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L∞ ERROR ESTIMATE FOR A CLASS OF SEMILINEAR ELLIPTIC SYSTEMS OF
QUASI-VARIATIONAL INEQUALITIES

MESSAOUD BOULBRACHENE

Department of Mathematics, Sultan Qaboos University, Muscat 123, Oman

Abstract. This paper deals with the standard finite element approximation of a class of semilinear
elliptic systems of quasi-variational inequalities (QVIs) arising in stochastic control theory. Under a
realistic assumption on the nonlinearity and by means of the concept of subsolutions for linear systems
of QVIs, we derive sharp L∞ error estimate of the approximation.
Keywords. Semilinear system; Quasi-variational inequalities; Subsolutions; Finite element; L∞ error
estimate.

1. INTRODUCTION

This paper deals with the L∞-convergence of the standard finite element approximation for
the following class of semilinear systems of quasi-variational inequalities (QVIs): Find U =

(u1, ...,uM) ∈
(
H1 (Ω)

)M such that
ai(ui,v−ui)≥ ( fi(ui),v−ui), ∀v ∈ H1 (Ω) ,

ui ≤ k+ui+1, v≤ k+ui+1,

uM+1 = u1,

(1.1)

where Ω is a bounded convex polyhedral domain of RN , N ≥ 1, fi(.), i = 1,2, ...,M, are non-
decreasing, nonnegative, and Lipschitz nonlinearities, (., .) is the inner product in L2(Ω), k is a
positive constant, and ai(., .) are M continuous bilinear forms.

The finite element approximation in the L∞-norm of systems of QVIs with linear source terms
was extensively studied in the last two decades (see, e.g., [1, 2, 3, 4, 5, 6, 7]) and convergence
orders were derived by means of various methods. However, when it comes to nonlinear sys-
tems, this remains to be explored. Indeed, let Vh denote the finite elements space consisting
of continuous piecewise linear functions, h be the meshsize of the triangulation, and rh be the
usual Lagrange interpolation operator. The discrete counterpart of (1.1) consists of seeking
Uh = (u1h, ...,uMh) ∈ (Vh)

M such that
ai(uih,v−uih)≥ ( fi(uih),v−uih), ∀v ∈ Vh,

uih ≤ k+ui+1h, v≤ k+ui+1h,

uM+1h = u1h.

(1.2)
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In this paper, our primary aim is to show that system (1.1) can be properly approximated by a
finite element method and sharp L∞-error estimate can be derived. For this, we exploit, in both
the continuous and discrete situations, some qualitative properties inherited by the solution of
the associated linear problem such as its Lipschitz dependency upon the right-hand side and
its characterization as the least upper bound of the set of subsolutions. We give here after a
brief description of the method: Given U0 = (u0

1, ...,u
0
M) a smooth initial guess, we define the

sequence (Un) such that Un = (un
1, ...,u

n
M), ∀n≥ 1, solves the continuous linear system of QVIs

ai(un
i ,v−un

i )≥ ( fi(un−1
i ),v−un

i ) ,∀v ∈ H1(Ω),

un
i ≤ k+un

i+1, v≤ k+un
i+1,

un
M+1 = un

1.

(1.3)

Likewise, given U0
h =(rhu0

1, ...,rhu0
M), we define the sequence

(
Un

h

)
such that Un

h =(un
1h, ...,u

n
Mh),

∀n≥ 1, solves the discrete linear system of QVIs
ai(un

ih,v−un
ih)≥ ( fi(un−1

ih ),v−un
ih), ∀v ∈ H1(Ω)

un
ih ≤ k+un

i+1h, v≤ k+un
i+1h

un
M+1h = un

1h

(1.4)

The crucial part in this paper is to build a sequence of continuous subsolutions (β n) such that

β
n ≤Un,∀n≥ 1 (1.5)

and
‖β n−Un

h ‖∞
≤Ch2 |logh|2 , (1.6)

and a sequence of discrete subsolutions (αn
h ) such that

α
n
h ≤ un

h, ∀n≥ 1

and
‖Un−α

n
h‖∞
≤Ch2 |logh|2 . (1.7)

In this situation, we first establish a sharp error estimate for the iterative scheme:

‖Un−Un
h ‖∞
≤Ch2 |logh|2 . (1.8)

Making use of a geometrical convergence of the sequences (Un) and
(
Un

h

)
to the solutions U

and Uh, respectively, we derive the same convergence order for the system of QVIs (1.1):

‖U−Uh‖∞
≤Ch2 |logh|2 , (1.9)

where
‖W‖

∞
= max

1≤i≤M
‖wi‖L∞(Ω) ,W = (w1, ...,wM)

and in both (1.8) and ( 1.9), C is a constant independent of both h and n.

To the best of our knowledge, this paper contains the first L∞- finite element error estimate
for nonlinear systems of QVIs.

An outline of the paper is as follows. In Section 2, we give some notations and assumptions.
In Section 3, we recall some qualitative results related to linear system of QVIs and establish the
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existence and uniqueness for the semilinear system (1.1). In Section 3, we reproduce a discrete
analog study to that in Section 2. Finally, in Section 4, we give the finite element error analysis
and prove the main results.

2. PRELIMINARIES

We give the bilinear forms: ∀u,v ∈ H1(Ω),

ai(u ,v) =
∫

Ω

(
N
∑

j,k=1
ai

jk(x)
∂u
∂x j

∂v
∂xk

+
N

∑
k=1

bi
k(x)

∂u
∂xk

v+ai
0(x)uv

)
dx, (2.1)

such that ai
jk(x),b

i
k(x),a

i
0(x)), ( j,k = 1, ...,N), are given sufficiently smooth functions satisfying

∑
1≤ j,k≤ N

ai
jk(x)ξ jξk = α |ξ |2 , ∀ξ ∈ RN , α > 0, ∀x ∈Ω, (2.2)

ai
0(x)= β > 0,∀x ∈Ω, ∀ i = 1, ...,M. (2.3)

We assume that the bilinear forms are coercive, i.e.,

ai(v,v)≥ δ ‖v‖2
H1(Ω) , ∀v ∈ H1(Ω), δ > 0, ∀ i = 1, ..., M, (2.4)

and the nonlinearities fi(.) are Lipschitz:

| fi(x)− fi(y)| ≤ c |x− y| , ∀i = 1, ...,M, (2.5)

such that
c
β
< 1 (2.6)

and

| fi(x)| ≤C,∀x ∈ R,∀i = 1,2.., ,M (2.7)

3. THE CONTINUOUS PROBLEM

Next, we shall give some qualitative properties enjoyed by linear systems of QVIs.

3.1. Continuous linear system of QVIs. Let (g1,...,gM) ∈
(
L∞
+(Ω)

)M and ζ = (ζ1,...,ζM) ∈(
H1 (Ω)

)M be the solution of the following linear system of QVIs:
ai(ζi,v−ζi)≥ (gi,v−ζi), ∀v ∈ H1(Ω),

ζi ≤ k+ζi+1, v≤ k+ζi+1,

ζM+1 = ζ1.

(3.1)

System (3.1) is linear because the source terms gi, ∀i = 1,2...,M are independent of the
solution. Moreover, it has a unique solution ζ = (ζ1,...,ζM) , which belongs to

(
W 2,p(Ω)

)M,
2≤ p < ∞ ([8, 9]).

Let g = (g1,...,gM) , g̃ = (g̃1,...,g̃M) ∈
(
L∞
+(Ω)

)M, and ζ = (ζ1,...,ζM) , ζ̃ =
(

ζ̃1,...,ζ̃M

)
be the

corresponding solutions to system (3.1).

Lemma 3.1. [1] (Monotony) If g≥ g̃, then ζ ≥ ζ̃ .
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Proposition 3.1. [1] (Lipschitz property) If Lemma 3.1 holds, then,∥∥∥ζ − ζ̃

∥∥∥
∞

≤ (
1
β
)‖g− g̃‖

∞
(3.2)

Definition 3.1. (Subsolution) (ω1,...,ωM) ∈
(
H1 (Ω)

)M is said to be a subsolution to the system
of QVIs (3.1) if 

ai(ωi,v)≤ (gi,v−ωi), ∀v ∈ H1(Ω),

ωi ≤ k+ωi+1, v≤ k+ωi+1,

ωM+1 = ω1.

(3.3)

Theorem 3.1. [1] The solution of system (3.1) is the least upper bound of the set of subsolutions.

3.2. Existence and uniqueness for system (1.1). Consider the mapping

T : (L∞(Ω))M −→
(
L∞
+(Ω)

)M (3.4)

W = (w1, ...,wM)→ TW = ζ = (ζ1, ...,ζM)

such that ζ = (ζ1, ...,ζM) ∈
(
H1(Ω)

)M solves the linear system
ai(ζi,v−ζi)≥ ( fi(wi),v−ζi), ∀v ∈ H1(Ω),

ζi ≤ k+ζi+1, v≤ k+ζi+1,

ζM+1 = ζ1.

(3.5)

Note that fi(wi) plays the role of gi in system (3.1). Also, we clearly have

Un = TUn−1, ∀n≥ 1,
where Un is defined in (1.3).

Next, we shall prove that the mapping T is a contraction.

Theorem 3.2. Let (2.5),(2.6) and Proposition 3.1 hold. Then the mapping T is a contraction
and, therefore, its unique fixed point coincides with the solution of system (1.1). Moreover, we
have

‖Un−U‖
∞
≤ ρ

n∥∥U0−U
∥∥

∞
, where ρ = c/β . (3.6)

Proof. Let W =(w1, ...,wM), W̃ =(w̃1, ..., w̃M) in (L∞(Ω))M, and ζ =(ζ1, ...,ζM) ; ζ̃ =
(

ζ̃1, ..., ζ̃M

)
be the corresponding solutions to system (3.1). Then, making use of Proposition 3.1 with gi =
fi(wi) and g̃i = fi(w̃i), respectively, we have

max
1≤i≤M

∥∥∥ζi− ζ̃i

∥∥∥
L∞(Ω)

≤ (
1
β
) max

1≤i≤M
‖ fi(wi)− fi(w̃i)‖L∞(Ω) .

From (2.5) and (2.6) , we get

max
1≤i≤M

∥∥∥ζi− ζ̃i

∥∥∥
L∞(Ω)

≤ (
c
β
) max

1≤i≤M
‖wi− w̃i‖L∞(Ω) .

That is, ∥∥TW −TW̃
∥∥

∞
=
∥∥∥ζ − ζ̃

∥∥∥
∞

≤ c
β

∥∥W −W̃
∥∥

∞
,
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which completes the proof. The proof of (3.6) is a straightforward consequence of the contrac-
tion principle. �

4. THE DISCRETE PROBLEM

We consider a regular and quasi-uniform triangulation τh of Ω̄, consisting of n- simplices
K. Denote by h = max K∈τhhK , the meshsize of τh with hK being the diameter of K. For each
K ∈ τh, denote by P1(K) the set of polynomials on K with degree no more than 1. The P1-
conforming finite element space is given by

Vh =
{

v : v ∈C(Ω̄), v/K ∈ P1(K), ∀K ∈ τh
}
.

Let Ms, 1 ≤ s ≤ m(h) denote the vertices of the triangulation τh, and let ϕs, 1 ≤ s ≤ m(h),
denote the corresponding basis functions of Vh. For any v ∈ C (Ω), the function rhv(x) =
m(h)
∑

s=1
v(Ms)ϕs(x) represents the Lagrange interpolation of v over τh.

In order to derive the discrete analogues of Lemma 3.1, Proposition 3.1, and Theorem 3.1,
the stiffness matrix needs to be an M-Matrix.

Definition 4.1. A real d×d matrix C = (cls) with cls ≤ 0, ∀l 6= s, 1≤ l,s≤ d, is said to be an
M-Matrix if C is non singular and C−1 ≥ 0 (i.e., all entries of its inverse are nonnegative).

Let us denote by Ai = (ai(ϕl,ϕs)), i = 1, ..., M, the stiffness matrices of the system. Since
the bilinear form ai(., .) are coercive, the matrices

Ai is definite positive,

and
ai(ϕl,ϕl)> 0, ∀l.

Moreover, conditions on the triangulation can be found in [10] so that

ai(ϕl,ϕs)≤ 0, ∀l 6= s.

In view of the above, we have the following lemma.

Lemma 4.1. [10] The matrices with generic coefficient (ai(ϕl,ϕs)),1 ≤ l,s ≤ m(h), i = 1, ...,
M, are M-Matrices.

4.1. Discrete linear system of QVIs. The discrete analogue of system (3.1) consists of finding
ζh = (ζ1h,...,ζMh) ∈ (Vh)

M such that
ai(ζih,v−ζih)≥ (gi,v−ζih), ∀v ∈ Vh,

ζih ≤ k+ζi+1h, v≤ k+ζi+1h,

ζM+1h = ζ1h.

(4.1)

Under conditions of Lemma 4.1, system (4.1) has a unique solution.
Let g = (g1,...,gM) , g̃ = (g̃1,...,g̃M) ∈

(
L∞
+(Ω)

)M, and ζ =
(
ζ1h,...,ζMh

)
, ζ̃h =

(
ζ̃1h,...,ζ̃Mh

)
be

the corresponding solutions to system (4.1).

Lemma 4.2. [1] (Monotony) If lemma 4.1 holds, then g≥ g̃ implies ζh ≥ ζ̃h,
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Proposition 4.1. [1] (Lipschitz property) If Lemma 4.2 holds, then∥∥∥ζh− ζ̃h

∥∥∥
∞

≤ (
1
β
)‖g− g̃‖

∞
. (4.2)

Definition 4.2. [1] (Subsolution) ωh = (ω1h,...,ωMh) ∈ (Vh)
M is said to be a subsolution to the

system of QVIs (4.1) if 
ai(ωih,ϕs)≤ (gi,ϕs), ∀ϕs,

ωih ≤ k+ωi+1h,

ωM+1h = ω1h.

(4.3)

Theorem 4.1. [1] Let Lemma 4.1 hold. Then the solution of system (4.1) is the least upper
bound of the set of subsolutions.

Theorem 4.2. [4] Let ζ ∈
(
W 2,p(Ω)

)M, 2≤ p < ∞. Then,∥∥∥ζ − ζ̃h

∥∥∥
∞

≤Ch2 |lnh|2 . (4.4)

4.2. Existence and uniqueness for system (1.2). Consider the mapping

Th :
(
L∞
+(Ω)

)M −→ (Vh)
M (4.5)

W → ThW = ζh = (ζ1h, ...,ζMh)

such that ζh = (ζ1h, ...,ζMh) solves the discrete linear system
ai(ζih,v−ζih)≥ ( fi(wi),v−ζih), ∀v ∈ Vh,

ζih ≤ k+ζi+1h, v≤ k+ζi+1h,

ζM+1h = ζ1h.

(4.6)

We clearly have
Un

h = TUn−1
h , ∀n≥ 1,

where Un
h is defined in (1.4).

As in the continuous case, we assert that Th is a contraction. The proof will be omitted as it
is very similar to that of Theorem 3.2.

Theorem 4.3. Let (2.5) , (2.6) and Proposition 4.1 hold. Then mapping Th is a contraction and,
therefore, its unique fixed point coincides with the solution of system (1.2). Moreover,

‖Un
h −Uh‖∞

≤ ρ
n∥∥U0

h −Uh
∥∥

∞
. (4.7)

5. L∞ - ERROR ANALYSIS

This section is devoted to deriving main results of the paper. (From now on, C will denote a
constant independent of both n and h).

5.1. L∞ - error estimate for the iterative scheme. In order to estimate the error between
the continuous iterative scheme and its finite element counterpart, we introduce the following
sequences of linear systems of QVIs.
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5.1.1. A sequence of continuous linear systems of QVIs. We introduce the sequence (Ūn)n≥1
such that Ūn =

(
ūn

1, ..., ū
n
M
)
, ∀n≥ 1, solves the continuous linear system:

ai(ūn
i ,v− ūn

i )≥ ( fi(un−1
ih ),v− ūn

i ), ∀v ∈ H1(Ω),

ūn
i ≤ k+ ūn

i+1, v≤ k+ ūn
i+1,

ūn
M+1 = ūn

i ,

(5.1)

where un
ih is defined in (1.4).

Lemma 5.1.
‖Ūn−Un

h ‖∞
≤Ch2 |lnh|2 (5.2)

Proof. As Un
h is the discrete counterpart of Ūn, and due to (2.7),

∥∥ fi(un−1
ih )

∥∥
L∞(Ω)
≤C , ∀i= 1, ...,

M, making use of Theorem 4.2, we get the desired error estimates immediately. �

5.1.2. A sequence of discrete linear systems of QVIs. We define the sequence
(
Ūn

h

)
n≥1 such

that Ūn
h =

(
ūn

1h, ..., ū
n
Mh

)
(∀n≥ 1) solves the discrete linear system of QVIs:

ai(ūn
ih,v− ūn

ih)≥ ( fi(un−1
i ),v− ūn

ih), ∀v ∈ Vh,

ūn
ih ≤ k+ rhūn

i+1h, v≤ k+ rhūn
i+1h,

ūn
M+1h = ūn

1h,

(5.3)

where un
i is defined in (1.3).

Lemma 5.2.
‖Un−Ūn

h ‖∞
≤Ch2 |lnh|2 . (5.4)

Proof. As Ūn
h is the discrete counterparts of Un and due to (2.7),

∥∥ fi(un−1
i )

∥∥
L∞(Ω)

≤ C, ∀i =
1, ...,M , then making use of Theorem 4.2, we get the desired error estimate immediately. �

Theorem 5.1. Let ρ = c/β . Then

‖Un−Un
h ‖∞
≤ 1−ρn+1

1−ρ
Ch2 |lnh|2 . (5.5)

Proof. The proof consists of building a continuous sequence of functions β n =
(
β n

1 , ...,β
n
M
)

such that 
β n ≤Un,

and∥∥β n−Un
h

∥∥
∞
≤Ch2 |lnh|2 ,

and a discrete sequence of functions αn =
(
αn

1h, ...,α
n
Mh

)
such that

αn
h ≤Un

h ,

and∥∥αn
h −Un

∥∥
∞
≤Ch2 |lnh|2 .
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For this, we proceed by induction. Indeed, let θ(h) =Ch2 |lnh|2 and consider the problem (5.1)
for n = 1, that is, 

ai(ū1
i ,v− ū1

i )≥ ( fi(u0
ih),v− ū1

i ), ∀v ∈ H1(Ω),

ū1
i ≤ k+ ū1

i+1, v≤ k+ ū1
i+1,

ū1
M+1 = ū1

i .

(5.6)

Now, as Ū1 is solution to a linear system of QVIs, it is also a subsolution to the same system,
that is, 

ai(ū1
i ,v)≤ ( fi(u0

ih),v), ∀v ∈ H1(Ω),v≥ 0,

ū1
i ≤ k+ ū1

i+1,

ū1
M+1 = ū1

i .

Moreover, since
fi(u0

ih)≤ fi(u0
ih)− fi(u0

i )+ f (u0
i )

≤ c
∥∥u0

ih−u0
i
∥∥

L∞(Ω)

+ fi(u0
i )

≤ cθ(h)+ fi(u0
i ),

we have 
ai(ū1

i ,v)≤ (cθ(h)+ fi(u0
i ),v)∀v ∈ H1(Ω),v≥ 0,

ū1 ≤ k+ ū1
i+1,

ū1
M+1 = ū1

i .

Hence, Ū1 =
(
ū1

1, ..., ū
1
M
)

is a subsolution to the system of QVIs with the source term

g̃ = [cθ(h)+ f1(u0
1), ...,cθ(h)+ fM(u0

M)].

Let Ψ1 be the solution of such a system. Then, as U1 =
(
u1

1, ...,u
1
M
)

is the solution of the system
of QVIs with the source term g = [ f1(u0

1), ..., fM(u0
M)], we conclude from Proposition 3.1, we

get ∥∥Ψ
1−U1∥∥

∞
≤ (1/β )‖g− g̃‖

L∞(Ω)
≤ ρθ(h).

Hence, making use of Theorem 3.1, we have Ū1 ≤U1 ≤ ρθ(h). Putting β 1 = Ū1−ρθ(h), we
get

β
1 ≤U1. (5.7)

Using Lemma 5.1 yields ∥∥β
1−U1

h
∥∥

∞
≤
∥∥Ū1−ρθ(h)−U1

h
∥∥

∞

≤
∥∥Ū1−U1

h
∥∥

∞
+ρθ(h

≤ (1+ρ)θ(h).

(5.8)

Now, let us consider the problem (5.3) with n = 1, that is,
ai(ū1

ih,v− ū1
h)≥ ( fi(u0

i ),v− ū1
h), ∀v ∈ Vh,

ū1
ih ≤ k+ rhū1

i+1h, v≤ k+ rhū1
i+1h,

ū1
M+1h = ū1

1h.
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Then, as Ū1
h is solution to a linear system of QVIs, it is also a subsolution to the same system,

that is, 
ai(ū1

ih,ϕs)≤ ( fi(u0
i ),ϕs), ∀ϕs,

ū1
ih ≤ k+ rhū1

i+1h,

ū1
M+1h = ū1

1h.

Also, as

fi(u0
i )≤ fi(u0

i )− fi(u0
ih)+ fi(u0

ih)

≤ c
∥∥u0

ih−u0
i
∥∥

L∞(Ω)
+ fi(u0

ih)

≤ cθ(h)+ fi(u0
ih),

it follows that 
ai(ū1

ih,ϕs)≤ (cθ(h)+ fi(u0
ih),ϕs), ∀ϕs,

ū1
h ≤ k+ ū1

i+1h,

ū1
M+1h = ū1

1h.

So, Ū1
h =

(
ū1

1h, ..., ū
1
Mh

)
is a subsolution for the linear system of QVIs with the source term

g̃ = [cθ(h)+ f1(u0
1h), ...,cθ(h)+ fM(u0

Mh)].

Let Ψ1
h be the solution to such a system. Then, as U1

h =
(
u1

1h, ...,u
1
Mh

)
is the solution to the

system of QVIs with the source term g = [ f1(u0
1h), ..., fM(u0

Mh)] , making use of Proposition
4.1, we get ∥∥Ψ

1
h−U1

h
∥∥

∞
≤ (1/β )‖g− g̃‖

∞

≤ ρθ(h).

Hence, applying Theorem 4.1, we get Ū1
h ≤U1

h +ρθ(h). Putting α1
h = Ū1

h −ρθ(h), we get

α
1
h ≤U1

h . (5.9)

Hence, as Ū1
h is the discrete analog of U1, making use of Lemma 5.2, we also get∥∥α

1
h −U1∥∥

∞
≤
∥∥Ū1

h −U1∥∥
∞
+ρθ(h) (5.10)

≤ (1+ρ)θ(h).

Thus, combining (5.7), (5.8), (5.9), and (5.10), we obtain

U1 ≤ α
1
h +(1+ρ)θ(h)≤U1

h +(1+ρ)θ(h)

≤ β
1 +2(1+ρ)θ(h)≤U1 +2(1+ρ)θ(h),

that is,
∥∥U1−U1

h

∥∥
∞
≤ 1−ρ2

1−ρ
θ(h). Assume that

∥∥Un−1−Un−1
h

∥∥
∞
≤ 1−ρn

1−ρ
θ(h). (5.11)
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Since Ūn, ∀i = 1, ..., M, is the solution to a linear system of QVIs, it is also a subsolution, that
is, 

ai(ūn
i ,v)≤ ( fi(un−1

ih ),v), ∀v ∈ H1(Ω), v≥ 0,

ū1 ≤ k+ ūn
i+1,

ūn
M+1 = ūn

1,

but
fi(un−1

ih )≤ fi(un−1
ih )− fi(un−1

i )+ fi(un−1
i )

≤ c
∥∥un−1

i −un−1
ih

∥∥
L∞(Ω)

+ fi(un−1
i )

≤ c
1−ρn

1−ρ
θ(h)+ f (un−1

i ).

It follows that 
ai(ūn

i ,v)≤
(

c1−ρn

1−ρ
θ(h)+ fi(un−1

i ), v
)
, ∀v ∈ H1(Ω),v≥ 0,

ūn
i ≤ k+ ūn

i+1,

ūn
M+1 = ūn

1.

So, Ūn is a subsolution to the linear system of QVIs with the source term

g̃ =

[
c

1−ρn

1−ρ
θ(h)+ f1(un−1

1 ), ...,c
1−ρn

1−ρ
θ(h)+ fM(un−1

M )

]
.

Let Ψ̄n be the solution of such a system. Then, as Un =
(
un

1, ...,u
n
M
)

is the solution of the system
of QVIs with source term g =

[
f1(un−1

1 ), ..., fM(un−1
M )

]
, we conclude from Proposition 3.1 that∥∥Un− Ψ̄

n∥∥
∞
≤ (1/β )‖g− g̃‖

∞

≤ ρ
1−ρn

1−ρ
θ(h).

Hence, applying Theorem 3.1 yields

Ūn ≤Un +ρ
1−ρn

1−ρ
θ(h).

Putting β n = Ūn−ρ
1−ρn

1−ρ
θ(h), we get

β
n ≤Un, (5.12)

and

‖β n−Un
h ‖∞
≤
∥∥∥∥Ūn−ρ

1−ρn

1−ρ
θ(h)−Un

h

∥∥∥∥
∞

≤ ‖Ūn−Un
h ‖∞

+ρ
1−ρn

1−ρ
θ(h)

≤
(

1+ρ
1−ρn

1−ρ

)
θ(h)

≤ 1−ρn+1

1−ρ
θ(h).

(5.13)
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Now, we consider the system
a(ūn

ih,v− ūn
ih)≥ ( fi(un−1

i ),v− ūn
ih), ∀v ∈ Vh,

ūn
ih ≤ k+ ūn

i+1h, v≤ k+ ūn
i+1h,

ūn
M+1h = ūn

1h.

(5.14)

Then, as Ūn
h is the solution of a linear system of QVIs, it is also a subsolution for the same VI,

that is, 
a(ūn

ih,ϕs)≤ ( fi(un−1
ih ),ϕs), ∀v ∈ ϕs,

ūn
hh ≤ k+ ūn

i+1h, v≤ k+ ūn
i+1h,

ūn
M+1h = ūn

1h,

(5.15)

but,
fi(un−1

i )≤ fi(un−1
i )− fi(un−1

ih )+ fi(un−1
ih )

≤ c
∥∥un−1

i −un−1
ih

∥∥
L∞(Ω)

+ fi(un−1
ih )

≤ c
1−ρn

1−ρ
θ(h)+ fi(un−1

ih ).

Hence, 
ai(ūn

ih,ϕs)≤
(

c1−ρn

1−ρ
θ(h)+ fi(un−1

i ), ϕs

)
, ∀ϕs,

ūn
h ≤ k+ ūn

i+1h,

ūn
M+1h = ūn

1h.

So, Ūn
h is a subsolution to the linear system of QVIs with the source term[

c
1−ρn

1−ρ
θ(h)+ f1(un−1

1h ), ...,c
1−ρn

1−ρ
θ(h)+ fM(un−1

Mh )

]
.

Let Ψ̄n
h be the solution of such a system. Then, as Un

h is the solution of the discrete system of
QVIs with source terms

[
f1(un−1

1h ), ..., fM(un−1
Mh )

]
, by making use of Proposition 4.1, we get∥∥Ψ̄

n
h−Un

h

∥∥
∞
≤ (1/β )‖g− g̃‖

∞
≤ ρ

1−ρn

1−ρ
θ(h).

From Theorem 4.1, we have Ūn
h ≤Un

h +Ch2 |lnh|2 . Putting

α
n
h = Ūn

h −ρ
1−ρn

1−ρ
θ(h),

we have
α

n
h ≤Un

h , (5.16)

and
‖αn

h −Un‖
∞
≤ ‖Ūn

h −Un‖
∞
+Ch2 |lnh|2

≤
(

1+ρ
1−ρn

1−ρ

)
θ(h)

≤ 1−ρn+1

1−ρ
θ(h).

(5.17)
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Finally, combining (5.12), (5.13), (5.16) and (5.17), we obtain

Un ≤ α
n
h +

1−ρn+1

1−ρ
θ(h)≤Un

h +
1−ρn+1

1−ρ
θ(h)

≤ β
n +2

1−ρn+1

1−ρ
θ(h)≤Un +2

1−ρn+1

1−ρ
θ(h),

that is,

‖Un−Un
h ‖∞
≤ 1−ρn+1

1−ρ
θ(h).

This completes the proof. �

5.2. L∞- error estimate for system (1.1).

Theorem 5.2.
‖U−Uh‖∞

≤Ch2 |lnh|2 . (5.18)

Proof. Combining (3.6), (4.7), and Theorem 5.1, we have

‖U−Uh‖∞
≤ ‖U−Un‖

∞
+‖Un−Un

h ‖∞
+‖Un

h −Uh‖∞

≤ ρ
n∥∥U0−U

∥∥
∞
+Ch2 |lnh|2 +ρ

n∥∥U0
h −Uh

∥∥
∞
.

Letting n→ ∞, we obtain ‖U−Uh‖∞
≤Ch2 |lnh|2 . �
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