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Abstract. In this paper, we give complete characterizations of those positive Borel measures such that
the differentiation operator D" f = f(") is bounded or compact from Fock spaces F P(C) into a class
weighted Lebesgue spaces on complex plane C. As an application, we characterize the boundedness and
compactness of generalized weighted composition operators acting on Fock spaces. We also study the
essential norm of these operators on Fock spaces.
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1. INTRODUCTION

Let H(C) be the space of entire functions on C. For 0 < p < oo, the Fock space F”(C) is the
set of entire functions on complex plane C with

171 = = [ 1r@Pe

where dA is the Lebesgue measure on C. For p = oo, the space F*°(C) contains entire functions
on C with

plz?

27 dA(z) < oo,

lz|2

|| flloo = esssup|f(z)le” 2 < eo.
zeC

It is well known that when 1 < p < o the space F?(C) is a Banach space. When 0 < p < 1,
FP(C) is a complete metric space with the distance d(f,g) = || f — g/} For any w € C, let
o
kw(z)=e"""2, zeC.
It is clear that each k,, is a unit vector in F”(C) for 0 < p < oo, and k, converges to 0 as
|w| — eo. For more details about Fock spaces, we refer the reader to [1]. For the study of
Toeplitz operators and weighted composition operators on Fock spaces, we refer to [2, 3, 4, 5].
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In 1962, Carleson [6] characterized the positive Borel measure ¢ on the unit disk D such that
the identity operator I; : H” — LP(du) is bounded. Indeed, he proved that, for each f € H”
(1 <p <o),

L 1£@Pdut) < 171

holds if and only if there is a positive constant C such that, for all arcs I C JD, (S (1) <
called the Carleson measure. Here S(I) = {z€D:1—|I| <[z < 1, £ o€ I}.
In [7], Duren generalized Carleson’s result and characterlzed the positive Borel measure
on the unit disk D such that the identity operator I; : H? — Lq(du) is bounded when 0 <
p < g < oo. Characterizations of when the differentiation operator D £ = £ is bounded or
compact from H” into LP(dp) were given in [8, 9, 10]. For recent related results, we refer to
[2,3,8,9,10, 11, 12, 13] and the references therein.

Let 0 < g < o0 and u a positive Borel measure. Let L%,((C, W) denote the space of all measure
functions f on complex plane C such that

q

/(C du(z) <

Let 0 < p < oo, 0 < g < oo, n be anonnegative integer, and i be a positive Borel measure
on complex plane C One of the aims of this paper is to characterize that the differentiation
operator D f = (") is bounded or compact from Fock spaces F?(C) into L%, (C,u). We say
that DU : FP(C) — Li,(C, u) is compact if

22

f(Q)e” =

q

7 @e 5| du() =0,

lim
J—=JC

whenever {f;} is a bounded sequence in F7(C) that converges to 0 uniformly on compact
subsets of C as j — . We remark here that Rozenblum and Vasilevski studied the boundedness
and compactness of D when p = g = 2 in [14], i.e., they showed that the equivalence of (1)
and (3) in Theorem 3.1 in this paper when p = g = 2. For the simplicity, we say that u is a
(p,q,n) Fock-Carleson measure if D) : FP(C) — L%, (C,u) is bounded, and p is a vanishing
(p,q,n) Fock-Carleson measure if D) : FP(C) — LY, (C,u) is compact.

Let ¢ be an analytic self-map of C, y an entire function on C, and n a nonnegative integer.
The generalized weighted composition operator is defined as follows:

W () = w(f™ o g),

where f (1) is n-th derivative of f.- If w=1, n=0, then the generalized weighted composition
operator reduces to the well-known composition operator:

Co(f)=fo0.

The generalized weighted composition operator acting on several analytic function spaces on
the unit disk has been studied in, for example, [15, 16, 17, 18, 19, 20]. Weighted composition
operators and generalized weighted composition operators acting on Fock spaces have been
studied in, for example, [4, 21, 22, 23, 24].

In this paper, we give complete characterizations of the boundedness and compactness of
the operator D) : FP(C) — LL(C, 1). By using these results, we give complete characteriza-
tions of boundedness and compactness for generalized weighted composition operator on Fock
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spaces. Also, we investigate the essential norm of generalized weighted composition operators
on FP(C).

The structure of our paper is as follows. In Section 2, we collect some basic facts about
Fock spaces. In particular, we introduce the Berezin type transforms, averaging functions,
and averaging sequences in our setting. Several lemmas will be given, which will be used
frequently in later sections. In Section 3, we give complete characterizations by using Berezin
type transforms, averaging functions and averaging sequences. In Section 4, the last section, we
study the boundedness, compactness and essential norm for generalized weighted composition
operators acting on Fock spaces.

Finally, throughout this paper, for a,b € R, a < b (a 2 b, respectively) means that there exists
a positive number C, which is independent of a and b, such that a < Cb (a > Cb, respectively).
Moreover, if both @ < b and a = b hold, then we say a ~ b.

2. PRELIMINARIES

In this section, we give some auxiliary results, which will be used frequently in the following
sections.

Lemma 2.1. ([1, Theorem 2.10]) If 0 < p < g < oo, then FP(C) C F4(C), and the inclusion is
proper and continuous. Moreover,

1

1lls < (g) "Il

forany f € FP(C).

The following two lemmas were proved by Rozenblum and Vasilevski in [14, Propositions
5.1 and 5.2] for p = 2.

Lemma 2.2. Let 0 < p < oo and let n be a positive integer. If f € FP(C), then

n I’lﬁ
A (@) < Enl(1+2l)"e T |l

Proof. For f € FP(C), from [1, Corollary 2.8], we have

lz[2

f@I<e>|fll,, zeC. (2.1)
For |z| < 1, Cauchy integral formula gives

Som

<m;%ﬁJﬂCN

@i [ Ak

12
< alllfllp max e <nlé|fl, (2.2)
z—(C =
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For |z| > 1, using Cauchy integral formula again, we obtain

7" (@) <

Combining (2.2) with (2.3), the desired estimate follows immediately.

n!
27
n!fz[”

/ 1£(E)]
lz—¢|=lo| ! |§ —z|* !
(&)

1g?
g2

e

< max

|z—&|=lz| !

<nllz]|Ifllp  max

|C|<\Z\+IZ|“

(el+1z=H? I\ b
Hpr

122

<nle*(1+[z])"e = || £

= il

(2.3)
U

Lemma 2.3. Let 0 < p < oo and let n be a positive integer. If f is an entire function, then, for

anyr>1,

e

2
<Cn!(1+ |z|)”(/
B(z,r)

dA(C)) g

\CI

f(&)e”

where C is a constant depending only on r, and B(z,r) denotes the disk with centre 7 and radius

r.
Proof. 1f |z| < 1, for any rg > 0, (2.2) and mean value theorem imply that
" \z\z
M@e F <1
<nl(1+z])" laaxlf(iﬂ
(2+r0) mZ p %
< 1+|z max(/ f()e 2 dAC)
nrg)ﬁ (D" 1E1<2\ /B(&,ro) © ©
(2+r0)2 1
2 P
<Smaal( [ lweFla) . es
(nro) ? B(z,ro+3)
If |z| > 1, we obtain from (2.3) that
i 2 [
@S <ntr e F max )
[w—z|<[z[ !
W2
<e?n!(1+|z))"  max (e*%|f(w)\p)%
w—z|<e[ !
senal ma ([ oe s aa)
[w—z|<[z|~! \ /B(w,r0)
) BTN
senrr( [ e S aw) @)
B(z,ro+1)

where the last two inequalities follows from [3, Lemma 2.1] and B(w,ry) C B(z,ro+ 1), respec-

tively.

0
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The following lemma is an analogous result of [2, Lemma 2.2].

Lemma 2.4. Assume that | is positive Borel measure on C, n is a positive integer, and 0 <
r,p < oo. Then

M (w)e

p
(14 W)™ u(B(w,r))dA(w).

w2

w5 [ 'f(w)f”z

Proof. By Lemma 2.3, we have

w2
2

4 w2 | P z
r@e g aviar( [ et o)’
z,r
Combining this with
|
'Hd<1+k—w, zweC, (2.6)
1+ |w|
we obtain
LIro@e = an@ s [ [rne | [ tpen )1+ 12D du()dA )
i ,
S [1r0e T | | 2o @1+ 12D Pdu()dAw)
_wp P "
S Cf(W)e 2| (L4 [w)"Pu(B(w,r))dA(w).
The proof is complete. 0

Now, let us recall the concept of lattices for complex plane C. For r > 0, a sequence of
r_

distinct points {a; } C Cis an 5-lattice if U;”_ B(ay,r) = C and {B(ay, 5)} are pairwise disjoint.
We will use such 5-lattice {a;} with r fixed in the following sections.

Lemma 2.5. ([25, Lemma 2.1]) Let r > 0 and {ai} be 5-lattice for C. Then there exists an
integer N > 0 such that every point in C belongs to at most N of the disks B(ay,2r).

Let i be a positive Borel measure on C. Because the area of B(z,r) is a constant for z € C,
we denote

Hy(z) == pu(B(z,7))
as the averaging function of u for simplicity.
For s > 0, t > 0, we define the (s,)-Berezin type transform of a Borel measure p on C by

Ban(@) = [ (1 wlye s auw).

Observe that if s = 0, ) is the 7-Berezin transform g;, which was defined in [2]. The role of

L5, is similar to 1 = 1o, in Fock spaces. Given a function f, let f(s,t) denote the Berezin-
type transform of f, namely

Fioo@ = [ Fo0(1+ et aan).
Also, we set

Fr(@)= )f(W)dA(W% fs(@) = (1+[2])°f (2),

B(z,r
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and

Fisp(2) == (1+[2]) fr(2).

Lemma 2.6. Let 1 < p <L oo, r>0,¢t>0ands > 0. Then the operator f;+—> f(s,t) and fs — F
are bounded on LP(dA,C), respectively.

Proof. We will use the interpolation argument. For p = 1, we have

Fisolosane) < [, LIrOnI(+wlye 55 aa()aac)

= [1£00)] [ e8P azdaw)
S [ 150)laAw)

= Ifsllzr(aac)-

From (2.6), we have

IFanlloane) < [0+ED [ 1f0nlaAm)aAG)
S LI+ [ 2o (@A E)dAMW)

Sl aac)-

For p = o, we have

JLrom e £ an)

| fs.)ll=(c) = esssup
zeC

<Al (p e-%'z—w'zdmw))
C

zeC
S slle=(c)
and
1E(s.r)l=(c) S esssup IF (I +[E])°dA(S)
ZGC B Zar)
~ || fsllz=(c)
where we used (2.6) again. So, by Riesz-Thorin interpolation theorem, we obtain the desired
results. (]
For s > 0, let

ps(2) i= (142’1 (2), by (2) 2= (1+[2]) (B (z, 7).

Lemma 2.7. Let 1 < p < o0, 0 < s <ooand [ be a positive Borel measure. If L . gy belongs
to LP(dA,C) for some ro > 0, then so does W gy for all r > 0.

Proof. The proof is similar to that of Lemma 4.2 in [25] with the aid of Lemma 2.6 instead of
Lemma 4.1 in [25]. The details are omitted here. L]
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Lemma 2.8. Let 1 < p < oo, 0 < s <ooand U be a positive Borel measure on C. Then the
following statements are equivalent:

(1) Ky € LP(dA,C) for some (or any) t > 0;

(2) Ws,B) € LP(dA,C) for some (or any) r > 0;

(3) {(s,rB)(ax) } € £P for some (or any) r > 0, where {ay} is 5-lattice on C.

Furthermore,

185,01 20 (an,c) =2 |s ) lLr(aac) = XM 8y (@) }l v (2.7)
Proof. (1) = (2).For0 <5 <oo,0< 1t < oo,

o () = (1 D) [ da(w)
B(z,r)
S J o (1 re 3 )
S His ) (2)- (2.8)
(2) = (1). For any entire function f and ¢, > 0, [3, Lemma 2.1] yields
2| w2 |°
(1+12)*| f(2)e™ = §(1+\Z|)S/B(zr) flw)e™ 27| dA(w)
2 |t
S [l (e F | dap), zeC @)

Integrating both sides of above inequality over C against the measure d(t, we obtain

L+ wly

flw)e™

Flauon < [0+ mrls
= [+ wly
C
Letting f(w) = k;(w) in (2.10), we have

Bl (@ = [ (1 bl e 5

C
S [ RBOn) 1+ e H aA ).

(z)dp(z)dA(w)

f(w)e_i2 w(B(w,r))dA(w). (2.10)

Applying Lemma 2.6, we conclude that

s 2o @a,c) S IBGs,rp) llLr(aac) < o (2.11)

(2) = (3). The proof of the case p = oo follows from the relation 1+ |z| >~ 1 + |a;| for
7 € B(ay,r) and [3, Theorem 2.3]. For the remaining cases 1 < p < oo, by the property of
%-lattice in Lemma 2.5, we have

- ) ,,
];I/B(ak,r)(“ (5:2r8) (2))PdA(2) <N /(C(“(S,Zr,B)(Z)) dA(z). (2.12)
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The triangle inequality implies that u(B(ay,r)) < u(B(z,2r)) for z € B(ay,r). Then

52 5 PdA(z
)3 e 21, W)(u( (@) dA()

| l

Z H(s ) ( (2.13)
According to Lemma 2.7, if  .p)(z) € LP(dA,C), so does [,.p)(z). Hence, combining
(2.12) with (2.13), we obtain the desired result.

(3) = (2). Using Lemma 2.7, we obtain

By (@)7aate) < (ki) (2)) A

((lk,r)

A
D18 TP
S o

(.u(s,Zr,B) (ak) )pdA (Z)

(ag,r

T
I

12
s

(nu(s,Zr,B) ((lk) )p .

~
I
_

The equivalence of norms in (2.7) follows from the process of the proof. UJ

Lemma 2.9. ([2, Lemma 2.9]) Let 1 < p <oo. Forc={cj} € (P, set

[ [} _ ‘a4|2
7) = Z cika;(z) = Z cje"f'zf+, z€C,
=1 =

where {a;} is 5-lattice in C. Then S is a bounded operator from (P to FP(C).

The following result gives the higher order derivative characterizations for Fock spaces. See
[2, Theorem 2.1], [26, Theorem 1] or [27, Theorem 1].

Lemma 2.10. For 0 < p < oo, let f be an entire function on C. Then f € FP(C) if and only if

/M@
(1+z])"

for any positive integer n. Moreover, if 0 < p < oo, then

T € LP(dA,C)

> (n) 2|P r
—Blg]? f (Z) \ZI )1’
) I R A T
If p = oo, then
M) e
[0 =~ Z f® |+§1€1£ avere |

3. FOCK-CARLESON MEASURE FOR DERIVATIVES

In this section, we give the characterizations of the boundedness and compactness of D
FP(C) — LL(C,u) forall 0 < p,q < o.
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Theorem 3.1. Let 0 < p < g < oo, n be a positive integer, and |1 a positive Borel measure on C.
Then the following statements are equivalent:
(1) Wisa (p,q,n)-Fock Carleson measure;
(2) Kignys) € L*(C) for some (or any) t > 0;
(3) (gnrB) € L™(C) for some (or any) r > 0;
(4) {l(gnrp)(ar)} € £ for some (or any) r > 0, where {ay} is 5-lattice in C.
Furthermore,

©) = | gn,r.) l=(c) = II{ Kign,r.p) (ar) }Hl e (3.1)

]
Proof. Lemma 2.8 for p = oo gives the equivalence of (2), (3) and (4). We next prove (1) <

(3).
(1) = (3). If [w| > 1, let £(z) = ky(z). By the boundedness of D) : FP(C) — L{,(C, ),
we have

\\2

L RO @ [utz) = i [ e Pau)
S Ikl ~ 1. (3.2)
For r > 0, we obtain by (3.2) that
e [ e s [ e i) 5
B(w,r) B(w,r )
which implies that
2
(14w w(B(w,r) < e'T . (3.3)

If [w| < 1 and |b| > 3, we let f(z) = kyy15(z). It follows that

_i2 |
wip(2)e 7| dp(z) S [lkgallp ~ 1,

which implies that
]w+b\‘”’/ e*%|w+bfz|2d,u(z) <1
B(wyr)

It follows that
(1+ W) w(B(w,r)) < U+, (3.4)

Combining (3.3) with (3.4), we obtain (3).
Conversely, if (3) holds, similar to the proof of Theorem 5.4 of [14], we have

q oo
L .(f):= d <
)= | po <X [l

where {ay} is 5-lattice. For w € B(ay,r), Lemma 2.3 gives

|w\2 q
2

7O (w)e M (w)e™ 2| du(w), (3.5)

“2‘]

‘ P (w)e™ T

SO [ r@)le ol aac)
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Combining this with (3.5), and using Lemmas 2.1 and 2.5, we obtain

o) S bl X [ @ 1R aae)

S N ignrp) lz=@) 1FIF SN - pHli(qu)HLw((C)HfH?a,

which implies (1). The equivalence of norms in (3.1) can be obtained from above proof and
Lemma 2.8. The proof is complete. 0J

Theorem 3.2. Let 0 < p < g < oo, n be a positive integer, and [L a positive Borel measure on C.
Then the following statements are equivalent:
(1) Wisa vanishing (p,q,n)-Fock Carleson measure;
(2) Higns)(2) = 0 as |z| = oo for some (or any) t > 0;
(3) Ugn,r.p)(2) = 0 as |z| — oo for some (or any) r > 0;
(4) WignrBy(ar) — 0 as k — oo for some (or any) r > 0, where {ay} is 5-lattice in C.
(

Proof. (1) = (2). Assume that D) : FP(C) — L{,(C, u) is compact. Since k; is an unit vector
in F?(C) and k;(w) — 0 uniformly on any compact subset of C as |z| — e, we have from
Theorem 3.1 and [2, Theorem 3.1] that u is a (p,q,n)-Fock Carleson measure if and only if
(1+|w|)?*du(w) is a (p,q)-Fock Carleson measure. Hence,

" q
.u(qn,q) (Z> = /(C

(1 w)"du(w) < [kl = 0,
as |z| — oo. That is, (2) holds for r = g.
The proof of (2) = (3) follows from (2.8).
(3) = (4). Applying the estimate of (2.6) in [2] and 1 + |ay| ~ 1 + |z| for z € B(ay,r), we
have

\|2

k,(w)e™

(o) "B ) S [ ()" (B(Er)dAG).

Combining this with (3), we see that

.u'(qn,r,B) (ak) = (1 + |ak|)qn:u(B(aka I")) — 0, as k — oo.

(4) = (1). Let {f;} € FP(C) be a bounded sequence and {f;} converge to zero uniformly
on each compact subset of C as j — eo. On the one hand, since U, . p) (ax) — 0 as k — oo, for
any € > 0, we have that there exists a positive integer Ny such that i, , ) (ax) < € whenever
k> Ny. LetK := Ulk\’i]B(ak, 2r). Then there exists a positive integer jo such that when j > jo

q

No ‘2 p >

Y (@) [ e | aw) se 36

k=1 B(akvzr)

In view of % > 1, we have
y @) et aa)’

Hgn,rp)\a / f <)e dA )

k=No+1 (an.rB) K B(ay,2r) /

N ‘2 V4 %

< s( Y / fi(z)e” 7| dA(z )) <e. (3.7)

k=Ng+1 Blar,2r)
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From Lemma 2.3, (3.6) and (3.7), for any € > 0, we have that there exists a positive integer jo
such that, when j > jo,

)y~ |
Ll @e | ane) (3.8)
- - |
<Y [ |5 @e | dut)
k=1 Blag,r)
;- DY JaY:
< ) uBlag,r))| sup |f;"(z)e” 2
k=1 ZEB(ak,}’)
[ " _ﬁ p ?
ST b s (a7 [ e F] aae)
k=1 2€B(ag,r) B(z,r)
[ _ﬁ p %
ST alabmudan( [ o] ae)
=1 B(ay,2r)
Se
So u is a vanishing (p, g,n)-Fock Carleson measure. This completes the proof. U

Next, we characterize the (p,q,n)-Fock Carleson measure for ¢ < p by using Luecking’s
method via Khinchine’s inequality (see [9, Theorem 1]).
Define the Rademacher functions r(x) by

) I, 0<x—[x]<3,

ro(x) =

0 ~1, t<x—p<t;
re(x) = ro(2%x), k>0,

where [x] is the largest integer not greater than x. For 0 < p < o, the Khinchine’s inequality is

m p m ) 5
chrj(x) dx ~ (Z ¢ )
j=1 j=1

for all m > 1 and complex numbers cy,c3,...,Cn.

Theorem 3.3. Let 0 < g < p < oo, n a positive integer, and [L a positive Borel measure on C.
Then the following statements are equivalent:

(1) wis a (p,q,n)-Fock Carleson measure;
2) W is a vanishing (p,q,n)-Fock Carleson measure;

)
) p
3) Higns) € LP- q(dA C) for some (or any) t > 0;
) K
)

4) Uign,rp) € L7~ fI(dA (C)forsome (or any) r > 0;

(
(
(
(5) {gnrB)(ar)} € = for some (or any) r > 0, where {a;} is 5-lattice in C.
Furthermore

H‘qu Hnu (gn,t) H pL( ”u(qn,nB)H

= ” {nu(qn,r,B) (ak)} ng’—jq . (3.9)

_pP_
dAC) LP-4(dAC)

Proof. The equivalence among (3), (4) and (5) follows from Lemma 2.8.
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We next prove (1) < (4). To prove that (1) implies (4), we apply Luecking’s method via
Khinchine’s inequality in [9, Theorem 1]. Let {c;} € €7, {a;} be 5-lattice with inf; |a;| > dp > 0
and

=1

By Lemma 2.9, ||f||, < [|[{c;j}|ler. Since u is a (p,q,n)-Fock Carleson measure,

- J22
ci(@)kq,(z)e” 2
Jo B et

du( ) Sl {e;HIg- (3.10)

Also, if % < 1, it is obvious that

[SS1ASY

L et @0+l < (L 0+l "ot 9)

J=1

It % > 1, by Holder’s inequality and Lemma 2.5, we have
Z i1 2B(a;.n (2) (1 + [a; )"

< (2 &3P+ ) <z>)

j=1

q
2
<N zq(zw 1+|a]|>2"x3a,,><>>.

j=1

Then

Y61+l ) "(Bla 1)

= [ X e, Q)01 e

<mas (V1 (L PO+l "t 2)) )
< L Z e Pam 0] duc

q
00 2
st [ ( ) |c,-<a—,~>"\2e'“f'2) du(z). G.11)
J=1
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Khinchine’s inequality and Fubini’s theorem yield

/ (i |c~<aT>"|2e—'Z—“f'2) (o) < [ [ L erare 10| asanco
c\ & j\aj ~ e o J j
1 |z— |2 q
Xej@)e 2| du(2)dx
< el e (3.12)

where the last inequality follows from (3.10) by replacing c; with r;(x)c;. Set A; = |c;|. Then
(3.11) and (3.12) give

[e]

Z (1+a; )" u(Blaj,r)) < ClRI?{A 3 2

]:
By duality, we obtain
{(1+]a))"u(Blaj, )} € 075, (3.13)

So we obtain a discrete version of the condition. To see a continuous version, we observe that
(3.13) still holds if B(aj,r) is replaced by B(a;,2r) since the argument is independent of r. On
the other hand, it is possible to select 5-lattice {a;} such that inf;|a;| > 0 (for example, by an
appropriate translation). Hence, if z € B(a j,r), then B(z,r) C B(a j»2r), and

(1+ [z u(B(z,r)) S (1+[a;)*" u(B(aj,2r)).

It follows that

/C ((1+ )" (B(z 7)) P 7dA(2)

A
s

Jy g (05 i) "R B, 20) P2

.
I
—_

p

AN
gk

((1+la; )" u(B(a;,2r))) 4 < co.
j=1
This shows that (1) implies (4).
Next, we prove (4) = (1). Lemma 2.4 and Holder’s inequality give
127
L1 @e % an@ < Uil 2y o, G.14)

for any f € FP(C). Hence, u is a (p,q,n)-Fock Carleson measure.

Finally, we prove (1) < (2). We only need to prove (1) = (2). Let {f;j} C FP(C) be a
sequence of functions such that Ko := sup; || f|, < e and {f;} converges uniformly to zero on
compact subsets of C as j — oo.

The previous proof shows that i, ) € L (dA,C). So, for any € > 0, there exists suffi-
ciently large R > 0 such that

r—4q
r p £
([ Mm@ 5aa0) " < - (.15)
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Let Dg = {z € C: |z| < R}, and define u® on C such that u® =y on C\ Dg and u® = 0 on Dg.
Applying (3.14) and (3.15), we have

4214
Jop, |57 @ F an@) = [ 7@ F | autca

J
S WG| 25 g ) S € (3.16)

\z\z

Fix R > 0 such that (3.16) holds. By assumption, there exists a positive integer jo such that

s

as j > jo. Combining (3.16) with (3.17), for any € > 0, we have that there exists a positive

integer jo such that
_ ( / N / ) PG
Dg C\Dg

as j > jo. Hence, u is a vanishing (p,g,n)-Fock Carleson measure. The proof above yields the
equivalence of norms in (3.9). [

q
du(z) < e, (3.17)

12

A

q
du(z) S e

1\2

Finally, if p = o in Theorem 3.3, then we have the following result.

Theorem 3.4. Let 0 < g < oo, n a positive integer, and L a positive Borel measure. Then the
following statements are equivalent:
(1) w is a (e0,q,n)-Fock Carleson measure,

(2) Wisa vamshmg (e0,q,n)-Fock Carleson measure;
(3) bgny) € L'(dA,C) for some (or any) t > 0;
(4) Uign,rp) € L' (dA,C) for some (or any) r > 0;
(5) {Kgn,rp)(ar)} € " for some (or any) r > 0, where {a;} is 5-lattice in C;

)

(6 /an( ) < oo
Furthermore,

Tl = | Bgna) 2 aa,c) = 1 gn,rBy L (aac) = I{ M gn.rB) (@) I == Hgn(C).
Proof. The equivalence of (3), (4) and (5) follows from Lemma 2.8. Note that

)~ /cc [c(l +lz) e 5 ap (z)dA (w)
= [a+ihm [e S armant)

= [ (1417 (@) = pn(©).

Then (3) < (6) follows.
The proof of (1) = (4) is a modification of the proof of (1) = (4) in Theorem 3.3. Also, we
have

H:u(qn,r,B)HL'(dA,C) NRITT
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For (4) = (1), let f € F°°((C). Applying Lemma 2.4, we obtain

Llree ane < [ |rone
S 11 /C (1 b (B(w.)dA ()

= Hf”lo[o : H;u(qn,r,B) HLl(dA,(C)‘

Moreover, ||| < [|Bgn,r)llL1(aa.c)-
The proof of (1) = (2) is similar to that of Theorem 3.3. Hence, the detail is omitted here.
This completes the proof. U

1+|W|)‘1” (B(w,r))dA(w)

4. GENERALIZED WEIGHTED COMPOSITION OPERATORS ON FOCK SPACES

In this section, as an application of Theorems 3.3 and 3.4, we study the boundedness and
compactness of generalized weighted composition operators from F?(C) into F4(C). In ad-
dition, we also study the essential norm of generalized weighted composition operators. The
following lemmas will be used in this section.

Lemma 4.1. ([28, Proposition 2.1]) Let f and ¢ be two entire functions on C such that f % 0.
Suppose that there is a positive constant C such that

1f(2)el®@P P < ¢

forall z € C. Then ¢(z) = ¢(0) + Az for some |A| < 1. If [A| = 1, then f(z) = f(O)e*BZ, where
B = A@(0). Furthermore, if

lim | () el PO =0,

|z|—>e0

then ¢(z) = Az+Db with |A| < 1.
The following two lemmas can be found in [4, Lemma 1.2] and [5, Lemmas 2.3 and 2.4].

Lemma 4.2. Let 0 < p,g < o andlet T : FP(C) — F4(C) be a well-defined linear continuous
operator. The following two assertions are equivalent:

(1) T : FP(C) — F4(C) is compact;

(2) for every bounded sequence { fi.} C FP(C) converging to 0 in H(C), the sequence {T f }
also converges to 0 in F4(C).

Lemmad4.3. Let | <p<ooand1 < g<oo IfT: FP(C) — F1(C) is compact, then, for every
sequence {w,} C C with lim,_e |wy| = oo, {Tky, } converge to 0 in F4(C) as n — oo.

The following two quantities play an important role in the following discussion:

o)~z

mea(W,0) = y(@)||le2)"e 7, zeC,
and

mu (Y, @) := supmz (Y, @),
zeC
where 7 is positive integer.

First of all, we have the following necessary condition.
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Proposition 4.1. Let 0 < p,q < oo, n a positive integer, ¢ an analytic self-map of C, and y
a nonzero entire function on C. If Wl,(,nzp : FP(C) — F4(C) is bounded, then y € F4(C) and
m, (Y, Q) < oo. In this case, ¢(z) = az+ b with |a| < 1 and

mea(W.9) < [[Wylakoo |, < W @D

forany z € C.

Proof. Since f(z) = 7" € FP(C), the boundedness of Wl,(,'fzp implies y(z) € F4(C). Using the
)

boundedness of Wl,(,'fq, again, we obtain

|2 lz[?
2

o e bR G kP ;
(@) |[w]"[e0E = e T < [Wibku(2)le™ T < W,

, wecC. 4.2)
Letting w = ¢(z) in (4.2), we have

me (W, 0) < || Wirs|

for any z € C. Hence, ¢(z) = az+ b with |a| < 1. We next prove |a| # 1. In fact, if |a| = 1, then
we conclude from Lemma 4.1 and Liouville’s theorem that

v(z)(e(2))" =0.
In view of @(z) = az+ b # 0, we have y(z) = 0. This contradicts the assumption. O
Corollary 4.1. Let 0 < p,q < oo, n be a positive integer, and Y be not identically zero in F1(C).
If o(z) = b, then Wl,(,n()p :FP(C) — F4(C) is compact and

|2

5% b
Bl"e > [ylly S IWy'pll S (1+1B)"e > [[wlly: (4.3)
Proof. For f € FP(C), it follows from Lemma 2.2 that

b

W flla S L+ [B)"e = (|11, v,

and
(n) n 1
Wy.oksllq = 1bl"e 2 [[wlly,
which implies (4.3). Also, Wll(,'?()p is a finite rank operator with rank 1, so it is compact. 0

Next, we consider the case ¢(z) = az+b as 0 < |a| < 1. We define the following pull-back
measure Vy o4 on C
q

4,312 g4
L] pale

Vypq(E) =
for every Borel subset E of C.

Theorem 4.1. Let 0 < g < p < o0 and n be a positive integer. If w € F1(C) is not identical zero,
and ©(z) = az+b with 0 < |a| < 1, then the following statements are equivalent:

(1) Wl,(,nzp :FP(C) — F4(C) is bounded;
(2) Wl,(,n()l, : FP(C) — F4(C) is compact;
(3) mon(y.9) € LI4 (dA,C).
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Furthermore,

2p=q) < < e ”—‘Z g
L et 1 i (L2 ] i A

Proof. We only need to prove (1) = (3) = (2).
(1) = (3). For f € FP(C), we deduce that

HW%

£, = Wy (Fllg

where dly ¢ 4(z) = e%‘dzde’(p’q(z). This shows that iy ¢ 4 is a (p,q,n)-Fock Carleson mea-
sure. Applying Theorem 3.3, we obtain

(Bvra)an(00) = [ (1 D"k (D) dVy04()
= o [ WE@FO+ o@D k(o) e I dAG)
o [ eE) " k(P T dA:).

In particular, if w = ¢(z), then

(Hy.0.9) (gn,9) (9 (2) }WIINP (2)|*e2 e
= |‘l/(Z)|‘”‘P(Z)!qn|k<p(z)(‘P(Z))|q€7%‘z|2 = (ma(y,0))?

for any z € C. Hence,

Pq

[ a0 0)7904G) < [ () an(02) 794A )

_r_

= |a|? /(C ((Hy9.9) (gng) (2)) 71 dA(2) < eo. (4.4)

Therefore, m. , (Y, ®) € L (dA,C). Furthermore, applying (3.9) of Theorem 3.3, we have

() 19 _ ~
”W‘I/KP”q - 1 (»ull/,(l)yq)(qn,q) H PL(dA (C) 4.5)
Combining (4.4) with (4.5), we obtain
P—q
_pP_ Pq
Hmz,n(W7(P)||Lp 9(dA,C) (' - / ((“"”W)(qn,q)(z))pqu(Z))

2(p—q)

< a5 )| “o
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(3) = (2). For f € FP(C), Holder’s inequality gives

rq

HWu(fngofHZ < % </C (IW(Z)I(l + I(p(z)|)ne‘l’(l)§z|2) ,,qu(Z)) p=g )
(n) o o \ao(;)\z ‘
</@ (W i |)q(>z<)z|>|>n )p‘”‘@) - @7

For the first integral, we split it into two pieces

/ +/ W (@)|(1+|e(z)])"e 2 dA(z) ;=1 + 1.
o)<l J]o(z)[>1

By Proposition 4.1 and Lemma 2.1, for y € F4(C), we have

p"ﬁ ra.
nsf (e ®) M aw s il “®

It is easy to check that

Pq

LS [ (mea(y.9) 7 5dAG). 4.9)
For the second integral in (4.7), by Lemma 2.10, we have
(L 10 ) ano=la [ (VS (Z)|ezj)pdA(z)
C (1+]e@)])" c\ (I+]zf)"
< lal”? A5 (4.10)

Combining (4.7) with (4.8), (4.9), and (4.10), we obtain

Pq

[wyra s <!a\‘fz’(HwH’”’+Hm (v % )pq”f”
volll, < zn\Y, L( <) p-

Lr—4(dA
Hence
P—4
N
L (R T A @i

Let {f;} C FP(C) be any bounded sequence converging uniformly to zero on compact subsets

of Cas j — co. Let Kj :=sup; | £i|l& < oo. Since m, (W, @) € L%(dA,(C), then, for any € > 0,
there exists R > 0 such that, as |z| > R, |@(z)| > 1 and

pP—q
rq p £
qu(z)) <
K1|Cl|77

(/|Z|>R (mon(y,@)) 7
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Thus

[ @I o)l T dac)
<(/., (rw<z>r<1+\<p<z>\>"eW)'ﬁq“dA<z>)"qx
’(f(n)o )( )\e*‘(pg)‘ p
(/R( j<1f|<pz<z>|>n )"A@)

Sl Uty [ rentwo)Fran))  se

<R

P—q

By the assumption of { f;}, there exists a positive integer jo such that when j > jo
q|( ) 103127 gA(2) < [lwll?- () q
ek (W@ (S 0 @) (2)]"e (@) < iz max|(f;" e @) <&
X

Hence, for any € > 0, there exists a positive integer jo such that when j > jo
rli=aL ([ +f > af(f 4p= 3P
W 11 — + z NN} )| %e 2% dA(z ,S E.
Iwyafilg 2n( Iy e G CIC] (2)

Applying Lemma 4.2, Wl,(,nzp is compact. Furthermore, combining (4.6) with (4.11), we have the

norm estimates about Wl,(,'?()p. This completes the proof. 0

Theorem 4.2. Let 0 < g < 0 and n be a positive integer. If y € F1(C) is a nonzero function
and @(z) = az+b with 0 < |a| < 1. Then the following statements are equivalent:

(1) Wl(Vn()p : F*(C) — F4(C) is bounded;
(2) Wl,(,'f()p : F=(C) — F4(C) is compact;
(3) mu(y, @) € L9(dA,C).

Moreover,

2 n q
]|z (W, 0) | an o) < [1Woll (uwnz+ ey w)\\zqm@) -

Proof. The proof is similar to Theorem 4.1 with a simple modification. So we omit the details
here. U

Theorem 4.3. Let 0 < p < g < o0 and n be a positive integer. If w € F4(C) is a nonzero function
and ©(z) = az+bwith0 < |a| < 1.

(1) Wl(Vn()p : FP(C) — F4(C) is bounded if and only if m,(y, @) < oo. Moreover,

n _2 1
ma(y, ) < |[Wi || S lal ™ (112 + (malw, @) %) 4. (4.12)

(2) Wl,(,nzp : FP(C) — F4(C) is compact if and only if| 1|im mz (Y, ) =0.
z|—o0
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Proof. (1) The proof of necessity follows from Proposition 4.1. Conversely, for every f €
FP(C), applying Lemmas 2.2, 2.10 and 2.1, we deduce that

) 4410
warly < (s, e s mtvi)) [T ane

S lal” 2<||l//||z+(mn(l//>(p)) )IIfII%-
Combining this upper bound with inequality (4.1), we have (4.12).

(2) Assume that Wl,(,'fzp is compact. For every sequence {z;} C C such that |z;| — e and
k(p(zj) — 0 as j — oo, we obtain from (4.1) and Lemma 4.2 that

mz;n(Y, Q) < HWV(/}:?Pk(P(Zj) ||q —0
as j — 0. This implies that m_ ,(y, ) — 0 as |z| — oo.
Conversely, assume that lim m_,(y, ) = 0. We see that Wl,(,nzp is bounded by part (1). Let

|e| e
{fi} C FP(C) such that f; converges uniformly to zero on compact subsets of C as j — co. Let
Ky :=sup; || fl|} < eo. Since limy,_com (W, ) =0, for any € > 0, there exists R > 0 such that
as |z| > R |@(z)| > 1 and

e \1
mea (W, @) < Kaja2)

In addition, there exists a positive integer jo such that when j > jj

HwH"max\( "og) (o) <e

Tel<r

When j > jo, we have

[wyasil;

:%(/Z|<R+/|Z|>R>|W(Z)‘q}(f](n)oq))( )’q RL dA(z)

<L . 10=31" gA
<aamlU R 0r [ e o)

e\ (" 0 9) (@)[fe 1P
+En|la)lg( N1+ |o(2)])"e ) /|z|>R (1+](z)]) dA(z)

<||llf||q‘ ‘aX\( °9)(2)|"+lal” zsupllfjllq sup (mz (v, 9))* Se.

|z|>R

So Wu(,"zp is compact from F?(C) into F4(C). O

Theorem 4.4. Let 0 < p < oo and n be a positive integer. Let Y be a nonzero function in F*(C)
and @(z) = az+b with 0 < |a| < 1.

(1) Wl,(,'fzp : FP(C) — F*=(C) is bounded if and only if m,(y, @) < . Moreover,

ma(¥,9) < [Wyp | S 1Vl + (v, ).
(2) Wl,(,nzp : FP(C) — F*=(C) is compact if and only if|1|im mz (Y, ) =0.
z| o0
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Proof. Since the proof is similar to that of Theorem 4.3, we sketch the theorem briefly. First,
we consider the case 0 < p < oo,

(1) The necessity follows from (4.1). If m,(y, @) < oo, then, for every f € FP(C), we con-
clude from Lemmas 2.10 and 2.2 that

HWII(fr,l()PfHOOS( sup + sup )W’(Z)’(l‘i“([)(z)‘)ne
lp(2)|<l  |o(z)[>1

S (Illeo+man(y, @) - 1£11p-

Hence, Wy(,"zp is bounded.

le@)]

27‘1‘2
SR

(2) Assume that Wl,(,’?()p is compact, let {z;} C C such that |z;[ — e and ky(.;) — 0 as j — co.
It follows from Proposition 4.1 and Lemma 4.2 that

ijJ’l(Wv (P) < HWq(lr,lzpk(p(z,) ||o<> —0
as j — co. So limy,|_,e 1 (W, @) = 0.

Conversely, limj,| ., 1., (¥, @) = 0. We know that Wq(,il()p is bounded by part (1). Let {f;} C
FP(C) be a bounded sequence and {f;} converge uniformly to zero on compact subsets of C
as j — oo. Then, for any € > 0, there exist R > 0 and positive integer jy such that, as j > j,
lo(z)| > 1 and

[Wo b i S 1W o sup | (£ 0 @) (2)| +sup L£ill, sup mzn(w, @) S .
[z]<R J lz|]>R

Hence, Wl,(,'fzp is compact. The proof of p = oo is similar by a simple modification. This completes
the proof. 0J

As an application of Theorems 4.1, 4.2, 4.3 and 4.4, we can easily obtain the following

corollary about the boundedness and compactness of generalized composition operator C((P"),

where C((Pn) is the special case of Wl,(,'?()p when y = 1. We see that when @(z) has the form

©(z) = az+ b with |a| < 1 the boundedness and compactness of C((pn) between different Fock

spaces are equivalent.

Corollary 4.2. For 0 < p,q < oo, let n be a positive integer. The following statements are
equivalent:

(1) C((pn) : FP(C) — F4(C) is bounded;

(2) C((pn) : FP(C) — F4(C) is compact;

(3) ©(z) = az+b with |a| < 1.

Finally, we study the essential norm of Wl,(,'fzp : FP(C) — F4(C) when 1 < p < ¢ < o and
1 < p<oo, g=-ocowith ¢(z) =az+b, and 0 < |a| < 1. We recall the concept of essential norms
for bounded linear operators. Let X and Y be Banach spaces, and let .# (X ,Y) be the set of all
compact operators from X into Y. The essential norm of a bounded linear operator L : X — Y,
denoted by ||L||, is defined as

|L|| =inf{||L—T|: T € #(X,Y)}.

So L is compact if and only if ||L||, = 0. The idea of proofs of the following two theorems
follow from [5, Theorem 3.8].
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Theorem 4.5. Let 1 < p < g <oo. Let y € F4(C) be a nonzero function and ¢(z) = az+ b with
0<lal <1 Ile,(,'fzp : FP(C) — F4(C) is bounded, then

_2
limsupm, (Y, @) < HW‘,(,nsze S lal” e limsupmg (¥, @).
|z o0 |z| oo

Proof. From (4.1), limsupy,_,.,m (Y, @) < . We assume that

IWy'a|l, < limsupm..(w, ).

2| oo

Then there exist positive constants ¢; < ¢, and a compact operator 7 : F”(C) — F4(C) such
that

HWI,(,H()p — TH <1 < ¢y <limsupmg,(y, Q).

|z|—veo

In particular, there is {z;}, |zj| — oo as j — o such that

lim m;; o (v, @) = limsupmz (Y, @) > co. (4.13)
J—ree

|z|—e0

On the other hand, applying (4.1), we obtain

Wy =TIl > [Wyloko(e)) — Thoc |

q
Z HW(}?()Pk(P(Zj)Hq - HTk(P(Zj)Hq
> me;n (W 9) = || ko [ (4.14)

Since |@(z;)| — o0 as j — oo, then Hquo(z,-) ||q — 0 as j — oo by Lemma 4.3. Combining (4.13)
with (4.14), we see that, when j is sufficiently large,

e > [ Wyl =T > me,(w,9) > co.

This is a contradiction. So

lil’l’lSU.pmz,n(W7 (P) < ||WV(/,71()P|| :

e
||

For the upper bound, let k be a positive integer, Ug, f(z) = (&) Ve, f(2), and Vg, f(2) = f(&z)
with & = 1<+L1 Then according to the proof of Theorem 3.8 in [5], we have Ug, is compact on
FP(C) and

S}

—n

U]l < & 7
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for k. Fixing R > 0 such that |@(z)| > 1, |z| > R, we have
(n) (n) (n)
Wyl <[|Wyip — Wylp o Ue|

= sup || Wy'po (1= Ug)f],
[f1lp<1

q
< sup (i/ |Wl,(,'fzpo(I—ng)f(z)}qe_gmsz(Z))
Iyt N2 JeI<R
1
+ sup (i/ |Wl,(,'32po(I—ng)f(z)‘qe_gmsz(z))q
Iyt N2 >R
=Nt D,

where [ is the identity operator on F”(C). Applying Lemmas 2.1 and 2.10, we have

Jok 5( sup mz (Y, <p>) X

|z|>R

q (1= Ug)£)™ 0 9) (2)|1e 40P 1
et <§/|z|>ze (1+|@(z))) dA(Z))

_2
<lal (p mz,nw,q)))- sup /(71— Us)flg

I71p<1

_2
<lal (p mz,nw,«p))- sup 1|1~ Us)f1l,

I71p<1

_2
<l 51— U |- ( sup (W, w))

lzZ|>R

2,
<l (1+ek ; ) ~ ( sup (V. <o>>.

|zZ|>R

For Jj x, we have

u Csp (L — V) f) 931 !
Jl’kg(SpW(Z”) |fs|p21(27t/|z|<R|(I V) (0] dA(Z))

|z|<R

s (i/lzKRe_%'Z'sz(Z)) é. ( Sup "l’(z)|> - sup sup (1= Ve f")(9(2))]

2z 2l <R 1 £1l,<1 lzI<R

<(Suplw(z)l)' sup sup |(1—Ve,)f" (0(2))]-

dl<R o<1 <R

The last inequality follows from the fact || f]l < [|f]|,- For each f(z) = X7_ga,z/ with || f]l-
< 1, by the estimate in the proof of Theorem 3.8 about a; in [5], we have

%
jaj| < (E)
J
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for all j > 1. Setting Ry = |rr|1aX|(P( 2)|s
<R

e <( sup |w<z>|) Csup sup |1V (2|

l2|<R Il [2]<Ry
<( sup |W(Z)|)
lz]<R
- KON
- Sup sup Z ‘aj’f(j—l)' —n—l—l( <_> )’Z’Jn
Il fllo<1|z|<Rp j=n-+1 k1
( k
_|_

=(sup|w(z)\)- swp sup Y Jarnl U

|z| <R [1fllo<1 |2|<Rp i=1

i+n
2

<pri(smver) LR (; jn) ,

where the series in the last equation is convergent. Then,

[W5all, < timsup [Wylp —Wyo o Us |

< limsupJy  + limsupJ; x
k—yo0 k—>o00

_2
< lal 4 sup mo (W, 0).
|z|]>R

Hence, the desired estimate follows by letting R — oo.

O

Theorem 4.6. Let 1 < p < oo, y € F*(C) be a nonzero function, and ¢(z) = az+ b with

0<la| <1 IfWI,(,'f()p : FP(C) — F*(C) is bounded, then

HWW (pH ~ limsupm (Y, @).

|z|—e0

Proof. Since the proof is similar to Theorem 4.5 with a simple modification, we omit the proof

here.
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