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GENERIC CONVERGENCE OF METHODS FOR SOLVING STOCHASTIC
FEASIBILITY PROBLEMS

KAY BARSHAD, SIMEON REICH∗, ALEXANDER J. ZASLAVSKI

Department of Mathematics, The Technion – Israel Institute of Technology, 32000 Haifa, Israel

Abstract. We use an implementation of the generic approach to solve (generalized) stochastic feasibility
problems. These are the problems of finding almost common fixed points of measurable (with respect to
a probability measure) families of mappings. Such an implementation for a bounded set K has already
been presented by Gabour, Reich and Zaslavski in 2001. Our strong convergence results provide iterative
methods (in the case where the set K is not necessarily bounded) for finding an almost common fixed
point of a generic measurable family of mappings. Some of our results involve the case where a subset
of the almost common fixed point set is a nonexpansive retract of K. Our results are applicable to both
the consistent case (that is, the case where the aforesaid almost common fixed points exist) and the
inconsistent case (that is, the case where there are no common fixed points at all).
Keywords. Baire category; Banach space; Common fixed point problem; Residual set; Stochastic feasi-
bility problem.

1. INTRODUCTION AND BACKGROUND

Suppose that (X ,‖·‖) is a normed vector space with norm ‖·‖, K ⊂ X is a nonempty, closed
and convex subset of X , and (Ω,A ,µ) is a probability measure space (more information on
measure spaces and measurable mappings can be found, for example, in [1]). Denote by N
the set of all bounded and nonexpansive mappings A : K → K, that is, all bounded mappings
A : K → K such that ‖Ax−Ay‖ ≤ ‖x− y‖ for each x,y ∈ K. For the set N , define a metric
ρN : N ×N → R by

ρN (A,B) := sup{‖Ax−Bx‖ : x ∈ K} , A,B ∈N .

Clearly, the metric space (N ,ρN ) is complete if (X ,‖·‖) is a Banach space. Denote by M the
set of all sequences {An}∞

n=1 ⊂N . For the set M , we consider two uniformities determined
by the bases

E ′1 (N,ε) = {({An}∞

n=1 ,{Bn}∞

n=1) ∈M ×M : ρN ({An}∞

n=1 ,{Bn}∞

n=1)< ε, n = 1,2, . . .N}

and

E ′2 (ε) = {({An}∞

n=1 ,{Bn}∞

n=1) ∈M ×M : ρN ({An}∞

n=1 ,{Bn}∞

n=1)< ε, n = 1,2, . . .} ,
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where ε > 0 and N = 1,2, . . . . These two uniformities induce two uniform topologies, respec-
tively, τ ′1 and τ ′2 on M . These topologies on M will be called the weak and strong topologies,
respectively. Clearly, τ ′1 is indeed weaker than τ ′2, and the uniform space M with each of these
topologies is metrizable (by metrics ρτ ′1

and ρτ ′2
, respectively) and complete if (X ,‖·‖) is a Ba-

nach space. More information on uniformities and uniform spaces can be found, for example,
in [2].

Denote by NΩ the set of all bounded mappings T : Ω → N such that, for each x ∈ K,
the mapping T ′x : Ω→ K, defined, for each ω ∈ Ω, by T ′x (ω) := T (ω)(x) for each x ∈ K, is
measurable. It is not difficult to see that if T ∈ NΩ, then T ′x is integrable on Ω. For each
T ∈NΩ, define an operator T̃ : K→ K by T̃ x =

∫
Ω

T ′x (ω)dµ (ω). By the separation theorem,
this is indeed a self-mapping of K. Note that this mapping is onto K. Clearly, for each T ∈NΩ,
we have T̃ ∈N . Thus we consider the topology defined by the following pseudo-metric on
NΩ:

ρNΩ
(T,S) := ρN

(
T̃ , S̃
)
, T,S ∈NΩ.

It is not difficult to see that the pseudo-metric space
(
NΩ,ρNΩ

)
is complete if (X ,‖·‖) is a

Banach space. The topology defined by the pseudo-metric ρNΩ
on NΩ will be called the weak

topology. For the set NΩ, define a metric dNΩ
: N ×N → R by

dNΩ
(T,S) := sup{ρN (T (ω) ,S (ω)) : ω ∈Ω} , T,S ∈NΩ.

The topology defined by the metric dNΩ
on NΩ will be called the strong topology. It is not

difficult to see that this topology is indeed stronger than the topology defined on NΩ by the
pseudo-metric ρNΩ

. Clearly, the metric space
(
NΩ,dNΩ

)
is complete if (X ,‖·‖) is a Banach

space.
Denote by MΩ the set of all sequences {Tn}∞

n=1 ⊂NΩ. For the set MΩ, we consider two
uniformities determined by the bases

E1 (N,ε) =
{
({Tn}∞

n=1 ,{Sn}∞

n=1) ∈MΩ×MΩ : ρNΩ
(Tn,Sn)< ε, n = 1,2, . . .N

}
and

E2 (ε) =
{
({Tn}∞

n=1 ,{Sn}∞

n=1) ∈MΩ×MΩ : ρNΩ
(Tn,Sn)< ε, n = 1,2, . . .

}
,

where ε > 0 and N = 1,2, . . . . These two uniformities induce two uniform topologies, τ1 and τ2,
respectively, on MΩ. These topologies on MΩ will be called the weak and strong topologies,
respectively. Clearly, τ1 is indeed weaker than τ2, and the uniform space MΩ with each of these
topologies is pseudo-metrizable (by pseudo-metrics ρτ1 and ρτ2 , respectively) and complete if
(X ,‖·‖) is a Banach space.

We denote by M b
Ω

the set of all sequences of mappings {Tn}∞

n=1 ⊂NΩ which are bounded in(
NΩ,dNΩ

)
and by M B

Ω
the set of all sequences of mappings {Tn}∞

n=1 ⊂NΩ which are bounded
in
(
NΩ,ρNΩ

)
. It is not difficult to see that M b

Ω
⊂M B

Ω
. For the set M b

Ω
, define a metric

dM b
Ω

: M b
Ω
×M b

Ω
→ R by

dM b
Ω

({Tn}∞

n=1 ,{Sn}∞

n=1) := sup
{

dNΩ
(Tn,Sn) : n = 1,2 . . .

}
, {Tn}∞

n=1 ,{Sn}∞

n=1 ∈NΩ.

The topology defined by the metric dM b
Ω

on M b
Ω

will be denoted by τ3. It is not difficult to see
that this topology is stronger than the relative strong topology (and therefore stronger than the
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relative weak topology) on M b
Ω

. Clearly, the metric space
(
M b

Ω
,dM b

Ω

)
is complete if (X ,‖·‖)

is a Banach space, and M B
Ω

is a closed subset of MΩ with respect to the strong topology.
The following two propositions follow easily from the definitions.

Proposition 1.1. The mapping T → T̃ from NΩ with the weak topology onto (N ,ρN ) is
continuous.

Proposition 1.2. The mapping {Tn}∞

n=1 →
{

T̃n

}∞

n=1
from MΩ with the strong (respectively,

weak) topology onto M with the strong (respectively, weak) topology is continuous.

We denote by N reg
Ω

the set of all operators T ∈NΩ for which there exists x ∈ K such that
T̃ x = x, and by M reg

Ω
the set of all sequences {Tn}∞

n=1 ∈MΩ for which there exists x ∈ K such
that T̃nx = x for all n = 1,2, . . . .. We denote by N reg

Ω
the closure of N reg

Ω
in NΩ with respect

to the strong topology, by M reg
Ω
∩M B

Ω
the closure of M reg

Ω
∩M B

Ω
with respect to the strong

topology and by M reg
Ω
∩M b

Ω
the closure of M reg

Ω
∩M b

Ω
with respect to the τ3 topology.

Finally, we consider F ⊂ K, which is a nonempty, bounded, closed and convex subset of
K. Denote by N

(F)
Ω

the set of all operators T ∈NΩ such that, for almost all ω ∈ Ω, we have
T (ω)x = x for each x ∈ F . It is not difficult to see that N

(F)
Ω

is a closed subset of NΩ with
respect to the strong topology. Denote by M

(F)
Ω

the set of all sequences {Tn}∞

n=1 ∈N
(F)

Ω
and

by M
(F)
Ω

the closure of M
(F)
Ω

in MΩ with the weak topology. It is not difficult to see that

M
(F)
Ω
∩M b

Ω
is a closed subset of M b

Ω
with respect to the τ3 topology. Denote by M

(F)
Ω
∩M B

Ω

the closure of M
(F)
Ω
∩M B

Ω
with respect to the strong topology.

Recall that a mapping P : K → F is a nonexpansive retraction of K onto F if P ∈N and
Px= x for all x∈F , and F is a nonexpansive retract of K if there exists a nonexpansive retraction
P of K onto F . More information on nonexpansive retractions and nonexpansive retracts can be
found, for example, in [3] and [4], and the references therein.

In all our results we also assume (X ,‖·‖) is a Banach space.

2. STATEMENTS OF THE MAIN RESULTS

In this section, we state our main results. They are based on the generic approach (for more
applications of this approach, see, for example, [5]). We establish them in Section 4 below.
Some of our results include, inter alia, the extensions of all the results which were obtained in
[6] to an unbounded set K.

Recall that, for each S ∈NΩ, a point x ∈ K is an almost common fixed point of the family
{S (ω)}

ω∈Ω
if S (ω)x = x for almost all ω ∈ Ω. Similarly, for each {Sn}∞

n=1 ∈MΩ, a point
x ∈ K is an almost common fixed point of the family {Sn (ω)}

ω∈Ω,n=1,2... if Sn (ω)x = x for all
n = 1,2, . . . and almost all ω ∈Ω.

Theorem 2.1. There exist sets F ⊂NΩ and F ′ ⊂F ∩N reg
Ω

, which are countable intersections
of open (in the relative weak topology) and dense (respectively, in the strong topology and in
the relative strong topology) subsets of, respectively, NΩ and N reg

Ω
so that, for each S ∈F , the

following assertion holds:
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There exists xS ∈ K, which is the unique fixed point of the operator S̃, such that, for each
x ∈ K, the sequence

{
S̃nx
}∞

n=1
converges to xS, uniformly on K, and the set of almost common

fixed points of the family {S (ω)}
ω∈Ω

is contained in {xS}. Moreover, for each ε > 0, there exist
a positive integer N and a neighborhood U of S in NΩ with the weak topology such that, for
each integer n≥ N and each R ∈U, ∥∥∥R̃nx− xS

∥∥∥< ε

for each x ∈ K.

Theorem 2.2. There exist sets F ⊂M reg
Ω
∩M B

Ω
and F ′⊂F ∩M b

Ω
, which are countable inter-

sections of open (in the relative strong topology) and dense (respectively, in the relative strong
topology and in the relative τ3 topology) subsets of, respectively, M reg

Ω
∩M B

Ω
and M reg

Ω
∩M b

Ω
,

so that for each {Sn}∞

n=1 ∈F , there exists xS ∈K, which is the unique common fixed point of the

operators S̃n, n = 1,2, . . . , such that for each x ∈ K, the sequence
{

S̃n
k
x
}∞

k=1
converges to xS,

uniformly on K, for each n = 1,2, . . . , and the set of almost common fixed points of the family
{Sn (ω)}

ω∈Ω,n=1,2... is contained in {xS}. Moreover, the following assertion holds:
For each ε > 0, there exist a positive integer N and a neighborhood U of {Sn}∞

n=1 in M Ω

with the strong topology such that, for each {Rn}∞

n=1 ∈U, each integer n≥N and each mapping
r : {1, . . . ,n}→ {1,2, . . .}, ∥∥∥R̃r(n) . . . R̃r(1)x− xS

∥∥∥< ε

for each x ∈ K.

Theorem 2.3. There exist sets F ⊂M Ω, F ′ ⊂ F ∩M B
Ω

and F ′′ ⊂ F ′ ∩M b
Ω

, which are
countable intersections of open (in the relative weak topology) and dense (respectively, in the
relative weak topology, in the relative strong topology and in the τ3 topology) subsets of, re-
spectively, MΩ, M B

Ω
, and M b

Ω
, so that for each {Sn}∞

n=1 ∈F , the following assertion holds:
For each ε > 0, there exist a positive integer N and a neighborhood U of {Sn}∞

n=1 in MΩ

with the weak topology such that, for each {Rn}∞

n=1 ∈U and each integer n≥ N,∥∥∥R̃n . . . R̃1x− R̃n . . . R̃1y
∥∥∥< ε

for all x,y ∈ K.

Theorem 2.4. There exist sets F ⊂M B
Ω

and F ′⊂F ∩M b
Ω

, which are countable intersections
of open (in the relative strong topology) and dense (respectively, in the relative strong topology
and in the τ3 topology) subsets of, respectively, M B

Ω
and M b

Ω
, so that for each {Sn}∞

n=1 ∈F ,
the following assertion holds:

For each ε > 0, there exist a positive integer N and a neighborhood U of {Sn}∞

n=1 in MΩ

with the strong topology such that, for each {Rn}∞

n=1 ∈U, each integer n≥N and each mapping
r : {1, . . . ,n}→ {1,2, . . .}, ∥∥∥R̃r(n) . . . R̃r(1)x− R̃r(n) . . . R̃r(1)y

∥∥∥< ε

for each x,y ∈ K.
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Theorem 2.5. Assume F is a nonexpansive retract of K. Then there exists a set F ⊂N
(F)

Ω
,

which is countable intersections of open (in the weak topology) and dense (in the strong topol-
ogy) subsets of N

(F)
Ω

, so that for each S ∈ F , the set of almost common fixed points of the
family {S (ω)}

ω∈Ω
coincides with F and there exists a nonexpansive retraction Q of K onto F

such that the following assertions hold:

(1) The sequence of operators
{

S̃n
}∞

n=1
converges to Q, uniformly on K.

(2) For each ε > 0, there exist a positive integer N and a neighborhood U of S in N
(F)

Ω

with the weak topology such that, for each R ∈U and each integer n≥ N,∥∥∥R̃nx−Qx
∥∥∥< ε

for each x ∈ K.

Theorem 2.6. Assume F is a nonexpansive retract of K. Then there exist sets F ⊂M
(F)
Ω

,
F ′ ⊂ F ∩M B

Ω
and F ′′ ⊂ F ′ ∩M b

Ω
, which are countable intersections of open (in the rel-

ative weak topology) and dense (respectively, in the relative weak topology, in the relative

strong topology and in the relative τ3 topology) subsets of, respectively, M
(F)
Ω

, M
(F)
Ω
∩M B

Ω

and M
(F)
Ω
∩M b

Ω
, so that for each {Sn}∞

n=1 ∈F , the set of almost common fixed points of the
family {Sn (ω)}

ω∈Ω,n=1,2... is contained in F (if {Sn}∞

n=1 ∈F ′′, then this set coincides with F)
and there exists a nonexpansive retraction Q of K onto F such that the following assertions
hold:

(1) The sequence of operators
{

S̃n . . . S̃1

}∞

n=1
converges to Q, uniformly on K.

(2) For each ε > 0, there exist a positive integer N and a neighborhood U of {Sn}∞

n=1 in

M
(F)
Ω

with the relative weak topology such that, for each {Rn}∞

n=1 ∈U and each integer
n≥ N, ∥∥∥R̃n . . . R̃1x−Qx

∥∥∥< ε

for each x ∈ K.

Theorem 2.7. Assume F is a nonexpansive retract of K. Then there exist sets F ⊂M
(F)
Ω
∩M B

Ω

and F ′ ⊂F ∩M b
Ω

, which are countable intersections of open (in the relative strong topology)
and dense (respectively, in the relative strong topology and in the relative τ3 topology) subsets

of, respectively, M
(F)
Ω
∩M B

Ω
and M

(F)
Ω
∩M b

Ω
, so that for each {Sn}∞

n=1 ∈F , the set of almost
common fixed points of the family {Sn (ω)}

ω∈Ω,n=1,2... is contained in F (if {Sn}∞

n=1 ∈F ′, then
this set coincides with F) and the following assertions holds:

For each mapping r : {1,2, . . .}→ {1,2, . . .}, there exists a nonexpansive retraction Qr of K
onto F such that:

(1) The sequence of operators
{

S̃r(n) . . . S̃r(1)

}∞

n=1
converges to Qr, uniformly on K.

(2) For each ε > 0, there exist a positive integer N and a neighborhood U of {Sn}∞

n=1 in

M
(F)
Ω

with the relative strong topology such that, for each {Rn}∞

n=1 ∈U and each integer
n≥ N, ∥∥∥R̃r(n) . . . R̃r(1)x−Qrx

∥∥∥< ε
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for each x ∈ K.

3. AUXILIARY RESULTS

In this section, we present several lemmata, which will be used in the proofs of our main
results.

We begin by recalling that a family E of operators A : K→ K is said to be uniformly equicon-
tinuous if for any ε > 0, there exists δ > 0 such that ‖Ax−Ay‖< ε for each A ∈ E and for each
x,y∈K satisfying ‖x− y‖< δ . The following lemma is a stronger version of Lemma 4.2 in [7].

Lemma 3.1. Assume E is a nonempty uniformly equicontinuous set of operators A : K → K,
N is a positive integer and ε > 0 is a positive number. Then there exists a number δ > 0 such
that for each sequence {An}N

n=1 ⊂ E and each sequence {Bn}N
n=1, where the (not necessarily

continuous) operators Bn : K→ K, n = 1, . . . ,N, satisfy, for each n = 1, . . .N,

‖Bnz−Anz‖< δ (3.1)

for each z ∈ K, the following inequality holds

‖Bn . . .B1x−An . . .A1x‖< ε

for each n = 1, . . . ,N and each x ∈ K.

Proof. Define by recursion the following sequence of positive real numbers: εN = ε , and for
each n = 1, . . . ,N−1, choose εn ≤ εn+1 such that, for each x,y ∈ K, with ‖x− y‖< εn, we have
‖Ax−Ay‖ < 2−1εn+1 for each A ∈ E. Set δ := 2−1ε1. Assume {An}N

n=1 ⊂ E and that the (not
necessarily continuous) operators Bn : K → K, n = 1, . . . ,N, satisfy (3.1). We now show by
induction. For each n = 1, . . .N, we have

‖Bn . . .B1x−An . . .A1x‖< εn, ∀x ∈ K.

For n = 1, this follows from (3.1). For n > 1, we suppose that

‖Bn−1 . . .B1x−An−1 . . .A1x‖< εn−1 (3.2)

for each x ∈ K. Then by the triangle inequality, (3.1), the definition of εn and (3.2) we have

‖Bn . . .B1x−An . . .A1x‖ ≤ ‖BnBn−1 . . .B1x−AnBn−1 . . .B1x‖

+‖AnBn−1 . . .B1x−An . . .A1x‖< δ +2−1
εn = 2−1 (ε1 + εn)≤ εn

for each x ∈ K. Since, for each n = 1, . . . ,N, εn ≤ ε , the result follows. �

Given y∗ ∈ K, {An}∞

n=1 ∈M and γ ∈ (0,1), we define a sequence of mappings
{

Aγ
n
}∞

n=1,
Aγ

n : K→ K by
Aγ

nx := (1− γ)Anx+ γy∗, n = 1,2, . . . (3.3)
for each x ∈ K. For each n = 1,2 . . . , we have

‖Aγ
nx−Aγ

ny‖ ≤ (1− γ)‖x− y‖ (3.4)

for each x,y ∈ K. Hence
{

Aγ
n
}∞

n=1 ∈M . It is not difficult to see that, for each sequence of
operators {An}∞

n=1 ∈M , the family of operators
{{

Aγ
n
}∞

n=1 : γ ∈ (0,1)
}

is uniformly equicon-
tinuous.

Denote by M B the set of all sequences {An}∞

n=1 ∈ N , which are bounded in the space
(N ,ρN ). Clearly, for each {An}∞

n=1 ∈M B, we have
{

Aγ
n
}∞

n=1 ∈M B.
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3.1. Auxiliary results for Theorems 2.1 and 2.2.

Lemma 3.2. Let ε > 0 be an arbitrary positive number. Then for each {An}∞

n=1 ∈M B, each
γ ∈ (0,1) and each y∗ ∈K satisfying Aγ

nx= x for some x∈K and all n= 1,2, . . . (where
{

Aγ
n
}∞

n=1
is defined by (3.3)), there exist a positive integer N and a neighborhood U of

{
Aγ

n
}∞

n=1 in the
space M with the strong topology such that the following assertion holds:

For each {Bn}∞

n=1 ∈U and each mapping r : {1, . . . ,N}→ {1,2, . . .}, we have∥∥Br(N) . . .Br(1)x− x̄
∥∥< ε

for all x ∈ K.

Proof. Let {An}∞

n=1 ∈M B, γ ∈ (0,1) and y∗ ∈ K satisfy Aγ
nx = x for some x ∈ K and all n =

1,2, . . . (where
{

Aγ
n
}∞

n=1 is defined by (3.3)). Clearly, there exists R0 > 0 such that
∥∥Aγ

nx
∥∥< R0

for each x ∈ K and all n = 1,2 . . . . Choose a positive integer N > 1 such that

(1− γ)N−1 (‖x̄‖+R0)< 2−1
ε.

By Lemma 3.1, there exists a neighborhood U of
{

Aγ
n
}∞

n=1 in the space M with the strong
topology such that, for each {Bn}∞

n=1 ∈U and each mapping r : {1, . . . ,N}→ {1,2, . . .},∥∥∥Br(N) . . .Br(1)x−Aγ

r(N)
. . .Aγ

r(1)x
∥∥∥< 2−1

ε (3.5)

for all x ∈ K. Let {Bn}∞

n=1 ∈ U and let r : {1, . . . ,N} → {1,2, . . .} be an arbitrary mapping.
Using (3.4) and induction, we get∥∥∥Aγ

r(N)
. . .Aγ

r(1)x− x̄
∥∥∥< 2−1

ε (3.6)

for each x ∈ K. Inequalities (3.5) and (3.6) imply that

∥∥Br(N) . . .B1x− x̄
∥∥≤ ∥∥∥Br(N) . . .Br(1)x−Aγ

r(N)
. . .Aγ

r(1)x
∥∥∥

+
∥∥∥Aγ

r(N)
. . .Aγ

r(1)x− x̄
∥∥∥< ε

for each x ∈ K. Lemma 3.2 is proved. �

For each A ∈N , γ ∈ (0,1) and y∗ ∈ K, define the mapping Aγ : K→ K by

Aγx := (1− γ)Ax+ γy∗ (3.7)

for each x ∈ K. Clearly, ∥∥Aγx−Aγy
∥∥≤ (1− γ)‖x− y‖

for each x,y∈K and Aγ ∈N . By Banach’s fixed point theorem, there exists a unique z(A,γ,y∗)∈
K such that for each x ∈ K, An

γx→ z(A,γ,y∗) as n→ ∞ and

Aγz(A,γ,y∗) = z(A,γ,y∗) . (3.8)

Using Lemma 3.2, we obtain the following result.
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Lemma 3.3. Let ε > 0 be an arbitrary positive number. Then for each A ∈N , each γ ∈ (0,1)
and each y∗ ∈ K, there exist a positive integer N and a neighborhood U of Aγ (defined by (3.7))
in the space (N ,ρN ) so that the following assertion holds:

For each B ∈U and each integer n≥ N, we have

‖Bnx− z(A,γ,y∗)‖< ε

for each x ∈ K.

Given {Tn}∞

n=1 ∈MΩ, γ ∈ (0,1) and y∗ ∈ K, we define a sequence of mappings
{

T γ
n
}∞

n=1,
T γ

n : Ω→N , by
T γ

n (ω)x := (1− γ)Tn (ω)x+ γy∗, n = 1,2, . . . (3.9)

for each ω ∈Ω and each x ∈ K. Clearly,
{

T γ
n
}∞

n=1 ∈MΩ. We have, for each n = 1,2, . . . ,

T̃ γ
n x =

∫
Ω

((1− γ)Tn (ω)x+ γy∗)dµ (ω) = γy∗+(1− γ)
∫

Ω

Tn (ω)xdµ (ω)

= (1− γ) T̃nx+ γy∗

for each x ∈ K. Therefore
T̃ γ

n = T̃n
γ
= T̃nγ (3.10)

for each n = 1,2, . . . . We also have, for each N = 1,2, . . . ,

ρNΩ
(T γ

n ,Tn)≤ γ

(
max

{
sup
x∈K

∥∥∥T̃kx
∥∥∥}N

k=1
+‖y∗‖

)
(3.11)

for each n = 1,2 . . .N. If, in addition, {Tn}∞

n=1 ∈M B
Ω

, then by (3.10),
{

T γ
n
}∞

n=1 ∈M B
Ω

and for
each n = 1,2 . . . , we have

ρNΩ
(T γ

n ,Tn)≤ γ

(
sup

x∈K,k=1,2,...

∥∥∥T̃kx
∥∥∥+‖y∗‖) . (3.12)

In addition, if {Tn}∞

n=1 ∈M b
Ω

, then by (3.9),
{

T γ
n
}∞

n=1 ∈M b
Ω

and for each n = 1,2 . . . , we have

dMΩ
({T γ

n }
∞

n=1 ,{Tn}∞

n=1)≤ γ

(
sup

x∈K,ω∈Ω,k=1,2,...
‖Tk (ω)x‖+‖y∗‖

)
. (3.13)

In particular, for each T ∈NΩ, γ ∈ (0,1) and y∗ ∈ K, the mapping Tγ : Ω→ K, defined by

Tγ (ω)x := (1− γ)T (ω)x+ γy∗ (3.14)

for each ω ∈Ω and each x ∈ K, satisfies Tγ ∈NΩ, as well as

T̃γ = T̃γ , (3.15)

and

dNΩ

(
Tγ ,T

)
≤ γ

(
sup

x∈K,ω∈Ω

‖T (ω)x‖+‖y∗‖
)
. (3.16)

Comparing (3.15) to Lemma 3.3 and Proposition 1.1, we immediately obtain the following
lemma.
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Lemma 3.4. Let ε > 0 be an arbitrary positive number. Then for each T ∈NΩ, each γ ∈ (0,1)
and each y∗ ∈ K, there exist a positive integer N and a neighborhood U of Tγ (defined by (3.9))
in the space NΩ with the weak topology so that the following assertion holds:

For each S ∈U and each integer n≥ N, we have∥∥∥S̃nx− z
(

T̃ ,γ,y∗
)∥∥∥< ε

for each x ∈ K.

Recall that M reg
Ω

is the set of all sequences {Tn}∞

n=1 ∈MΩ for which there exists a point
x ∈ K such that T̃nx = x for all n = 1,2, . . . , and N reg

Ω
is the set of all mappings T ∈NΩ for

which there exists x ∈ K such that T̃ x = x.
Given {Tn}∞

n=1 ∈M reg
Ω

with x{Tn}∞

n=1
such that T̃nx{Tn}∞

n=1
= x{Tn}∞

n=1
for each n = 1,2, . . . and

γ ∈ (0,1), we define a sequence of mappings
{

T γ
n
}∞

n=1, T γ
n : Ω→ N, by (3.9) with respect to

x{Tn}∞

n=1
, that is, for each ω ∈Ω,

T γ
n (ω)x := (1− γ)Tn (ω)x+ γx{Tn}∞

n=1
, n = 1,2, . . . (3.17)

for each x ∈ K. Since T̃nx{Tn}∞

n=1
= x{Tn}∞

n=1
for each n = 1,2, . . . , by using (3.10), we have

T̃ γ
n x{Tn}∞

n=1
= x{Tn}∞

n=1
(3.18)

for all n = 1,2, . . . , and hence
{

T γ
n
}∞

n=1 ∈M reg
Ω

.
In particular, given T ∈N reg

Ω
with xT such that T̃ xT = xT and γ ∈ (0,1), we define a mapping

Tγ : Ω→ N by (3.14) with respect to xT , that is, for each ω ∈Ω,

Tγ (ω)x := (1− γ)T (ω)x+ γxT

for each x ∈ K. Since T̃ xT = xT , by using (3.15), we have

T̃γxT = xT

for all n = 1,2, . . . , and hence Tγ ∈N reg
Ω

.

By Proposition 1.2, the mapping {Tn}∞

n=1 →
{

T̃n

}∞

n=1
from M B

Ω
with the relative strong

(respectively, relative weak) topology onto M B with the relative strong (respectively, relative
weak) topology is continuous. Comparing this, (3.18) and (3.10) to Lemma 3.2, we immediately
obtain the following lemma.

Lemma 3.5. Let ε > 0 be an arbitrary positive number. Then for each {Tn}∞

n=1 ∈M reg
Ω
∩M B

Ω

and each γ ∈ (0,1), there exist a positive integer N and a neighborhood U of
{

T γ
n
}∞

n=1 (defined
by (3.17)) in the space MΩ with the strong topology such that the following assertion holds:

For each {Sn}∞

n=1 ∈U and each mapping r : {1, . . . ,N}→ {1,2, . . .}, we have∥∥∥S̃r(N) . . . S̃r(1)x− x{Tn}∞

n=1

∥∥∥< ε

for each x ∈ K.
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3.2. Auxiliary results for Theorems 2.3 and 2.4.

Lemma 3.6. Let ε > 0 be an arbitrary positive number. Then, for each {An}∞

n=1 ∈M , each
γ ∈ (0,1) and each y∗ ∈ K, there exist a positive integer N and a neighborhood U of

{
Aγ

n
}∞

n=1
(defined by (3.3)) in the space M with the weak topology satisfying the following assertion:

For each {Bn}∞

n=1 ∈U and each integer n≥ N, we have

‖Bn . . .B1x−Bn . . .Bny‖< ε

for each x,y ∈ K.

Proof. Assume {An}∞

n=1 ∈M , γ ∈ (0,1) and y∗ ∈ K. Clearly, there exists R0 > 0 such that∥∥Aγ

1x
∥∥ < R0 for each x ∈ K. Choose a positive integer N > 1 such that (1− γ)N−1 R0 < 6−1ε .

By Lemma 3.1, there exists a neighborhood U of
{

Aγ
n
}∞

n=1 in the space M with the weak
topology such that, for each {Bn}∞

n=1 ∈U ,∥∥BN . . .B1x−Aγ

N . . .Aγ

1x
∥∥< 3−1

ε (3.19)

for each x ∈ K. Using (3.4) and induction, we obtain∥∥Aγ

N . . .Aγ

1x−Aγ

N . . .Aγ

1y
∥∥< 3−1

ε (3.20)

for each x,y ∈ K. Let {Bn}∞

n=1 ∈ U . Since each one of the operators Bn is nonexpansive,
inequalities (3.19) and (3.20) imply that, for each integer n≥ N,

‖Bn . . .B1x−Bn . . .B1y‖ ≤ ‖BN . . .B1x−BN . . .B1y‖ ≤∥∥BN . . .B1x−Aγ

N . . .Aγ

1x
∥∥+∥∥Aγ

N . . .Aγ

1x−Aγ

N . . .Aγ

1y
∥∥

+
∥∥Aγ

N . . .Aγ

1y−BN . . .B1y
∥∥< ε

for each x,y ∈ K. Lemma 3.6 is proved. �

Lemma 3.7. Let ε > 0 be an arbitrary positive number. Then for each {An}∞

n=1 ∈M B, each
γ ∈ (0,1) and each y∗ ∈ K, there exist a positive integer N and a neighborhood U of

{
Aγ

n
}∞

n=1
(defined by (3.3)) in the space M with the strong topology satisfying the following assertion:

For each {Bn}∞

n=1 ∈U, each integer n≥ N and each mapping r : {1, . . . ,n}→ {1,2, . . .}, we
have ∥∥Br(n) . . .Br(1)x−Br(n) . . .Br(1)y

∥∥< ε

for each x,y ∈ K.

Proof. Let {An}∞

n=1 ∈M , γ ∈ (0,1), y∗ ∈ K. Clearly, there exists R0 > 0 such that
∥∥Aγ

nx
∥∥< R0

for each x ∈ K and all n = 1,2 . . . . Choose a positive integer N > 1 such that (1− γ)N−1 R0 <
6−1ε . By Lemma 3.1, there exists a neighborhood U of

{
Aγ

n
}∞

n=1 in the space M with the
strong topology such that for each {Bn}∞

n=1 ∈U and each mapping r : {1, . . . ,N}→ {1,2, . . .},
we have ∥∥∥Br(N) . . .Br(1)x−Aγ

r(N)
. . .Aγ

r(1)x
∥∥∥< 3−1

ε (3.21)

for each x ∈ K. Using (3.4) and induction, we get∥∥∥Aγ

r(N)
. . .Aγ

r(1)x−Aγ

r(N)
. . .Aγ

r(1)y
∥∥∥< 3−1

ε (3.22)



STOCHASTIC FEASIBILITY PROBLEMS 341

for each x,y ∈ K. Let {Bn}∞

n=1 ∈U and let r : {1, . . . ,n} → {1,2, . . .} be an arbitrary mapping.
Since each one of the operators Bn is nonexpansive, inequalities (3.21) and (3.22) imply that,
for each integer n≥ N,∥∥Br(n) . . .B1x−Br(n) . . .Br(1)y

∥∥≤ ∥∥Br(N) . . .Br(1)x−Br(N) . . .Br(1)y
∥∥≤∥∥∥Br(N) . . .Br(1)x−Aγ

r(N)
. . .Aγ

r(1)x
∥∥∥+∥∥∥Aγ

r(N)
. . .Aγ

r(1)x−Aγ

r(N)
. . .Aγ

r(1)y
∥∥∥

+
∥∥∥Aγ

r(N)
. . .Aγ

r(1)y−Br(N) . . .Br(1)y
∥∥∥< ε

for all x,y ∈ K. This completes the proof of Lemma 3.7. �

Comparing (3.10) to Lemma 3.6, Lemma 3.7 and Proposition 1.2, we immediately obtain the
following two lemmata.

Lemma 3.8. Let ε > 0 be an arbitrary positive number. Then for each {Tn}∞

n=1 ∈MΩ, each
γ ∈ (0,1) and each y∗ ∈ K, there exist a positive integer N and a neighborhood U of

{
T γ

n
}∞

n=1
(defined by (3.9)) in the space MΩ with the weak topology satisfying the following assertion:

For each {S}∞

n=1 ∈U and each integer n≥ N, we have∥∥∥S̃n . . . S̃1x− S̃n . . . S̃1y
∥∥∥< ε

for each x,y ∈ K.

Lemma 3.9. Let ε > 0 be an arbitrary positive number. Then for each {Tn}∞

n=1 ∈M B
Ω

, each
γ ∈ (0,1) and each y∗ ∈ K, there exist a positive integer N and a neighborhood U of

{
T γ

n
}∞

n=1
(defined by (3.9)) in the space MΩ with the strong topology satisfying the following assertion:

For each {S}∞

n=1 ∈U, each integer n ≥ N and each mapping r : {1, . . . ,n} → {1,2, . . .}, we
have ∥∥∥S̃r(n) . . . S̃r(1)x− S̃r(n) . . . S̃r(1)y

∥∥∥< ε

for each x,y ∈ K.

3.3. Auxiliary results for Theorems 2.5, 2.6 and 2.7. Assume that F is a nonexpansive retract
of K. Then there exists P : K→ F such that P∈N and Px = x for all x∈ F . For each x∈K, set
d (x,F) = infy∈F ‖x− y‖. Denote by N (F) the set of all A ∈N such that Ax = x for all x ∈ F .
Denote by M (F) the set of all sequences {An}∞

n=1 ⊂N (F). It is not difficult to see that M (F)

is a closed subset of M with the weak topology. Given {An}∞

n=1 ∈M and γ ∈ (0,1), we define
a sequence of mappings

{
Aγ

n
}∞

n=1, Aγ
n : K→ K, by

Aγ
nx := (1− γ)Anx+ γPx, n = 1,2, . . . (3.23)

for each x∈K. Clearly,
{

Aγ
n
}∞

n=1 ∈M , and if {An}∞

n=1 ∈M (F), then
{

Aγ
n
}∞

n=1 ∈M (F), as well
as if {An}∞

n=1 ∈M B, then
{

Aγ
n
}∞

n=1 ∈M B.
In the next three lemmata, we assume

{
Aγ

n
}∞

n=1 is defined by (3.23).

Lemma 3.10. Let {An}∞

n=1 ∈M (F) and γ ∈ (0,1). Then for each x ∈ K and each n = 1,2, . . . ,
we have d

(
Aγ

nx,F
)
≤ (1− γ)d (x,F).
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Proof. Let x ∈ K and let n ≥ 1 be an integer. Then for each ε > 0, there exists y ∈ F such that
‖x− y‖< d (x,F)+ ε . We have (1− γ)y+ γPx ∈ F and by (3.23),

d (Aγ
nx,F)≤ ‖Aγ

nx− (1− γ)y− γPx‖= (1− γ)‖Anx− y‖
≤ (1− γ)‖x− y‖ ≤ (1− γ)(d (x,F)+ ε) .

Since ε is an arbitrary positive number, we conclude that d
(
Aγ

nx,F
)
≤ (1− γ)d (x,F). This

completes the proof of Lemma 3.10. �

Lemma 3.11. Let ε > 0 be an arbitrary positive number. Then for each {An}∞

n=1 ∈M (F) and
each γ ∈ (0,1), there exist a positive integer N and a neighborhood U of

{
Aγ

n
}∞

n=1 in the space
M with the weak topology satisfying the following assertion:

There exists a nonexpansive retraction Q of K onto F such that, for each {Bn}∞

n=1 ∈U,

‖BN . . .B1x−Qx‖< ε

for each x ∈ K.

Proof. Fix y∗ ∈ F . Let {An}∞

n=1 ∈M (F) and γ ∈ (0,1). Clearly, there exists a number R0 > 0
such that

∥∥Aγ

1x
∥∥< R0 for each x ∈ K. Choose a positive integer N > 1 such that

(1− γ)N−1 (‖y∗‖+R0)< 2−1
ε.

By Lemma 3.1, there exists a neighborhood U of
{

Aγ
n
}∞

n=1 in the space M with the weak
topology such that, for each {Bn}∞

n=1 ∈U ,∥∥BN . . .B1x−Aγ

N . . .Aγ

1x
∥∥< 2−1

ε (3.24)

for each x ∈ K. Using Lemma 3.10 and induction, we infer that

d
(
Aγ

N . . .Aγ

1x,F
)
≤ (1− γ)N−1∥∥Aγ

1x− y∗
∥∥< 2−1

ε

for each x ∈ K. Therefore there exists a mapping Q : K→ F such that∥∥Aγ

N . . .Aγ

1x−Qx
∥∥< 2−1

ε (3.25)

for each x ∈ K. Inequalities (3.24) and (3.25) imply that, for each {Bn}∞

n=1 ∈U ,

‖BN . . .B1x−Qx‖ ≤
∥∥BN . . .B1x−Aγ

N . . .Aγ

1x
∥∥+∥∥Aγ

N . . .Aγ

1x−Qx
∥∥< ε

for each x ∈ K. This completes the proof of Lemma 3.11. �

Lemma 3.12. Let ε > 0 be an arbitrary positive number. Then for each {An}∞

n=1 ∈M (F)∩M B

and each γ ∈ (0,1), there exist a positive integer N and a neighborhood U of
{

Aγ
n
}∞

n=1 in the
space M with the strong topology satisfying the following assertion:

For each mapping r : {1, . . . ,N}→ {1,2, . . .}, there exists a nonexpansive retraction Qr of K
onto F such that, for each {Bn}∞

n=1 ∈U,∥∥Br(N) . . .Br(1)x−Qrx
∥∥< ε

for each x ∈ K.

Proof. Fix y∗ ∈ F . Let {An}∞

n=1 ∈M (F)∩M B and γ ∈ (0,1). Clearly, there exists R0 > 0 such
that

∥∥Aγ
nx
∥∥< R0 for each x ∈ K and all n = 1,2 . . . . Choose a positive integer N > 1 such that

(1− γ)N−1 (‖y∗‖+R0)< 2−1
ε.
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By Lemma 3.1, there exists a neighborhood U of
{

Aγ
n
}∞

n=1 in the space M with the strong
topology such that for each {Bn}∞

n=1 ∈ U and each mapping r : {1, . . . ,N} → {1,2, . . .}, we
have ∥∥∥Br(N) . . .Br(1)x−Aγ

r(N)
. . .Aγ

r(1)x
∥∥∥< 2−1

ε (3.26)

for each x ∈ K. Let r : {1, . . . ,N} → {1,2, . . .} be an arbitrary mapping. Using Lemma 3.10
and induction, we see that

d
(

Aγ

r(N)
. . .Aγ

r(1)x,F
)
≤ (1− γ)N−1

∥∥∥Aγ

r(1)x− y∗
∥∥∥< 2−1

ε

for each x ∈ K. Therefore there exist a mapping Qr : K→ F such that∥∥∥Aγ

r(N)
. . .Aγ

r(1)x−Qrx
∥∥∥< 2−1

ε (3.27)

for each x ∈ K. Inequalities (3.26) and (3.27) imply that, for each {Bn}∞

n=1 ∈U ,∥∥Br(N) . . .B1x−Qrx
∥∥≤ ∥∥∥Br(N) . . .Br(1)x−Aγ

r(N)
. . .Aγ

r(1)x
∥∥∥

+
∥∥∥Aγ

r(N)
. . .Aγ

r(1)x−Qrx
∥∥∥< ε

for each x ∈ K. This completes the proof of Lemma 3.12. �

Recall that we denote by N
(F)

Ω
the set of all operators T ∈NΩ such that

(∀x ∈ F)T (ω)x = x for almost each ω ∈ Ω, and by M
(F)
Ω

the set of all sequences {Tn}∞

n=1 ⊂
N

(F)
Ω

. Clearly, for each T ∈N
(F)

Ω
and each {Tn}∞

n=1 ∈M
(F)
Ω

, we have T̃ ∈N(F) and
{

T̃n

}∞

n=1
∈

M (F).
Given {Tn}∞

n=1 ∈MΩ, γ ∈ (0,1) and a nonexpansive retraction P of K onto F , we define a
sequence of mappings

{
T γ

n
}∞

n=1, T γ
n : Ω→ N by

T γ
n (ω)x := (1− γ)Tn (ω)x+ γPx, n = 1,2, . . . (3.28)

for each ω ∈ Ω and each x ∈ K. It is clear that
{

T γ
n
}∞

n=1 ∈M
(F)
Ω

if {Tn}∞

n=1 ∈M
(F)
Ω

, and for
each n = 1,2, . . . ,

T̃ γ
n = T̃n

γ
, (3.29)

where the sequence
{

T̃n
γ
}∞

n=1
is defined, for each n = 1,2, . . . , as in (3.23). We also have, for

each N = 1,2, . . . ,

ρNΩ
(T γ

n ,Tn)≤ γ

(
max

{
sup
x∈K

∥∥∥T̃kx
∥∥∥}N

k=1
+ sup

x∈K
‖Px‖

)
(3.30)

for each n = 1,2, . . .N. If, in addition, {Tn}∞

n=1 ∈M B
Ω

, then by (3.29),
{

T γ
n
}∞

n=1 ∈M B
Ω

and for
each n = 1,2 . . . , we have

ρNΩ
(T γ

n ,Tn)≤ γ

(
sup

x∈K,k=1,2,...

∥∥∥T̃kx
∥∥∥+ sup

x∈K
‖Px‖

)
. (3.31)
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In addition, if {Tn}∞

n=1 ∈M b
Ω

, then by (3.28),
{

T γ
n
}∞

n=1 ∈M b
Ω

and for each n = 1,2 . . . , we have

dMΩ
({T γ

n }
∞

n=1 ,{Tn}∞

n=1)≤ γ

(
sup

x∈K,ω∈Ω,k=1,2,...
‖Tk (ω)x‖+ sup

x∈K
‖Px‖

)
. (3.32)

In particular, for each T ∈NΩ and γ ∈ (0,1), the mapping Tγ : Ω→ K defined by

Tγ (ω)x := (1− γ)T (ω)x+ γPx (3.33)

for each ω ∈Ω and each x ∈ K, satisfies Tγ ∈N
(F)

Ω
if T ∈N

(F)
Ω

, and T̃γ = T̃γ , as well as

dNΩ

(
Tγ ,T

)
≤ γ

(
sup

x∈K,ω∈Ω

‖T (ω)x‖+ sup
x∈K
‖Px‖

)
. (3.34)

Comparing (3.29) to Lemma 3.11, Lemma 3.12 and Proposition 1.2, we immediately obtain the
following two lemmata. In these lemmata, we assume that

{
T γ

n
}∞

n=1 is defined by (3.28).

Lemma 3.13. Let ε > 0 be an arbitrary positive number. Then for each {Tn}∞

n=1 ∈M
(F)
Ω

and
each γ ∈ (0,1), there exist a positive integer N and a neighborhood U of

{
T γ

n
}∞

n=1 in the space
MΩ with the weak topology satisfying the following assertion:

There exists a nonexpansive retraction Q of K onto F such that, for each {Sn}∞

n=1 ∈U,∥∥∥S̃N . . . S̃1x−Qx
∥∥∥< ε

for each x ∈ K.

Lemma 3.14. Let ε > 0 be an arbitrary positive number. Then for each {Tn}∞

n=1 ∈M
(F)
Ω
∩M B

Ω

and each γ ∈ (0,1), there exist a positive integer N and a neighborhood U of
{

T γ
n
}∞

n=1 in the
space MΩ with the strong topology satisfying the following assertion:

For each mapping r : {1, . . . ,N}→ {1,2, . . .}, there exists a nonexpansive retraction Qr of K
onto F such that, for each {Sn}∞

n=1 ∈U,∥∥∥S̃r(N) . . . S̃r(1)x−Qrx
∥∥∥< ε

for each x ∈ K.

4. PROOF OF THE MAIN RESULTS

Proof of Theorem 2.1. Fix y∗ ∈ K. For each T ∈NΩ and γ ∈ (0,1), define y∗T by

y∗T :=

{
xT If T ∈N reg

Ω

y∗ otherwise
,

where xT satisfies T xT = xT . Define Tγ : Ω→ N by

Tγ (ω)x := (1− γ)T (ω)x+ γy∗T

for each ω ∈ Ω and each x ∈ K. Set x̄(T,γ) = z
(

T̃ ,γ,y∗T
)

, where z
(

T̃ ,γ,y∗T
)

is the unique
element of K satisfying

T̃γz
(

T̃ ,γ,y∗T
)
= z
(

T̃ ,γ,y∗T
)
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(see also (3.8)). By (3.16), the sets

A =
{

Tγ : T ∈NΩ, γ ∈ (0,1)
}

and

Areg =
{

Tγ : T ∈N reg
Ω

, γ ∈ (0,1)
}

are dense, respectively, in NΩ with the strong topology and in N reg
Ω

with the relative strong
topology.

Assume that q is a positive integer. By Lemma 3.4, for each (T,γ) ∈NΩ× (0,1), there exist
a positive integer Nq (T,γ) and an open neighborhood Uq (T,γ) of Tγ in the space NΩ with the
weak topology so that the following assertion holds:

For each R ∈Uq (T,γ) and each integer n≥ Nq (T,γ), we have∥∥∥R̃nx− x̄(T,γ)
∥∥∥< 1

q
(4.1)

for all x ∈ K. For each positive integer q, set

Dq = ∪(T,γ)∈NΩ×(0,1)Uq (T,γ)

and

D reg
q = ∪

(T,γ)∈N reg
Ω
×(0,1)Uq (T,γ)∩N reg

Ω
.

Clearly, the sets Dq, and D reg
q are open (in the relative weak topology) and dense (respectively,

in the strong topology and in the relative strong topology) sets in, respectively, NΩ and N reg
Ω

for each positive integer q, because the set Dq contains A and the set D reg
q contains Areg. Define

F =∩∞
q=1Dq and F ′=∩∞

q=1D
reg
q . Evidently, F and F ′ are countable intersections of open (in

the relative weak topology) and dense (respectively, in the strong topology and in the relative
strong topology) sets in, respectively, NΩ and N reg

Ω
.

Assume that S ∈F and ε > 0. There exist a positive integer q0 such that 2
q0

< ε and a pair
(T,γ) ∈ NΩ× (0,1) such that S ∈ Uq0 (T,γ). Let R ∈ Uq0 (T,γ). By (4.1), for each positive
integer n≥ Nq0 (T,γ), we have ∥∥∥R̃nx− x̄(T,γ)

∥∥∥< 1
q0

< 2−1
ε (4.2)

for each x ∈ K. Since R ∈Uq0 (T,γ) is arbitrary, we have, in particular, for each positive integer
n≥ Nq0 (T,γ), ∥∥∥S̃nx− x̄(T,γ)

∥∥∥< 1
q0

< 2−1
ε (4.3)

for all x ∈ K. Since ε is an arbitrary positive number, (4.3), the triangle inequality and the
completeness of the subspace K of X imply that the sequence of operators

{
S̃n
}∞

n=1
converges

uniformly to an operator G : K → K. By switching to the limit in (4.3) and using the triangle
inequality, a similar argument shows that G must be constant, that is, there is xS ∈ K such that
for each x ∈ K, S̃nx→ xS, as n→ ∞, uniformly on K. By the continuity of the operator S̃, we
have

S̃xS = S̃ lim
n→∞

S̃nxS = lim
n→∞

S̃n+1xS = xS.
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Therefore xS is the unique fixed point of the operator S̃. Clearly, the set of almost common fixed
points of the family {Sω}ω∈Ω

is contained in {xS}. By switching to the limit in (4.3), we see
that

‖xS− x̄(T,γ)‖< 2−1
ε. (4.4)

Combining (4.4) with (4.2) and using the triangle inequality, we infer that for each integer
n≥ Nq0 (T,γ), we have

∥∥∥R̃nx− xS

∥∥∥< ε for all x ∈ K. This completes the proof of Theorem 2.1.

Proof of Theorem 2.2. For each γ ∈ (0,1) and {Tn}∞

n=1 ∈M reg
Ω

with x{Tn}∞

n=1
such that Tnx{Tn}∞

n=1
=

x{Tn}∞

n=1
for all n = 1,2, . . . , define

{
T γ

n
}∞

n=1 by (3.17). By, respectively, (3.12) and (3.13), the
sets

AB =
{
{T γ

n }
∞

n=1 : {Tn}∞

n=1 ∈M reg
Ω
∩M B

Ω, γ ∈ (0,1)
}

and

Ab =
{
{T γ

n }
∞

n=1 : {Tn}∞

n=1 ∈M reg
Ω
∩M b

Ω, γ ∈ (0,1)
}

are dense in, respectively, M reg
Ω
∩M B

Ω
with the relative strong topology and M reg

Ω
∩M b

Ω
with

the relative τ3 topology.
Assume that q is a positive integer. By Lemma 3.5, for each ({Tn}∞

n=1 ,γ) ∈
(
M reg

Ω
∩M B

Ω

)
×

(0,1), there exist a positive integer Nq ({Tn}∞

n=1 ,γ) and an open neighborhood Uq ({Tn}∞

n=1 ,γ)

of
{

T γ
n
}∞

n=1 in the space MΩ with the strong topology, satisfying the following assertion:
For each {Rn}∞

n=1 ∈Uq ({Tn}∞

n=1 ,γ) and each mapping r :
{

1, . . . ,Nq ({Tn}∞

n=1 ,γ)
}
→{1,2, . . .},

we have ∥∥∥ ˜Rr(Nq({Tn}∞

n=1,γ))
. . . R̃r(1)x− x{Tn}∞

n=1

∥∥∥< 1
q

(4.5)

for each x ∈ K. For each positive integer q, set

DB
q = ∪({Tn}∞

n=1,γ)∈(M
reg
Ω
∩M B

Ω)×(0,1)
Uq ({Tn}∞

n=1 ,γ)∩M reg
Ω
∩M B

Ω

and

Db
q = ∪({Tn}∞

n=1,γ)∈(M
reg
Ω
∩M b

Ω)×(0,1)
Uq ({Tn}∞

n=1 ,γ)∩M reg
Ω
∩M b

Ω
.

Clearly, the sets DB
q and Db

q are open (in the relative strong topology) and dense (respectively,

in the relative strong topology and in the relative τ3 topology) sets in, respectively, M reg
Ω
∩M B

Ω

and M reg
Ω
∩M b

Ω
for each positive integer q, because these sets contain, respectively, AB and Ab.

Define F = ∩∞
q=1D

B
q and F ′ = ∩∞

q=1D
b
q . Evidently, F and F ′ are countable intersections of

open (in the relative strong topology) and dense (respectively, in the relative strong topology
and in the relative τ3 topology) sets in, respectively, M reg

Ω
∩M B

Ω
and M reg

Ω
∩M b

Ω
.

Assume {Sn}∞

n=1 ∈F and ε > 0. There exist a positive integer q0 such that 4
q0

< ε and a pair
({Tn}∞

n=1 ,γ) ∈
(
M reg

Ω
∩M B

Ω

)
× (0,1) such that {Sn}∞

n=1 ∈ Uq0 ({Tn}∞

n=1 ,γ). Let {Rn}∞

n=1 ∈
Uq0 ({Tn}∞

n=1 ,γ). By (4.5), for each mapping r :
{

1, . . . ,Nq0 ({Tn}∞

n=1 ,γ)
}
→ {1,2, . . .}, we

have ∥∥∥ ˜Rr(Nq0({Tn}∞

n=1,γ))
. . . R̃r(1)x− x{Tn}∞

n=1

∥∥∥< 1
q0

< 4−1
ε (4.6)
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for each x ∈ K. In particular, for each n = 1,2, . . . , we have∥∥∥∥R̃n
Nq0({Tn}∞

n=1,γ)x− x{Tn}∞

n=1

∥∥∥∥< 1
q0

< 4−1
ε

for all x ∈ K. Clearly, for each integer k ≥ Nq0 ({Tn}∞

n=1 ,γ) and each n = 1,2, . . . , we have∥∥∥R̃n
k
x− x{Tm}∞

m=1

∥∥∥< 1
q0

< 4−1
ε (4.7)

for each x ∈ K. Since ε is an arbitrary positive number, (4.7), the triangle inequality and the
completeness of the subspace K of X imply that for each n = 1,2, . . . , the sequence of operators{

R̃n
k}∞

k=1
converges uniformly to an operator Gn : K→K. By switching to the limit in (4.7) and

using the triangle inequality, a similar argument shows that Gn1 = Gn2 for all positive integers
n1 and n2, and the operator Gn must be constant for each n = 1,2, . . . , that is, there is xR ∈ K

such that for each x ∈ K, R̃n
k
x→ xR as k→ ∞, uniformly on K, for each n = 1,2, . . . . By the

continuity of the operator R̃n, for each n = 1,2, . . . ,

R̃nxR = R̃n lim
k→∞

R̃n
k
x = lim

k→∞
R̃n

k+1
xR = xR.

Therefore xR is the unique common fixed point of the operators R̃n, n= 1,2, . . . . Since {Rn}∞

n=1 ∈
Uq0 ({Tn}∞

n=1 ,γ) is arbitrary, there is, in particular, xS which is the unique common fixed point of

operators S̃n, n= 1,2, . . . , such that for each x∈K, S̃n
k
x→ xS as k→∞, uniformly on K, for each

n= 1,2, . . . . Clearly, the set of almost common fixed points of the family {Sn (ω)}
ω∈Ω,n=1,2... is

contained in {xS}. For each n= 1,2, . . . , each integer k≥Nq0 ({Tn}∞

n=1 ,γ) and each n= 1,2, . . . ,
we have from (4.7) that ∥∥∥S̃n

k
x− x{Tm}∞

m=1

∥∥∥< 1
q0

< 4−1
ε (4.8)

for each x ∈ K. By switching to the limit in (4.7), we also have∥∥∥xR− x{Tn}∞

n=1

∥∥∥< 4−1
ε. (4.9)

By switching to limit in (4.8), we have∥∥∥xS− x{Tn}∞

n=1

∥∥∥< 4−1
ε. (4.10)

Combining (4.10) with (4.9) and using the triangle inequality, we obtain

‖xR− xS‖< 2−1
ε. (4.11)

By (4.6), (4.9), (4.11) and the triangle inequality, we infer that for each integer n≥Nq0 ({Tn}∞

n=1 ,γ)
and each mapping r : {1, . . . ,n}→ {1,2, . . .}, we have∥∥∥R̃r(n) . . . R̃r(1)x− xS

∥∥∥≤ ∥∥∥R̃r(n) . . . R̃r(1)x− xR

∥∥∥+‖xR− xS‖

≤
∥∥∥ ˜Rr(Nq0({Tn}∞

n=1,γ))
. . . R̃r(1)x− xR

∥∥∥+‖xR− xS‖

≤
∥∥∥ ˜Rr(Nq0({Tn}∞

n=1,γ))
. . . R̃r(1)x− x{Tn}∞

n=1

∥∥∥+∥∥∥x{Tn}∞

n=1
− xR

∥∥∥+‖xR− xS‖< ε

for each x ∈ K. This completes the proof of Theorem 2.2.
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Proof of Theorem 2.3. Fix y∗ ∈ K. For each {Tn}∞

n=1 ∈MΩ and γ ∈ (0,1), define
{

T γ
n
}∞

n=1 by
(3.9). By, respectively, (3.11), (3.12) and (3.13), the sets

A =
{
{T γ

n }
∞

n=1 : {Tn}∞

n=1 ∈MΩ, γ ∈ (0,1)
}
,

AB =
{
{T γ

n }
∞

n=1 : {Tn}∞

n=1 ∈M B
Ω, γ ∈ (0,1)

}
and

Ab =
{
{T γ

n }
∞

n=1 : {Tn}∞

n=1 ∈M b
Ω, γ ∈ (0,1)

}
are dense in, respectively, MΩ with the relative weak topology, M B

Ω
with the relative strong

topology and M b
Ω

with the τ3 topology. Assume that q is a positive integer. By Lemma 3.8,
for each ({Tn}∞

n=1 ,γ) ∈MΩ× (0,1), there exist a positive integer Nq ({Tn}∞

n=1 ,γ) and an open
neighborhood Uq ({Tn}∞

n=1 ,γ) of
{

T γ
n
}∞

n=1 in the space MΩ with the weak topology, satisfying
the following assertion:

For each {Rn}∞

n=1 ∈Uq ({Tn}∞

n=1 ,γ) and each integer n≥ Nq ({Tn}∞

n=1 ,γ), we have∥∥∥R̃n . . . R̃1x− R̃n . . . R̃1y
∥∥∥< 1

q
(4.12)

for each x,y ∈ K. For each positive integer q, set

Dq = ∪({Tn}∞

n=1,γ)∈MΩ×(0,1)Uq ({Tn}∞

n=1 ,γ) ,

DB
q = ∪({Tn}∞

n=1,γ)∈M B
Ω
×(0,1)Uq ({Tn}∞

n=1 ,γ)∩M B
Ω

and

Db
q = ∪({Tn}∞

n=1,γ)∈M b
Ω
×(0,1)Uq ({Tn}∞

n=1 ,γ)∩M b
Ω.

Clearly, the sets Dq, DB
q and Db

q are open (in the relative weak topology) and dense (respec-
tively, in the weak topology, in the relative strong topology and in the relative τ3 topology)
sets in, respectively, MΩ, M B

Ω
and M b

Ω
for each positive integer q, because these sets contain,

respectively, A, AB and Ab. Define F = ∩∞
q=1Dq, F ′ = ∩∞

q=1D
B
q and F ′′ = ∩∞

q=1D
b
q . Evi-

dently, F , F ′ and F ′′ are countable intersections of open (in the relative weak topology) and
dense (respectively, in the weak topology, in the relative strong topology and in the relative τ3
topology) sets in, respectively, MΩ, M B

Ω
and M b

Ω
. Assume {Sn}∞

n=1 ∈F and ε > 0. There
exists a positive integer q0 such that 1

q0
< ε and a pair ({Tn}∞

n=1 ,γ) ∈MΩ× (0,1) such that
{Sn}∞

n=1 ∈Uq0 ({Tn}∞

n=1 ,γ). By (4.12), for each {Rn}∞

n=1 ∈Uq0 ({Tn}∞

n=1 ,γ) and each integer
n≥ Nq0 ({Tn}∞

n=1 ,γ), we have∥∥∥R̃n . . . R̃1x− R̃n . . . R̃1y
∥∥∥< 1

q0
< ε

for each x,y ∈ K. This completes the proof of Theorem 2.3.
The proof of Theorem 2.4 is analogous to that of Theorem 2.3. Instead of Lemma 3.8, we

use Lemma 3.9.

Proof of Theorem 2.5. For each T ∈N
(F)

Ω
and γ ∈ (0,1), define Tγ by (3.33). By (3.34), the set

A =
{

Tγ : T ∈N
(F)

Ω
, γ ∈ (0,1)

}
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is dense in N
(F)

Ω
with the relative strong topology. Assume that q is a positive integer. By

Lemma 3.13, for each (T,γ)∈N
(F)

Ω
×(0,1), there exist a positive integer Nq (T,γ) and an open

neighborhood Uq (T,γ) of Tγ in the space NΩ with the weak topology satisfying the following
assertion:

There exists a nonexpansive retraction Qq (T,γ) of K onto F such that for each R ∈Uq (T,γ),
we have ∥∥∥R̃Nq(T,γ)x−Qq (T,γ)x

∥∥∥< 1
q

(4.13)

for each x ∈ K. For each positive integer q, set

Dq = ∪(T,γ)∈N (F)
Ω
×(0,1)Uq (T,γ)∩N

(F)
Ω

.

Clearly, the set Dq is open (in the weak topology) and dense (in the strong topology) set in
N

(F)
Ω

for each positive integer q, because this set contains A. Define F = ∩∞
q=1Dq. Evidently,

F is a countable intersection of open (in the weak topology) and dense (in the strong topology)
sets in N

(F)
Ω

. Assume that S ∈F and ε > 0. There exist a positive integer q0 such that 2
q0

< ε

and a pair (T,γ) ∈N
(F)

Ω
× (0,1) such that S ∈Uq0 (T,γ). Let R ∈Uq0 (T,γ)∩N

(F)
Ω

. By (4.13),
we have ∥∥∥R̃Nq0(T,γ)x−Qq0 (T,γ)x

∥∥∥< 1
q0

< 2−1
ε

for each x ∈ K. Clearly, for each integer n≥ Nq0 (T,γ), we have∥∥∥R̃nx−Qq0 (T,γ)x
∥∥∥< 1

q0
< 2−1

ε (4.14)

for each x ∈ K. In particular, for each integer n≥ Nq0 (T,γ), we have∥∥∥S̃nx−Qq0 (T,γ)x
∥∥∥< 1

q0
< 2−1

ε (4.15)

for each x ∈ K. Since ε is an arbitrary positive number, (4.15), the triangle inequality and the
completeness of the subspace K of X imply that the sequence of operators

{
S̃n
}∞

n=1
converges

to an operator Q : K→ K, uniformly on K. By switching to the limit in (4.15), we have∥∥Qx−Qq0 (T,γ)x
∥∥< 2−1

ε (4.16)

for each x ∈ K. Since ε is an arbitrary positive number, using (4.16) and the closedness of F ,
we see that the image of Q lies in F . By (4.14), (4.16) and the triangle inequality, we obtain
that, for each integer n≥ Nq0 (T,γ),∥∥∥R̃nx−Qx

∥∥∥≤ ∥∥∥R̃nx−Qq0 (T,γ)x
∥∥∥+∥∥Qq0 (T,γ)x−Qx

∥∥< ε

for each x ∈ K. This completes the proof of Theorem 2.5.
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Proof of Theorem 2.6. For each {Tn}∞

n=1 ∈MΩ and γ ∈ (0,1), define
{

T γ
n
}∞

n=1 by (3.28). By
(3.30), (3.31) and (3.32), the sets

A =
{
{T γ

n }
∞

n=1 : {Tn}∞

n=1 ∈M
(F)
Ω

, γ ∈ (0,1)
}
,

AB =
{
{T γ

n }
∞

n=1 : {Tn}∞

n=1 ∈M
(F)
Ω
∩M B

Ω, γ ∈ (0,1)
}

and

Ab =
{
{T γ

n }
∞

n=1 : {Tn}∞

n=1 ∈M
(F)
Ω
∩M b

Ω, γ ∈ (0,1)
}

are dense in, respectively, M
(F)
Ω

with the relative weak topology, M
(F)
Ω
∩M B

Ω
with the relative

strong topology and M
(F)
Ω
∩M b

Ω
with the relative τ3 topology.

Assume q is a positive integer. By Lemma 3.13, for each ({Tn}∞

n=1 ,γ) ∈M
(F)
Ω
× (0,1), there

exist a positive integer Nq ({Tn}∞

n=1 ,γ) and an open neighborhood Uq ({Tn}∞

n=1 ,γ) of
{

T γ
n
}∞

n=1
in the space MΩ with the weak topology, satisfying the following assertion:

There exists a nonexpansive retraction Qq ({Tn}∞

n=1 ,γ) of K onto F such that, for each
{Rn}∞

n=1 ∈Uq ({Tn}∞

n=1 ,γ), we have∥∥∥ ˜RNq({Tn}∞

n=1,γ)
. . . R̃1x−Qq ({Tn}∞

n=1 ,γ)x
∥∥∥< 1

q
(4.17)

for each x ∈ K.
For each positive integer q, set

Dq = ∪({Tn}∞

n=1,γ)∈M
(F)
Ω
×(0,1)Uq ({Tn}∞

n=1 ,γ)∩M
(F)
Ω

,

DB
q = ∪

({Tn}∞

n=1,γ)∈
(
M

(F)
Ω
∩M B

Ω

)
×(0,1)

Uq ({Tn}∞

n=1 ,γ)∩M
(F)
Ω
∩M B

Ω

and

Db
q = ∪

({Tn}∞

n=1,γ)∈
(
M

(F)
Ω
∩M b

Ω

)
×(0,1)

Uq ({Tn}∞

n=1 ,γ)∩M
(F)
Ω
∩M b

Ω.

Clearly, the sets Dq, DB
q and Db

q are open (in the relative weak topology) and dense (re-
spectively, in the weak topology, in the relative strong topology and in the relative τ3 topol-

ogy) sets in, respectively, M
(F)
Ω

, M
(F)
Ω
∩M B

Ω
and M

(F)
Ω
∩M b

Ω
for each positive integer q, be-

cause these sets contain, respectively, A, AB and Ab. Define F = ∩∞
q=1Dq, F ′ = ∩∞

q=1D
B
q and

F ′′ = ∩∞
q=1D

b
q . Evidently, F , F ′ and F ′′ are countable intersections of open (in the relative

weak topology) and dense (respectively, in the weak topology, in the relative strong topology

and in the relative τ3 topology) sets in, respectively, M
(F)
Ω

, M
(F)
Ω
∩M B

Ω
and M

(F)
Ω
∩M b

Ω
.

Assume {Sn}∞

n=1 ∈ F and ε > 0. There exist a positive integer q0 such that 2
q0

< ε and

a pair ({Tn}∞

n=1 ,γ) ∈M
(F)
Ω
× (0,1) such that {Sn}∞

n=1 ∈ Uq0 ({Tn}∞

n=1 ,γ). Let {Rn}∞

n=1 ∈
Uq0 ({Tn}∞

n=1 ,γ)∩M
(F)
Ω

. By (4.17), we have∥∥∥ ˜RNq0({Tn}∞

n=1,γ)
. . . R̃1x−Qq0 ({Tn}∞

n=1 ,γ)x
∥∥∥< 1

q0
< 2−1

ε (4.18)
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for each x ∈ K. Since M (F) is closed in M with the weak topology, by Proposition (1.2),{
R̃n

}∞

n=1
∈M (F) and therefore, by (4.18), for each integer n≥ Nq0 ({Tn}∞

n=1 ,γ), we
have ∥∥∥R̃n . . . R̃1x−Qq0 ({Tn}∞

n=1 ,γ)x
∥∥∥< 1

q0
< 2−1

ε (4.19)

for each x ∈ K. In particular, for each integer n≥ Nq0 ({Tn}∞

n=1 ,γ), we have∥∥∥S̃n . . . S̃1x−Qq0 ({Tn}∞

n=1 ,γ)x
∥∥∥< 1

q0
< 2−1

ε (4.20)

for each x ∈ K. Since ε is an arbitrary positive number, (4.20), the triangle inequality and
the completeness of the subspace K of X imply that the sequence of operators

{
S̃n . . . S̃1

}∞

n=1
converges to an operator Q : K → K, uniformly on K. By switching to the limit in (4.20), we
have ∥∥Qx−Qq0 ({Tn}∞

n=1 ,γ)x
∥∥< 2−1

ε (4.21)
for each x ∈ K. Since ε is an arbitrary positive number, by (4.21) and the closedness of F , we
see that the image of Q lies in F .

By (4.19), (4.21) and the triangle inequality, we obtain that for each integer n≥Nq0 ({Tn}∞

n=1 ,γ),∥∥∥R̃n . . . R̃1x−Qx
∥∥∥≤ ∥∥∥R̃n . . . R̃1x−Qq0 ({Tn}∞

n=1 ,γ)x
∥∥∥+∥∥Qq0 ({Tn}∞

n=1 ,γ)x−Qx
∥∥< ε

for each x ∈ K. This completes the proof of Theorem 2.6.
The proof of Theorem 2.7 is analogous to that of Theorem 2.6; instead of Lemma 3.13 we

use Lemma 3.14.

Remark 4.1. It seems natural to complement our results with an analogue of Theorem 2.2,
where we would consider a corresponding statement regarding the space M reg

wΩ
(the closure of

M reg
Ω

in MΩ with respect to the weak topology) with open (in the weak topology) and dense (in
the relative weak topology) sets, M reg

Ω
∩M B

Ω
with open (in the weak topology) and dense (in

the relative strong topology) sets, and M reg
Ω
∩M b

Ω
, with open (in the weak topology) and dense

(in the relative τ3 topology) sets. Unfortunately, so far we have not been able to find neither a
proof nor a counterexample. Thus we leave this part as an open question for further study.
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