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CONTINUOUS-TIME ERGODIC ALGORITHM FOR SOLVING MONOTONE
VARIATIONAL INEQUALITIES

TRINH NGOC HAI

School of Applied Mathematics and Informatics,
Hanoi University of Science and Technology, 1 Dai Co Viet, Hai Ba Trung, Hanoi, Vietnam

Abstract. In this paper, we propose a new algorithm for solving monotone but not Lipschitz-continuous
variational inequalities. We consider a projected-type dynamical system and prove that the solution of
this dynamical system converges to a desired solution in an ergodic sense.
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1. INTRODUCTION

Let C be a nonempty, closed and convex set in R, and let A : C — R’ be a mapping on C.
The variational inequality of A on C is to
find x* € C such that (A(x*),y—x") >0 VyeC. (VI(A,C))

In the past few years, this problem has become a hot topic in optimization. It is closely
related to a series of other problems such as the fixed point problem, the optimal problem,
the saddle point problem, the Nash equilibrium problem and so on. As a consequence, a lot of
methods have been proposed for solving this problem [1]-[18]. Among them, the projected-type
algorithm has the simplest form:

Pec,
{ xhtl :Pc(xk—lkA(xk)). (1D

Although this algorithm is very simple, it converges under restrictive assumptions that A is
strongly pseudomonotone and Lipschitz continuous. In the case that A is only monotone but is
not Lipschitz continuous, the sequence {x*} generated by (1.1) is not convergent. In this case,
the authors in [9] prove that the ergodic sequence of {x}, defined by

k _ Yio A’
Y5 oA
converges to a solution of VI(A,C) provided that ;> (A =, Y7, lkz < oo and

Y AZIAR)[* < . (1.2)
k=0
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The ergodic algorithm is one of the simplest methods for solving monotone, non-Lipschitz
variational inequalities. It has been developed and extended in many papers [6, 19, 20].

Recently, dynamical systems have become an important tool for solving variational inequal-
ities [21, 22, 23, 24, 25]. It is interesting to investigate the ergodic algorithm from a continuous
time perspective. In this paper, we consider a dynamical system associated to (1.1). Under the
assumption that A is monotone, we prove that the solution of this dynamical system converges
to the desired solution of VI(A,C) in an ergodic sense. Our new approach not only provides a
new perspective on the ergodic algorithm but also removes condition (1.2). Also, we extend our
results to equilibrium problems.

The rest of our paper is organized as follows. In the next section, we give some useful
preliminaries. In Section 3, we introduce our method and its convergence analysis. Section 4
presents an extension of the new method to equilibrium problems.

2. PRELIMINARIES

In this section, we provide some definitions, results and notations, which are needed in our
later convergence analysis. We refer the reader to [11, 26, 27, 28] for more details. In the whole
paper, we assume that C is a nonempty, closed and convex set in R”. Let x € R™. The projection
of x onto C is defined by

Pc(x) := argmin{||z—x|| : z € C}.
It is easy seen that the mapping P¢(.) is single-valued and well-defined.

Proposition 2.1. [26] It holds that

@) [|[Pe(x) —Pe)[| < [lx—y|| Vx,y € R™,
(i) (y—Pc(x),x—Pc(x)) <OVx e R", Vy e C.

Definition 2.1. [6, 9]
(i) A mapping A : C — R™ is said to be monotone on C iff
(A(y) = A(x),y —x) = 0Vx,y € C.
(i1) A bifunction f : C x C — R is said to be monotone on C iff

flx,y)+ fyx) <0Vx,yeC.

Note that if the mapping A : C — R is monotone on C, then the bifunction f: C x C — R,
defined by

flx,y)=(A(x),y—x), ¥x,y €C,
1s also monotone on C.

Lemma 2.1. Let o(t) : [0,00) — (0,00), and let u(t) : [0,00) — R™ be continuous functions
satisfying [ ou(t)dt = oo and limy; e u(t) = a. Then,

Jo o(t)u(t)dr
Fad
Proof. Obviously, it is sufficient to consider the case m = 1 and a = 0. If [;” at(f)u(z)dt < oo,
then we have -
Jo ou(t)u(r)dt

Jo o(t)ds =0,



CONTINUOUS-TIME ERGODIC ALGORITHM FOR VARIATIONAL INEQUALITIES 393

which is the desired result. In the opposite case, applying Lhospital’s rule, we get

i J0 0Ou()dr . a(A)u(A)
A
Ame [Ra()dt  A-e a(A)
=}i_r>r°1°u(A) =a.

O

Lemma 2.2. Let a(t) : [0,00) — (0,00), and let u(t) : [0,00) — C be continuous functions. Define

_ Joa(t)u(t)dr
=" Famdr

Then, z(t) € C forallt > 0.
Proof. We have

/ol a(t)u(t)dt = ,}foﬂ%i (0‘ (%> ! <%)> and ota(r)dr N '}I—I’E’%g‘ia (%) .

i=1
R (e () u (i)
= e Lio(y)

=

Hence

Since C is convex, u(t) € C for all t > 0, we have
n ity (it
i=1 (na (n) Z (n)) cC V.
o (3)

Note that C is closed. Taking the limit as n — oo, we have z(t) € C. O

Assumption 2.1. In this paper, we consider problem VI(A, C) under the following assumptions:

(A1) The mapping A is monotone on C;
(A2) The mapping A is continuous on C;
(A3) The solution set Sol(A,C) of VI(A,C) is not empty.

Lemma 2.3. [6] Under Assumption 2.1, it holds that
(i) Sol(A,C) ={xe C:{A(y),y—x) =2 0VyeC};

(ii) The solution set of VI(A,C) is closed and convex.
3. MAIN RESULTS
For solving VI(A,C), we consider the following dynamical system:
{ x(0) e C,
LN ofr)
%(1) = 8 { Pe (x(1) — srreitlsrA (<)) = x(1) }

Theorem 3.1. Suppose that Assumption 2.1 holds and o (t) : [0,00) — (0,00) is a continuous
function satisfying

(3.1)

/Ow o (t)dr = oo, /Ow a(r)?dr < oo.



394 TRINH NGOC HAI

Let x(t) be the solution of (3.1), and denote

~ JoA)x(T)dT B a(r) _
W= @ M= G < 0

fo

Then,
limz(t) = 7" € Sol(A,C).

f—roo
Proof. Without loss of generality, we may assume that ty = 0. We divide the proofs into several

steps.
Step 1: We prove that x(¢) € C for all t > 0. Denote

O
y(t> = PC( (t) max{l; (I)) ”}A( (t))> :

A(x
Obviously, y(¢) is a continuous function and y(¢) € C for all # > 0. It holds that
x(t) + 0x(t) = 8y(r).

Thus,
x(t) = (/Ol 8y(s)e%ds —|—x(0))

1 t
(1 - e_&> &—1/ 8y(s)eds + e % x(0).
e — 0

Since C is convex and x(0) € C, it is sufficient to show that
1 t
/ 8y(s)e®dseC, Vi>O0.
0

edt — 1
We have A
1 nl o Stebn it
Sy(s)e®ds=lim Y ——vy (= ).
e&—l/o () n—>°°i;‘) n(e5’—1)y<n)
Note that .
nl §redn St

Z n(ed —1) N n(e% —1) <t

=

it
Hence }fefg—% € (0,1) foralli=0,...,n— 1. Moreover,
ot
=1

lim ——
" p(en —1)

and y (%) € C, which is closed and convex. Hence,

1 ! 5
e5f—l/o Oy(s)e®*ds € C.

Step 2: We prove that, for any solution x* € Sol(A,C), there exists the limit

. 4k
fim (1) ]

Let
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‘We have

=0 ?C“) e (50~ T R A ) )

(30 = e (50) = e T A G ) =)~ [t~

() *
Fe (x(’) " max{13 A () H}A(’C“”) o

On the other hand, it holds that

2
= [lx() —X*Hz} : (3.2)

a (1) AP
Fe <x( ) max (L AGH >>||}A<’“<’”>
lofs () RN
- PC(” max (L JAGO)] (’”) Fe(x)
Ly e ol
<= - A Gn )
<lele) P = —— 2 ), r) — )+ a(r)? (3.3)

max{1; [|[A(x(2))|}

Since x* € Sol(A,C), x(t) € C and A is monotone, we get from (3.3) that

o(r) .
P (X0~ AR
Combining (3.2) and (3.4), we obtain

2
< |lx (@) — x|+ o(2)>. (3.4)

V() < (o
Denote
w(t) :=max{V(¢);0}; v(r):=max{-V(r);0}
We have
V(t) = w(t) —v(1),
hence

t t
V() = / w(t)dt — / v(7)dz+V(0). (3.5)
0 0
On the other hand, since v(t) > 0,0 < w(t) < V(1) < Saz(t)z and [, a(t)?dt < oo, it holds that
t . t
lim [ v(r)dt=ceR, lim [ w(t)dt=deR. (3.6)
t—o0 J t—o0 J

Combining (3.5), (3.6) and the fact that V(z) > 0, we deduce that there exists the limit
limV(t) € R.
t—>o0

Let u(t) = Psoy(a,c) (x(7))-
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Step 3: We prove that
limu(t) =i € Sol(A,C).

=30

Let u € Sol(A,C), and W(t) = % |\x(¢) — u||>. Similarly to Step 2, we have

o).

NIOo

W(t) <
For all £, > 0, it holds that

t+h W
W(t+h)= +/

t+h 5
1)+ / de

Hence,

t+h
||x(t+h)—u||2§Hx(t)—u||2+/ Sa(t)*dt, Vu e Sol(A,C),Vt,h € [0,00).
t

Thus, o
||x(z +h) —u(t)||2 < ||x(2) —u(t)||2—|—/t 306(17)2d17 Vi, h € [0,).

On the other hand, since u(f +h) = Pg,y(a ¢ (x(¢ + 1)) and 3 (u(t+h)+u(t)) € C, we get

2

(4 h) — = (e + 1)+ u(o))

(e 1) — (4 )|> < =

Hence

u(t + 1) —u(t)||* = ||u(t +h) —x(t + ) +x(¢ + 1) — u(?) ||
2

= e -+h) -+ ) P 4 () = 5 e+ ) )

+2||x(t +h) — u(t)|?
< 2|x(t +h) = u(t)|* = 2|lx(r + ) —u(t +h)|>
< 2||oe(t) — () ||> = 2||x(t + h) — u(t +h)||? +2/r+h6a(r)2dr.
We have t
(e + 1) — u(t +h)||> < ||x(£) —u()||* + /t+h5a(1)2df Vt,h > 0.
It implies that l

limsup [[x(7) — u(7)||? < ||x(¢) —u(t)Hz—l—/thoc(r)zdr Vi >0,

T—ro0
or -
timsup (1) — u(7)|> < liminf (1) — u(o)| | + liminf / So(7)2dr.
oo oo t

T—ro0
Since [;” S (7)%dT < o0, we have

liminf [ So(7)%dT = 0.

[—>o0 t

(3.7)
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Thus, there exists the limit lim; e ||x(¢) — u(¢)||>. Combining this and (3.7), we deduce that
there exists the limit lim;_,. u(#) = &. But u(t) € Sol(A,C) and Sol(A,C) is closed, it implies
that & € Sol(A,C).

Step 4: We prove that z(t) — i € Sol(A,C).

Let x € C be an arbitrary point. Denote U (¢) := 5 /x(t) —x||*. Applying arguments similar to
(3.2) and (3.3), we have

0(0) < 520 (AGx(0)).x— x(1)) + 5 c(1)?

< 8A(1) (A(x),x —x(1)) +§a(r)2, (3.8)

where

 ap
MO = L IA GO

The last inequality comes from the monotonicity of A. From Step 2, it implies that the function
x(t) is bounded, so are the functions ||A(x(¢))|| and z(¢). There exists M > 0 such that

|A(x(2))|| <M Vi >0.

- © ar)
| awa= | ) =

Integrating both sides of (3.8), we get
tr t ¢ 2
G <A(x>7x_ foz<r>x<r>dr> | 8 Jyalm)ide

We have

JoA(t)dt Jor(t)dt 2 [TA(t)dr
" U(t)—-U(0) 8 [ya(t)’dr
WéfS(A(x),x—z(r)HEW, vt > 0. (3.9)

Suppose by contrary that z(f) - 4. Then, there exist € > 0 and a sequence {#,} € [0,0) such
that 7, — oo and ||z(t,,) — di|| > € for all n > 0. But we have that {z(#,)} is bounded. Hence there
exists a subsequence {z(ty,)} C {z(t,)} such that z(¢,,) — 2. From Lemma 2.2, we have Z € C.
In (4.4), letting t = t,,, — oo, and using

| ar=co, [“atn?ar=o,
0 0
and the function U (¢) is bounded, we get
(A(x),x—2) >0VxeC.
Using Lemma 2.3, we get 2 € Sol(A,C). From u(t) = Ps,(a ) (x(?)) and Z € Sol(A,C), it implies
that

Thus,
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where L := max{||x(¢) —u(t)||} < eo. It implies that

<2 — ﬁ,Z(tni) - (;n[ Z;L(T)M(T>d1> S Lf(;ni /l(lt-) Hu(r) — ﬁHdT
o A(t)dt Jo A(t)dt

(3.10)

In (3.10), letting i — oo, and applying Lemma 2.1, we get ||z —ii||*> < 0, which is a contradiction.
0

4. EXTENSION TO EQUILIBRIUM PROBLEMS

Let f: C x C — R be a bifunction satisfying f(x,x) = 0 for all x € C. The equilibrium
problem (EP) of f on C is to

find x* € C such that f(x*,y) >0, Vy € C. (EP(f,C))

It is well known that the equilibrium problem is an extension of the variational inequality.
Moreover, it includes many other problems as special cases, such as fixed point problems, Nash
equilibrium problems, optimization problems. In this section, we will extend our algorithm to
EPs. Denote by Sol(f,C) the solution set of EP(f,C).

Assumption 4.1. We consider EP( f,C) under the following assumptions:

(B1) the bifunction f is monotone on C;

(B2) for all x € C, the function f(x,.) is convex, subdifferentiable and lower semicontinuous;
the function f(.,x) is upper semicontinuous on C;

(B3) the mapping x — d f(x,.)(x) is bounded on bounded subsets of C;

(B4) the solution set Sol(f,C) is not empty.

Lemma 4.1. [6] Under Assumption 4.1, it holds that
(i) Sol(f,C)={yeC: f(x,y) <0VxeC},
(ii) Sol(f,C) is closed and convex.
To solve EP(f,C), we propose the following dynamical system:
x(0)eC
i()=8 {pc <x(t) - %wg)) —x(t)} , @.1)
where w(t) € d f(x(t),.)(x(2)).

Theorem 4.1. Suppose that Assumption 4.1 holds and o (t) : [0,00) — (0,e0) is a continuous
function satisfying

/ o (t)dr = oo, / a(r)?dr < oo.
0 0
Let x(t) be the solution of (4.1), and

Jiy A(T)x(1)d7 a@)
W, where A(t) = m,m > 0.

Iy

z(r) =

Then,
limz(¢t) =z" € Sol(f,C).

f—>o0
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Proof. Without loss of generality, we may assume that fo = 0. Let x* € Sol(f,C). Denote
1 2
H(t) = o |lx(r) =77
Similarly to the proof of Theorem 3.1, we have x(¢) € C for all t > 0 and

. Sal()
HO < e

From the definition of w(z), it implies that
(w(t),x" —x(1)) < f(x(r),x7) = f(x(2), x(z))

= f(x(t),x%)
<0. 4.3)

(w(r),x* —x(r)) + ga(t)z. (4.2)

The last inequality comes from the facts that x(z) € C and f is monotone on C. Combining (4.2)
and (4.3), we obtain

() < Salr)

which implies that there exists the limit lim;_,., H(¢). The functions x(z) and z(¢) are bounded.
From Assumption 4.1, it implies that the function w(¢) is bounded. Hence, we have

/ A(1)dr = oo.

0

Let u(t) = Ps,y(f,c)(x(?)). Itis similar to Step 3 in the proof of Theorem 3.1 that
limu(t) =i € Sol(f,C).

t—roo
Now it remains to prove that
}gg z(t) = .
Let x € C be an arbitrary point. Denote K(¢) := %||x(t) —x||>. Using the definition of w(t) and

the monotonicity of f, we have

K(1) < SA(t) (w(t),x—x(1)) + goc(t)2

< SA()f(x(r),x) + goc(t)2

0
< —8R(0f (x,x(0) + Sau(r)?
Integrating both sides of the last inequality, and taking into account the convexity of the function
f(x,.), we get
foK(t)dr _ sfél(f)f(x,x(r))df 8 Jya(r)*de

Jik(dr = fer(mdr 2 fiA(v)dr

LA (D)x(r)dT\ & J§a(r)*dT
S‘”(“Oﬁuwm >+E%Aumf
or
K(t) —K(0) 8 Jda(r)*dt
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Suppose by contrary that z(¢) - 4. Then, there exist € > 0 and a sequence {t,} € [0,0) such
that #, — o and ||z(#,) — @]| > € for all n > 0. But we have {z(#,)} is bounded. Hence there
exists a subsequence {z(,,)} C {z(t,)} such that z(¢,,) — 2. From Lemma 2.2, we have Z € C.
In (4.4), letting t = t,, — oo, and using the lower semicontinuous of f(x,.), we have

f(x,2) <0, VxeC.

From Lemma 4.1, it follows that Z € Sol(f,C). Applying the arguments similar to the ones in
Step 4 of the proof of Theorem 3.1, we have Z = ii. This is a contradiction. Hence, z(r) — 4. O

CONCLUSION

We introduced a new method for solving variational inequalities. First, we considered a
projected-type dynamical system associated with the variational inequality. Under the assump-
tions that the involving mapping is monotone, we proved that the ergodic function of the so-
lution of this dynamical system converges to a solution of the variational inequality. The new
method can be considered as a continuous version of the discrete one, introduced by liduka
[9]. The new approach not only provides a new perspective on the ergodic algorithm but also
removes a convergence condition of the existing one.
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