
of open (in the relative weak topology) and dense (respectively, in the strong topology and in
the relative strong topology) subsets of, respectively, V¢ and N gg so that, for each S € .7, the
following assertion holds:
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There exists xs € K, which is the unique fixed point of the operator S, such that, for each

x € K, the sequence {gnx converges to xs, uniformly on K, and the set of almost common
n=1
fixed points of the family {S (@)} ,cq is contained in {xs}. Moreover, for each € > 0, there exist

a positive integer N and a neighborhood U of S in N with the weak topology such that, for
each integer n > N and each R € U,

Hﬁ”x—xSH <&
foreach x € K.

Theorem 2.2. There exist sets .F C //lgrfg N ///5 and F' C F ﬂ//lg, which are countable inter-

sections of open (in the relative strong topology) and dense (respectively, in the relative strong
reg reg

topology and in the relative T3 topology) subsets of, respectively, M4, N M5 and M55 N M, b
so that for each {S,},_| € .Z, there exists xs € K, which is the unique common fixed point of the

~k ©

operators S, n = 1,2,..., such that for each x € K, the sequence {Sn X converges to Xxs,

uniformly on K, for eachn = 1,2,..., and the set of almost common fixed l;olints of the family
{81 (0)} peq. ne1.... is contained in {xs}. Moreover, the following assertion holds:

For each € > 0, there exist a positive integer N and a neighborhood U of {S,},_, in M o
with the strong topology such that, for each {R,},_, € U, each integer n > N and each mapping
re{l,....,n} = {1,2,...},

Theorem 2.3. There exist sets .F C Mo, F' C .F N ///3 and F" < F'0.HE, which are
countable intersections of open (in the relative weak topology) and dense (respectively, in the
relative weak topology, in the relative strong topology and in the T3 topology) subsets of, re-
spectively, Mo, ME, and M8, so that for each {S,}_| € F, the following assertion holds:

For each € > 0, there exist a positive integer N and a neighborhood U of {S,},_, in Mg
with the weak topology such that, for each {R,},_, € U and each integer n > N,

Theorem 2.4. There exist sets F C M5 and F' C F N .M, b which are countable intersections
of open (in the relative strong topology) and dense (respectively, in the relative strong topology
and in the T3 topology) subsets of, respectively, ///5 and L, so that for each {Su} € F,
the following assertion holds:

For each € > 0, there exist a positive integer N and a neighborhood U of {S,},_, in Mg
with the strong topology such that, for each {R,},_, € U, each integer n > N and each mapping

r:{l,...,n} = {1,2,...},
|

—_—

Rr(n) ...R,(])X—XSH <€

for each x € K.

—~ —~

Rn...El/x—Rn...TyH < €

forall x,y € K.

Rr(n) .. 'Rr(l)x_Rr(n) .. .Rr(l)yH <&

foreach x,y € K.
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Theorem 2.5. Assume F is a nonexpansive retract of K. Then there exists a set .F CJIﬁ(F),
which is countable intersections of open (in the weak topology) and dense (in the strong topol-

ogy) subsets of c/iﬁ(F), so that for each S € .F, the set of almost common fixed points of the
family {S(®)},cq coincides with F and there exists a nonexpansive retraction Q of K onto F
such that the following assertions hold:

(1) The sequence of operators {:S'V"} converges to Q, uniformly on K.
n

(2) For each € > 0, there exist a positive integer N and a neighborhood U of S in ,/VQ(F)
with the weak topology such that, for each R € U and each integer n > N,

Theorem 2.6. Assume F is a nonexpansive retract of K. Then there exist sets % C M g ),

F' C FNME and F" C F'0.M§, which are countable intersections of open (in the rel-
ative weak topology) and dense (respectively, in the relative weak topology, in the relative

strong topology and in the relative T3 topology) subsets of, respectively, .H g ), //lggF) ﬂ//lg

and //lg(zF) N.#8, so that for each {Su}i| € F, the set of almost common fixed points of the
family {S, (©)} yeq n=1... is contained in F (if {Sy},_ € F", then this set coincides with F)
and there exists a nonexpansive retraction Q of K onto F such that the following assertions
hold:

(1) The sequence of operators {57,, . 571} | converges to Q, uniformly on K.
n=

(2) For each € > 0, there exist a positive integer N and a neighborhood U of {S,},_, in

ﬁ”x—QxH <e&

for each x € K.

o)

M g ) with the relative weak topology such that, for each {R,},_, € U and each integer
n>N,

Theorem 2.7. Assume F is a nonexpansive retract of K. Then there exist sets .F C %éF) N ///5
and F' C F N //é, which are countable intersections of open (in the relative strong topology)
and dense (respectively, in the relative strong topology and in the relative T3 topology) subsets

of, respectively, //lg(ZF) N8 and ///ggF) N ///5, so that for each {S,}, | € .Z, the set of almost
common fixed points of the family {S, ()} ycq =1 ... i contained in F (if {Sn},_, € F', then
this set coincides with F) and the following assertions holds:

For each mapping r: {1,2,...} — {1,2,...}, there exists a nonexpansive retraction Q, of K
onto F such that:

Rn...f\;x—QxH <€

for each x € K.

(1) The sequence of operators {S,(,,) Sy 1)} | converges to Q,, uniformly on K.
n—=
(2) For each € > 0, there exist a positive integer N and a neighborhood U of {S,},_, in

M g ) with the relative strong topology such that, for each {R,},._, € U and each integer
n>N,

Rr(n) .. .Rr(l)x— Orx ’ <E&



336 K. BARSHAD, S. REICH, A.J. ZASLAVSKI
for each x € K.

3. AUXILIARY RESULTS

In this section, we present several lemmata, which will be used in the proofs of our main
results.

We begin by recalling that a family E of operators A : K — K 1is said to be uniformly equicon-
tinuous if for any € > 0, there exists > 0 such that |Ax — Ay|| < € for each A € E and for each
x,y € K satisfying ||x — y|| < 8. The following lemma is a stronger version of Lemma 4.2 in [7].

Lemma 3.1. Assume E is a nonempty uniformly equicontinuous set of operators A : K — K,
N is a positive integer and € > 0 is a positive number. Then there exists a number 6 > 0 such

that for each sequence {An}nN:1 C E and each sequence {Bn}],yzl, where the (not necessarily

continuous) operators B, : K — K, n=1,... N, satisfy, foreachn=1,...N,
|Bnz —Anz|| < 6 (3.1)
for each z € K, the following inequality holds
|By...Bix—A,...Aix|| < €
foreachn=1,...,N and each x € K.

Proof. Define by recursion the following sequence of positive real numbers: €y = €, and for
eachn=1,...,N—1, choose g, < &, such that, for each x,y € K, with ||x —y|| < &,, we have
|[Ax—Ay|| < 2 'e,,| foreach A € E. Set & := 2 '¢|. Assume {A,}_, C E and that the (not

n=1
necessarily continuous) operators B, : K — K, n=1,...,N, satisfy (3.1). We now show by
induction. For eachn =1,...N, we have

|By...Bix—A,...A1x|| <&, VxeK.
For n = 1, this follows from (3.1). For n > 1, we suppose that
|Bp—1...Bix—A,—1...Ax|| < &1 (3.2)
for each x € K. Then by the triangle inequality, (3.1), the definition of &, and (3.2) we have
I|By...Bix—A,...A1x|| <||BuBn—1...Bix—A;B,_1...Bix||
+|ApBp_1...Bix—A,... Aix]| <8+27'e, =27 (&1 +¢,) <&,
for each x € K. Since, foreachn=1,...,N, &, < €, the result follows. ]

[}

Given y* € K, {A,}y_, € 4 and y € (0,1), we define a sequence of mappings {A}}
Al K — K by

n=1’

AZx::(l—y)Anx+yy*,n:1,2,... (3.3)
foreachx € K. Foreachn=1,2..., we have
[ATx = ALyl < (1—=7) lx—y] (3.4)

for each x,y € K. Hence {AZ}::l € .. 1t is not difficult to see that, for each sequence of
operators {A,}_, € .2, the family of operators {{A}}"_:y€ (0,1)} is uniformly equicon-
tinuous.

Denote by .#? the set of all sequences {A,}_, € .4, which are bounded in the space
(AN ,p_y). Clearly, for each {A,}>_, € .45, we have {AZ}:ZI c.u5.
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3.1. Auxiliary results for Theorems 2.1 and 2.2.

Lemma 3.2. Let € > 0 be an arbitrary positive number. Then for each {A}, | € M B each
Y€ (0,1) and each y* € K satisfying Ajx=xfor someX € K andalln=1,2,... (where {A}}"~_|
is defined by (3.3)), there exist a positive integer N and a neighborhood U of {A,};}::l in the
space .# with the strong topology such that the following assertion holds:

For each {B,},_, € U and each mapping r: {1,... N} — {1,2,...}, we have

HBr(N) ...Br(l)x—fH <E&
forall x € K.

Proof. Let {A,}r_, € 4%, y€ (0,1) and y* € K satisfy A}X = X for some X € K and all n =
1,2,... (where {AZ}::I is defined by (3.3)). Clearly, there exists Ry > 0 such that HA,ZxH <Ry
foreachx € K and alln=1,2.... Choose a positive integer N > 1 such that

(1= (17 +Ro) < 27e.
By Lemma 3.1, there exists a neighborhood U of {AZ}::I in the space .# with the strong
topology such that, for each {B,}_, € U and each mapping r: {1,...,N} — {1,2,...},
‘ Br(N)"'B”(l)x_AZ(N)"'AZ(I)XH < 2_18 (3.5)

forall x € K. Let {B,},_; €U andletr:{1,...,N} — {1,2,...} be an arbitrary mapping.
Using (3.4) and induction, we get
ATy AT <27Te (3.6)

4w
for each x € K. Inequalities (3.5) and (3.6) imply that

HBr(N)'”le_)ZH < ‘

Y Y
Br(N) .. 'Br(l)x_Ar(N) .. 'Ar(l)xH

]

Y Y =
Ar(N)...Ar(l)x—xH <€
for each x € K. Lemma 3.2 is proved. U

ForeachA € .4, y€ (0,1) and y* € K, define the mapping Ay : K — K by

Apx = (1—-y)Ax+yy" (3.7)
for each x € K. Clearly,
[Ayx—Ap| < (1=7) lx—y

foreachx,y € Kand Ay € 4. By Banach’s fixed point theorem, there exists a unique z (A, y,y*) €
K such that for each x € K, A’;,x — z(A,y,y") as n — oo and

Ayz(A,7,y") =z(A,7,)"). (3.8)

Using Lemma 3.2, we obtain the following result.
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Lemma 3.3. Let € > 0 be an arbitrary positive number. Then for each A € A, each y € (0,1)
and each y* € K, there exist a positive integer N and a neighborhood U of Ay (defined by (3.7))
in the space (N ,p_y) so that the following assertion holds:

For each B € U and each integer n > N, we have

1B x—z(A,7,y")|| <&
for each x € K.
Given {T,},_, € #q, y € (0,1) and y* € K, we define a sequence of mappings {Tny}::l,
TV Q— ¥, by
TV (0)x:=(1-y) T, (0)x+y* ' ,n=12,... (3.9)
for each ® € Q and each x € K. Clearly, {Tny}:’:l € #q. We have, foreachn=1,2,...,

1= [ (1=7)T (@) x+1")du(@) =" +(1-7) [ T (0)xdu (@)

=(1—y) Tx+p"*
for each x € K. Therefore -
=1 =1, (3.10)

foreachn=1,2,.... We also have, foreach N =1,2,...,

xek

P (T),T,) <y (max{sup HﬁgeH}jl + ‘|y*||) (3.11)

for each n = 1,2...N. If, in addition, {7, };_, € .#5, then by (3.10), {Tny}::] S ///g and for
eachn=1,2..., we have

P (11 T1) < y( sup | 7ia] + Hy*ll) - (3.12)
xeK, k=1.2,...
In addition, if {7, },_, € ///gbz, then by (3.9), {Tny}::1 € ///é and for eachn =1,2..., we have
dag (T o AT} z) < ?’( sup 17k (@) x| + Hy*H) : (3.13)
x€K, 0EQ, k=12,...
In particular, for each T € Aq, v € (0,1) and y* € K, the mapping Ty : Q — K, defined by
Ty(@)x:=(1—-y)T(0)x+7yy" (3.14)
for each @ € Q and each x € K, satisfies Ty € NG, as well as

Ty =T, (3.15)
and
d s (Ty,T) < Y( sup || (@)x[| + ||y*||> : (3.16)
xeK, 0eQ

Comparing (3.15) to Lemma 3.3 and Proposition 1.1, we immediately obtain the following
lemma.
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Lemma 3.4. Let € > 0 be an arbitrary positive number. Then for each T € Ng, each y € (0,1)
and each y* € K, there exist a positive integer N and a neighborhood U of Ty (defined by (3.9))
in the space Ngq with the weak topology so that the following assertion holds:

For each S € U and each integer n > N, we have

Recall that ., * is the set of all sequences {T,},_, € .#q for which there exists a point
x € K such that T,x = x for all n = 1,2,..., and 4, is the set of all mappings T € 45 for
which there exists x € K such that Tx = x.

Given {T,,},_, € %gg with X{1,3%, such that ﬁx{Tn}Z’:l = X{1,}=, foreachn=1,2,... and
y € (0,1), we define a sequence of mappings {Tny}::l, T,/ : Q — N, by (3.9) with respect to
X{T,3 s that is, for each @ € Q,

§nx_z (Ta Yay*>

<e

for each x € K.

T/ (@)x:= 1=y T (0)x+yxgy= ,n=12,... (3.17)

for each x € K. Since fnx{Tn};:l =X[{T)7, foreachn=1,2,..., by using (3.10), we have

Tny’C{Tn};;1 =X (3.18)

foralln=1,2,...,and hence {T;/} | € .43".
In particular, given T € </I/Qreg with x7 such that Tx7 = x7 and y € (0, 1), we define a mapping
Ty : Q — N by (3.14) with respect to xr, that is, for each @ € Q,
Ty(0)x:=(1-7)T(w)x+yxr
for each x € K. Since Tx = x7, by using (3.15), we have
Tyxr = xr

foralln=1,2,..., and hence Ty € 5.

By Proposition 1.2, the mapping {7}, ; — {ﬁ} ] from .5 with the relative strong

n—
(respectively, relative weak) topology onto .22 with the relative strong (respectively, relative

weak) topology is continuous. Comparing this, (3.18) and (3.10) to Lemma 3.2, we immediately
obtain the following lemma.

[

Lemma 3.5. Let € > 0 be an arbitrary positive number. Then for each {T,}, | € .///gg N ///5

and each y € (0, 1), there exist a positive integer N and a neighborhood U of {Tny}::: | (defined

by (3.17)) in the space ¢ with the strong topology such that the following assertion holds:
For each {S,},_, € U and each mapping r: {1,...,N} — {1,2,...}, we have

|

—_—

Sy - Sr¥ X gy || <€

for each x € K.



340 K. BARSHAD, S. REICH, A. J. ZASLAVSKI
3.2. Auxiliary results for Theorems 2.3 and 2.4.

Lemma 3.6. Let € > 0 be an arbitrary positive number. Then, for each {A,},_, € A, each

y € (0,1) and each y* € K, there exist a positive integer N and a neighborhood U of {AZ }::1

(defined by (3.3)) in the space .# with the weak topology satisfying the following assertion:
For each {Bn}:le € U and each integer n > N, we have

|Bn...Bix—By...Byy|| <€
foreach x,y € K.
Proof. Assume {A,}~ , € #,y€ (0,1) and y* € K. Clearly, there exists Ry > 0 such that
||Ax|| < Ry for each x € K. Choose a positive integer N > 1 such that (1 — WV TRy < 67 e

By Lemma 3.1, there exists a neighborhood U of {A,’; }::1 in the space .# with the weak
topology such that, for each {B,},_, € U,

|By...Bix—AL.. Alx|| <37 e (3.19)
for each x € K. Using (3.4) and induction, we obtain
|AL .. Alx—AL .. ATy <37 e (3.20)
for each x,y € K. Let {B,},_, € U. Since each one of the operators B, is nonexpansive,
inequalities (3.19) and (3.20) imply that, for each integer n > N,
||Bn. . .le—Bn.. -Bly” § ||BN. . .le—BN...BlyH S
B ...Bix—AL .. Alx|| + ||AL .. . ATx— AL .. AlY|
+||A%...Aly—By...Biy|| <
for each x,y € K. Lemma 3.6 is proved. 0
Lemma 3.7. Let € > 0 be an arbitrary positive number. Then for each {A,}, | € M B each
Yy € (0,1) and each y* € K, there exist a positive integer N and a neighborhood U of {AZ}::I
(defined by (3.3)) in the space ./ with the strong topology satisfying the following assertion:

For each {B,}, | € U, each integer n > N and each mapping r: {1,...,n} — {1,2,...}, we
have

HBr(n) .. 'Br(l)x_Br(n) .. .Br(l)yH <€
foreach x,y € K.

Proof. Let {An},_, € #,y€(0,1),y" € K. Clearly, there exists Ry > 0 such that HAZXH < Ro
for each x € K and all n = 1,2.... Choose a positive integer N > 1 such that (1 —y)" 'Ry <
6~ 'e. By Lemma 3.1, there exists a neighborhood U of {AZ}::I in the space .# with the
strong topology such that for each {B,}, _; € U and each mapping r: {1,...,N} — {1,2,...},
we have

for each x € K. Using (3.4) and induction, we get

By By = Al Al <3706 (3.21)

AV A7
r

-1
wy A=Al AT <37l (3.22)

)
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foreach x,y € K. Let {B,},_; €U andletr:{l,...,n} — {1,2,...} be an arbitrary mapping.
Since each one of the operators B, is nonexpansive, inequalities (3.21) and (3.22) imply that,
for each integer n > N,

1Bra) -+ Brx = Byiuy - By || < [[Briay - Briayr = Bry - - Briapyl| <

|

(N) ) (1) (N)
| AT ATy =B - By | < e

Y Y Y Y Y Y
By Briaye = Al o AL x| |47 AT = ATy AT

for all x,y € K. This completes the proof of Lemma 3.7. U

Comparing (3.10) to Lemma 3.6, Lemma 3.7 and Proposition 1.2, we immediately obtain the
following two lemmata.

Lemma 3.8. Let € > 0 be an arbitrary positive number. Then for each {T,}, | € M, each

Yy € (0,1) and each y* € K, there exist a positive integer N and a neighborhood U of {Tny}:;l

(defined by (3.9)) in the space ¢ with the weak topology satisfying the following assertion:
For each {S}, _, € U and each integer n > N, we have

Lemma 3.9. Let € > 0 be an arbitrary positive number. Then for each {T,},_, € 45, each
Yy € (0,1) and each y* € K, there exist a positive integer N and a neighborhood U of {Tny}f;l
(defined by (3.9)) in the space ¢ with the strong topology satisfying the following assertion:

For each {S},_, € U, each integer n > N and each mapping r: {1,....n} — {1,2,...}, we
have

3.3. Auxiliary results for Theorems 2.5, 2.6 and 2.7. Assume that F' is a nonexpansive retract
of K. Then there exists P: K — F such that P € .4 and Px = x for all x € F.. For each x € K, set
d (x,F) = infycr || x — y||. Denote by .4 (F) the set of all A € .4 such that Ax = x for all x € F.
Denote by . ) the set of all sequences {A,}>_, € .#(F). Tt is not difficult to see that .#(F)
is a closed subset of .# with the weak topology. Given {A,},” , € .# and y € (0,1), we define
a sequence of mappings {AZ}:ZI, Al:K — K, by

5;,...§1x—5n...~1yH<e

foreach x,y € K.

—_—~— — —

Sr(n) .. .S,(l)x— Sr(n) .. .Sr(l)yH <€

foreach x,y € K.

Alx:=(1—y)Apx+yPx,n=1,2,... (3.23)

for each x € K. Clearly, {A,Z}::l € M, andif {A,}, | € #F) then {AZ,/}::I e #'\F), as well
as if {A, )}, € A5, then {A]}"_ € .4P.
In the next three lemmata, we assume {AZ}:: 1 is defined by (3.23).

Lemma 3.10. Ler {A, )}, € #\F) and y € (0,1). Then for each x € K and eachn=1,2,...,
we have d (AZx,F) < (1—=v)d(x,F).
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Proof. Let x € K and let n > 1 be an integer. Then for each € > 0, there exists y € F such that
|lx—y| <d(x,F)+¢€. We have (1 —7y)y+ yPx € F and by (3.23),

d(Alx,F) <[|Afx— (1 =7)y—vPx|| = (1= 7) |Aux — ||
<SA=P =yl <A=71dxF)+e).

Since € is an arbitrary positive number, we conclude that d (A}x,F) < (1—7v)d (x,F). This
completes the proof of Lemma 3.10. 0

Lemma 3.11. Let € > 0 be an arbitrary positive number. Then for each {A,},_, € MF) and
each vy € (0, 1), there exist a positive integer N and a neighborhood U of {AZ}::I in the space
M with the weak topology satisfying the following assertion:

There exists a nonexpansive retraction Q of K onto F such that, for each {B,}, | € U,

IIBy...Bix—Q0x| <€
for each x € K.

Proof. Fix y* € F. Let {An},_, € A (F) and y € (0,1). Clearly, there exists a number Ry > 0
such that HATXH < Ry for each x € K. Choose a positive integer N > 1 such that

(=M (ly* [ +Ro) <27 e.

By Lemma 3.1, there exists a neighborhood U of {A,’; }::1 in the space .# with the weak
topology such that, for each {B,}, , € U,

|By...Bix—AL...Alx|]| <27'¢ (3.24)

for each x € K. Using Lemma 3.10 and induction, we infer that
d(A}...Alx,F) < (1—pN ' |ATx—y"|| <27'e
for each x € K. Therefore there exists a mapping Q : K — F such that
AL .. ATx—0x|| <27 ¢ (3.25)
for each x € K. Inequalities (3.24) and (3.25) imply that, for each {B,}, _, € U,
By ...Bix— Qx| < |[By...Bix—AY.. . Alx|| +]|A} ... ATx— 0x|| < &

for each x € K. This completes the proof of Lemma 3.11. 0

Lemma 3.12. Let € > 0 be an arbitrary positive number. Then for each {A,},_, € ME) B
and each y € (0,1), there exist a positive integer N and a neighborhood U of {A,}{}::] in the
space .# with the strong topology satisfying the following assertion:
For each mapping r: {1,... N} — {1,2,...}, there exists a nonexpansive retraction Q, of K
onto F such that, for each {B,},_, € U,
HBr(N) .. .Br(l)x— erH <€
for each x € K.

Proof. Fixy* € F. Let {A,}o_, € #F) 4" and y € (0,1). Clearly, there exists Ry > 0 such
that ||A2:x|| < Rp foreachx € Kandalln=1,2.... Choose a positive integer N > 1 such that

(=N (v +Ro) <27 .
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By Lemma 3.1, there exists a neighborhood U of {AZ}:ZI in the space .# with the strong
topology such that for each {B,},_; € U and each mapping r: {I,...,N} — {1,2,...}, we
have

for each x € K. Letr: {l,...,N} — {1,2,...} be an arbitrary mapping. Using Lemma 3.10
and induction, we see that

Y Y —1
Br(N)"'Br(l)x_A "'Ar(l)xH <27 ¢ (3.26)

r(N)

Y Y -1
d (Al ATy, <2l

for each x € K. Therefore there exist a mapping Q, : K — F such that
Y Y
Al .Ar(l)x—Q,x

( -
for each x € K. Inequalities (3.26) and (3.27) imply that, for each {B,}, | € U,

x,F) <(1 —}/)N_l ‘AZ(])x—y*

<27 1¢ (3.27)

HBr(N) ...le—erH S ‘

B,y - .Br(l)x—AZ "'AZ(I)XH

(N)
+ ATy AT - 0] <€
for each x € K. This completes the proof of Lemma 3.12. U

Recall that we denote by Jl@(F) the set of all operators T € .4 such that
(Vx € F)T (w)x = x for almost each @ € Q, and by ///g) the set of all sequences {7}, C
Jiﬁ(F). Clearly, foreach T € ,/1@(1:) and each {T,,},_, € ,///(F), we have T € N) and {ﬁ} S

n=1
M)
Given {T,}, | € M, v € (0,1) and a nonexpansive retraction P of K onto F, we define a
sequence of mappings {Tny}:: 1 T,V : Q — N by

TV (0)x:=(1-y)T,(0)x+yPx,n=1,2,... (3.28)

for each @ € Q and each x € K. It is clear that {Tny}:;l € //g) if{T,,},_, € ), and for
eachn=1,2,...,
T =T, (3.29)

[e5S)

where the sequence {ﬁ,y} | is defined, for each n = 1,2,..., as in (3.23). We also have, for
eachN=1,2,..., "~

N
P (TV,T,) < y(max{supHﬂxH} +sup||PxH> (3.30)
k=1

xek xek

for each n = 1,2,...N. If, in addition, {T;,};r_; € .5, then by (3.29), {T,/}_, € .#§ and for
eachn=1,2..., we have

%(TJ,Tn>§y( sup Hﬁx]+sup||lel>- (3.31)
XK, k=12,... xek
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In addition, if {7,,}, _, € ///3, then by (3.28), {Tny}:::] e ///3 and foreachn=1,2..., we have

o (T2 AT S < Y( sup 17) (@) x[| 4-sup HPXH> : (3.32)
xeK,0eQ k=1,2,... xeK

In particular, for each T € 4q and y € (0,1), the mapping Ty : Q — K defined by
Ty(w)x:=(1-7)T (w)x+ yPx (3.33)

for each @ € Q and each x € K, satisfies T € </VQ(F) if T € JVQ(F), and 7~’y = Ty, as well as

d s, (T, T) < }/( sup |7 (o) x]| —l—sup||Px||> . (3.34)

xeK, el xeK

Comparing (3.29) to Lemma 3.11, Lemma 3.12 and Proposition 1.2, we immediately obtain the
following two lemmata. In these lemmata, we assume that {Tny}j;l is defined by (3.28).

Lemma 3.13. Let € > 0 be an arbitrary positive number. Then for each {T,},_| € //g) and

each v € (0, 1), there exist a positive integer N and a neighborhood U of {Tny}::] in the space
M, with the weak topology satisfying the following assertion:
There exists a nonexpansive retraction Q of K onto F such that, for each {S,}, _, € U,

HS’;...Six—QxH < €
for each x € K.

Lemma 3.14. Let € > 0 be an arbitrary positive number. Then for each {T,}, | € ///g) N ///5

and each y € (0,1), there exist a positive integer N and a neighborhood U of {Tny}:zl in the
space Mq with the strong topology satisfying the following assertion:

For each mapping r: {1,... N} — {1,2,...}, there exists a nonexpansive retraction Q, of K
onto F such that, for each {S,},_, € U,

4. PROOF OF THE MAIN RESULTS

Sr(N) .. .S,(l)x— Orx ‘ <€

foreach x € K.

Proof of Theorem 2.1. Fix y* € K. For each T € 4g, and y € (0, 1), define y} by

yr =

y*  otherwise

. {xT IfT e A5

where xr satisfies Txy = xr. Define Ty : Q — N by
Ty(w)x:=(1-7)T (@) x+ 7

for each @ € Q and each x € K. Set X(T,y) =z (f,y,y’}), where z (f, y,y}) is the unique
element of K satisfying

Ty (f %ﬁ) =7z (f, %ﬁ)
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(see also (3.8)). By (3.16), the sets
A={Ty: T € M, v (0,1)}
and
A ={T,: Te N8 ve(0,1)}

reg

are dense, respectively, in .4 with the strong topology and in .4
topology.

Assume that g is a positive integer. By Lemma 3.4, for each (7,7) € A4g x (0, 1), there exist
a positive integer N, (7,7) and an open neighborhood U, (T,7y) of Ty in the space .4 with the
weak topology so that the following assertion holds:

For each R € U, (T, y) and each integer n > N, (T,7), we have

for all x € K. For each positive integer g, set

with the relative strong

Rix— (7. <é (@.1)

Dg = \Yrpetax01)Uq (T,7)
and

ZEN Uy (T, y) NN GE.

(T.7)eN ¥ % (0,1)

Clearly, the sets Z,, and .@;eg are open (in the relative weak topology) and dense (respectively,
in the strong topology and in the relative strong topology) sets in, respectively, .4 and J/—gig
for each positive integer ¢, because the set &, contains A and the set Z;° contains A"*8. Define
F = Ng=1Zq and F' = Ng= D48 EV1dently, Z and .#' are countable intersections of open (in
the relative weak topology) and dense (respectively, in the strong topology and in the relative
strong topology) sets in, respectively, .4q and A 5%

Assume that § € .7 and € > 0. There exist a positive integer g such that q% < € and a pair
(T,7) € Ao x(0,1) such that S € Uy, (T,7). Let R € Uy, (T,y). By (4.1), for each positive
integer n > Ny, (T,7), we have

|Rr—x(r, y)) < % <27 4.2)

for each x € K. Since R € U, (7, 7) is arbitrary, we have, in particular, for each positive integer
n Z Nqo (Ta Y)’

for all x € K. Since € is an arbitrary positive number, (4.3), the triangle inequality and the

Sy — xTyH<—<2 e 4.3)

completeness of the subspace K of X imply that the sequence of operators {g”} converges

uniformly to an operator G : K — K. By switching to the limit in (4.3) and using the triangle
inequality, a similar argument shows that G must be constant, that is, there is xg € K such that
for each x € K, §"x — xg, as n — oo, uniformly on K. By the continuity of the operator S, we
have

Sxs=S hm S"xs = lim §" xg = xs.
n—oo
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Therefore xg is the unique fixed point of the operator S. Clearly, the set of almost common fixed
points of the family {S¢},cq is contained in {xs}. By switching to the limit in (4.3), we see
that

les =% (T, )|l <27"e. (4.4)
Combining (4.4) with (4.2) and using the triangle inequality, we infer that for each integer
n> Ny, (T,y), we have ‘

R'x— xSH < € for all x € K. This completes the proof of Theorem 2.1.

Proof of Theorem 2.2. Foreach y € (0, 1) and {T,,},_ € .4® withx(7,1=  such that Txz,)=
x{Tn};ozlfor alln=1,2,..., define {Tny}:zl by (3.17). By, respectively, (3.12) and (3.13), the
sets

AB =Ty ATy, e A N A4S, ye (0,1)}

and

A= {1y AT € a5e 0l ye (0.1) )

are dense in, respectively, /[gg N ,//lg with the relative strong topology and //lgr;g N .///3 with
the relative 73 topology.

Assume that ¢ is a positive integer. By Lemma 3.5, for each ({T;,};_, , ¥) € (455 N.A4E) %
(0,1), there exist a positive integer N, ({T,,},_, ,¥) and an open neighborhood U, ({T,,},,_, ,7)
of {Tny}:::l in the space .#q with the strong topology, satisfying the following assertion:

Foreach {R,},,_, €U, ({T,},_, ,7) and eachmapping r: {1,... N, ({T};_1 ., 7) } = {1,2,...},
we have

for each x € K. For each positive integer ¢, set

< ! 4.5)
q

—_—— —_—

R (w,(my ) - Br)X =Xz

Za =Ytz me(azioag) <onVa (T, 1) A" 043

and
24 =Yy, e (i) <onUa (Tl 1) N g™ 0 4G,

Clearly, the sets @qB and @5 are open (in the relative strong topology) and dense (respectively,
in the relative strong topology and in the relative 73 topology) sets in, respectively, .Z5* N 4k
and //gfg N //lgg for each positive integer g, because these sets contain, respectively, A? and A
Define .7 = Ny, 75 and #' = N 7. Evidently, .7 and .#' are countable intersections of
open (in the relative strong topology) and dense (respectively, in the relative strong topology
and in the relative 73 topology) sets in, respectively, .Z,° N.#8 and .45 0.4},

Assume {S,},_, € .% and € > 0. There exist a positive integer g such that % < € and a pair
AT}y, y) € (AGENAE) x (0,1) such that {S,}_; € Uy, ({Tn}ny,7). Let {Ru}y, €

Ugp {Tu}ey 7). By (4.5), for each mapping r: {1,..., Ny ({Tn}ry,7)} — {1,2,...}, we
have

—_—~— —_—

1 —1
R,y (1) - RrX =Xy | < — <47le (4.6)

q0
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for each x € K. In particular, for eachn =1,2,..., we have
S Noo ({Tudos 1 _
R, qo({ } IY)X—X{TH}“’I ‘<_<4 18
" q0

for all x € K. Clearly, for each integer k > Ny, ({T,},_;,7) and eachn = 1,2,..., we have

—~k 1
|Rx=xpgz_ | < LS @.7)

"= 0
for each x € K. Since € is an arbitrary positive number, (4.7), the triangle inequality and the
completeness of the subspace K of X imply that for eachn =1,2,..., the sequence of operators

~kY >
{Rn }k | converges uniformly to an operator G, : K — K. By switching to the limitin (4.7) and

using the triangle inequality, a similar argument shows that G,, = G,, for all positive integers

n; and ny, and the operator G, must be constant for each n = 1,2, ..., that is, there is xg € K
—~k .
such that for each x € K, R, x — xg as k — oo, uniformly on K, for each n = 1,2,.... By the
continuity of the operator R, foreachn=1,2,...,
= ~ . —k . ——k+1
Ryxg =R, lim R, x=1mR, xg=xg.
k—yoo k—yo0
Therefore xg is the unique common fixed point of the operators Run= 1,2,.... Since {R,},_, €

Uy, ({Tn},—, , 7) is arbitrary, there is, in particular, xg which is the unique common fixed point of

operators 5;1, n=1,2,...,such that foreachx € K, §;1kx — Xxg as k — oo, uniformly on K, for each
n=1,2,.... Clearly, the set of almost common fixed points of the family {S, ()} ycq ,—12.. i
contained in {xs}. Foreachn=1,2,..., eachinteger k > N, ({T,},._, ,v) andeachn=1,2,...,
we have from (4.7) that

~k 1
S 5 x| < = <47'e (4.8)
m=1 q0
for each x € K. By switching to the limit in (4.7), we also have
lr x| <47 (4.9)
By switching to limit in (4.8), we have
s =iz || <47 (4.10)

Combining (4.10) with (4.9) and using the triangle inequality, we obtain
g —xs|| <27 'e. (4.11)

By (4.6), (4.9), (4.11) and the triangle inequality, we infer that for each integer n > Ny, ({T5.},_; ,7)
and each mapping r: {1,...,n} — {1,2,...}, we have

|

Ri(n)-- -Rr(1)x—XRH + [lxg — xs]|

Ry - .Rr(l)x—xSH < ‘

<|

R vy (1371 .m) ---Rru)x—XRH + [|xr — xs]|

= e R T AT
for each x € K. This completes the proof of Theorem 2.2.

+ HX{Tn};‘;l —XRH + g —xsl| <&
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Proof of Theorem 2.3. Fix y* € K. For each {T,,}_| € .#q and y € (0,1), define {T,} " by
(3.9). By, respectively, (3.11), (3.12) and (3.13), the sets
A= {{TV}n VAT € Mo, YE(0,1)}
= {1}y T} € 48, ve(0,1)}
and

= {{m s s e A ve 0.1)

are dense in, respectively, .#Zq with the relative weak topology, ,//lg with the relative strong
topology and ///gbz with the 73 topology. Assume that g is a positive integer. By Lemma 3.8,
for each ({T,,},_,,7) € #q x (0,1), there exist a positive integer N, ({7, },_, ,7) and an open
neighborhood U, ({T,,}yy ,7) of {T,/}"_, in the space .#q with the weak topology, satisfying
the following assertion:

For each {R,},_, € U, ({T,},_, ,7) and each integer n > N, ({T, },.

for each x,y € K. For each positive integer g, set

w1,7), we have

E;...iele—ﬁ;..ﬂyH <L 4.12)
q

Dq = V(ny, medax0.)Ug {T}y—1,7)
‘93 ({T Yo 1Y) EMEX( ({T }n I,Y)ﬂ//lg

and
94 =Yz meaxonla AT iy, V) N A

Clearly, the sets Z,, .@5 and .@fl’ are open (in the relative weak topology) and dense (respec-
tively, in the weak topology, in the relative strong topology and in the relative 73 topology)
sets in, respectively, .Zo, //lg and ///8 for each positive integer g, because these sets contain,
respectively, A, A and A?. Define .# = No1Zgs F' = ﬂ;"zl.@f and F" = ﬂg’zl.@é’. Evi-
dently, .7, F' and .#" are countable intersections of open (in the relative weak topology) and
dense (respectively, in the weak topology, in the relative strong topology and in the relative 73
topology) sets in, respectively, .Zq, /// Band .#f. Assume {S,};_; € . and € > 0. There
exists a positive integer go such that - < & and a pair ({7, Yoi1,Y) € Mg % (0,1) such that
{Sn}het € Ugy {T},—y 5 7)- By (4. 12) for each {R,},_, € Uy, ({Tn.},_, ,7) and each integer
n > Ngy (T}, . 7). we have

—~ ~ —~

— 1
, ..Rlx—Rn...RlyH <—<e¢
q0

for each x,y € K. This completes the proof of Theorem 2.3.
The proof of Theorem 2.4 is analogous to that of Theorem 2.3. Instead of Lemma 3.8, we
use Lemma 3.9.

Proof of Theorem 2.5. Foreach T € Jiﬁ(F) and y € (0, 1), define Ty by (3.33). By (3.34), the set

A= {T,,: TEJVQ(F), VaS (0,1)}
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(F)

is dense in .#,"’ with the relative strong topology. Assume that g is a positive integer. By

Lemma 3.13, for each (7, 7y) € </VQ(F> x (0, 1), there exist a positive integer N, (T, ¥) and an open
neighborhood Uy (T, ) of Ty in the space .4 with the weak topology satisfying the following
assertion:

There exists a nonexpansive retraction Q, (T,7y) of K onto F such that for each R € U, (T, 7),
we have

[R5 0y (T, 7)x <— (4.13)
for each x € K. For each positive integer ¢, set

P,=U U, (T,y) A",

(T.1)eg") x(0,1)

Clearly, the set 7, is open (in the weak topology) and dense (in the strong topology) set in

A ") for each positive integer ¢, because this set contains A. Define .% = Ny "1 %, BEvidently,
Z is a countable intersection of open (in the weak topology) and dense (in the strong topology)

sets in A5 () Assume that S € .Z and € > 0. There exist a positive integer go such that R

and a pair (T,7) € J/( ) x % (0,1) such that S € Uy, (T,7). Let R€ Uy, (T, 7) FL/%Z( . By (4.13),
we have

_ 1
HRNqo(T#>x— 0y (T, y)xH <—<2lg
q0

for each x € K. Clearly, for each integer n > N, (T, y), we have

*

for each x € K. In particular, for each integer n > N, (T,7), we have

for each x € K. Since € is an arbitrary positive number, (4.15), the triangle inequality and the

1
x— Q4 (Tﬁ)x” < <27 le (4.14)

. 1
§'x = 0y (T.7)1] < L2 (4.15)

completeness of the subspace K of X imply that the sequence of operators {§"} __ converges
to an operator Q : K — K, uniformly on K. By switching to the limit in (4.15), we have

|0x—Qyy (T, 7)x|| <27 '€ (4.16)

for each x € K. Since € is an arbitrary positive number, using (4.16) and the closedness of F,
we see that the image of Q lies in F. By (4.14), (4.16) and the triangle inequality, we obtain
that, for each integer n > Ny, (T, 7),

I®

for each x € K. This completes the proof of Theorem 2.5.

x— 0| < ||Rm = 0y (T )| +[|Quy (T x— 0 < &
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Proof of Theorem 2.6. For each {T,,}," | € Mg and y € (0,1), define {Tny}:zl by (3.28). By
(3.30), (3.31) and (3.32), the sets

A={{I ATy e A e 0],
AB — {{TJ};;I ATy, e nab, ye (o, 1)}

and

A=y AT e A 0t ve 0

are dense in, respectively, .///g) with the relative weak topology, ,//lg(ZF) N ,//Zg with the relative

(F)

strong topology and .Zy ' N ,///3 with the relative 73 topology.

Assume ¢ is a positive integer. By Lemma 3.13, for each ({T,},_,,7) € //lém x (0,1), there
exist a positive integer N, ({7,,},_; ,7) and an open neighborhood U, ({T,,},_; ,7) of {Tny}::1
in the space .#q with the weak topology, satisfying the following assertion:

There exists a nonexpansive retraction Q,({T,},_,,Y) of K onto F such that, for each
{Rﬂ}nzl € U ({T }nzl Y) we have

HRNq({Tn};:m - Rix— 0, ({T) ,'y)xH < 61] 4.17)

for each x € K.
For each positive integer g, set

= o (F)
7= U({Tn}f;l,y)e///g)x(0,1)U‘I {Tita=r, V)N
;= P o
74 = U({Tn}lem)e(% )m///B) Ug({T},=1,7)N n.Zg
and
7% Uy (T Yoy ) i,

=U
9T (T e () nag) (01
Clearly, the sets 7, @qB and .@é’ are open (in the relative weak topology) and dense (re-
spectively, in the weak topology, in the relative strong topology and in the relative 73 topol-

ogy) sets in, respectively, .# ) , Mo ¥ MG B and M ) MG b for each positive integer q, be-
cause these sets contain, respectively, A, AB and A”. Define . q 1.@ , Fl = q 1_@3 and

F = qzl.@é’ . Evidently, .%, .#' and .#" are countable intersections of open (in the relative
weak topology) and dense (respectively, in the weak topology, in the relative strong topology

and in the relative 73 topology) sets in, respectively, //lg(zF), ,///g) N.#E and ///g) N ,///3.
Assume {S,},, € .# and € > 0. There exist a positive integer go such that q% < € and

a pair ({T,};1.7) € A8 % (0,1) such that {8,}7, € Up ({T}ooy. 7). Let {Ry};, €
Ugo {Tn}z1,7) ﬂJ/lé . By (4.17), we have

—_ — — oo 1 —
HRN%({TH}:;I,w o Rix— Qg ({Tn} s m)xH w0 27 'e (4.18)
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for each x € K. Since .#F) is closed in .# with the weak topology, by Proposition (1.2),
{E;} | ¢ .#'F) and therefore, by (4.18), for each integer n > Ny, ({T,},,—, . 7). we

n—=
have

— — - 1 _
HR,,...Rlx—QqO({Tn}nzl,y)xH < -<2 Ig (4.19)

for each x € K. In particular, for each integer n > Ny ({7}, ,7), we have

for each x € K. Since € is an arbitrary positive number, (4.20), the triangle inequality and

[}

L I
Sn...Six— 00 {T), ,y)xH < o< 2 le (4.20)

the completeness of the subspace K of X imply that the sequence of operators {5;, .S

converges to an operator Q : K — K, uniformly on K. By switching to the limit in (4.20),nv;e
have
|0x— Qg ({Tn}ry V) x|| <271 (4.21)
for each x € K. Since € is an arbitrary positive number, by (4.21) and the closedness of F, we
see that the image of Q lies in F.
By (4.19), (4.21) and the triangle inequality, we obtain that for each integer n > Ny, ({T,},—; . 7)s

R Rir— 0| < [[Re- Rix= 0 (T 1) + 1@ (T 15— 0] < &

for each x € K. This completes the proof of Theorem 2.6.
The proof of Theorem 2.7 is analogous to that of Theorem 2.6; instead of Lemma 3.13 we
use Lemma 3.14.

Remark 4.1. It seems natural to complement our results with an analogue of Theorem 2.2,
where we would consider a corresponding statement regarding the space ///fg (the closure of
AMGE in M, with respect to the weak topology) with open (in the weak topology) and dense (in

the relative weak topology) sets, ///{fg N ///g with open (in the weak topology) and dense (in

the relative strong topology) sets, and ///éeg N .5, with open (in the weak topology) and dense
(in the relative 73 topology) sets. Unfortunately, so far we have not been able to find neither a
proof nor a counterexample. Thus we leave this part as an open question for further study.
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