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Abstract. The purpose of this paper is to give, by PDE argument, a pricing analysis for the defined ben-
efits retirement pension plan that allows early retirement. The paid benefits on retirement depend on the
time and the salary at that time which is assumed to follow a jump-diffusion process. Existence, unique-
ness and regularity of the solution to an integro-differential parabolic variational inequality which models
the retirement benefits pricing are proved. We also discuss the corresponding free boundary problem and
deduce properties of the free boundary which corresponds to the optimal strategy to retirement.
Keywords. Free boundary; Integro-differential variational inequality; Retirement benefit; Jump-diffusion
process; Optimal retirement strategy.

1. INTRODUCTION

Consider the following Cauchy problem of an integro-differential parabolic variational in-
equality

min{L u− f ,u−ϕ}= 0, a.e. (x, t) ∈ QT

u(x,0) = ϕ(x,0), x ∈ R
(1.1)

for a second linear parabolic integro-differential operator L (see (2.7) below) and a obstacle
function ϕ(x, t), where QT =R×(0,T ]. In this paper, we will investigate the existence, unique-
ness and regularity of the solution to the Cauchy problem (1.1) and discuss the properties of its
related free boundary.

The variational inequality (1.1) models the financial valuation of a defined benefits retirement
pension plan that allows early retirement in a jump-diffusion model. The related free boundary
describes the optimal retirement strategy for the member of the pension plan. A defined bene-
fits pension plan (DB in short) is a type of pension plan in which the benefits on retirement is
predetermined by a formula based on the employee’s salary history, age, duration of employ-
ment and some other personalized factors, rather than investment returns. It is different from
any pension plan where payouts are somewhat dependent on the performance of the portfolio
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in which the contributions are invested. In a defined benefits plan the company sponsoring the
plan is in charge of the portfolio management and bears the investment risk. The benefits are
usually distributed through life annuities. In a life annuity, employees receive equal periodic
benefit payments (monthly, quarterly, etc.) for the rest of their lives.

Option pricing techniques have been adopted for the financial valuation of retirement benefits.
A number of researchers have made important contributions to this area. In [1], the method of
“pricing contingent claims” is first time applied to price defined benefits plans with the type
of “Greater of Benefits”. In [2], the authors give a more in-depth and more general study on
this type of pension plans. They establish existence and uniqueness of solutions to a variational
inequality which is satisfied by the value of the retirement benefits and also study the properties
of the free boundary which corresponds to the optimal time to retirement. Other related work
can be found in [3, 4] and the references therein.

In the work mentioned above, the underlying salary follows a continuous Markov process.
However, the salary process is not always continuous. Instead, it may jump up or down due
to some unexpected reasons, such as a bonus for an excellent employee of the company or a
penalty for bad behavior. Furthermore, in real world, it is possible that some sudden events
occur, such as nature disasters, major political changes, and so on. These sudden events lead
the economic environment to change abruptly. As a result, the movement of salary looks like
a jump. The jump-diffusion model describes this phenomena rightly. This is similar to the
pricing of option in jump-diffusion model. For option pricing under jump-diffusion model,
many studies have been conducted to modify the Black-Scholes model. See [5, 6, 7, 8, 9] and
the references therein.

The purpose of our paper is to give a pricing analysis for the defined benefits retirement
pension plan in a jump-diffusion model. To our knowledge, the retirement pension plan under
jump-diffusion processes with a solid mathematical analysis has not appeared in the literature
before. We use the jump-diffusion model to describe the dynamics of the underlying salary
St , so that our parabolic operator L is a nonlocal operator. Our value function(solution of
variational inequality) is unbounded. This is different from that in American put option. We
will establish some new estimates and prove the existence, uniqueness and regularity of the
solution to the variational inequality. We prove the continuity of the free boundary. In contrast
of American put option in jump models, the payoff function depends time in our problem. We
can not prove the monotone for free boundary and the differentiability of the free boundary is
left as an open problem.

The rest of this paper is organized as follows. In Section 2, we establish the pricing equation
for the defined benefits retirement pension plan with jump-diffusion processes. In Section 3, we
prove the existence, uniqueness and regularity of the solutions of the variational inequality (1.1)
by solving a related penalized problem. A key point in the ingredients is to derive the uniform
estimates. In Section 4, we discuss the stopping and continuation regions. In the final section,
Section 5, we analyze the continuity of the free boundary and also determine, from the financial
point of view, the optimal retirement strategy for the member of the pension plan according to
the free boundary.
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2. PROBLEM FORMULATION

Assume that the dynamics of the salary process (St)t≥0 follow the stochastic differential
equation (SDE)

dSt

St
= θdt +σdBt +d

(
Nt

∑
j=1

U j

)
, (2.1)

where θ , σ are positive constants known as the accrual rate and volatility, respectively. The
process (Bt)t≥0 is a Brownian motion. The process (Nt)t≥0 is a Poisson process with intensity
λ , and (U j) j≥1 is a sequence of square integrable, independent, identically distributed random
variables, with values in (−1,+∞). The parameter λ of the Poisson process represents the
frequency of jumps, and the random variable U j represents the relative amplitude of jumps.
Furthermore, we assume that the stochastic processes (Bt)t≥0, (Nt)t≥0, (U j) j≥1 are indepen-
dent. Let P(z) be the distribution function of U1 and k = E[U1]; it then follows that∫ +∞

−1
dP(z) = 1,

∫ +∞

−1
zdP(z) = k. (2.2)

To derive the mathematical model for the value of the pension plan, we first adjust the salary
process (St)t≥0 to risk-neutral state. If jump occurs in the interval [t, t + dt], set dqt = 1 with
probability λdt; otherwise, set dqt = 0 with probability (1− λdt). Let the random variable
U represent the relative jump amplitude having the same distribution function as U1. We can
rewrite (2.1) as

dSt

St
= (θ −λk)dt +σdBt +Udqt . (2.3)

The payout function Φ on retirement is assumed to follow the assumption in [2], i.e., the
larger of the two quantities: (a) an amount depending on the salary St at the retirement time
t; (b) a defined amount which is independent of the salary St . Let T be the maturity of the
retirement pension plan and T0 ∈ (0,T ), the early retirement time. Then the payoff function
Φ(S, t) is given by

Φ(S, t) =
(

1− T − t
T −T0

)+
max{A,aS}, (S, t) ∈ R+× [0,T ], (2.4)

where A is a defined amount mentioned in (b) and aS is the amount mentioned in (a) with a
positive constant a.

Following [2], also from the actuarial mathematics literature [10], the insurance benefits are
paid from the retirement funds due to death or disability. Benefits are also paid if a mem-
ber withdraws in order to transfer to another pension fund. We assume that the total benefits
B(S, t) = µS. Denote by r the risk-free interest rate and set ρ = r+µ .

Denote by Π[t,T ] the set of all stopping times for the process St , taking values in [t,T ]. Then
the financial value V (S, t) of the pension plan can be characterized as

V (S, t) = sup
τ∈Π[t,T ]

E
[

e−ρ(τ−t)
Φ(Sτ ,τ)+

∫
τ

t
e−ρ(η−t)B(Sη)dη

∣∣∣∣St = S
]
, (2.5)
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where St evolves according to (2.3). This optimal stopping time problem is related to the fol-
lowing variational inequality by Ito’s formula (see [11] and [12])

min{MV −B,V −Φ}= 0, a.e. (S, t) ∈ R+× (0,T ],

V (S,T ) = Φ(S,T ), S ∈ R+
(2.6)

where M is a parabolic operator defined by

MV =−
{

∂V
∂ t

+
1
2

σ
2S2 ∂ 2V

∂S2 +(θ −λk)S
∂V
∂S
− (ρ +λ )V +λE[V ((1+U)S, t)]

}
.

It is also related to a parabolic free boundary problem. Let Γ denote the boundary of the set
{(S, t)|V −Φ(S, t) > 0,S ≥ 0,0 ≤ t ≤ T}. Then the optimal strategy is to retire as soon as the
path t→ (St , t) hits Γ, which means that determining the free boundary Γ is also very important
in our valuation. If V (S, t) is a C1,0∩W 2,1

p strong solution of (2.6), then we have ∂V
∂S = ∂Φ

∂S on Γ,
and MV ≥ µS a.e. in R+× (0,T ] (see [13]).

From the financial point of view, a rational member will choose to retire if and only if he gets
the full value of the retirement benefits. Thus he will not select early retirement if V (S, t) >
Φ(S, t) which also implies that there holds the equation MV = B.

Letting x∗ = log A
a and using the substitutions

S = ex+x∗, u(x, t) =V (S,T − t), ϕ(x, t) = Φ(S,T − t), N(z) = P(ez−1),

we find that the operator M induces another operator L given by

L u =
∂u
∂ t
− σ2

2
∂ 2u
∂x2 − (θ −λk− σ2

2
)
∂u
∂x

+(ρ +λ )u−λ

∫ +∞

−∞

u(x+ z, t)dN(z) (2.7)

in which we have

N(−∞) = 0, N(+∞) = 1,
∫ +∞

−∞

ezdN(z) = 1+ k.

Later on, we shall need the operator L0 defined by

L0u =
∂u
∂ t
− σ2

2
∂ 2u
∂x2 −

(
θ −λk− σ2

2

)
∂u
∂x

+(ρ +λ )u. (2.8)

The payout function φ is now rewritten as

ϕ(x, t) = A
(

1− t
T −T0

)+
max{ex,1}, (x, t) ∈ QT . (2.9)

Let f (x)=B(S)= µex+x∗ = µ
A
a ex. Then u(x, t) solves the nonlocal parabolic integro-differential

variational inequality (1.1).

3. EXISTENCE AND UNIQUENESS FOR VARIATIONAL INEQUALITIES

At first, we need a comparison principle for nonlocal parabolic integro-differential operators
in unbounded domain. Let

L̄ u =
∂u
∂ t
−a(x, t)

∂ 2u
∂x2 +b(x, t)

∂u
∂x

+ c(x, t)u−λ

∫ +∞

−∞

G(x,z)u(x+ z, t)dN(z). (3.1)

Suppose that

0 < a(x, t)≤ a, |b(x, t)| ≤ b, c(x, t)≥ c, and 0≤ G(x,z)≤ ez +1,
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where a,b,c are positive constants such that

c > λ

∫ +∞

−∞

(ez +1)dN(z). (3.2)

We need a technical condition ∫ +∞

−∞

(|z|2 +1)e2|z|dN(z)< ∞.

Lemma 3.1. Let D be a domain in QT and ∂pD be the parabolic boundary of D. Suppose
u(x, t) ∈ C(Q̄T )∩C2,1(D) and L̄ u ≥ 0 in D. Furthermore, assume that u(x, t) satisfies the
boundary condition

u(x, t)≥ 0, (x, t) ∈ QT \D, (3.3)

and the growth condition
u(x, t)≥−m(ex +1), (x, t) ∈ D, (3.4)

where m is a positive constant. Then u(x, t)≥ 0 in D.

Proof. Let DL = D∩{|x|< L} and consider the following function in QT

w(x, t) = u(x, t)+
m
L2 (x

2 +1)(ex +1)eKt ,

where L,K are positive constants to be chosen. Simple computations yield

L̄ w≥ m
L2 (x

2 +1)(ex +1)eKt [K−5a−2b+ c−2λ

∫ +∞

−∞

(z2 +1)(ez +1)2dN(z)].

Choosing K large enough, we obtain L̄ w≥ 0 in QT \DL.
From boundary conditions (3.3) and (3.4), we find that w ≥ 0 on ∂pDL. We also claim that

w(x, t) ≥ 0 in DL. Indeed, if this is not true, we may assume that w(x, t) attains its negative
minimum at (x0, t0) ∈ DL, which leads to

0≤ L̄ w(x0, t0)≤ c(x0, t0)w(x0, t0)−λ

∫ +∞

−∞

G(x,z)w(x0 + z, t0)dN(z)

≤ [c(x0, t0)−λ

∫ +∞

−∞

(ez +1)dN(z)]w(x0, t0)< 0.

by (3.2) and the fact that w(x0, t0) ≤ w(x, t0) for all x ∈ R. This is a contradiction, therefore,
w(x, t)≥ 0 in DL. Consequently, for each (x, t) ∈ D, we have

u(x, t)≥− m
L2 (x

2 +1)(ex +1)eKt

for any L > 0. Letting L→ ∞, we show that u(x, t)≥ 0 in D. �

Remark 3.1. In the proof of Lemma 3.1, we need the conditions u(x, t) ∈ C(Q̄T ) and (3.3)
because of the nonlocal term. If domain D is bounded, then we don not need condition (3.4).
By use of Bony’s maximum principle, we conclude that the condition u(x, t)∈C(Q̄T )∩C2,1(D)

can be replaced by the condition u(x, t) ∈ C(Q̄T )∩W 2,1
p (D) for some p > 3. Furthermore, if

(x0, t0) ∈ ∂pD and liminf(x,t)→(x0,t0) u(x, t) ≥ 0, then condition u(x, t) ∈C(Q̄T ) can be replaced
by u(x, t) ∈C(Q̄T \ (x0, t0)).
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To derive uniform estimates and existence, we will reformulate variational inequality (1.1).
Define h(x, t) = eKt(ex +1) with

K > |θ −λk|+λ (1+ k) (3.5)

and let

v =
u
h
, ϕ̄ =

ϕ

h
, f̄ =

f
h
.

Then
0≤ ϕ̄(x, t)≤ A, −A≤ ϕ̄x ≤ A (x 6= 0), (3.6)

0≤ f̄ , f̄x, | f̄xx| ≤
µA
a

(3.7)

and ϕ̄xx ≥ −3A in the distribution sense. It turns out that (1.1) is reduced to the variational
inequality

min{L̄ v− f̄ ,v− ϕ̄}= 0, a.e. (x, t) ∈ QT

v(x,0) = ϕ̄(x,0), x ∈ R,
(3.8)

where the operator L̄ is defined by

L̄ v :=
∂v
∂ t
− σ2

2
∂ 2v
∂x2 −

(
θ −λk− σ2

2
+σ

2 ex

ex +1

)
∂v
∂x

+

(
ρ +λ +K +(λk−θ)

ex

ex +1

)
v

−λ

∫ +∞

−∞

ex+z +1
ex +1

v(x+ z, t)dN(z). (3.9)

Note that, due to (3.5), the operator L̄ satisfies the conditions in Lemma 3.1, with G(x,z) =
ex+z+1
ex+1 .

We work with the following approximating penalized problem as in [2, 6] to prove the ex-
istence of solutions to the integro-differential variational inequality (3.8) which is then used to
prove the existence of solutions to (1.1).

For ε > 0, define a penalty function βε(s) ∈ C∞ such that for some positive constant C1
independent of ε ,

−Aε(s+1)≤ βε(s)≤ 0, βε(0)≥−C1, β
′
ε(s)≥ 0, β

′′
ε (s)≤ 0, (3.10)

and

lim
ε→0

βε(s) =
{

0 if s > 0,
−∞ if s < 0.

We also define a function ϕε(x, t) ∈C2 satisfying

ϕε(x, t) = ϕ(x, t), if |x|> ε,

∂

∂x
ϕε ≥ 0,

∂ 2

∂x2 ϕε ≥ 0,

ϕε(x, t)→ ϕ(x, t), if ε → 0.

Let ϕ̄ε =
ϕε

h . Then,

0≤ ϕ̄ε ≤ A,
∣∣∣∣ ∂

∂x
ϕ̄ε

∣∣∣∣≤ A, −3A≤ ∂

∂x2 ϕ̄ε . (3.11)
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To solve (3.8), we consider the following approximating penalized problem

L̄ vε,R +βε(vε,R− ϕ̄ε) = f̄ in QT,R

vε,R = ϕ̄ε on ∂pQT,R,
(3.12)

where QT,R = QT ∩{|x|< R}. For the nonlocal term, we define vε,R(x, t) = vε,R(R, t) for x > R
and vε,R(x, t) = vε,R(−R, t) for x < −R. The linear growth of the penalty function βε ensures
the existence and uniqueness of solutions of (3.12). The proof follows from the standard fixed
point theorem (see [6]).

Proposition 3.1. For every fixed ε and R, there exists a unique solution vε,R ∈C∞(QT,R) for the
penalized problem (3.12).

Next we derive uniform estimates for vε,R.

Lemma 3.2. There exists a positive constant C2 such that, for any ε,R > 0,

0≤ vε,R(x, t)≤C2.

Proof. It is evident that vε,R(x, t)≥ 0. Let w(x, t) =C2−vε,R(x, t). Choose K as in (3.5) and C2
large enough so that

L̄ w+β
′
εw≥ (K +ρ +λ −θ)C2−C1− f̄ ≥ 0, (x, t) ∈ QT,R,

w≥ ϕ̄ε , (x, t) ∈ ∂pQT,R,

where C1 satisfies (3.10). Note that w(x, t) ≥ 0 in QT \QT,R. It follows that vε,R(x, t) ≤C2 by
the comparison principle (Lemma 3.1). �

Next we discuss the bound of the function βε(vε,R− ϕ̄ε), which requires to be independent
of ε,R.

Lemma 3.3. There exists a positive constant C3 such that, for any ε,R > 0,

0≤−βε(vε,R− ϕ̄ε)≤C3, (x, t) ∈ QT,R.

Proof. Letting w(x, t) = βε(vε,R− ϕ̄ε), we have w ≤ 0. Let γ = w(x0, t0), be the minimum
value of w(x, t) on Q̄T,R. If γ ≥ βε(0), then γ ≥ −C1 by (3.10). Assume γ < βε(0) < 0. Then
(x0, t0) 6∈ ∂pQT,R and vε,R− ϕ̄ε attains its negative minimum at (x0, t0) by the monotonicity of
βε . Hence, taking K > λ

∫+∞

−∞
(ez +1)dN(z),

L̄ (vε,R− ϕ̄ε)(x0, t0)≤ 0.

It turns out by (3.11) and (3.12) that

γ ≥ f̄ (x0)− L̄ ϕ̄ε(x0, t0)≥−C3,

where C3 is independent of ε,R; consequently, −βε(vε,R− ϕ̄ε)≤C3. �

Let R0 > 0, R > R0+1. We see that ϕ̄ε is uniformly semi-convex from (3.6), (3.7) and (3.11).
Applying the standard regularity theory of PDEs and proceeding as in [2, 6, 8, 13], we get the
following estimates.
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Lemma 3.4. There exist positive constants α and C4 such that

‖vε,R‖Cα,α
2 (QT,R0)

, ‖(vε,R)x‖C0(QT,R0)≤C4.

Furthermore, for any p > 1 and any small η > 0, there exists a positive constant Dη such that

‖vε,R‖W 2,1
p (QT,R0\B

+
η (0))

≤ Dη , |(vε,R)t |, |(vε,R)xx| ≤ Dη , in QT,R0 \B+
η (0), (3.13)

where B+
η (0) = {(x, t)|x2 + t2 < η2, t ≥ 0}.

We conclude this section with the result below.

Theorem 3.1. There exists a unique strong solution u∈C(Q̄T )
⋂

W 2,1
p,loc(QT \(0,0)) (any p> 3)

for the variational inequality (1.1) satisfying the properties

0≤ u(x, t)≤C2eKt(ex +1), |ux(x, t)| ≤ C̄4eKt(ex +1), (x, t) ∈ QT

and
|ut(x, t)|, |uxx(x, t)| ≤ D̄ηeKt(ex +1), (x, t) ∈ QT \B+

η (0).

Proof. By the standard convergence theory and Lemma 3.4, we can show, as in [2, 6, 8, 13],
that there exists a strong solution v ∈C(Q̄T )

⋂
W 2,1

p,loc(QT \ (0,0)) (any p > 3) of the variational
inequality (3.8) with the properties

0≤ v(x, t)≤C2, |vx(x, t)| ≤C4, (x, t) ∈ QT

and
|vt(x, t)|, |vxx(x, t)| ≤ Dη , (x, t) ∈ QT \B+

η (0).

Hence we get the existence and estimates for solution of (1.1).
To prove the uniqueness of solutions, we assume that u1,u2 ∈ C(Q̄T )

⋂
W 2,1

p (QT \ (0,0))
(p > 3) are two solutions of (1.1). Let D = {(x, t)|u1(x, t)< u2(x, t)} and w = u1−u2. Noting
that u2(x, t)> u1(x, t)≥ ϕ(x, t) for (x, t) ∈ D, it then follows

L w = L u1−L u2 = L u1− f ≥ 0, in D,

w≥ 0, on QT \D,

|w| ≤C(ex +1).
(3.14)

By Lemma 3.1 (see Remark 3.1), we deduce that w ≥ 0 in D and, therefore, u1(x, t) ≥ u2(x, t)
for all (x, t) ∈ QT . Since the reverse inequality u2 ≥ u1 can similarly proved, we conclude that
u1 ≡ u2, which completes the proof of the uniqueness. �

4. STOPPING REGION

To determine the optimal time to retire for a member of the pension plan, it is important
to find the free boundary related to the variational inequality (1.1). As in [2], to analyze the
properties of the free boundary, we study the stopping region S , in which the retiring member
will receive the full value of the retirement benefits. Here the stopping region is defined by

S := {(x, t)|t > 0,u(x, t) = ϕ(x, t)}

and the continuation region is defined by

C := {(x, t)|t > 0,u(x, t)> ϕ(x, t)} .
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The free boundary Γ is defined by

Γ := ∂C ∩{0 < t ≤ T}.
We will investigate these sets in this section.

Firstly, we discuss some properties of the solution of variational inequality (1.1).

Lemma 4.1. For any t ∈ (0,T ], there holds

u(0, t)> ϕ(0, t). (4.1)

Proof. Observe that u ≥ ϕ and ux is continuous in x. It is clear that u(x, t) > 0 = ϕ(x, t) for
t ∈ [T −T0,T ]. Suppose that (4.1) failed to hold; then there would be some t0 ∈ (0,T −T0) such
that u(0, t0) = ϕ(0, t0). It turns out that

ux(0−, t0)≤ ϕx(0−, t0) = 0, ux(0+, t0)≥ ϕx(0+, t0) = A
(

1− t
T −T0

)
> 0.

This however contradicts the continuity of ux and the proof of Lemma 4.1 is finished. �

Lemma 4.1 implies that Γ∩{x = 0}= /0 and the free boundary can not touch {x = 0}.
The stopping region and free boundary depend on the behavior of L ϕ− f .

Lemma 4.2. Let

P̃ := {(x, t) |L0(ϕ−u)(x, t)≥ 0} ,P := {(x, t) |(L ϕ− f )(x, t)≥ 0} . (4.2)

Then S ⊂ P̃ ⊂P .

Proof. Noting that u ≥ ϕ in QT and u = ϕ in S , we conclude that u−ϕ attains its minimum
at (x, t) for any (x, t) ∈S . It gives L0(ϕ−u)(x, t)≥ 0 for a.e. (x, t) ∈S by Bony’s maximum
principle. Noting u−ϕ ≥ 0 and L u≥ f a.e. in QT , we have, for a.e. (x, t) ∈S ,

L ϕ = L0ϕ−λ

∫ +∞

−∞

ϕ(x+ z, t)dN(z)

≥L0u−λ

∫ +∞

−∞

u(x+ z, t)dN(z) = L u≥ f .

The conclusion follows. �

It is clear that L ϕ(x, t) = 0 for t ∈ [T − T0,T ] and, therefore, P ⊂ R× [0,T − T0). For
t ∈ [0,T −T0), a simple computation show that

L0ϕ =

{
A[(ρ +λ )

(
1− t

T−T0

)
− 1

T−T0
], x < 0

A[(ρ−θ +λ +λk)(1− t
T−T0

)− 1
T−T0

]ex, x > 0
(4.3)

and ∫ +∞

−∞

ϕ(x+ z, t)dN(z) = A
(

1− t
T −T0

)[
1+

∫ +∞

−x
(ex+z−1)dN(z)

]
. (4.4)

Define the sets
P− := P ∩{x < 0}, P+ := P ∩{x > 0},
S− := S ∩{x < 0}, S+ := S ∩{x > 0},

Γ− := Γ∩{x < 0}, Γ+ := Γ∩{x > 0}.
We will study these sets and the free boundaries for x < 0 and x > 0, respectively.
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4.1. The Stopping Region in {x < 0}. We discuss the stopping region S− in {x < 0}. In this
case, we obtain from (4.3) and (4.4)

1
A
(L ϕ− f ) =

(
1− t

T −T0

)[
ρ−λ

∫ +∞

−x
(ex+z−1)dN(z)

]
− 1

T −T0
− µ

a
ex. (4.5)

Therefore, we get

P− =

{
(x, t)

∣∣∣∣(1− t
T −T0

)[
ρ−λ

∫ +∞

−x
(ex+z−1)dN(z)

]
≥ 1

T −T0
+

µ

a
ex
}
.

Define the function
l(t) :=

1
1− t

T−T0

, t ∈ [0,T −T0). (4.6)

It is clear that
l′(t)> 0, l(0) = 1, l((T −T0)

−) = +∞.

Let

g(x) :=
ρ−λ

∫+∞

−x (ex+z−1)dN(z)
1

T−T0
+ µ

a ex
, x < 0. (4.7)

We have

g′(x)< 0, g(−∞) =
ρ

1
T−T0

, g(0) =
ρ−λ

∫+∞

0 (ez−1)dN(z)
1

T−T0
+ µ

a

.

Hence the function
m(t) := g−1(l(t)), (4.8)

is strictly decreasing. We have

P− = {(x, t)|l(t)≤ g(x), t > 0}= {(x, t)|x≤ m(t), t > 0},
and

∂P−∩{t > 0}= {(x, t)|l(t) = g(x), t > 0}= {(x, t)|x = m(t), t > 0}.
In view of l(t)> 1, t > 1, we get

ρ− 1
T −T0

≤ 0. (4.9)

Then
g(x)< g(−∞) =

ρ

1
T−T0

≤ 1,

and
P− = {(x, t)|l(t)≤ g(x)}= /0.

Therefore, S− = /0, i.e., there is no free boundary in x < 0 in the case of (4.9).
If

0 < ρ− 1
T −T0

<
µ

a
+λ

∫ +∞

0
(ez−1)dN(z), (4.10)

then

g(−∞) =
ρ

1
T−T0

> 1, g(0) =
ρ−λ

∫+∞

0 (ez−1)dN(z)
1

T−T0
+ µ

a

< 1.

This implies that there exists a unique point x− < 0 such that

g(x−) = 1, g(x)> 1, x ∈ (−∞,x−),
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which implies that

P− = {(x, t)|l(t)≤ g(x), x ∈ (−∞,x−)}

and

∂P−∩{t > 0}= {(x, t)|l(t) = g(x), t > 0}

= {(x, t)|t = m−1(x), x ∈ (−∞,x−)}

is a strictly decreasing curve. In this case, (x−,0) is the starting point of P− and

sup{t|∃x,(x, t) ∈P−}= T −T0−
1
ρ
.

We denote τ1 = T −T0− 1
ρ

. Then,

∂P−∩{t > 0}= {(x, t)|x = m(t), t ∈ (0,τ1)}

and m(0) = x−,m(τ−0
1 ) =−∞. If

ρ− 1
T −T0

− µ

a
−λ

∫ +∞

0
(ez−1)dN(z)≥ 0, (4.11)

then

g(0) =
ρ−λ

∫+∞

0 (ez−1)dN(z)
1

T−T0
+ µ

a

≥ 1.

This implies that

P− = {(x, t)|l(t)≤ g(x), x ∈ (−∞,0)}

and

∂P−∩{t > 0}= {(x, t)|l(t) = g(x), t > 0}

= {(x, t)|t = m−1(x), x ∈ (−∞,0)}

is a strictly decreasing curve. In this case, (0,0) is the starting point of P− and

sup{t|∃x,(x, t) ∈P−}= τ1.

We have

∂P−∩{t > 0}= {(x, t)|x = m(t), t ∈ (0,τ1)}

and m(0)≥ 0,m(τ−0
1 ) =−∞.

Lemma 4.3. The stoping region S− 6= /0 if (4.10) or (4.11) holds.

Proof. Assume (4.10) or (4.11). If S− = /0, then u(x, t)−ϕ(x, t) > 0 in {x < 0, t > 0} and
u ∈ C2,1 is a classical solution of L u = f in {x < 0, t ≥ 0} with initial condition u(x,0) =
ϕ(x,0) for all x. Noting that L u(x,0) = f (x) and (u− ϕ)(x,0) = 0 for x < 0, we deduce
that (u−ϕ)t(x,0) = ( f −L ϕ)(x,0) < 0 for x < x−. Hence u(x, t)−ϕ(x, t) < 0, provided t is
sufficiently small. This is a contradiction. �
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4.2. The Stopping Region in {x > 0}. Analogously to the procedures in subsection 4.1, we
analyze the boundary of the stopping region S+ in {x > 0}. In this case, we obtain from (4.3)
and (4.4)

1
Aex (L ϕ− f ) =

(
1− t

T −T0

)[
ρ +λ +λk−θ −λe−x−λ

∫ +∞

−x
(ez− e−x)dN(z)

]
− 1

T −T0
− µ

a
.

Therefore,

P+ =

{
(x, t)

∣∣∣∣(1− t
T −T0

)[
ρ +λ +λk−θ −λe−x

−λ

∫ +∞

−x
(ez− e−x)dN(z)

]
≥ 1

T −T0
+

µ

a

}
.

Letting

h(x) =
ρ +λ +λk−θ −λe−x−λ

∫+∞

−x (ez− e−x)dN(z)
1

T−T0
+ µ

a

, x > 0, (4.12)

we find

h′(x)> 0, h(∞) =
ρ−θ

1
T−T0

+ µ

a

, h(0) =
ρ−θ −λ

∫ 0
−∞

(1− ez)dN(z)
1

T−T0
+ µ

a

.

Then we have
P+ = {(x, t)|l(t)≤ h(x)}

and
∂P+∩{t > 0}= {(x, t)|l(t) = h(x), t > 0}= {(x, t)|x = h−1(l(t)), t > 0}

is a strictly increasing curve.
If

ρ− 1
T −T0

− µ

a
−θ ≤ 0, (4.13)

then

h(x)< h(∞) =
ρ−θ

1
T−T0

+ µ

a

≤ 1.

Hence
P+ = {(x, t)|l(t)≤ g(x)}= /0

and S+ = /0, that is, there is no free boundary in x > 0 in the case of (4.13).
If

0 < ρ− 1
T −T0

− µ

a
−θ < λ

∫ 0

−∞

(1− ez)dN(z), (4.14)

then

h(∞) =
ρ−θ

1
T−T0

+ µ

a

> 1, h(0) =
ρ−θ −λ

∫ 0
−∞

(1− ez)dN(z)
1

T−T0
+ µ

a

< 1.

This implies that there exists a unique point x+ ∈ (0,∞) such that

h(x+) = 1, h(x)> 1, x ∈ (x+,∞).
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This in turns implies that

P+ = {(x, t)|l(t)≤ h(x), x ∈ (x+,∞)}

and that

∂P+∩{t > 0}= {(x, t)|l(t) = h(x), t > 0}= {(x, t)|t = l−1(h(x)), x ∈ (x+,∞)}

is a strictly decreasing curve. In this case, (x+,0) is the starting point of P+ and

sup{t|∃x,(x, t) ∈P+}= T −T0−
1+ µ

a (T −T0)

ρ−θ
.

We denote τ2 = T −T0−
1+ µ

a (T−T0)
ρ−θ

.
If

ρ− 1
T −T0

− µ

a
−θ ≥ λ

∫ 0

−∞

(1− ez)dN(z), (4.15)

then

h(0) =
ρ−θ −λ

∫ 0
−∞

(1− ez)dN(z)
1

T−T0
+ µ

a

≥ 1.

Consequently,

P+ = {(x, t)|l(t)≤ g(x), x ∈ (0,∞)}

and

∂P+∩{t > 0}= {(x, t)|l(t) = g(x), t > 0}= {(x, t)|t = l−1(g(x)), x ∈ (0,∞)}

is a strictly increasing curve. In this case, (0,0) is the starting point of P+ and

sup{t|∃x,(x, t) ∈P+}= τ2.

We can obtain the same results for S+ as in Lemma 4.3.
As a conclusion, we have the result below.

Theorem 4.1. There is no left free boundary in the case of (4.9) which implies that it is never
sensible for a member to retire early. There exists one left free boundary in the other two cases
(4.10) and (4.11). There is no right free boundary in the case (4.13) which implies that it is
never sensible for a member to retire early. There exists one right free boundary in the other
two cases (4.14) and (4.15).

5. PROPERTIES OF THE FREE BOUNDARY

5.1. Representation of the free boundary. We discuss the representation of left free boundary
Γ−.

Theorem 5.1. There holds

(u−ϕ)x ≥ 0, in QT ∩{x < 0}. (5.1)
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Proof. We firstly prove

ux(x, t)≥ 0 in QT .

Letting w = ux and C = {(x, t)|u(x, t) > ϕ(x, t), t > 0}, we have w = ux = ϕx ≥ 0 for (x, t) ∈
QT \ (C ∪ (0,0)), liminf(x,t)→(0,0)w(x, t)≥ 0 and L w = fx > 0 in C . Consequently, it follows
from Lemma 3.1 that

w = ux(x, t)≥ 0 in C .

Therefore, ux(x, t)≥ 0 in QT . Noting that ϕx = 0 in {x < 0} we deduce (5.1). �

Theorem 5.1 implies that if the point (x̄, t̄) belongs to the left stopping region S−, then the
interval {(x, t̄)|x≤ x̄} also belongs to the stopping region S . Therefore, we can define

s(t) = sup{x | x < 0,u(x, t) = ϕ(x, t)}, 0 < t < τ1, (5.2)

and the left free boundary

Γ− = {(s(t), t) |0 < t < τ1}.

It is clearly that s(t)< 0 for t > 0.
Next we discuss the right free boundary Γ+. Let φ(x, t) = A

(
1− t

T−T0

)
ex, for 0 < t < τ2.

Then

φ(x, t) = ϕ(x, t), if x > 0,

φx(x, t)> 0 = ϕx(x, t), if x < 0.

Theorem 5.2. There holds

(u−ϕ)x ≤ 0, in {(x, t)|x > 0, 0 < t < τ2}.

Proof. Setting w = φx−ux and C = {(x, t)|u(x, t)> ϕ(x, t)}, we have

w = φx−ux = φx−ϕx ≥ 0

for (x, t) ∈ QT \ (C ∪ (0,0)), liminf(x,t)→(0,0)w(x, t)≥ 0 and L ux = fx in C . We have

L φ(x, t)− f = A
[
(ρ−θ)

(
1− t

T −T0

)
− 1

T −T0
− µ

a

]
ex. (5.3)

Noting that (ρ − θ)
(

1− t
T−T0

)
− 1

T−T0
− µ

a > 0, when 0 < t < τ2, we conclude L φx > fx.
Hence L w > 0 in C . Consequently, it follows from Lemma 3.1 that

w = φx−ux(x, t)≥ 0, in C .

It turns out that ux(x, t)≤ ϕx(x, t) for x > 0 and Theorem 5.2 is proved. �

Thus, we can set

σ(t) = inf{x|x > 0,u(x, t) = ϕ(x, t)} (5.4)

where 0 < t < τ2 and the right free boundary

Γ+ = {(σ(t), t) |0 < t < τ2}.
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5.2. Continuity of the free boundary. In this part, we shall discuss the continuity of the free
boundaries Γ− = {s(t)|0 < t < τ1} and Γ+ = {σ(t)|0 < t < τ2}.

From (4.5), we see that

L0(ϕ−u)(x, t) = (L ϕ− f )(x, t)+λ

∫ +∞

−∞

(ϕ−u)(x+ z, t)dN(z)

is C1(−∞,0) and strictly decreasing in x < 0 for fixed t. Hence there is a B(t) ∈C1[0,τ1) such
that {(x, t)|L0(ϕ−u)(x, t) = 0}= {(x, t)|x = B(t)}. Let

P̃o = {(x, t) |L0(ϕ−u)(x, t)> 0}= {(x, t)|x < B(t)}.

The result below is a property for the points on the free boundary.

Theorem 5.3. We have Γ− ⊂ P̃o. Namely, if (x̄, t̄) ∈ Γ−, then L0(ϕ−u)(x̄, t̄)> 0.

Proof. Observing Γ− ⊂ P̃ , we see that L0(ϕ − u)(x̄, t̄) ≥ 0. If L0(ϕ − u)(x̄, t̄) = 0, then
x̄ = B(t̄) and we will drive a contradiction.

Define the domain D = {(x, t)|B(t)< x < 0, 0 < t < τ1}. From Lemma (4.2), it is easily seen
that D⊂ C . Furthermore, we conclude, noting that (x̄, t̄) ∈ Γ−

(u−ϕ)(x, t)> 0 = (u−ϕ)(x̄, t̄), (x, t) ∈ D

and
L0(u−ϕ)(x, t)> 0, (x, t) ∈ D.

We will apply Hopf’s lemma for parabolic operator L0 to drive (u−ϕ)x(x̄, t̄) > 0, which is
contradicts the fact that (u−ϕ)x(x̄, t̄) = 0 on the free boundary. Domain D may not satisfy the
interior ball condition at (x̄, t̄). We follow idea in the proof of Lemma 3.2 in [8]. Let y= x−B(t),
ũ(y, t) = u(x, t) and ϕ̃(y, t) = ϕ(x, t). In the region

D̃ = (y, t)|0 < y <−B(t), t ∈ (0,T ],

we have, since B(t) ∈C1(0,T ]

L̃0(ũ− ϕ̃)(y, t) = L0(u−ϕ)> 0

where L̃0u(y, t) = L0u(y, t)−B′(t)uy. On the other hand, from our assumption, ȳ = x̄−B(t̄) =
0. Moreover, there clearly exists a ball B ⊂ D̃ such that 1) B

⋂
{y = 0} = (0, t̄); 2) (ũ−

ϕ̃)(y, t) > (ũ− ϕ̃)(0, t̄) for all (y, t) ∈B. Now applying Hopf’s Lemma (see Theorem 17 in
page 49 of Friedman [1964]), we obtain (u−ϕ)x(x̄, t̄) = (ũ− ϕ̃)y(0, t̄) > 0. This contradicts
with the fact that (u−ϕ)x = 0 on the free boundary. �

We have the following estimate, which deduces the continuity of the free boundaries.

Lemma 5.1. For any given 0 < δ < τ1, there exist constants Cδ and ε depending only on δ ,
such that, if t1, t2 ∈ (0,τ1−δ ], s(t1)<−δ and 0 < t2− t1 < ε , then

s(t1)− s(t)≤Cδ (t2− t1)1/2, t1 < t < t2. (5.5)

Proof. Let

Eδ =

{
(x, t) |m(τ1−δ )< x < min{m(0),−δ

2
}, 0 < t < τ1−δ

}
.
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Then there is a constant L = Lδ depending only on δ such that u is Lipschitz continuous in Eδ

with Lipschitz constant L
2 . We may assume that Lδ ≥ A

T−T0
and hence ϕ is Lipschitz continuous

in Eδ with Lipschitz constant L
2 .

Let x̄ = s(t1) and define a domain D by

D := {(x, t) |s(t)< x < x̄, t1 < t < t2}.

Obviously, assertion (5.5) holds if D = /0. We may hence assume D 6= /0. Thus D is an open
set. Furthermore, from Theorem 5.3, there exists a constant ε such that if 0 < t2− t1 < ε , then
dist{D,∂ P̃−} ≥ dδ . Therefore, infD L0(ϕ−u)≥ cδ > 0 for positive constants dδ , cδ depending
only on δ .

Consider the function
w(x) = β

2[(x−X)+]2,

where X = x̄−
√

L(t2−t1)
β

, β > 0. It is clear that w ∈C1,1(−∞, x̄] and 0≤ w≤ L(t2− t1). Noting
that (u−ϕ)(x̄, t1) = 0, we have

|(u−ϕ)(x̄, t)| ≤ L(t2− t1), t1 ≤ t ≤ t2.

Hence w ≥ u−ϕ if x = x̄. Since u−ϕ = 0 on the rest of ∂pD, we have w ≥ u−ϕ on ∂pD.
Furthermore, we deduce that, for x > X

L0w =−σ
2
β

2−2β

(
θ −λk− σ2

2

)
w

1
2 +(ρ +λ )w

≥−

[
σ

2 +
(θ −λk− σ2

2 )2

ρ +λ

]
β

2.

Choose β small enough such that L0w≥−cδ . Then L0w≥L0(u−ϕ). By standard maximin
principle for L0, we drive u−ϕ ≤ w in D. We see w = 0 if x≤ X , and u = ϕ if x≤ X . Hence

s(t)≥ X = s(t1)−
√

L(t2− t1)
β

, t ∈ [t1, t2].

This completes the proof of the lemma. �

Remark 5.1. Note that our proof is different from the proof of Lemma 3.2 in [8]. There exists a
gap in the proof of Lemma 3.2 in [8]: the condition w− (u−ϕ)≥ 0, (x, t) ∈QT \D is not true.
Here we apply maximin principle for L0 to avoid the condition w−(u−ϕ)≥ 0, (x, t)∈QT \D.

We next discuss the properties of the free boundary.

Theorem 5.4. Assume (4.10) or (4.11) holds. Then the left free boundary s(t) is a finite-valued
continuous function of t ∈ [0,τ1) and satisfies

s(τ1−0) =−∞, (5.6)

s(0) = x− in the case of (4.10), (5.7)

s(0) = 0 in the case of (4.11). (5.8)

Proof. Recall the definition of the free boundary x = s(t):

s(t) = sup{x|x < 0,u(x, t) = ϕ(x, t)} (5.9)
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and define the set

T = {t|0 < t < τ1, s(t)>−∞}= {t|0 < t < τ1, S−∩ (−∞,0)×{t} 6= /0}.

From Lemma 4.3, we conclude that T ∩ (0, t0) 6= /0 for any t0 ∈ (0,τ1). Combining this
with Lemma 5.1, we can prove that T = (0,τ1). In fact, for any given 0 < δ < τ1

2 , suppose
t1 ∈ T ∩ [δ ,τ1− δ ] and 0 < t2− t1 < ε . Then by Lemma 5.1, we have s(t) > −∞ and t ∈ T
for t1 < t < t2. Noticing ε depending only on δ , this implies that if t0 ∈ T , then t ∈ T for all
t ∈ [t0,τ1). It turns out that T = (0,τ1).

We now claim that s(t0 +0) exists for any t0 ∈ (0,τ1). In fact, suppose, otherwise, s(t0 +0)
does not exist for some t0 ∈ (0,τ1). Then, we have t̄n ↓ t0, t̃n ↓ t0 such that

s(t̄n)→M, s(t̃n)→ N, M > N.

Supposing t̄n−1 < t̃n < t̄n, by Lemma 5.1 we get

s(t̃n)> s(t̄n−1)−Cδ

√
t̄n− t̄n−1.

Taking the limit as n→ +∞ immediately yields N ≥M, a contradiction. It is clear that s(t0 +
0)≥ s(t0) by Lemma 5.1. On the other hand, we have s(t0+0)≤ s(t0) from the definition of s(t)
and the monotonicity of u−ϕ in x. Consequently, s(t0+0) = s(t0). Now fix any t0 ∈ (0,τ1). In
a similar way to the above argument, we can also prove that s(t0−0) exists and s(t0−0)≤ s(t0).
If s(t0−0)< s(t0), we consider the rectangle

D := {(x, t) : x1 < x < x2, t0−δ < t ≤ t0},

where s(t0−0)< x1 < x2 < s(t0), δ is small enough such that D⊂{u > ϕ}. Hence L ux = fx >
0, (x, t) ∈D. By Lemma 5.1, ux(x, t)≥ 0, (x, t) ∈QT . But ux(x, t0) = ϕx(x, t0) = 0, x1 < x < x2
which are minimum of ux. This is a contradiction. We conclude that s(t) ∈C(0,τ1).

We next prove that s(0+) exists. Otherwise, by the continuity of s(t) for t > 0, we may
assume t̄n ↓ 0, t̃n ↓ 0 such that

s(t̄n)→M, s(t̃n)→ N, N < M < 0.

Supposing s(t̃n), s(t̄n)≤ M
2 , by Lemma 5.1 with δ =−M

2 , we get

s(t̃n)> s(t̄n−1)−Cδ

√
t̄n− t̄n−1.

Taking the limit as n→ +∞ yields N ≥M, a contradiction. So s(0+) exists and we can define
s(0) = s(0+); then s(t) ∈C[0,τ1). Set

xω =

{
x−, in the case of (4.10),
0, in the case of (4.11).

(5.10)

If s(0)< xω , then, for s(0)< x < xω , we get (u−ϕ)t(x,0) = ( f −L ϕ)(x,0)< 0 as in Lemma
4.3, a contradiction. Thus the assertions (5.7) and (5.8) hold. (5.6) follows from the fact that
s(t)< m(t) for t ∈ (0,τ1). �

We have the following properties for the right free boundary.
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Theorem 5.5. The free boundary σ(t) is a finite-valued continuous function of t ∈ [0,τ2) and
satisfies

σ(τ2−0) = ∞, (5.11)

σ(0) = x+ in the case of (4.14), (5.12)

σ(0) = 0 in the case of (4.15). (5.13)

Proof. The proof is analogous to the proof of Theorem 5.4 and is therefore omitted. �
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