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EXISTENCE OF SOLUTIONS OF BILEVEL STRONG VECTOR EQUILIBRIUM
PROBLEMS AND THEIR APPLICATIONS

ADELA CAPĂTĂ

Department of Mathematics, Technical University of Cluj-Napoca, Cluj-Napoca, România

Abstract. In this paper, a bilevel strong vector equilibrium problem is introduced and investigated by
using the Fan’s lemma. Two approaches for finding the solutions of this problem are considered. The
applications provide sufficient conditions for the existence of the solutions of a Pareto vector optimization
over set constraints and the existence of strong vector saddle points for a generalized Nash two-person
noncooperative games where the payoff function is vector-valued.
Keywords. Strong vector equilibrium problem; Antimonotone operator; C-upper semicontinuity; Varia-
tional inequality; Strong cone saddle point.

1. INTRODUCTION

One of the most remarkable problems studied in the field of nonsmooth analysis is the so-
called minimax inequality, established in 1972 by Fan [1], and it consists of:

finding x̄ ∈ K such that ϕ(x̄,y)≥ 0, for all y ∈ K,

where K is a nonempty set of a real topological vector space, and ϕ : K×K→ R. Later on, in
1992, Muu and Oettli [2] attributed to the above problem the tag of equilibrium problem (shortly
(EP)), and within this paper particular cases, as optimization problems, variational inequalities
and fixed point problems, were described. Further particular cases of (EP), such as, saddle-
point problems, Nash equilibria problems or complementarity problems are taking into account
in [3]. Its wide diversity of applications attracted many authors whose published research papers
are concerning with the existence and solution methods for finding the equilibria points (see,
e.g., [4, 5, 6, 7, 8, 9, 10] and the references therein).

The extension of the scalar equilibrium problem (EP) to vector equilibrium problems can be
achieved in different ways. Given a real topological vector space Y , C⊆Y a cone, two nonempty
sets K1 and K2, and a bifunction ϕ : K1×K2 → Y , the following strong vector equilibrium
problems can be formulated as:

find x̄ ∈ K1 such that ϕ(x̄,y) /∈ −C \{0Y}, for all y ∈ K2;

find x̄ ∈ K1 such that ϕ(x̄,y) ∈C, for all y ∈ K2.
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Whenever the topological interior of the cone C is a nonempty set, we may define the weak
vector equilibrium problem:

find x̄ ∈ K1 such that ϕ(x̄,y) /∈ −intC, for all y ∈ K2.

These vectorial problems were introduced in [11, 12, 13] and they cover as particular cases
vector optimization problems, vector cone saddle point problems, vector variational inequal-
ity problems, problems which arise in economics, physics, mechanics and so on. In the last
decades, a large number of papers have been devoted to the study of existence results regarding
various kinds of solutions for these vector equilibrium problems and their particular cases (see,
e.g., [11, 12, 14, 15, 16, 17, 18, 19, 20, 21]).

Recently, the equilibrium problems have been generalized and developed in the direction
of bilevel equilibrium problems. These bilevel equilibrium problems are actually hierarchical
problems where both the upper and the lower level problems are formulated as equilibrium
problems. The constraint sets of the upper level problem is taken to be the solution set of
other problems, such as, fixed point problems, variational inequalities, optimization problems
or equilibrium problems. Moudafi [22] formulated, in 2010, a bilevel equilibrium problem
which has been the topic of investigation for many articles since then (see, e.g., [23, 24, 25]).
In [26], the authors introduced a bilevel vector equilibrium problem, where both the upper and
the lower level problems are given as weak vector equilibrium problems.

The main goal of this paper is to introduce and study a bilevel vector equilibrium problem,
where both the upper and the lower level problems are strong vector equilibrium problems. The
paper is organized as follows. In Section 2, basic definitions and concepts are recalled. Section
3 is devoted to the study of existence solutions of the considered bilevel vector equilibrium
problem. Two approaches are considered. In the first theorem, a scalarization approach is
considered, while in the second one, a new cone is defined and this permits us to deal with
milder semicontinuity assumptions. As applications, the existence of solutions of a Pareto
vector optimization problem over set constraints is investigated in Section 4. The last section,
Section 5, obtains existence results for a generalized Nash equilibrium problem.

2. PRELIMINARIES

Let X and Y be real Hausdorff topological vector spaces, and C⊆Y be a closed convex cone,
which defines on Y the partial order relation ≤C, i.e., y1 ≤C y2 iff y2− y1 ∈C. For a nonempty
set M ⊆ X , by cl(M), int(M), co(M), we denote the closure, the topological interior and the
convex hull of M. By Y ∗, we denote the dual space of Y , and by C∗, the dual cone of C, which
is defined as

C∗ = {y∗ ∈ Y ∗ | y∗(c)≥ 0 for all c ∈C},
while the quasi-interior of the dual cone is

C] = {y∗ ∈ Y ∗ | y∗(c)> 0 for all c ∈C \{0Y}}.

Whenever C is a nontrivial convex cone in a locally convex space, C] 6= /0 if and only if C admits
a base B and 0Y /∈ cl(B) ([27]).

The following concepts represent a generalization of the upper semicontinuity of scalar func-
tions to vector-valued functions.

Definition 2.1. ([28]) A function F : M→ Y is said to be:
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(i) C-upper semicontinuous at a point x̄ ∈ M if, for any neighbourhood V of F(x̄), there
exists a neighbourhood U of x̄ such that

F(x) ∈V −C, for all x ∈U ∩M.

(ii) C-upper semicontinuous on M if it is C-upper semicontinuous at each point x̄ ∈M.
(iii) C-lower semicontinuous at x̄ ∈M if −F is C-upper semicontinuous at x̄.
(iv) C-lower semicontinuous on M if −F is C-upper semicontinuous on M.

Under the hypothesis that C is a solid convex cone, i.e., intC 6= /0, it was shown in [21] that
condition (i) is equivalent to:

(v) for each c ∈ intC, there exists a neighbourhood U of x̄ such that

F(x) ∈ F(x̄)+ c− intC, for all x ∈U ∩M.

This condition (v) was already used in [29] to characterize upper semicontinuous vector-valued
functions. More precisely, they proved that (v) is equivalent to the following condition:

(vi) for each c ∈ intC, there exists a neighbourhood U of x̄ such that

F(x)−F(x̄)≤C c, for all x ∈U ∩M.

A quite recent generalization of the ordinary upper semicontinuity of real-valued functions
can be found in [30, 31].

Definition 2.2. A function F : M→ Y is said to be:
(i) properly C-upper semicontinuous at a point x̄ ∈M if, for each c ∈C \{0Y}, there exists

U a neighbourhood of x̄ such that

F(x) ∈ F(x̄)+ c−C \{0Y}, for all x ∈U ∩M.

(ii) properly C-upper semicontinuous on M if it is properly C-upper semicontinuous at each
point x̄ ∈M.

(iii) properly C-lower semicontinuous at x̄ ∈ M if −F is properly C-upper semicontinuous
at x̄.

(iv) properly C-lower semicontinuous on M if −F is properly C-upper semicontinuous on
M.

For this concept, the forthcoming characterization in terms of level sets holds.

Proposition 2.1. Given a function F : M→ Y , the following properties are equivalent:
(i) F is properly C-upper semicontinuous on M.

(ii) For each y ∈ Y , the set F−1(y−C \{0Y}) is open with respect to the induced topology
on M.

Definition 2.3. A bifunction G : M×M→ Y is said to be:
(i) C-convex in its second argument if, M is convex, and, for all x ∈ M the function G(x, ·) is
C-convex, i.e.,

G(x, ty1 +(1− t)y2)≤C tG(x,y1)+(1− t)G(x,y2), for all y1,y2 ∈M and t ∈ [0,1].

(ii) C-concave in its first argument if M is convex, and, for all y ∈ M, the function −G(·,y) is
C-convex, i.e.,

tG(x1,y)+(1− t)G(x2,y)≤C G(tx1 +(1− t)x2,y), for all x1,x2 ∈M and t ∈ [0,1].
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(iii) C-monotone if, for all x,y ∈M,

G(x,y)+G(y,x) ∈ −C.

(iv) C-antimonotone if −G is C-monotone, i.e., for all x,y ∈M,

G(x,y)+G(y,x) ∈C.

Definition 2.3 (i) can be found in [32], while (iv) represents a generalization of the concept of
the antimonotonicity coming from scalar bifunctions. The term ”anti” appears in the context of
”cyclic antimonotonicity” of [33]. The following cornerstone result of nonlinear analysis was
established by Fan in [34], and it deals with the well-known concept of the Knaster-Kuratowski-
Mazurkiewicz operator.

Definition 2.4. The set-valued mapping T : M→ 2M is said to be a KKM-operator if, for every
finite subset {x1,x2, . . . ,xn} of M,

co{x1,x2, . . . ,xn} ⊆
n⋃

i=1

T (xi).

Lemma 2.1 ([34]). Let T : M→ 2M be a KKM-operator satisfying the following conditions:

(i) T (x) is a closed set for all x ∈M;
(ii) there is x̄ ∈M such that T (x̄) is a compact set.

Then, ⋂
x∈M

T (x) 6= /0.

Next, the property of essentially quasimonotonicity of a scalar bifunction, and a generaliza-
tion of it to vector bifunctions are recalled.

Definition 2.5 ([35]). Let M be a convex set. A bifunction G : M×M→ R is said to be essen-
tially quasimonotone iff, for arbitrarily integer n≥ 1, for every x1, . . . ,xn ∈M and λ1, . . . ,λn≥ 0
such that ∑

n
i=1 λi = 1, it holds that

n

∑
i=1

G(xi,
n

∑
j=1

λ jx j)≤ 0.

Definition 2.6 ([36]). Let M be a convex set, and intC 6= /0. A bifunction G : M×M→ Y is
said to be C-essentially quasimonotone iff, for arbitrarily integer n≥ 1, for every x1, . . . ,xn ∈M
and λ1, . . . ,λn ≥ 0 such that ∑

n
i=1 λi = 1, it holds that

n

∑
i=1

G(xi,
n

∑
j=1

λ jx j) /∈ intC.

Lemma 2.2. ([36, Lemma 3]) Let M be a convex set, intC 6= /0, and suppose that the bifunctions
ϕ,ψ : M×M→ Y satisfy:

(i) ψ is C-essentially quasimonotone and C-lower semicontinuous in the second argument;
(ii) ϕ is C-upper semicontinuous in the first argument, C-convex in the second argument,

and ϕ(x,x) ∈C for all x ∈M.



BILEVEL STRONG VECTOR EQUILIBRIUM PROBLEMS 375

Then there exists x̄ ∈M such that

ϕ(x̄,y)−ψ(y, x̄) /∈ −intC,

for all y ∈M.

Lemma 2.3. ([36, Lemma 4]) Let M be a convex set, intC 6= /0, and suppose that the bifunctions
ϕ,ψ : M×M→ Y satisfy:

(i) ψ is C-convex in the second argument, ψ(x,x) ∈ C for all x ∈ M, and for all x,y ∈ M
the function t ∈ [0,1] 7→ ψ(ty+(1− t)x,y) is C-upper semicontinuous at 0;

(ii) ϕ is C-convex in the second argument, and ϕ(x,x) = 0 for all x ∈M.

If there exists x̄ ∈M such that ϕ(x̄,y)−ψ(y, x̄) /∈ −intC, for all y ∈M, then

ϕ(x̄,y)+ψ(x̄,y) /∈ −intC, for all y ∈M.

3. MAIN RESULTS

Let K be a nonempty subset of X and let Φ,ψ : K×K→Y be given vector-valued functions.
We consider the following bilevel strong vector equilibrium problem:

(BSV EP) find x̄ ∈ Sψ such that Φ(x̄,y) /∈ −C \{0Y}, for all y ∈ Sψ ,

where Sψ denotes the set of solutions of the following strong vector equilibrium problem

(SV EP) find z̄ ∈ K such that ψ(z̄,z) /∈ −C \{0Y} for all z ∈ K.

In what follows, using a Thikhonov regularization procedure, two existence results for so-
lutions of (SBV EP) will be presented. Firstly, a scalarization approach is considered and the
existence of a functional c∗ ∈C], which plays an outstanding impact in the essential quasimono-
tonicity hypothesis, is required.

Theorem 3.1. Let K be a convex and compact set, c∗ ∈ C], and suppose that the following
conditions are satisfied:

(i) Φ is properly C-upper semicontinuous in its first argument, C-convex in its second ar-
gument and Φ(x,x) ∈C, for all x ∈ K.

(ii) ψ is properly C-lower semicontinuous in its second argument, C-antimonotone and
ψ(x,x) = 0Y , for all x ∈ K.

(iii) for all x,y ∈ K, ψ(x,y) /∈ −C \{0Y} implies that ψ(y,x) ∈ −C.
(iv) there exists c∗ ∈C] such that c∗ ◦ψ is essentially quasimonotone.

Then, problem (BSVEP) admits a solution.

Proof. With c∗ ∈C], for any ε > 0, the scalar equilibrium problem (EP)ε,c∗ is defined as:

finding x̄ε ∈ K such that c∗
(
ψ(x̄ε ,y)− εΦ(y, x̄ε)

)
≥ 0 for all y ∈ K.

Step 1. We prove that, for any ε > 0, the scalar equilibrium problem (EP)ε,c∗ admits a
solution.

Let ε > 0. Consider the set-valued mapping T : K→ 2K to be defined as:

T (y) = {x ∈ K | c∗
(
εΦ(x,y)−ψ(y,x)

)
≥ 0}, for all y ∈ K.
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Firstly we will show that T is a KKM-operator. For this, let the points y1,y2, . . . ,yn ∈ K and
take z ∈ co{y1,y2, . . . ,yn}. Thus, there exists λ1,λ2, . . . ,λn ≥ 0 with ∑

n
i=1 λi = 1 such that

z =
n

∑
i=1

λiyi.

Suppose that z /∈ T (yi) for all i ∈ {1,2, . . . ,n}. Therefore,

c∗
(
εΦ(x,yi)−ψ(yi,x)

)
< 0, for all i ∈ {1,2, . . . ,n}.

Multiplying the above inequality by λi, and summing over i give
n

∑
i=1

λic∗
(
εΦ(x,yi)−ψ(yi,x)

)
< 0. (3.1)

By assumption (i), the C-convexity of Φ in its second argument, and Φ(x,x) ∈C, for all x ∈ K,
we have

εΦ(z,z)≤C

n

∑
i=1

λiεΦ(z,yi),

where
n

∑
i=1

λiεΦ(z,yi) ∈ εΦ(z,z)+C ⊆C+C =C. (3.2)

On the other side, assumption (iv) furnishes that
n

∑
i=1

λic∗(ψ(yi,z))≤ 0. (3.3)

Therefore, relations (3.2) and (3.3) give the inequality:

c∗
(
(

n

∑
i=1

λiεΦ(z,yi)−
n

∑
i=1

λiψ(yi,z)
)
≥ 0,

which represents a contradiction to (3.1). Thus T is a KKM-operator. Moreover, y ∈ T (y), for
any y ∈ K, because

εΦ(y,y)−ψ(y,y) ∈C+{0Y}=C

provides
c∗
(
εΦ(y,y)−ψ(y,y)

)
≥ 0.

Fix y ∈ K, and let τ > 0. There exists c0 ∈ C \ {0Y} such that τ = c∗(c0). By the properly
C-upper semicontinuity of the vector-valued function x→ εΦ(x,y)−ψ(y,x) at x0 ∈ K, for this
c0 ∈C \{0Y}, we find that there exists U a neighbourhood of x0 such that

εΦ(x,y)−ψ(y,x) ∈ εΦ(x0,y)−ψ(y,x0)+ c0−C \{0Y}, ∀x ∈U.

By applying c∗ to the above relation, we have

c∗
(
εΦ(x,y)−ψ(y,x)

)
< c∗

(
εΦ(x0,y)−ψ(y,x0)

)
+ τ, ∀x ∈U.

that is, the scalar function x→ c∗
(
εΦ(x,y)−ψ(y,x)

)
is upper semicontinuous at x0. Since x0

was an arbitrarily point in K, we have that the function is upper semicontinuous on K. Therefore,
the level set of 0, i.e.,

{x ∈ K | c∗
(
εΦ(x,y)−ψ(y,x)

)
≥ 0}
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is closed, and thus T (y) is closed for any y ∈ K. Since K is compact, we have that T (y) is a
compact subset of K. Since all the assumption of Lemma 2.1 are satisfied, it provides that⋂

y∈K

T (y) 6= /0.

So, for any ε > 0, there exists x̄ε ∈ K such that

c∗
(
εΦ(x̄ε ,y)−ψ(y, x̄ε)

)
≥ 0, for all y ∈ K, (3.4)

that is, the scalar equilibrium problem (EP)ε,c∗ admits a solution.
Step 2. We prove that x̄ ∈ K, the cluster point of the sequence (x̄ε)ε>0, belongs to Sψ , that is,

ψ(x̄,y) /∈ −C \{0Y}, for all y ∈ K.

By contradiction, suppose that there exists y0 ∈K such that ψ(x̄,y0)∈−C\{0Y}. This, together
with the C-antimonotonicity of ψ , namely

ψ(x̄,y0)+ψ(y0, x̄) ∈C,

permits obtaining ψ(y0, x̄) ∈C \{0Y}. So, there exists c0 ∈C \{0Y} such that

c∗
(
c0−ψ(y0, x̄)

)
< 0. (3.5)

The properly C-upper semicontinuity the vector-valued function x→ εΦ(x,y0)−ψ(y0,x) at x̄∈
K, as we saw before, assures the upper semicontinuity of the scalar function x→ c∗

(
εΦ(x,y0)−

ψ(y0,x)
)

at x̄. Hence, there exists δ1 > 0 such that, for all ε ∈ (0,δ1),

c∗
(
εΦ(x̄ε ,y0)−ψ(y0, x̄ε)

)
< c∗

(
εΦ(x̄,y0)−ψ(y0, x̄)

)
+ c∗

(c0

2

)
. (3.6)

As c∗
(c0

2

)
> 0, there exists δ2 > 0 such that

c∗
(
εΦ(x̄,y0)

)
< c∗

(c0

2

)
, for all ε ∈ (0,δ2). (3.7)

Taking δ = min{δ1,δ2}, and using (3.5), (3.6) and (3.7), for all ε ∈ (0,δ ), we have

c∗
(
εΦ(x̄ε ,y0)−ψ(y0, x̄ε)

)
< c∗

(
εΦ(x̄,y0)−ψ(y0, x̄)

)
+ c∗

(c0

2

)
< 2c∗

(c0

2

)
− c∗(c0) = 0,

which contradicts (3.4).
Step 3. In what follows, we show that the cluster point x̄ is solution of (BSV EP).
For this, let y ∈ Sψ . Thus,

ψ(y,z) /∈ −C \{0Y} for all z ∈ K.

In particular, this holds for all the terms of the sequence (x̄ε)ε>0 ∈ K, namely, for any ε > 0,

ψ(y, x̄ε) /∈ −C \{0Y}.
Take ε > 0. Using assumption (iii) and the above relation, we have

ψ(x̄ε ,y) ∈ −C. (3.8)

Assert that εΦ(x̄ε ,y) /∈ −C \{0Y}. By contradiction, suppose that εΦ(x̄ε ,y) ∈ −C \{0Y}. By
this and relation (3.8), we have

εΦ(x̄ε ,y)+ψ(x̄ε ,y) ∈ −C \{0},
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with
c∗
(
εΦ(x̄ε ,y)+ψ(x̄ε ,y)

)
< 0. (3.9)

Because ψ is C-antimonotone, we have that there exists an element cε ∈C such that

ψ(y, x̄ε)+ψ(x̄ε ,y) = cε .

Hence, ψ(y, x̄ε) = cε −ψ(x̄ε ,y). Replacing it into relation (3.4), we have

c∗
(
εΦ(x̄ε ,y)− cε +ψ(x̄ε ,y)

)
≥ 0,

and
c∗
(
εΦ(x̄ε ,y)+ψ(x̄ε ,y)

)
≥ c∗(cε)≥ 0,

which reach a contradiction to (3.9). As εΦ(x̄ε ,y) /∈ −C \{0Y}, we get

Φ(x̄ε ,y) /∈ −C \{0Y}. (3.10)

Since Φ is properly C-upper semicontinuous in its first argument at x̄, for any c ∈C \{0Y}, we
have that there exist Uc a neighbourhood of x̄, and δc > 0 such that

Φ(x̄ε ,y) ∈Φ(x̄,y)+ c−C \{0Y}, for all ε ∈ (0,δc).

By this relation and (3.10), we conclude that

Φ(x̄ε ,y)−Φ(x̄ε ,y)+Φ(x̄,y)+ c /∈ −C \{0Y}, for all ε ∈ (0,δc).

Thus,
Φ(x̄,y)+ c /∈ −C \{0Y}, for all c ∈C \{0Y},

and (
Φ(x̄,y)+C \{0Y}

)
∩
(
−C \{0Y}

)
= /0. (3.11)

If Φ(x̄,y) ∈ −C \{0Y}, then there exists c0 ∈C \{0Y} such that

Φ(x̄,y)+ c0 ∈ −C \{0Y},
which reaches a contradiction to (3.11). Therefore, x̄ ∈ Sψ is solution of (BSV EP). �

Under the hypothesis that C] 6= /0, the following corollary permits dealing only with the as-
sumptions on the involved vector bifunctions of (BSV EP), and with no scalarized conditions.

Corollary 3.1. Let K be a convex and compact set, C] 6= /0, and suppose that the following
conditions are satisfied:

(i) Φ is properly C-upper semicontinuous in its first argument, C-convex in its second ar-
gument and Φ(x,x) ∈C, for all x ∈ K.

(ii) ψ is properly C-lower semicontinuous and C-convex in its second argument, C-antimonotone,
C-concave in its first argument and ψ(x,x) = 0, for all x ∈ K.

(iii) for all x,y ∈ K, ψ(x,y) /∈ −C \{0Y} implies that ψ(y,x) ∈ −C.
Then, (BSVEP) admits a solution.

Proof. Since C] 6= /0, there exists c∗ ∈C]. According to Theorem 3.1, it remains to prove that
assumption (iv) of it is satisfied. For this, let n ≥ 1, x1, . . . ,xn ∈ K, λ1, . . . ,λn ≥ 0 such that
∑

n
i=1 λi = 1 and z = ∑

n
j=1 λ jx j. The C-concavity of ψ in its first argument, i.e.,

n

∑
i=1

λiψ(xi,z)≤C ψ(z,z),



BILEVEL STRONG VECTOR EQUILIBRIUM PROBLEMS 379

which together with ψ(x,x) = 0, for all x ∈ K, gives
n

∑
i=1

λiψ(xi,z) ∈ ψ(z,z)−C =−C.

Therefore,
n

∑
i=1

λic∗
(
ψ(xi,z)

)
≤ 0

and c∗ ◦ψ is essentially quasimonotone. The conclusion follows now by Theorem 3.1. �

The set of solutions of (BSV EP) may be a much smaller subset that the set of solutions of
the upper level problem without a constraint set, as the next example shows.

Example 3.1. Let K = [0,1], Y = R2, C = {(x,x)|x ≥ 0}, and consider the bifunctions Φ,ψ :
K×K→ R2 to be defined as:

Φ(x,y) = (x+ y,x+ y) and ψ(x,y) = (x− y,x− y), for all x,y ∈ K.

The bifunction Φ is C-convex in its second argument and ψ(x,x) = (2x,2x) ∈ C, for all
x ∈ K. For the properly C-upper semicontinuity of Φ in its first argument, fix y ∈ K, and let
x0 ∈ K and c ∈ C \ {02}. Thus, there exists ε > 0 such that c = (ε,ε). Any x ∈U ∩K, with

U =
(

x0−
ε

2
,x0 +

ε

2

)
verifies:

Φ(x,y) ∈Φ(x0,y)+ c−C \{02},
and since x0 was arbitrarily chosen, bifunction Φ is properly C-upper semicontinuous in its first
argument. In a similar way, the properly C-lower semicontinuity of ψ in its second argument
can be checked. Since

ψ(x,y)+ψ(y,x) = (0,0) ∈C∩ (−C), for all x,y ∈ K,

we see that ψ is C-antimonotone and C-monotone in the same time. As ψ is C-monotone and
C-convex in its second argument, by the proof of [36, Proposition 1], for c∗ = (1,1), the scalar
bifunction c∗ ◦ψ is essentially quasimonotone.

It remains to verify assumption (iii) of Theorem 3.1. Let x,y ∈ K and suppose that

ψ(x,y) /∈ −C \{02}, i.e. (x− y,x− y) /∈ −C \{02},
whence x− y≥ 0. Then,

ψ(y,x) = (y− x,y− x) ∈ −C.

It is easy to observe that Sψ = {1}, and x̄ = 1 is the only solution of (BSV EP), while the upper
level problem without a constraint set (namely, ψ ≡ 0) admits K as the solution set.

A second approach can be achieved by taking a nonzero functional c∗ ∈C], which allows us
to construct the following Henig dilating cone

H = {y ∈ Y | c∗(y)> 0}∪{0Y}.
This cone has the property that intH = H \{0Y} and, it is easy to see that C \{0Y} ⊆ intH. For
any ε > 0, the next auxiliary weak vector equilibrium problem is considered:

(WV EP)ε,H find x̄ε ∈ K such that εΦ(x̄ε ,y)+ψ(x̄ε ,y) /∈ −intH for all y ∈ K.

Sε,H denotes the set of solutions for this problem. This auxiliary equilibrium problem allows us
to deal with milder semicontinuity assumptions.
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Theorem 3.2. Let K be a convex and compact set, c∗ ∈ C], and suppose that the following
conditions are satisfied:

(i) Φ is C-upper semicontinuous in its first argument, C-convex in its second argument and
Φ(x,x) = 0, for all x ∈ K.

(ii) ψ is C-lower semicontinuous in its second argument, C-monotone, ψ(x,x) = 0, and, for
all x,y ∈M the function t ∈ [0,1] 7→ ψ(ty+(1− t)x,y) is C-upper semicontinuous at 0.

(iii) for all x,y ∈ K, ψ(x,y) /∈ −C \{0Y} implies that ψ(y,x) ∈ −C.
(iv) there exists c∗ ∈C] such that c∗ ◦ψ is essentially quasimonotone.

Then, problem (BSVEP) admits a solution.

Proof. With the aid of the functional c∗ ∈ C] from hypothesis (iv), we construct the Henig
dilating cone H = {y∈Y | c∗(y)> 0}∪{0Y} and consider the weak vector equilibrium problem:

(WV EP)ε,H find x̄ε ∈ K such that εΦ(x̄ε ,y)+ψ(x̄ε ,y) /∈ −intH, for all y ∈ K,

which is given as the sum of two bifunctions.
Step 1. We prove that, for any ε > 0, (WV EP)ε,H admits a solution.
By assumption (iv), there exists c∗ ∈C] such that c∗ ◦ψ is essentially quasimonotone. Since

the functional c∗ ∈H∗ \{0∗Y}, together with c∗ ◦ψ is essentially quasimonotone, i.e. for arbitar-
ily integer n≥ 1, for every x1, . . . ,xn ∈M and λ1, . . . ,λn ≥ 0 such that ∑

n
i=1 λi = 1

n

∑
i=1

c∗
(
ψ(xi,

n

∑
j=1

λ jx j)
)
≤ 0,

it assures that
n

∑
i=1

ψ(xi,
n

∑
j=1

λ jx j) /∈ H \{0Y}= intH.

Hence, ψ is H-essentially quasimonotone.
As C ⊆ H, Definition 2.1 and hypothesis (i) and (ii) give that Φ is H-upper semicontinuous

in its first argument, respectively, and ψ is H-lower semicontinuous in its second argument.
Moreover, Φ is H-convex in the second argument and Φ(x,x) = 0Y ∈H, for all x∈K. Applying
Lemma 2.2, there exists x̄ε ∈ K such that

εΦ(x̄ε ,y)−ψ(y, x̄ε) /∈ −intH, for all y ∈ K. (3.12)

Since Φ and ψ satisfy all the assumptions of Lemma 2.3, we see from relation (3.12) that there
exists x̄ε ∈ K such that

εΦ(x̄ε ,y)+ψ(x̄ε ,y) /∈ −intH, for all y ∈ K, (3.13)

that is, (WV EP)ε,H admits a solution.
Step 2. The cluster point x̄ ∈ K of the sequence (x̄ε)ε>0 belongs to Sψ . Firstly, we prove that

ψ(y, x̄) /∈ intH, for all y ∈ K. (3.14)

By contradiction, suppose that there exists y0 ∈ K such that ψ(y0, x̄) ∈ intH. Therefore, there
exists h ∈ intH such that

h−ψ(y0, x̄) ∈ −intH. (3.15)
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Since
h
2
− intH is an open set and 0Y ∈

h
2
− intH, there exists δ1 > 0 such that

εΦ(x̄ε ,y0) ∈
h
2
− intH, for all ε ∈ (0,δ1). (3.16)

Assumptions (i) and (ii) provide that the function x ∈ K 7→ εΦ(x,y0)−ψ(y0,x) is C-upper
semicontinuous, and implicitly H-upper semicontinuous. Consequently there exist U a neigh-
bourhood of x̄ and δ2 > 0 such that x̄ε ∈U , for all ε ∈ (0,δ2) and

εΦ(x̄ε ,y0)−ψ(y0, x̄ε) ∈ εΦ(x̄,y0)−ψ(y0, x̄)+
h
2
− intH, for all ε ∈ (0,δ2). (3.17)

Taking δ = min{δ1,δ2}, and using relations (3.15), (3.16) and (3.17), we obtain that

εΦ(x̄ε ,y0)−ψ(y0, x̄ε) ∈ −intH, for all ε ∈ (0,δ ).

The monotonicity of ψ , which conducts to ψ(y0, x̄ε)+ψ(x̄ε ,y0) ∈ −C ⊆ −H, and the above
relation yield

εΦ(x̄ε ,y0)+ψ(x̄ε ,y0) ∈ −intH, for all ε ∈ (0,δ ),

which reaches a contradiction to (3.13).
Suppose now, that x̄ /∈ Sψ , i.e., there exists y0 ∈ K such that ψ(x̄,y0) ∈−C\{0Y}. Therefore,

ψ(x̄,y0) ∈ −intH,

and there exists h ∈ intH such that

ψ(x̄,y0)+h ∈ −intH. (3.18)

By hypothesis (iii), the function t ∈ [0,1] 7→ ψ(ty0 +(1− t)x̄,y0) is C-upper semicontinuous
at 0, and implicitly H-upper semicontinuous at 0. Denote xt = ty0 +(1− t)x̄ ∈ K. Thus, there
exists δ3 ∈ (0,1) such that

ψ(xt ,y0) ∈ ψ(x̄,y0)+h− intH, for all t ∈ (0,δ3).

The above relation, which together with (3.18) gives

ψ(xt ,y0) ∈ −intH, for all t ∈ (0,δ3). (3.19)

Besides, ψ(xt ,xt) = 0, and the C-convexity of ψ in the second argument, for all t ∈ [0,1], yield

tψ(xt ,y0)+(1− t)ψ(xt , x̄) ∈C ⊆ H.

From this and (3.19), we have

ψ(xt , x̄) ∈ intH, for all t ∈ (0,δ3),

which is a contradiction to (3.14).
Step 3. The cluster point x̄ is a solution of (BSV EP). For this, let y ∈ Sψ , i.e.,

ψ(y,z) /∈ −C \{0Y}, for all z ∈ K, (3.20)

and let x̄ε ∈ Sε,H . Thus,
εΦ(x̄ε ,y)+ψ(x̄ε ,y) /∈ −intH. (3.21)

By contradiction, we suppose now that εΦ(x̄ε ,y) ∈ −intH. Relation (3.20) gives

ψ(y, x̄ε) /∈ −C \{0Y}.
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Hypothesis (iii) assures that
ψ(x̄ε ,y) ∈ −C.

So,
εΦ(x̄ε ,y)+ψ(x̄ε ,y) ∈ −intH−C ⊆−intH,

which contradicts (3.21). Therefore, εΦ(x̄ε ,y) /∈ −intH with

Φ(x̄ε ,y) /∈ −intH. (3.22)

Because Φ is C-upper semicontinuous in its first argument, for any h ∈ intH, there exist U , a
neighbourhood of x̄, and δ4 > 0 such that x̄ε ∈U , for all ε ∈ (0,δ4), and

Φ(x̄ε ,y) ∈Φ(x̄,y)+h− intH, for all ε ∈ (0,δ4).

This relation and (3.22) assure

Φ(x̄,y)+h /∈ −intH, for all h ∈ intH,

which is equivalent to (
Φ(x̄,y)+ intH

)
∩
(
− intH

)
= /0. (3.23)

If Φ(x̄,y) ∈ −intH, there exists h0 ∈ intH such that

Φ(x̄,y)+h0 ∈ −intH,

which is a contradiction to (3.23). Therefore, Φ(x̄,y) /∈ −intH implies

Φ(x̄,y) /∈ −C \{0Y},
namely x̄ ∈ Sψ is solution of the problem (BSV EP). �

Corollary 3.2. Let K be a convex and compact set, C] 6= /0, and suppose that the following
conditions are satisfied:

(i) Φ is C-upper semicontinuous in its first argument, C-convex in its second argument and
Φ(x,x) = 0, for all x ∈ K.

(ii) ψ is C-lower semicontinuous in its second argument, C-monotone, C-concave in its first
argument, ψ(x,x) = 0, and, for all x,y ∈M the function t ∈ [0,1] 7→ ψ(ty+(1− t)x,y)
is C-upper semicontinuous at 0.

(iii) for all x,y ∈ K, ψ(x,y) /∈ −C \{0Y} implies that ψ(y,x) ∈ −C.
Then, problem (BSVEP) admits a solution.

Proof. The proof is similar to the one of Corollary 3.1. �

4. PARETO VECTOR OPTIMIZATION OVER AN EFFICIENT SET

Bilevel equilibrium problems include, as particular cases, vector optimization problems over
constraint sets. In this section, we investigate existence results for such an hierarchical problem
whose upper level problem is a vector optimization problem, while its lower level problem is a
Stampacchia vector variational inequality

(BVOP) minx∈ST ϕ(x),

over ST , which denotes the set of solutions of the following Stampacchia strong vector varia-
tional inequality:

(SV I) find z̄ ∈ K such that 〈T (z̄),z− z̄〉 /∈ −C \{0Y}, for all z ∈ K.
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L (X ,Y ) denotes the set of all continuous linear functions from X to Y , and T : K→L (X ,Y ) is
an operator. These hierarchical vector optimization problems are also particular cases of bilevel
vector optimization problems (see, for instance, [37, 38], and the references therein).

Firstly let us recall some definitions (see, for instance [39, 40, 41])

Definition 4.1. A mapping T : K→L (X ,Y ) is said to be:
(i) pseudomonotone if, for all x,y ∈ K,

〈T (x),y− x〉 /∈ −C \{0Y} implies 〈T (y),y− x〉 ∈C.

(ii) v-hemicontinuous if K is a convex set, and, for all x,y ∈ K, the function

∀ t ∈ [0,1] 7→ 〈T (ty+(1− t)x),y− x〉 ∈ Y

is upper semicontinuous at 0.
(iii) C-monotone if, for all x,y ∈ K, 〈T (y)−T (x),y− x〉 ∈C.

Definition 4.2. A point x̄ ∈ ST is said to be a Pareto efficient solution of (BVOP) if and only if

ϕ(x̄) ∈Min(ϕ(ST ),C),

i.e.,
(
ϕ(ST )−ϕ(x̄)

)
∩ (−C) = {0Y}.

Theorem 4.1. Let K be a convex and compact set, c∗ ∈ C], and suppose that the following
conditions are satisfied:

(i) ϕ is C-lower semicontinuous and C-convex.
(ii) T is C-monotone and v-hemicontinuous.

(iii) T is pseudomonotone.
(iv) there exists c∗ ∈C] such that for arbitarily integer n ≥ 1, for every x1, . . . ,xn ∈ K and

λ1, . . . ,λn ≥ 0 with ∑
n
i=1 λi = 1, it holds:

n

∑
i=1

c∗
(
〈T (xi),

n

∑
j=1

λ jx j− xi〉
)
≤ 0.

Then, problem (BVOP) admits a solution.

Proof. Consider the functions Φ,ψ : K×K→ Y to be defined as:

Φ(x,y) = ϕ(y)−ϕ(x), respectively, ψ(x,y) = 〈T (x),y− x〉 for all x,y ∈ K.

In what follows, we show that these bifunctions verify the assumptions of Theorem 3.2. It is
easy to see that hypothesis (i) provides the C-upper semicontinuity of Φ in its first argument
and the C-convexity in its second argument. Moreover Φ(x,x) = 0, for all x ∈ K.

Bifunction ψ is continuous in its second argument, and therefore, it is C-lower semicontin-
uous in its second argument. ψ(x,x) = 0, for all x ∈ K and hypothesis (ii) provides that ψ is
C-monotone and the function t ∈ [0,1] 7→ ψ(ty+(1− t)x,y) is C-upper semicontinuous at 0.
Further, hypothesis (iii) and (iv) lead us to assumptions (iii) and (iv) of Theorem 3.2 fulfilled.
Hence, all the assumptions of Theorem 3.2 are satisfied and the conclusion follows now by
this. �

Note that Theorem 4.1 does not guarantee that a Pareto efficient solution over a constraint set
becomes a Pareto efficient solution, as the following example illustrates.
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Example 4.1. Let K = [0,1]× [0,1], Y = R2, C = R2
+, and consider ϕ : K→ R2 and T : K→

L (R2,R2) to be defined as:

ϕ(x) =−x, T (x) =
(

x1 + x2 +1 x1 + x2 +1
x1 + x2 +2 x1 + x2 +2

)
, for all x = (x1,x2) ∈ K.

We show that all the assumptions from Theorem 4.1 are satisfied. Let x = (x1,x2), y =
(y1,y2) ∈ K.

〈T (x),y− x〉=
(

x1 + x2 +1 x1 + x2 +1
x1 + x2 +2 x1 + x2 +2

)(
y1− x1
y2− x2

)
=

(
(x1 + x2 +1)(y1 + y2− x1− x2)
(x1 + x2 +2)(y1 + y2− x1− x2)

)
.

Evaluating

〈T (y)−T (x),y− x〉=
(

y1 + y2− x1− x2 y1 + y2− x1− x2
y1 + y2− x1− x2 y1 + y2− x1− x2

)(
y1− x1
y2− x2

)
=

(
(y1 + y2− x1− x2)

2

(y1 + y2− x1− x2)
2

)
,

we see that 〈T (y)−T (x),y− x〉 ∈ R2
+, namely, the operator T is R2

+-monotone.
For the pseudomonotonicity assumption, let 〈T (x),y− x〉 /∈ −R2

+ \{(0,0)}, namely,

(
(x1 + x2 +1)(y1 + y2− x1− x2)
(x1 + x2 +2)(y1 + y2− x1− x2)

)
/∈ −R2

+ \{(0,0)},

which provides that y1 + y2− x1− x2 ≥ 0. This, together with

〈T (y),y− x〉=
(
(y1 + y2 +1)(y1 + y2− x1− x2)
(y1 + y2 +2)(y1 + y2− x1− x2)

)
,

assures that 〈T (y),y− x〉 ∈ R2
+. Therefore, T is pseudomonotone.

Since T is R2-monotone, it implies that the function ψ , defined as ψ(x,y) = 〈T (x),y− x〉, is
R2-monotone. Moreover, it is easy to see that bifunction ψ is R2-convex in its second argument.
Then, by the proof of [36, Proposition 1], for this ψ , we conclude that: for arbitrarily integer
n≥ 1, for every x1, . . . ,xn ∈ K and λ1, . . . ,λn ≥ 0 with ∑

n
i=1 λi = 1, it holds that

n

∑
i=1
〈T (xi),

n

∑
j=1

λ jx j− xi〉 ∈ −R2,

whence, hypothesis (iv) of Theorem 4.1 is verified by any functional c∗ ∈ R2∗. Moreover, ϕ is
R2-lower semicontinuous and R2-convex.

It is easy to see that the solution set of the lower level problem is ST = {(0,0)}. With respect
to the constraint set ST , the function ϕ admits the pair (0,0) as a Pareto efficient solution,
but with respect to the whole set K, this point fails to be a Pareto efficient solution because
ϕ(K)−ϕ(0,0) =−K, and −K∩

(
−R2 \{(0,0)}

)
6= /0.
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5. RESTRICTED VECTOR SADDLE-POINT PROBLEMS

One of the most important particular case of (BSV EP) is the strong cone saddle-point prob-
lem over an efficient set, which has a key role in the theory of noncooperative games. Vector-
valued payoff functions have been introduced to the game theory in order to describe real-world
situations. For the motivation and applications of multicriteria games, we refer to [42, 43]. The
Nash equilibrium problem, which was introduced in [44, 45] and is related to n-person nonco-
operative games, was extended by Debreu [46] to the generalized Nash equilibrium problem in
the way that the strategy of each player may depend on the strategy of the other players. This
offers a better description of practical problems arising from economics.

A two player noncooperative vector-valued generalized Nash equilibrium problem is consid-
ered. Let X1 and X2 be nonempty sets, and suppose that the strategy pair allowed for the two
players is restricted to a set Sψ ⊆ X1×X2, where Sψ is the set of solutions of the lower level
problem:

(SV EP) find z̄ ∈ X1×X2 such that ψ(z̄,z) /∈ −C \{0Y}, for all z ∈ X1×X2.

For an arbitrarily strategy pair (x1,x2) ∈ X1×X2, consider the strategy sets of the players x2 and
x1 as:

S1(x2) = {x1 ∈ X1 | (x1,x2) ∈ Sψ},
and

S2(x1) = {x2 ∈ X2 | (x1,x2) ∈ Sψ}.
Let ϕ : X1×X2→Y be the payoff function of the player 1 and consider the associated zero-sum
game. Take into account the sets:

ϕ(S1(x2),x2) = {ϕ(x1,x2) | x1 ∈ S1(x2)},

respectively,
ϕ(x1,S2(x1)) = {ϕ(x1,x2) | x2 ∈ S2(x1)}.

Definition 5.1. A pair (x̄1, x̄2) ∈ Sψ is said to be a restricted strong C-saddle point for ϕ if

ϕ(x̄1, x̄2) ∈Max
(
ϕ(S1(x̄2), x̄2),C

)
∩Min

(
ϕ(x̄1,S2(x̄1)),C

)
.

Theorem 5.1. Let X1 and X2 be convex and compact sets, c∗ ∈C], and suppose that the follow-
ing conditions are satisfied:

(i) ϕ is properly C-upper semicontinuous and C-concave in its first argument, properly
C-lower semicontinuous and C-convex in its second argument.

(ii) ψ(x,x) = 0Y , for all x ∈ X1×X2, ψ is properly C-lower semicontinuous in its second
argument and C-antimonotone.

(iii) for all x,y ∈ X1×X2, ψ(x,y) /∈ −C \{0Y} implies that ψ(y,x) ∈ −C.
(iv) there exists c∗ ∈C] such that c∗ ◦ψ is essentially quasimonotone.

Then, ϕ has a restricted strong C-saddle point.

Proof. Take K = X1×X2 and consider bifunction Φ : K×K→ Y to be defined as:

Φ(x,y) = ϕ(x1,y2)−ϕ(y1,x2), for all x = (x1,x2), y = (y1,y2) ∈ K.
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Hypothesis (i) assures that Φ is properly C-upper semicontinuous in its first argument and C-
convex in its second argument. Moreover, Φ(x,x) = 0 for all x ∈ K. Since all the assumptions
of Theorem 3.1 are satisfied, there exists x̄ = (x̄1, x̄2) ∈ X1×X2 such that

Φ(x̄,y) /∈ −C \{0Y}, for all y ∈ Sψ .

This implies that

ϕ(x̄1,y2)−ϕ(y1, x̄2) /∈ −C \{0Y}, for all y = (y1,y2) ∈ Sψ . (5.1)

Setting y = (x̄1,y2) with y2 ∈ S2(x̄1), and y = (y1, x̄2) with y1 ∈ S1(x̄2) in relation (5.1), we have

ϕ(x̄1,y2)−ϕ(x̄1, x̄2) /∈ −C \{0Y}, for all y2 ∈ S2(x̄1),

and respectively,

ϕ(x̄1, x̄2)−ϕ(y1, x̄2) /∈ −C \{0Y}, for all y1 ∈ S1(x̄2).

By these relations, we deduce that(
ϕ(x̄1,S2(x̄1))−ϕ(x̄1, x̄2)

)
∩ (−C \{0Y}) = /0,

and (
ϕ(S1(x̄2), x̄2)−ϕ(x̄1, x̄2)

)
∩ (C \{0Y}) = /0,

that is,
ϕ(x̄1, x̄2) ∈Max

(
ϕ(S1(x̄2), x̄2),C

)
∩Min

(
ϕ(x̄1,S2(x̄1)),C

)
.

Therefore the bifunction ϕ admits a restricted strong C-saddle point. �

Theorem 5.2. Let X1 and X2 be convex and compact sets, c∗ ∈C], and suppose that the follow-
ing conditions are satisfied:

(i) ϕ is C-upper semicontinuous and C-concave in its first argument, C-lower semicontin-
uous and C-convex in its second argument.

(ii) ψ(x,x) = 0 for all x ∈ X1×X2, ψ is C-lower semicontinuous in its second argument,
C-monotone, and, for all x,y ∈ X1×X2 the function t ∈ [0,1] 7→ ψ(ty+(1− t)x,y) is
C-upper semicontinuous at 0.

(iii) for all x,y ∈ X1×X2, ψ(x,y) /∈ −C \{0Y} implies that ψ(y,x) ∈ −C.
(iv) there exists c∗ ∈C] such that c∗ ◦ψ is essentially quasimonotone.

Then, ϕ has a restricted strong C-saddle point.

Proof. Take K = X1×X2 and consider bifunction Φ : K×K→ Y to be defined as:

Φ(x,y) = ϕ(x1,y2)−ϕ(y1,x2), for all x = (x1,x2), y = (y1,y2) ∈ K.

By hypothesis (i), we deduce that Φ is C-upper semicontinuous in its first argument and C-
convex in its second argument. Moreover, Φ(x,x) = 0 for all x ∈ K. Since all the assumptions
of Theorem 3.2 are satisfied, by using a similar reasoning as in the above proof, we have that
the bifunction ϕ admits a restricted strong C-saddle point. �

In the final part of this section, an example with the existence of restricted strong cone saddle
points is given.
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Example 5.1. Let K = [−1,0]× [−1,0], Y =R2, C =R2
+, ϕ : K→R2, and ψ : K×K→R2 be

defined as:

ϕ(x) = (x2− x1 +1,x2− x1), ψ(x,y) = (y1− x1,y1− x1) for all x = (x1,x2),y = (y1,y2) ∈ K.

Let x = (x1,x2), y = (y1,y2) ∈ K. Evaluating

ψ(x,y)+ψ(y,x) = (0,0) ∈ −R2
+,

we observe that ψ is R2-monotone. Moreover ψ is R2
+-lower semicontinuous in its second argu-

ment, the function t ∈ [0,1] 7→ψ(ty+(1− t)x,y) is R2
+-upper semicontinuous at 0, ψ(x,x) = 0,

for all x ∈ K, and ψ is R2
+-convex in its second argument. The R2-monotonicity of ψ together

with its R2
+-convexity in its second argument, according to [36, Proposition 1], they imply that

assumption (iv) of Theorem 5.2 is fulfilled.
ψ(x,y) = (y1− x1,y1− x1) /∈ −R2

+ \{(0,0)} gives y1 ≥ x1, whence

ψ(y,x) = (x1− y1,x1− y1) ∈ −R2
+,

and thus, hypothesis (iii) of Theorem 5.2 is verified. Moreover, all the conditions from hypoth-
esis (i) are verified by ϕ .

It is easy the see that the solution set of the lower level strong vector equilibrium problem is
the set Sψ = {−1}× [−1,0],

S1(−1) = {x1 | (x1,−1) ∈ Sψ}= {−1}, S2(−1) = {x2 | (−1,x2) ∈ Sψ}= [−1,0],

and respectively,

ϕ(S1(−1),−1) = ϕ(−1,−1) = (−1,0), ϕ(−1,S2(−1)) = [−1,0]× [0,1].

Hence, (
ϕ(S1(−1),−1)−ϕ(−1,−1)

)
∩
(
−R2

+ \{(0,0)}
)
= /0,(

ϕ(−1,S2(−1))−ϕ(−1,−1)
)
∩
(
−R2

+ \{(0,0)}
)
= /0,

and therefore the pair (−1,−1) is a restricted strong R2-saddle point of ϕ .
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