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DIRICHLET-MORREY TYPE SPACES AND VOLTERRA INTEGRAL
OPERATORS
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Abstract. A family of Dirichlet-Morrey type space _@5"}1 is introduced in this paper. For any positive
Borel measure u, the boundedness and compactness of the identity operator I; from @5’_’11 to tent spaces
5" (u) are studied. As an application, the boundedness of the Volttera integral operators 7, and I,, and

the multiplication operator M, from .@5’}1 to the general function space F(p,p —1—A,s) are studied.
The essential norm of T, and I, are also investigated.
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1. INTRODUCTION

Let H(DD) denote the space of all analytic functions in the open unit disc D. The Hardy space
H? (0 < p < ) is the set of all f € H(DD) with (see [1])

1 2= .
£ = sup 5= [ 17 a6 < oo
<r<

Let H* denote the space of all bounded analytic functions with the supremum norm || f||g= =

Supep |/ (2)]-
Let —1 < o < o0 and 0 < p < oo. The Dirichlet type space Z} is the set of all f € H(ID)

satisfying

£l =111+ ( [ I7@P0 - 12)%04(0)” <

where dA is the normalized area measure in D. The spaces .@5_1 are closely related with Hardy
spaces HP. In fact, .@12 —H?> If0 < p <2 (see [2]), then 9571 CHP. If 2 < p < oo (see
[3]), then H? C 95_1. If @ =0 and p = 2, then 2}, is the classical Dirichlet space 2. When
o > p—1, P is the weighted Bergman space Aj, .
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Let 0 < p <o, =2 < g < oo, and 0 < s < oo, The general function space F(p,q,s), which
first introduced by Zhao in [4], consists of all f € H(D) such that

1/p
17l pas) = £ \+sup(/ PP R0 - loPaAR)) <o

where 6, = {=; F(p,q,0) is the Dirichlet
type space .@p F(2,0,s) coincides with Q; space (see [5 ]) F(2,0,1) is the BMOA space.
F(p,p— 2,0) is just the Besov space B),. If s > 1, then F(p,p —2,s) is the Bloch space %,
which is the set of all f € H(ID) such that

1f1l = 1£(0)| +sup £ (2)|(1 — |2]*) < eo.

zeD

From [4], the norm of f € % has many equivalent forms. The little Bloch space, denoted by
2y, is the set of those f € H(ID) satisfying limy,_,; | f'(2)|(1 — |z|*) = 0. It is well known that
2 is a Banach space under the norm || - || z, and %, is a closed subspace of 4.

Let g € H(ID). The Volterra integral operator T,, which was first introduced by Pommerenke
in [6], is defined as

/ F(O)E(©)de, zeD, f € HD).
Its related operator /g is defined by

/f £)de, z€D, f € H(D).

It is clear that Myf(z) = T, f(z) + I, f(z) + g(0) f(0), where M, f(z) = g(z)f(z) is called the
multiplication operator. The Volterra integral operator T, was studied by many authors recently.
For more results on operator T, we refer to [5, 7, 8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19]
and the references therein

For any I C dID, the boundary of D, let |/| be the normalized arc length of I. Let

Sy ={z=rdecD:1-|l|<r<1,%cl}

be the Carleson box based on 1. Let 0 < p < o0, 0 < s < oo, and U a positive Borel measure on
D. The tent space .7;” (i) consists of all u-measure functions f satisfying

1= sup o [ 17@)Fanc)

Suppose that, 0 < A < 1, the analytic Morrey space, denoted by .Z%* (D), is the space of all
f € H*(D) such that

2 sup o _ 2146l
11y = sup 7 Jir@—npzt <

- /f \dél

Clearly, .Z#>! (D) coincides with the BMOA space. .,2”270( ) is just the Hardy space H?. More-
over, BMOA C £** c H? for 0 < A < 1. The space .2>*(ID) was investigated in [10, 20, 21].

where
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Recently, Galanopoulos, Merchan and Siskakis [8] defined the Dirichlet-Morrey space .@1%”1,
which consists of all functions f € .@3 such that

p1

,A)
HfH@]g,x=!f(0)!+suﬂg(l—\a|2> > [lfooa—fla)]lgz <ee,
ac

where 0 < p,A < 1. It is easy to check that @]Z,A = g2 .@;’1 = Qp,g,%’o = 93, and
0, C7 D o<A<.

They studied the boundedness and compactness of the Volterra operator 7, on the space .@z’l
(see [8]). For example, if T, is bounded on @,%’)L, then g € Q,, while if g € W), then Ty is
2,A
bounded on 7,
Let 0 < p < oo, and 0 < A < 1. In this paper, we define a new class space .@5’}1, called the

Dirichlet-Morrey type space. Let f € 9571. We say that the function f belongs to .@5’}1 if

1A
o = |f(0)[+sup(1l— a|®) 7 ||fo oa—fla)llgr <o
p—1 ach r

1

It is obvious that .@5’}1 is a Banach space under the above norm when p > 1. Clearly, .@If ’_kl =

£%* when p = 2. By a simple calculation, we have @pf)l =9P .@5’_11 =F(p,p—2,1),and

P p—1

F(p,p—2,1)C 20 c ) |, 0<A<1.

In this paper, we first study some basic properties of the Dirichlet-Morrey type space .@5’_’11 in

Section 2. The boundedness and compactness of the identity operator I; from @5’_’11 to the tent
space .7;" (i) are studied in Section 3. Using the embedding theorem, we study the boundedness

of operators Ty, I, and M, from 957—/11 to the space F(p,p—1—A,s) in Section 4. Finally, in
Section 5, we investigate the essential norm and compactness of T, and /.

In this paper, we write F' ~ G between two functions if F < G < F, where G < F means that
there exists a nonnegative constant C such that G < CF.

2. SOME AUXILIARY PROPERTIES
We begin this section with the definition of the Carleson measure. Let u be a positive Borel

measure on D, and 0 < o < oo. U is called an ¢-Carleson measure (see [13]) if

1
llen, = sup EED)
1CoD |I|

< oo

U 1s the classical Carleson measure when ¢ = 1.  is called a vanishing o-Carleson measure if

LR
=0 |I|*

The following result gives an equivalent characterization of a-Carleson measure (see [13]).
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Lemma 2.1. Let 0 < a,t < oo, and let | be a positive Borel measure on . Then U is an
a-Carleson measure if and only if

sup/ = (= ]pPy du(z) < oe.

beD bz|o+t

Moreover,

sup / |b‘ -du(z).
1CoD |1| beD |1 —bz|**

The following result gives an equivalent characterization for the Dirichlet-Morrey type space

A
9[771'

Proposition 2.1. Let0 <A < 1,0 < p <o, and f € H(D). Then f € 9’7 | if and only if

1
- / P(1 _ |-12\p—1 oo
sup 7 [, QI 1P laA) <o @

ICoD

Moreover,

N 1 / L2yl
Hf||_@p/1 A sup e /s(z) £ (@)|P(1 = 2[)" dA(z).

p-1 ICoD

Proof. First, assume that f € 9’7 . For any interval I € dD, let £ be the midpoint of interval
I,and b= (1—|I|)&. Then |I| = 1 —|b| = 1 — |b|?> ~ |1 — bz| for z € S(I). Using the change of
variables, we deduce that

oo > ||fII7 5 ~ sup(l— ) I f oo —f(b)III;;L1

p—1 bebD

= sup(l — |b| )1_’1/ [(F005)'(2)P(1 = |2*)"~ dA(2)

beD

_ =11 = |pl2\P
:sup ’b‘ 1 )L/|f 1 ‘Z|) ( |b| ) dA(Z)

beD |1 —bz|?P

1— w
= sup(1 o+ [ |7 b”z dAW)
beD ’

= sup o [ 7P ) A,

ICoD \1\

Hence inequality (2.1) holds.
Conversely, suppose that inequality (2.1) holds. Then

1 2\p—1 Hf
sup o [ 1 @)IP(1— [Py aa(e) = sup HLEED
rcan [11* Js e T
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where ditf(z) = | f/(z)|P(1 — |z]*)P"1dA(z). So we see that y is a A-Carleson measure. Then
Lemma 4.1 implies that

sup(1 — [b*)' *||f o 0 — f ()|

beD .
_ (1= |b?
—sup [ (1= pP) I @1 - 1y P ga
beD /D 11— bz
(1—[pP)**
=su ———————d () < oo.
beIISD D [1=bz]? #r()
So f e .@5’_11. This completes the proof. 0J

Proposition 2.2. Let0 <A < 1,0< p<ooand f € .@If’_)”l. Then
171
fW)| = ——5, weD.
(1=|wl?) 7

Proof. Assume f € @If’}l. For any a € D, using [22, Lemma 4.12], we have

(@) (1—a*)? < P/D [(Fo0a)'(@)P(1 = |2*)"~ dA(2)

p W
pllfI?
” ||@p7}»l

p—

< —7.
T (I=]a?)tA

Therefore,

Integrating both sides of the last inequality from O to a, we get the desired result immediately.
0J

Lemma 2.2. [13, Corollary 2.5] Leta,b € D and r > —1,s,t > 0 such that0 <s+t—r—2<s.

Then
(1—z[»)" 1
—dA < .
/]D Tl = b A0 = Ty

Proposition 2.3. Let 0 < p < o, and 0 < A < 1. Then the function
1
fb(Z) S — be D,
(1—bz) »

A
belongs to 91)71.
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Proof. From Lemma 2.2, we get

||fb”_@p/1 ~sup(1 —|al®)' | fy0 0, f(a)]”

ach 91)1
a

—sup(1 — a1 [ 30 ey =
ach ‘1 ’

(1— 2?7
=<sup( a 2 )“/ dA(z
=sup(1 =1 e A A
< oo,

This finishes the proof. ]

3. EMBEDDING .@p’ INTO 3" (1)

In this section, we discuss the boundedness and compactness of the identity operator I; :

PrH — TP (w).

Theorem 3.1. Let 0 < p < oo, 0 <A < 1, and A < s < oo. Let U be a positive Borel measure

on D. Then the identity operator 1; : .@p’ . — TP (1) is bounded if and only if L is a s+ 1— A-
Carleson measure.

Proof. Assume first that I : .@5’}1 — ;P (u) is bounded. For any b € D, set

1—|b?
1-1 7

_ D.
(1—b2)'" 7" a

fo(z) =

Proposition 2.3 yields that f;, € @p .. For any interval I C dDD, let £ be the midpoint of /. Set
b= (1-I|)&. Then
I =1—|b|~1—|b|* ~ |1 —bz|

for z € S(I). Moreover |f;,(z)| =~ ——, z € S(I). Hence,
U

4O L e ;
~ — d < < oo
|I|s+1—/l ms s() |fb(Z)‘ N(Z) > HfbH@;;,}l )

which implies that u is a s+ 1 — A-Carleson measure.
Conversely, suppose that ut is a s + 1 — A-Carleson measure. Let f € @p . For any I C dD,
let & be the midpoint of 1. Set a = (1 —|I])§. Then

i o r@Pan =g [ i@t + g [ 170 - r@raut)

75 Jsuy
=F+F.

Proposition 2.2 yields that

K(S()

Hijp?L ‘I‘H_l A — ||f||jp/l
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By the assumption that it is a s + 1 — A-Carleson measure, we see that I, : A” |~ — LP(u) is
bounded (see [23] or [22]). Hence, by the fact that .@p ’11 C .@p | CAP o we have
1
=— z)— f(a)|Pdu(z
1 Jo 1O = Fl@Pan(a)
(1 _ ’a’2)s+l—l

~(1— |a|2)]_/l /S(I) 1f(z) = f(a)|? 11— ag|2s+2-24 dp(z)

—la s+1-4
<(1=la) ' [ (0= (o) st du

<= a1 [ 1760) - e T 0BT

‘1 _dZ’2s+2721
=(1— !alz)lA/D\foffa(w)—f(a)!p(l — w[?) ' A dA(w)
(1= [aP) 7 [ [(700u) 0)P(1 = w2 A ()

(=1 [ [(Fo ) w)IP(1 = W)~ dA(w)
X1y

So the identity operator 1 : 9’7 = T P(u) is bounded. This completes the proof. U

We say that the identity operator I; : 7] A | — (1) is compact if

lim - / f@IPdp() =0,

k—ro0 |I|S

where I C dD, {f;} is a bounded sequence in 95’_’11, and f; — 0 uniformly on compact subsets
of D as k — oo.

Theorem 3.2. Let 1 be a positive Borel measure on D. Let 0 < p <o, 0 < A < 1, and A <
§ < oo such that point evaluation functional is bounded on F' (). Then the identity operator

I @p | — 5 (W) is compact if and only if the measure W is a vanishing s+ 1 — A-Carleson
measure

Proof. Assume first that I : .@p 71— ZF(u) is compact. Let {; } be a sequence of interval of
oD with khm \I,] =0. Let &, be the midpoint of I; and by = (1 — |I;|)&,. Then, for any z € S(I}),
—>00

1 — |bi)? = |1 — brz| = | Ii]. Set
1— [be?

—, z€D.
(1 —l;kZ)H_%

filz) =

Proposition 2.3 yields that the sequence {f;} is bounded in .@p " . Moreover, f; — 0 uniformly
on compact subsets of D as k — co. Then

u(s ~ P
|Ik|s+1 /1 Ik|* / (@)"dp(z) = |fillgp = 0
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as k — oo. Therefore, U is a vanishing s+ 1 — A-Carleson measure.
Conversely, suppose that  is a vanishing s+ 1 — A-Carleson measure. Then ptisas+1—A-

Carleson measure. So the identity operator I : 95’_’11 — /(1) is bounded. Let u,(z) = 0 for
r<|z| < 1and u,(z) = u(z) for |z| < r. Then as r — 1, we have

|t —trllem,,, , — 0.

Let { fx} be a bounded sequence in @5’}1 with supgcp || fx|l a0t =<1 and f; — O uniformly on
compact subsets of D as k — . We obtain

7 oy 1O au ()

1 1
< g VO @)+ [ @)= 1))

1

S o @)+ = el 4l
1
< o Pt 2) 4 = ol

As k — oo and r — 1, we obtain limy_,e || fi|| 77 = 0. So the identity operator I, : .95’_’11 —
¥ (1) is compact. This completes the proof. O

4. THE BOUNDEDNESS OF INTEGRAL OPERATORS

In this section, we study the boundedness of the operators Ty, I, and M, from the space 95’}1
toF(p,p—1—A2,s).

Lemmad4.l. Let 0 < p <o, 0< A<, A<s<oo,and f € F(p,p—1—A1,s). Then
1A F(pp—1-2
£(2)] = R

12
(1—1]z?)7
Proof. Suppose that f € F(p,p—1—A,s). For each a € D, using Lemma 4.12 in [22], we get
o> [P QPO = lou@) dA)
= [ 1 (@@l = 0Py (1 - 2P0t @) PdAG)

:/D |(foca)/(z)|p<l - |Z‘2)P—1—l+s(1 — |a’2)1—/ldA(Z)

11— az|>*
t/D|(foc’a)/(z)|p(1 — a1 — [P A HaA ()
=|f ()P (1—|a?)P 1.

e D.

So
”f”Fpp 1— ls)

1f'(@)] = e ,aeD.
(1—la)"™*
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Since f(z) — f(0) = [ f'(w)dw, by integrating both sides of the last inequality, we obtain the
desired result immediately. U

Theorem 4.1. Let 0 < p <o, 0 <A <1, A <5< oo and g € H(D). Then Ty : @5’}1 —
F(p,p—1—A,s) is bounded if and only if g € B. Moreover,

||Tg’|@57_ﬂﬁp(p7p,1,%s) ~ Hg’ B- 4.1)

Proof. Assume first that g € Z. From [4, Theorem 1.3], we get
0o > [g||h ~ sup | |¢'(2)[P(1—[z|*)P~*(1 = |ou(z)*)* ! *dA(z)
aeD /D
1 / 2\s+p—1-2
~sup o [ g @IP( - [P R AG)
1cop HISH1=4 Usay

)
25, s = Wl

where dp,(z) = |g'(2)|P(1 —|z?)**P~1*dA(z). So pg is a s+ 1 — A-Carleson measure. Theo-

rem 3.1 yields that I : 95,_11 — ZP(u) is bounded. Let f € .@5’}1. We deduce that

ITef 5 p12g) ® 21615/]1) LRI ()P (1= 2P * (1 = [oa(2)?) dA(2)

—sup [ 1F@PIg @1 = ey L
acD /D |1—5Z’2S
1
A sup —s/ f(2)|Pdue(z
1cop M| s<1)| @)Fdis(2)

p

< lghem 1712,
p—1

~ ||g||§3||f||pp,l < .
9
p—1

SoTy: .@5’_11 — F(p,p—1—A4,s) is bounded.
Conversely, suppose that T, : _@5’}1 — F(p,p—1—A,s) is bounded. For r > 0 and any b € D,

let D(b, r) denote the Bergman metric disc centered at b with radius r, thatis, D(b,r) ={z € D:
B(b,z) < r}. From [22], we obtain

(1-161)? _ 1 1
[1—bz[* ~ (1—[p[2)2 ™ (1—[z2)%
Let f; be defined as in Theorem 3.1. Using [22, Proposition 4.13], we see that
o > Tl 12 = [ @I @ (= [PY (1= oy(2) ) dAL)
1— b2 Pts(] — ZZ p—1—A+s
t/ |g,(z)|p( [b17)P 1!_|l )2
D(br) |1 = bz|pti=ites
~ [ @0 - [P RdAR)
D(b,r)

= |g' ()P (1~ [b]*)”.

z€D(b,r).

dA(z)
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Using this and the arbitrariness of b, we have that g € %4. From the above proof, we see that
(4.1) holds. This completes the proof. U

Theorem 4.2. Let 0 < p < oo, 0 <A <1, A <5< oo and g € HD). Then I : .@5’_’1 —
F(p,p—1—A,s) is bounded if and only if g € H*.

Proof. Suppose first that g € H. Since (I, f(z))' = f'(z)g(z), for each f € -@5’—/11’ we have
11, 590 [ 7 @PLe(0)7(1 12271 = )P dAQ)
=< llglf-sup [ |f'@P(1=[2l)"~""*(1 = [0u(2) ?)’dA(2)
acD /D
= lgllfsup [ /@I (1 =12~ (1 = |ou(z)*)*dA(2)
acD/D

1
~lgllhe sup = [ 7@ (1= dA )
1 1cap 1% Jsa)

=< gll&=ll£117 5
HHH||H%ﬁ

Sol,: 95’}1 — F(p,p—1—A,s) is bounded.
Conversely, assume that I, : .@5’}1 — F(p,p—1—A4,s) is bounded. Set

1—|p|?
—, 0#beD.

fo(2) = - -
b(1—bz)' "7

It is obvious that
Mol 1) % Wil g1 gl g, <

due to Proposition 2.3. For each b € D and r > 0, we have

e foll7(pp1-2.5) = ZEB/D (T f3)' ()P (1= |2]*)P = (1 = | 0u(2)*)'dA(z)

= [ QP = BP0 ~ o) aa)

(1 — ’Z|2)P—1—/’L+S(l o ’b‘Z)P-FS
> 14 _ JA
= /ID)(b,r) 8(2)] 1 _bz|2p+1_/1+2s (2)
1
= T oy, HOP O —[2dAG)
= |g(b)|P.

The last inequality is due to [22, Proposition 4.13]. By the arbitrariness of b, we see that g € H*.
This completes the proof. U

Theorem 4.3. Let 0 < p < oo, 0 <A <1, A <5< oo and g € HD). Then M, : @5’}1 —
F(p,p—1—A,s) is bounded if and only if g € H”.
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Proof. Suppose first that g € H*. Employing Theorem 4.1, Theorem 4.2, and the fact that
H* C 2, we obtain that both 7, and I, are bounded from .@57}1 to F(p,p—1—A,s). Therefore,

M, : .@5’_)L1 — F(p,p—1—A,s) is bounded.
Conversely, suppose that M, : .@5’}1 — F(p,p—1—A4,s) is bounded. For a € D, set

fa(Z) = ;H, z€ D.
(1—az) »

By Proposition 2.3, f, is bounded in .@5’_’11. Using the assumption, we get that Mo f, € F(p,p —
1 —A,s). By Lemma 4.1, we obtain

M,
Mefallppp a9 el a2t orpp-1-)

) — )
(1—zP) 7 (1-|zP) 7

18(2) fa(2)| = Mg fa(2)] =

In view of the arbitrariness of a, we get

8O = Mlr ey 1 sy

which means that g € H™. This completes the proof. 0

5. ESSENTIAL NORM OF INTEGRAL OPERATORS

In this section, we estimate the essential norm of the operators 7, and I, from the space .@5’}1

to F(p,p—1—A,s). Recall that the essential norm of a bounded linear operator L : W — Q is
defined as

|L|le,w—0 = irslf{HL—SHW%Q : § is compact from W to Q}.

Here (W, || - |lw), (Q,] - |lo) are two Banach spaces. It is known that L : W — Q is compact if
and only if ||L||,w—0 = 0.
Let B and Y be Banach spaces such that B C Y. Given f €Y, the distance of f to B denoted
by disty (f,B), is defined as disty (f,B) = inf,cg || f — g|ly- Set g-(z) = g(rz),0 < r < 1,z € D.
The following lemma gives the distance from the Bloch space # to the little Bloch space %,.
See [24].

Lemma 5.1. If g € %, then

distz5(g, o) ~ limsup(1 —|z[*)|¢'(2)| ~ limsup ||g — g/ -

EENE r—1-

Lemma5.2. Let g€ B, 1 <p<oo, 0<rA<land A <s<oo. ThenTy, : 95’}1 —F(p,p—
1 —A,s) is compact.
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Proof. Let {fi} be a bounded sequence in 95 ity

subsets of ID. Using the fact that @5’}1 =F(p,p—1—A,4), we obtain that

and converge to zero uniformly on compact

1 Te. fellf(pp—1-2.5 =sup /D @1 @)1 =[P4 (1= |ou(2) ) dA(2)
ac

<2 sup [ (11221 oA
<2 sup [ (112 M0 - o P aac)
<2 sup [P (1= oA
S T

Employing the Dominated Convergence Theorem, we obtain that

; p ; P(1 _ |.12\p—1-A/1 _ 2\s
i 1T £l 1 = fim s [ A= )P40 o)) A )

=sup | lim [fi(z P (=127 (1 = |oa(2)*) dA(z)

acD/Dk

=0.

Hence T, 9” ", = F(p,p—1—A,s) is compact. This finishes the proof. O

Theorem 5.1. Let gc H(D), 1 <p<oo, 0<A <land A <s<oo. IfTy: .@p’ \ —~ F(p,p—
1 —A,s) is bounded, then

. : 2
ITel 1.~ s, o) ~ Tmsup(1 <)l (2]
|z|—1
Proof. Let a; € D such that |a;| — 1 as k — oo. Set
1 —Jag|?
fk(Z): 1 M,ZGD-

(1—agz) * 7

Then { f;} is a bounded sequence in @5 iy

k — oo. For every compact operator S : .@p’ — F(p,p—1—2A4,s), by [25, Lemma 2.10], we

and f; — O uniformly on compact subsets of D as
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see that limy e [|Sfk||F(p,p—1-2,5) = 0. From [22, Proposition 4.13], we have

||Tg_S||-@5}1%F(P7p_l_lvs)
éliznsupH(Tg_S)(fk)HF(p,p—l—l,s)
_>
>—11§<Ilsup<”TgkaF p,p—1—=A,s) ”kaHF(pJJ—l—?L,s))
—>00

:hznsupHTgkaF p.p—1-2.5)

1/p
Hlmsup(/ fi@)IP1g'(2)7 (1 !ZIZ)”ll(l—l%k(Z)lz)sdA(Z)>

k—roo

1/p
stimsu ([ ¢(@1P(1- Py 2aa(s))
ag,r

k—oo

= limsup |¢'(a)|(1 — |ax[2).

k—>oo

By the arbitrariness of a;, we obtain

= limsup(1 —|z|*)|g'(2)]-

T,
I g||e,D§f1—>F(p,p—1—/1,s) e

Conversely, Lemma 5.2 yields that 7T, : 9;?7—/11 — F(p,p—1—A4,s) iscompact when 0 < r < 1.
It follows that

< HTg - Tg"‘@,{ﬁl%]’(l)jp—l—l,s)

HTg|’e,@5;}”l—>F(p,p—l—l,s)
— HTg*g’”@5’_’11—>F(p7p—1—?t7s)
= llg—grllz-
Employing Lemma 5.1, we get

2
1ell, gra r(p.p-1-2.5 = limsupllg = gr\lgzlrgnjﬁ_p( — 12?18’ (2)I-

This completes the proof. ]

It is easy to get the following result.

Corollary 5.1. Let g€ H(D), ] <p <o, 0<A <land A <s <oo. Then Ty : 9”’1—>
F(p,p—1—A,s) is compact if and only if g € B,.

Theorem 5.2. Let g€ H(D), | <p <o, 0 <A <land A <s<oo. Ifl,: .@”’1—>F(pp—
1 — A,s) is bounded, then

||Ig||€’_@57}1_>F(p7p_1_l75) ~ ||g||H°°

Proof. We define S and {a;} as in the proof of Theorem 5.1. Set
1 —|a/?

a(1—az)'™

Fk(Z): - ,ZED,LI}C%O.

=2
P
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Then by Proposition 2.2, we get that ||F|[_,» = 1. Since §: 95’}1 — F(p,p—1—2A,s) is
p—1
compact. It follows from [25, Lemma 2.10] that lim e ||SFi||r(p,p—1-2,5) = 0. Hence

||Ig — SH@IT;L’H%F([),[)—I*AJ) ihgis::p ||(Ig - S) (Fk) HF(pp—l—Ls)

i112151110(!|1ng||F(p7p—1—/17s) —ISFp(p,p—1-2.5))
—>00

=limsup I Fy || ¢
k—e0

p7p_l_;l’7s).
From the proof of Theorem 4.2, we get that ||l Fi||p(pp—1-2,5) = |g(ax)|- Then

HIgHe,b@g’}l%F(p,pflf)L,s) = ||g||H°°'
Conversely, by Theorem 4.2, we have

= nfllf, S|

HIgHe,,@g’}l%F(p,p—l—l,s 911,)’}1—>F(P7P—1—7MS)

j HIgH_@II:’}l%F(p,p—l—)L,s) j Hg”H""

This completes the proof. ]

Corollary 5.2. Let g c HD), 1 < p<oo, 0<A <1, and A <s < oo. Then I, : 95,_/11 —
F(p,p—1—A,s) is compact if and only if g = 0.
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