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L” ERROR ESTIMATE FOR A CLASS OF SEMILINEAR ELLIPTIC SYSTEMS OF
QUASI-VARIATIONAL INEQUALITIES
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Abstract. This paper deals with the standard finite element approximation of a class of semilinear
elliptic systems of quasi-variational inequalities (QVIs) arising in stochastic control theory. Under a
realistic assumption on the nonlinearity and by means of the concept of subsolutions for linear systems
of QVIs, we derive sharp L™ error estimate of the approximation.
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1. INTRODUCTION

This paper deals with the L*-convergence of the standard finite element approximation for
the following class of semilinear systems of quasi-variational inequalities (QVIs): Find U =

M

(u1,...,upr) € (H' (Q))" such that

ai(ui,v —u;) > (fi(wi),v—u;), Vv e H' (Q),

wi <k+uirr, v<k+uir, (1.1)

uM+l - I/l],
where Q is a bounded convex polyhedral domain of RN, N> 1, fi(.), i=1,2,...,;M, are non-
decreasing, nonnegative, and Lipschitz nonlinearities, (.,.) is the inner product in I? (Q),kisa
positive constant, and ¢;(.,.) are M continuous bilinear forms.

The finite element approximation in the L”-norm of systems of QVIs with linear source terms
was extensively studied in the last two decades (see, e.g., [1, 2, 3, 4, 5, 6, 7]) and convergence
orders were derived by means of various methods. However, when it comes to nonlinear sys-
tems, this remains to be explored. Indeed, let V) denote the finite elements space consisting
of continuous piecewise linear functions, /& be the meshsize of the triangulation, and r;, be the

usual Lagrange interpolation operator. The discrete counterpart of (1.1) consists of seeking
U, = (ulh, ...,MM;,) S (Vh)M such that

ai(win, v —uin) > (filwin), v —uip), Yv € Vp,
uip, <k+ujipip, v<k+upip, (1.2)
UM+1h = Ulh-
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In this paper, our primary aim is to show that system (1.1) can be properly approximated by a
finite element method and sharp L™-error estimate can be derived. For this, we exploit, in both
the continuous and discrete situations, some qualitative properties inherited by the solution of
the associated linear problem such as its Lipschitz dependency upon the right-hand side and
its characterization as the least upper bound of the set of subsolutions. We give here after a
brief description of the method: Given U® = (u?, ug,[) a smooth initial guess, we define the

sequence (U") such that U" = (uf,...,u}y,), Vn > 1, solves the continuous linear system of QVIs
ai(uf,v—uf) > (fiu] =),y —uf) v e H'(Q),

W <k+ul |, v<k+u (1.3)

i+1 i+1
Uppyy = UY-
Likewise, given U? = (rhu(l), vy rhug,l), we define the sequence (U,’;) such that U}' = (uf,, ..., u};;, ),
Vn > 1, solves the discrete linear system of QVIs
al(ulhvv ) (fl( )7 u?h)? VVGHI(Q)

uy, <k+ul ,, v<k+ul, (1.4)

Upg 1 = Wi,
The crucial part in this paper is to build a sequence of continuous subsolutions (") such that

B"<U"Nn>1 (1.5)

and
IB" = Upl., < Ch? loghl*, (1.6)
and a sequence of discrete subsolutions (o) such that

oy <up,Vn>1

and

|U" — o ||, < Ch? [loghl*. (1.7)

Hoo

In this situation, we first establish a sharp error estimate for the iterative scheme:
lU" = U, < Ch* [logh]*. (1.8)
Making use of a geometrical convergence of the sequences (U") and (U}’Z) to the solutions U
and Uy, respectively, we derive the same convergence order for the system of QVIs (1.1):
U = Upll.. < CH? [loghl?, (1.9)

where

Wil = ma. i) W = (w1..cv)

and in both (1.8) and ( 1.9), C is a constant independent of both % and n.
To the best of our knowledge, this paper contains the first L™- finite element error estimate
for nonlinear systems of QVIs.

An outline of the paper is as follows. In Section 2, we give some notations and assumptions.
In Section 3, we recall some qualitative results related to linear system of QVIs and establish the
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existence and uniqueness for the semilinear system (1.1). In Section 3, we reproduce a discrete
analog study to that in Section 2. Finally, in Section 4, we give the finite element error analysis
and prove the main results.

2. PRELIMINARIES

We give the bilinear forms: Vu,v € H'(Q),

ai(u,v) = / ( Jj[v‘, la}k jj 88):{ gbk v—l—ao( ) v) dx, (2.1)
such that a;.k (x), bt (x),dl(x)), (j,k=1,...,N), are given sufficiently smooth functions satisfying
'y (DEE 2 alE*, VEERY, o> 0,VxeQ, (2.2)
1< k<N
dy(x)ZB>0VxeQ, Vi=1,.,M. (2.3)
We assume that the bilinear forms are coercive, i.e.,
ai(v,v) > 8|Vl g, WEH'(Q),8>0,Vi=1,.., M, (2.4)
and the nonlinearities f;(.) are Lipschitz:
Ifix)—fiy)| <clx—yl,Vi=1,...M, (2.5)
such that .
B <1 (2.6)
and
Ifix)] <C,VxeR,Vi=1,2..,,M (2.7)

3. THE CONTINUOUS PROBLEM

Next, we shall give some qualitative properties enjoyed by linear systems of QVIs.

3.1. Continuous linear system of QVIs. Let (g, g,) € (L‘j:(Q))M and § = (¢,..¢,) €
(H! (Q))M be the solution of the following linear system of QVIs:

ai(Cia Cl) (gla Ci)v VVEHI(Q')v
G <k+Gy1, v<k+Gi1, (3.1
CM-H = C]'

System (3.1) is linear because the source terms g;, Vi = 1,2...,M are independent of the

solution. Moreover, it has a unique solution { = ({; . {y), which belongs to (WZ’P (Q))M,
2< p<oo([8,9D.

U o M > : oz
Letg = (g1,..gm) » 8 = (21,..m) € (L7(Q))", and £ = (&1, G, £ = (&1...0u) be the
corresponding solutions to system (3.1).

Lemma 3.1. [1] (Monotony) If g > &, then { > C.
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Proposition 3.1. [1] (Lipschitz property) If Lemma 3.1 holds, then,
le-¢|_ =@ 1s-al. (32)

Definition 3.1. (Subsolution) (o, . ®,) € (H' (Q))M is said to be a subsolution to the system
of QVIs (3.1) if
a,-(a),-,v) < (gi,v— (D,'), Yy € Hl(.Q),

0 <k+wi1, v <k+ w1, (3.3)
Wp4+1 = @1
Theorem 3.1. [1] The solution of system (3.1) is the least upper bound of the set of subsolutions.
3.2. Existence and uniqueness for system (1.1). Consider the mapping
T: (@) — (L7 (@)Y (3.4)
W=wi,...wy) >TW == ({1,...,Cu)
such that § = ({,...,Cy) € (HI(Q))M solves the linear system
ai(Gi,v— &) = (filwi),v = §), Vv € H'(Q),
G <k+Giv1, v<k+ G, (3.5)
Cu1= G-

Note that f;(w;) plays the role of g; in system (3.1). Also, we clearly have

Ut=1U" ', vn>1,
where U" is defined in (1.3).
Next, we shall prove that the mapping 7 is a contraction.
Theorem 3.2. Let (2.5),(2.6) and Proposition 3.1 hold. Then the mapping T is a contraction
and, therefore, its unique fixed point coincides with the solution of system (1.1). Moreover, we

have
|U" = U, < p"||U° -

> Where p =c/B. (3.6)

Proof. LetW = (Wla '-'7WM)’ W= (Wla 7WM) in (LM(Q))M’ and C = (Clv"'a CM) > 5 = (517"'7 §M>
be the corresponding solutions to system (3.1). Then, making use of Proposition 3.1 with g; =
fi(wi) and g; = fi(W;), respectively, we have

max (68, o < () max 10w = A7) e
From (2.5) and (2.6), we get
~ C B
122\4‘ Gi—Gi e < (E)lglfgjwﬂwz Will =) -
That is,
|Tw — TWH - H
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which completes the proof. The proof of (3.6) is a straightforward consequence of the contrac-
tion principle. U

4. THE DISCRETE PROBLEM

We consider a regular and quasi-uniform triangulation 7;, of Q, consisting of n- simplices
K. Denote by h = max ger, hg, the meshsize of 7, with hg being the diameter of K. For each
K € 13, denote by P;(K) the set of polynomials on K with degree no more than 1. The P;-
conforming finite element space is given by

V= {V Ve C(Q), VK € P(K), VK € Th}.

Let M,, 1 <s < m(h) denote the vertices of the triangulation 7, and let @5, 1 < s < m(h),

denote the corresponding basis functions of V. For any v € C(Q), the function ryv(x)
m(h)

Y v(M;)@s(x) represents the Lagrange interpolation of v over Tj,.

s=1

In order to derive the discrete analogues of Lemma 3.1, Proposition 3.1, and Theorem 3.1,
the stiffness matrix needs to be an M-Matrix.

Definition 4.1. A real d x d matrix C = (cj5) with ¢,y <0, VI # s, 1 <1,5s <d, is said to be an
M-Matrix if C is non singular and c1'>0 (i.e., all entries of its inverse are nonnegative).

Let us denote by Al = (ai(@r, @), i =1,..., M, the stiffness matrices of the system. Since
the bilinear form g;(.,.) are coercive, the matrices

A' is definite positive,
and
ai(q)l,(Pl) >0a vI.
Moreover, conditions on the triangulation can be found in [10] so that
ai((Pla(Ps) SO, VI#S

In view of the above, we have the following lemma.

Lemma 4.1. [10] The matrices with generic coefficient (a;(@, @5)),1 <Il,s <m(h),i=1,...,
M, are M-Matrices.

4.1. Discrete linear system of QVIs. The discrete analogue of system (3.1) consists of finding
&= (G o) € (Vi)™ such that

ai(Cin,v — Cin) > (8i,v—"=Cin), Vv € Vy,
Cin <k—+Civin, v<k+irin, 4.1)

Cuv1n = Cin-
Under conditions of Lemma 4.1, system (4.1) has a unique solution.

~ i~ oo M z > >
Let g = (g1,..8m) - &= (81...8m) € (LT(Q))",and & = (Cin.... Cun) » G = (Clh,...,CMh) be
the corresponding solutions to system (4.1).

Lemma 4.2. [1] (Monotony) If lemma 4.1 holds, then g > g implies {;, > fh,
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Proposition 4.1. [1] (Lipschitz property) If Lemma 4.2 holds, then
- 1 ~
[6-&|_ < (z)ls gl (42)
Definition 4.2. [1] (Subsolution) @, = (o, .. ®,,) € (Vh)M is said to be a subsolution to the
system of QVIs (4.1) if
ai(wih:(Ps) < (8ia(Ps)> V(pﬁ
Oip < k+ 0115, (4.3)
Op+1h = Oth-
Theorem 4.1. [1] Let Lemma 4.1 hold. Then the solution of system (4.1) is the least upper
bound of the set of subsolutions.
Theorem 4.2. [4] Let § € (W2P(Q))", 2 < p < oo. Then,
H;-ZhH < CR2 |Inh|?. (4.4)
4.2. Existence and uniqueness for system (1.2). Consider the mapping
o M
Ti: (L3 (@) — (V)Y (4.5)
W — ThW = &y = (Cins - Cun)

such that §, = (&yp, ..., Cyp) solves the discrete linear system

ai(Giny v — Gin) = (fi(wi),v — Gin), Vv €V,
Cin <k+Civin, v<k+Ciyin, (4.6)
Cov1n = Cin-
We clearly have
Upr=TU ', Yn>1,

where U} is defined in (1.4).
As in the continuous case, we assert that 7}, is a contraction. The proof will be omitted as it
is very similar to that of Theorem 3.2.

Theorem 4.3. Let (2.5), (2.6) and Proposition 4.1 hold. Then mapping Ty, is a contraction and,
therefore, its unique fixed point coincides with the solution of system (1.2). Moreover,

U} = Unllo < p™[|UR = Un|..- 4.7)

5. L” - ERROR ANALYSIS

This section is devoted to deriving main results of the paper. (From now on, C will denote a
constant independent of both n and £).

5.1. L - error estimate for the iterative scheme. In order to estimate the error between
the continuous iterative scheme and its finite element counterpart, we introduce the following
sequences of linear systems of QVIs.
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5.1.1. A sequence of continuous linear systems of QVIs. We introduce the sequence (U"),,
such that U" = (ﬁ’ll, e ﬂj’{,l) , Vn > 1, solves the continuous linear system:

ai(i@},v—i) > (fiul "),y — i), Vv e H'(Q),

i <k, v<k+i, CRY

—n __
Uppyr = U5
where uj, is defined in (1.4).

Lemma 5.1.
10" — Ul < Ch? [InA|? (5.2)

Proof. As U} is the discrete counterpart of U", and due to (2.7), f,-(u:’h_ 1 ) HL«:(Q) <C,Vi=1,...,

M, making use of Theorem 4.2, we get the desired error estimates immediately. 0

5.1.2. A sequence of discrete linear systems of QVIs. We define the sequence (U;})Pl such
that U} = (it} .., ity;,) (Vn > 1) solves the discrete linear system of QVIs:

ai(ih,v—i) > (fi(u] =),y —i), W eV,

Ty 1p = Wips
where u} is defined in (1.3).
Lemma 5.2.
|U" = 0P|, < Ch? |Inh|*. (5.4)

Proof. As U}! is the discrete counterparts of U” and due to (2.7), fi(”?_l)HLw(g) <C,Vi=
1,...,M , then making use of Theorem 4.2, we get the desired error estimate immediately. [

Theorem 5.1. Let p =c/f. Then

_pn+l

1
" —up|., < Ch* [Inh|*. (5.5)

S5 0
Proof. The proof consists of building a continuous sequence of functions " = (Bf, ..., Bj)
such that
pr<un,
and
n n 2 2
1B —Up|.. < Ch*|Inh|",
and a discrete sequence of functions o = (afh, e ch‘/[h) such that
oy <Uy,
and
n n 2 2
|t —U™||, < Ch?|Inh|”.
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For this, we proceed by induction. Indeed, let 8 (k) = Ch? |Inh|* and consider the problem (5.1)
for n =1, that is,

ai(ﬁ}7v_ﬁz'1) 2 (ﬁ(u?h)7v_ﬁil)7 Vv GHI(Q)7

il <k+il,v<k+il,, (5.6)
-1 _ 51
Uppp1 = Ui

Now, as U! is solution to a linear system of QVIs, it is also a subsolution to the same system,
that is,

ai(@j,v) < (fi(uz,),v), Vv € H'(Q),v >0,

i <k+ij,,

Moreover, since
fiug) < fi(uly) — fiud) + £ ()
<cllul,—u||  +fi(ud)
Q)
< cO(h) + fi(uy),

1

I,

we have

Hence, U' = (ﬁ{, - b‘t}w) is a subsolution to the system of QVIs with the source term

g=1[cO(h)+ fi(id)),...,cO(h) + far(uly)].

Let ¥! be the solution of such a system. Then, as U 1— (u%, . ”11\/1) is the solution of the system

of QVIs with the source term g = [f(u), ..., fur(u3,)], we conclude from Proposition 3.1, we
get

|9 0"l < (1/B)llg—&ll. ., < PO
Hence, making use of Theorem 3.1, we have U' < U! < p8(h). Putting B! =U' — pO(h), we
get
Bl <uU'. (5.7)
Using Lemma 5.1 yields
18"~ ]l < 0"~ po) - U}
<||0"-uUj|..+po(h (5.8)
< (1+p)6(h).
Now, let us consider the problem (5.3) with n = 1, that is,
ai(ity,,v—iy) > (fi(u)),v =), Vv € Vy,

1 | |
Ui < k4 rpit; v < K1t gy,
1

_1 o
Upp1n = Uiy
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Then, as U}} is solution to a linear system of QVIs, it is also a subsolution to the same system,
that is,

ai(iy, @5) < (fi()), s), Vo,
iy, < k+ ity g,
iy 1 = T
Also, as
fiud) < filwd) = filuiy) + fiuiy)
< el — || o g + filuaa)
< cO(h)+ fiug,),
it follows that
ai(iiy, ¢s) < (cO(h) + fi(u3,), @), Yoy,
iy < k+itl,

| _ -
Upprip = Uy

So, U, }} = (ﬂ{ By ﬁjlwh) is a subsolution for the linear system of QVIs with the source term

g =[cO(h)+ fi(u}y), ... cO(h) + fur (teyy)].

Let ‘P}l be the solution to such a system. Then, as U}} = (u%h, ...,u}vm) is the solution to the

system of QVIs with the source term g = [fi(u)), ..., fu(u3,)] , making use of Proposition
4.1, we get

%L = U] < (1/B)llg - &ll..
<p8(h).

Hence, applying Theorem 4.1, we get U} < U} + p6(h). Putting ot} = U,} — pO(h), we get
ol <U. (5.9)
Hence, as Uhl is the discrete analog of U!, making use of Lemma 5.2, we also get

oy = U, < |0y —=U|.. +pO(R) (5.10)
< (14p)06(h).
Thus, combining (5.7), (5.8), (5.9), and (5.10), we obtain
U' <o+ (1+p)0(h) <Uy+(14p)6(h)
<B'+2(1+p)6(h) <U'+2(1+p)6(h),

thatis, ||U! — U]} ||0° < %Q(h). Assume that

L= ). 5.11)

n—1 _ rrn—1 —
o ). < L2
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Since U™, Vi = 1,..., M, is the solution to a linear system of QVIs, it is also a subsolution, that
is,
ai(i@},v) < (fi(uy ")), W e HY(Q),v >0,

i <k-+ag g,

iy = U7,
but
S < il = G + fiw )
<cHu"1—u HLW —}—fi(u?_l)

gc112900+fwrw.

It follows that
ai(i@!,v) < (520 (n) + fiw ™), v) , v e H(Q),v >0,

n<k—|—ul+l,

gy = Uy
So, U™ is a subsolution to the linear system of QVIs with the source term

1—p" 1-p"
- {cl_l:) e(h)+f1(u’fl),--~,c1_f:) 0(h)+ fu iy 1) |-

Let P be the solution of such a system. Then, as U" = (u’f, e uj’{,l) is the solution of the system
of QVIs with source term g = [ f; W, ..., fM(u;’,l_l)] , we conclude from Proposition 3.1 that

U —2"|.. < (1/B)llg—2ll..

1—-p"
h).
) (n)
Hence, applying Theorem 3.1 yields
- 1—p"
nyt h).
U'<u'+p —p 0(h)
Putting f" = U p1 o 9( ), we get
g <u", (5.12)
and
n n TN 1_pn n
IB" =il < 0"~ p=L 0 ~ U}
_ 1—p”
< 0" Uo7 5000

(5.13)

(i)

IN
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Now, we consider the system

al@ v —ily) > (i), v— i), Vv eV,

il <k-+il v <k+i (5.14)

i+1h° i+1h
Hpgy 1y = Wi

Then, as U,;’ is the solution of a linear system of QVIs, it is also a subsolution for the same VI,

that is,

a(”_‘?hv (PS) (fl( ) ) Vv € Qs

<k+ul+1h,v<k—|—ul+1h, (5.15)
Ty p1p = Wiy
but,
[l ™) < fiGl ) — filuy )+ filugy )
< el =y oy + Fileey )
< clf_’;"ew)m(u?ﬂ.
Hence,

ai(iy, @) < (B0 () + i), @) Vo,

iy, <k+u+1h,

By i1y = Wi
So, Ug‘ is a subsolution to the linear system of QVIs with the source term
1—p” 1—p"
{c s O(h)+ fi(l, 1), ....c s 0(h) + fu(uyy, )}
Let ‘PZ be the solution of such a system. Then, as U}’ is the solution of the discrete system of
QVIs with source terms [ f (u'f;l), s fM(u’X/ﬁll)] , by making use of Proposition 4.1, we get

pn
[¥5 = Uill.. < (1/B) s = 8ll.. < p5—-0(h).
From Theorem 4.1, we have U}! < U} +Ch? \lnh\z. Putting

_ 1—p"

l—p
we have
oy <Uy, (5.16)
and
o — U™l < 1T = U"||, + Ch? Inh?
l—p
< (140522 ) o) 1)
1— n+1
P__o(n)
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Finally, combining (5.12), (5.13), (5.16) and (5.17), we obtain

1_pn—|—l _pn+1
U'<oaj+—"—0(h)<U+——0(h
<o+ 2o < U+ o)
_pn+1 1_pn+l
<B"+2——0(h) <U"4+2———0(h
<prra e < Ut P,
that is, |
1 — p"t
jo" vl < —L—e(n).
I—p
This completes the proof. 0
5.2. L*- error estimate for system (1.1).
Theorem 5.2.
U — U||., < Ch* Inh|*. (5.18)

Proof. Combining (3.6), (4.7), and Theorem 5.1, we have
IU=Uplleo < IU=U" || + |[U" = U} llo + U} = Unl|a
< p"||U° ~U||,+Ch* [Inh|> + p" ||U - U,

Hoo'

Letting n — oo, we obtain |U — U||,, < Ch*[Inh|*. O
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