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Abstract. In this paper, two generalized contractions, the generalized Fts-contraction and the generalized
(ψ,φ ,Fts)-contraction, are introduced. Two fixed point theorems were established in ordered b-metric
spaces. An example is presented for illustrating the fixed point theorem of the generalized Fts-contraction.
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1. INTRODUCTION AND PRELIMINARIES

The Banach contraction principle is the most famous fixed point theorem in fixed point theory
and finds various applications in nonlinear and variational analysis; see, e.g., [1, 2, 3, 4, 5, 6,
7, 8] and the references therein. In 2012, Wardowski [9] gave an interesting generalization of
Banach contraction, which is now known as the F-contraction. In 2015, Cosentino et al. [10]
further extended the F-contraction in the setting of b-metric spaces, and proved some fixed
point theorems.

Definition 1.1 ([11]). Let X be a non-empty set and let s ∈ [1,∞) be a given real number. A
function d : X ×X → R+ is said to be a b-metric if and only if for all x,y,z ∈ X the following
conditions are satisfied:

(1) d(x,y) = 0 if and only if x = y,
(2) d(x,y) = d(y,x),
(3) d(x,z)≤ s[d(x,y)+d(y,z)].

Then the triplet (X ,d,s) is called a b-metric space.

It is obvious that a metric space is also a b-metric space while the following example shows
that the converse may fail.

Example 1.1. Let X = [0,1] and d : X×X→R+ be defined by d(x,y) = |x−y|2 for all x,y∈ X .
Clearly, (X ,d,2) is a b-metric space that is not a metric space.
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Recall that a sequence {xn} in a b-metric space (X ,d,s) converges to a point x ∈ X if
limn→∞ d(xn,x) = 0. A sequence {xn} in a b-metric space (X ,d,s) is a Cauchy sequence if,
for each ε > 0, there exists a natural number N(ε) such that d(xn,xm)< ε for each m,n≥ N(ε).
A b-metric space (X ,d,s) is complete if each Cauchy sequence in X converges to some point of
X .

Cosentino et al. [10] modified the F -family introduced by Wardowski [9] in the setting of
b-metric spaces as follows.

Definition 1.2 ([10]). Let s≥ 1 be a real number. We denote by Fs the family of all functions
F : (0,+∞)→ R with the following properties:

(F1) F is strictly increasing;
(F2) for every sequence {αn} in (0,+∞), we have limn→∞ F(αn) =−∞ iff limn→∞ αn = 0;
(F3) for each sequence {αn} ⊂ R+ of positive numbers with limn→∞ αn = 0, there exists a

number k ∈ (0,1) such that limα→0+(αn)
kF(αn) =−∞;

(F4) for each sequence {αn} ⊂ R+ of positive numbers such that τ +F(sαn)≤ F(αn−1) for
all n ∈ N and some τ ∈ R+, τ +F(snαn)≤ F(sn−1αn−1) for all n ∈ N.

In 2014, Wardowski and Dung [12] introduced the notion of the F-weak contraction. In the
following, we extend this definition to the b-metric spaces as follows.

Definition 1.3. Let (X ,d,s) be a b-metric space. A map T : X → X is said to be an Fs-weak
contraction on (X ,d) if there exist F ∈ Fs and τ > 0 such that, for all x,y ∈ X satisfying
d(T x,Ty)> 0, the following holds:

τ +F(sd(T x,Ty))≤ F(m(x,y)),

where

m(x,y) = max
{

d(x,y),d(x,T x),d(y,Ty),
d(x,Ty)+d(y,T x)

2

}
.

The theory of fixed points in ordered sets was started by Turinici [13] first. In 2004, Ran
and Reurings [14] generalized the Banach contraction principle in the setting of ordered sets.
The key feature in Ran-Reurings’s theorem is that the contractive condition on the nonlinear
mapping is only assumed to hold on the comparable elements instead of the whole space as in
Banach contraction principle. In 2005, Nieto and Rodrguez-Lopez [15] proved a fixed point
theorem by relaxing some conditions in Ran-Reurings [14]. In 2008, Suzuki [16] proved a
fixed point theorem by assuming a contraction condition on those elements which satisfy the
given condition. Recently, many authors studied the existence of fixed points for generalized
contractions in complete b-metric spaces; see, e.g., [10, 17, 18, 19, 20, 21] and the references
therein.

Definition 1.4 ([13]). A sequence {xn} in a partially ordered set (X ,�) is said to be increasing
or ascending if, for m < n, xm � xn. It is said to be strictly increasing if xm � xn and xm 6= xn.
We denote it as xm ≺ xn.

In 2019, Rashid, Khan and Aydi [22] introduced the t-property for metric spaces. We extend
the t-property for b-metric space as follows.

Definition 1.5. Let (X ,d,s,�) be any ordered b-metric space. X is said to have the ts-property
if every strictly increasing Cauchy sequence {xn} in X has a strict upper bound in X , i.e., there
exists u ∈ X such that xn ≺ u.
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Example 1.2. The sets (a,b],a,b ∈ R, Q,Qc equipped with the usual ordering and d(x,y) =
|x− y|2 have the ts-property with s = 2, while they are not complete.

In 2019, Aydi et al. [23] introduced Ft-contraction mappings in partially ordered metric
spaces. They also studied the existence of fixed points for self-mappings with the t-property.

Next, we extend it to the b-metric spaces.

Definition 1.6. Let (X ,d,s,�) be an ordered metric space and let T : X→ X be a self-mapping.
T is said to be an Fts-contraction if there exist F ∈Fs and τ > 0 such that, for all x,y ∈ X with
x 6= T x, y 6= Ty and x≺ y,

τ +F(sd(y,T (y)))≤ F(d(x,T (x))).

Remark that, in the case of s = 1, the above definition reduces the Ft-contraction in [23].

Definition 1.7 ([23]). A function ψ : [0,∞)→ [0,∞) is said to be a sublinear altering distance
function if it satisfies the following:

(1) ψ is monotonic increasing and continuous.
(2) ψ(t) = 0 iff t = 0.
(3) ψ(a+b)≤ ψ(a)+ψ(b), for any a,b ∈ [0,∞).

Example 1.3. The map ψ : [0,∞)→ [0,∞) defined by f (x) = ax (a > 0) is a sublinear altering
function.

Note that the continuity condition in the definition of the sublinear altering function is essen-
tial because if, for example, we define

ψ(x) =
{

x 0≤ x≤ 1,
1
2x x > 1,

then it is easy to check that ψ satisfies all the conditions of Example 1.3 except the continuity.
In the following we introduce a general form of Fts-contraction mappings.

Definition 1.8. Let (X ,d,s,�) be an ordered metric space and let T : X→ X be a self-mapping.
T is said to be a (ψ,φ ,Fts)-contraction if, for F ∈Fs, there exists τ > 0 such that, for all x,y∈ X
with x 6= T x , y 6= Ty and x≺ y,

τ +F [sψ(d(y,Ty))]≤ F [ψ(d(x,T x))−φ(d(x,T x))],

where ψ is a sublinear altering function, and φ : [0,∞)→ [0,∞) is such that φ(t) = 0 iff t = 0
and ψ(t)> φ(t), for all t > 0.

2. MAIN RESULTS

In this section, two definitions and two fixed point theorems in ordered b-metric spaces are
presented.

Definition 2.1. Let (X ,d,s,�) be an ordered b-metric space and let T : X → X be a self-
mapping. T is said to be a generalized Fts-contraction if there exist F ∈ Fs and τ > 0 such
that for all x,y ∈ X with x 6= T x, y 6= Ty and x≺ y, we have

τ +F(sd(y,T (y)))≤ F(m(x,T (x))), (2.1)

where m(x,y) is defined as in Definition 1.3.
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Theorem 2.1. Let (X ,d,s,�) be an ordered b-metric space with the ts-property. Let T : X → X
be a generalized Fts-contraction. If T is non-decreasing and there exists x0 ∈ X such that x0 �
T (x0), then T has a fixed point in X.

Proof. From the assumption, we have x0 ∈ X such that x0 � T (x0). If x0 = T (x0), then the proof
is completed. Otherwise, choose x1 = T (x0) such that x0 ≺ x1. Since T is non-decreasing, we
have T (x0)� T (x1), that is, x1 � T (x1). If x1 = T (x1), then the proof is completed. Otherwise,
choose x2 = T (x1) such that x1 ≺ x2. Since T is non-decreasing, we have T (x1) � T (x2).
Continuing this process, we obtain a strictly increasing sequence {xn} in X such that xn+1 =
T (xn). As x0 ≺ x1, we conclude from (2.1) that

τ +F(sd(x1,T (x1)))≤ F(m(x0,T (x0))). (2.2)

But

m(x0,T (x0)) = max
{

d(x0,T (x0)),d(x0,T (x0)),d(T (x0),T (T (x0))),

d(x0,T (T (x0)))+d(T (x0),T (x0))
2

}
≤ max

{
d(x0,T (x0)),d(T (x0),T (T (x0))),

d(x0,T (x0))+d(T (x0),T (T (x0)))
2

}
≤ max{d(x0,T (x0)),d(T (x0),T (T (x0)))}
= max{d(x0,T (x0)),d(x1,T (x1))}.

If d(x1,T (x1))≥ d(x0,T (x0)), then

m(x0,T (x0))≤ d(x1,T (x1)).

Since F is strictly increasing, We have

F(m(x0,T (x0)))≤ F(d(x1,T (x1))).

We obtain from (2.2) that

τ +F(sd(x1,T (x1)))≤ F(d(x1,T (x1))).

Hence, we have τ ≤ 0, which is a contradiction. Thus,

d(x1,T (x1))≤ d(x0,T (x0))

and
m(x0,T (x0)) = d(x0,T (x0)).

It follows that

τ +F(sd(x1,T (x1)))≤ F(m(x0,T (x0)) = F(d(x0,T (x0))). (2.3)

In view of x1 ≺ x2, using the similar method as the above, and equation (2.1) and (F4), we have

τ +F(s2d(x2,T (x2)))≤ F(sd(x1,T (x1))). (2.4)

From equations (2.3) and (2.4), we obtain

F(s2d(x2,T (x2)))≤ F(sd(x1,T (x1)))− τ ≤ F(d(x0,T (x0)))−2τ.
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From (F4), for n ∈ N, we obtain

F(snd(xn,T (xn)))≤F(sn−1d(xn−1,T (xn−1)))− τ ≤ . . .

≤F(d(x0,T (x0)))−nτ. (2.5)

Hence limn→∞ F(snd(xn,T (xn))) =−∞. Using property (F2), one has limn→∞ snd(xn,T (xn)) =
0. Thanks to (F3), we see that there exists k ∈ (0,1) such that

lim
n→∞

(snd(xn,T (xn)))
kF(snd(xn,T (xn))) = 0.

From equation (2.5), for all n ∈ N, we have

(snd(xn,T (xn)))
kF(snd(xn,T (xn)))−(snd(xn,T (xn)))

kF(d(x0,T (x0)))

≤− (snd(xn,T (xn)))
knτ ≤ 0.

Letting n→ ∞, we arrive at

lim
n→∞

n(snd(xn,T (xn)))
k = 0.

Thus, there exists n1 ∈ N such that n(snd(xn,T (xn)))
k ≤ 1 for all n≥ n1, that is,

snd(xn,T (xn))≤
1

n1/k
. (2.6)

We show that {xn} is a Cauchy sequence. Let n,m ∈ N with m > n≥ n1. Using equation (2.6),
one has

d(xn,xm)≤ sd(xn,xn+1)+ s2d(xn+1,xn+2)+ . . .+ sm−nd(xm−1,xm)

= sd(xn,T (xn))+ s2d(xn+1,T (xn+1))+ . . .+ sm−nd(xm−1,T (xm−1))

=
m−1

∑
i=n

si−n+1d(xi,T (xi))≤
m−1

∑
i=n

sid(xi,T (xi))

≤
∞

∑
i=n

sid(xi,T (xi))≤
∞

∑
i=n

1
i1/k

.

Taking n→ ∞, we have limn,m→∞ d(xn,xm) = 0. Consequently, {xn} is a strictly increasing
Cauchy sequence in X . Hence the t-property implies that there exists u ∈ X such that xn ≺ u. If
T (u) = u, the proof is completed. Otherwise, from equation (2.1), we have

τ +F(sd(u,T (u)))≤ F(m(xn,T (xn))), (2.7)
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where

m(xn,T (xn)) = max
{

d(xn,T (xn)),d(xn,T (xn)),d(T xn,T (T (xn))),

d(xn,T (T (xn)))+d(T xn,T (xn))
2

}
≤ max

{
d(xn,T (xn)),d(T (xn),T (T (xn))),

d(xn,T (xn))+d(T (xn),T (T (xn)))
2

}
≤ max{d(xn,T (xn)),d(T (xn),T (T xn))}
= max{d(xn,T (xn)),d(xn+1,T (xn+1))}.

If d(xn+1,T (xn+1))≥ d(xn,T (xn)), then we obtain from (2.7) and (F4) that

τ +F(sn+2d(u,T (u)))≤ F(sn+1d(xn+1,T (xn+1))).

By using equation (2.5), we obtain

F(sn+2d(u,T (u)))≤ F(d(x0,T (x0)))− (n+2)τ.

If d(xn+1,T (xn+1))≤ d(xn,T (xn)), then it follows from (2.7) and (F4) that

τ +F(sn+1d(u,T (u)))≤ F(snd(xn,T (xn))).

By using equation (2.5), we have

F(sn+1d(u,T (u)))≤ F(d(x0,T (x0)))− (n+1)τ.

Therefore it follows from both cases that

F(sid(u,T (u)))≤ F(d(x0,T (x0)))− iτ, ∀i ∈ N.

By letting i to infinity, we have lim
i→∞

F(sid(u,T (u)))=−∞. From (F2), we have lim
i→∞

sid(u,T (u))=

0. From s 6= 0, one has T (u) = u. Thus, u is a fixed point of T in X and the proof is com-
pleted. �

The following example illustrates Theorem 2.1.

Example 2.1. Let A = {an : an+1 = 4an+1 f or n≥ 0 and a0 =−1} and B = (−1,0]∩Q. Take
X = A∪B, i.e., X = {. . . ,−43,−11,−3,−1}∪B. Endow X with b-metric d(x,y) = |x− y|2 for
all x,y ∈ X , where s = 2 and the natural ordering ≤. Clearly (X ,d,�) is not complete but has
the t-property. Define T : X → X by

T (x) =
{

4x+1 i f x ∈ A,
x i f x ∈ B.

Obviously, T is non-decreasing. Now, it remains to prove that T satisfies equation (2.1). Letting
x,y ∈ X with x < y, x 6= T x and y 6= T (y), we have

m(x,T (x)) = max
{
(3x+1)2,(12x+4)2,

(15x+5)2

2

}
= (12x+4)2

and
d(y,T (y)) = (3y+1)2, 8x2− y≥ 1.
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If we take F(α) = ln(α)+α ∈F and τ = 2 > 0, then

F(m(x,T x))−F(sd(y,Ty)) = ln(12x+4)2 +(12x+4)2− ln(2(3xy+1)2)

−2(3y+1)2 = ln
(12x+4)2

2(3y+1)2 +18(8x2− y)

+12(8x2− y)+14≥ 14 > 2 = τ.

Hence,

τ +F(d(y,T (y))≤ F(d(x,T (x)),

i.e., T is a generalized Ft-contraction. Consequently, all the conditions of Theorem 2.1 are
satisfied. So, T has fixed point. It is clear that the fixed points set T equals B.

Remark 2.1. It is obvious that Theorem 2.1 is a generalization of the Theorem 1 in [23]. Indeed,
if m(x,y) = d(x,y) and s = 1, then we obtain the Theorem 1 in [23] immediately.

The following definition is a generalization of Definition1.8.

Definition 2.2. Let (X ,d,s,�) be an ordered b-metric space and let T : X → X be a self-
mapping. We say that T is a generalized (ψ,φ ,Fts)-contraction if there exist F ∈Fs and τ > 0
such that, for all x,y ∈ X with x 6= T x , y 6= Ty and x≺ y,

τ +F [ψ(sd(y,Ty))]≤ F [ψ(m(x,T x))−φ(m(x,T x))], (2.8)

where ψ is a sublinear altering function, φ : [0,∞)→ [0,∞) is such that φ(t) = 0 iff t = 0 and
ψ(t)> φ(t), and m(x,y) is defined as in Definition 1.3.

Theorem 2.2. Let (X ,d,s,�) be an ordered b-metric space with the ts-property. Let T : X → X
be a generalized (ψ,φ ,Fts)-contraction mapping, where ψ and φ are defined as in Definition
2.2, and m(x,y) is defined as in Definition 1.3. Suppose that T is non-decreasing and there
exists x0 ∈ X such that x0 � T (x0). Then, T has a fixed point in X.

Proof. Let x0 ∈ X be such that x0 � T (x0). If x0 = T (x0), then the proof is completed. Other-
wise, choose x1 = T (x0) such that x0 ≺ x1. Proceeding similarly as Theorem 2.1, we obtain a
strictly increasing sequence {xn} in X such that xn+1 = T (xn). As x0 ≺ x1, we conclude from
(2.8) that

τ +F [ψ(sd(x1,T (x1)))]≤ F [ψ(m(x0,T (x0)))−φ(m(x0,T (x0)))]. (2.9)

Since φ(m(d(x0,T (x0))))≥ 0, and for each t > 0, ψ(t)> φ(t), one has

ψ(m(x0,T (x0)))−φ(m(x0,T (x0)))< ψ(m(x0,T (x0))).

Also, as F is strictly increasing, we obtain

F [ψ(m(x0,T (x0)))−φ(m(x0,T (x0)))]< F [ψ(m(x0,T (x0)))].

It follows from (2.9) that

τ +F [ψ(sd(x1,T (x1)))]≤ F [ψ(m(x0,T (x0)))]. (2.10)
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But

m(x0,T (x0)) = max
{

d(x0,T (x0)),d(x0,T (x0)),d(T (x0),T (T (x0)))

, d(x0,T (T (x0)))+d(T (x0),T (x0))
2

}
≤ max

{
d(x0,T (x0)),d(T (x0),T (T (x0)))

, d(x0,T (x0))+d(T (x0),T (T (x0)))
2

}
≤ max{d(x0,T (x0)),d(T (x0),T (T (x0)))}
= max{d(x0,T (x0)),d(x1,T (x1))}.

If d(x1,T (x1))≥ d(x0,T (x0)), then

m(x0,T (x0))≤ d(x1,T (x1)).

Since ψ and F are strictly increasing, one has

F [ψ(m(x0,T (x0)))]≤ F [ψ(d(x1,T (x1)))].

It follow from (2.10) that

τ +F [ψ(sd(x1,T (x1)))]≤ F [ψ(d(x1,T (x1)))].

So τ ≤ 0, which is a contradiction. Hence d(x1,T (x1)) < d(x0,T (x0)) and m(x0,T (x0)) =
d(x0,T (x0)). Thus

F [ψ(sd(x1,T (x1)))]≤ F [ψ(d(x0,T (x0)))]− τ. (2.11)

Since x1 ≺ x2, we conclude from (2.8) that

τ +F [ψ(sd(x2,T (x2)))]≤ F [ψ(m(x1,T (x1)))−φ(m(x1,T (x1)))].

In view of (F4), one has

F [ψ(s2d(x2,T (x2)))]≤ F [ψ(d(x0,T (x0)))]−2τ.

Continuing in this process, for n ∈ N, one has

F [ψ(snd(xn,T (xn)))]≤ F [ψ(d(x0,T (x0)))]−nτ. (2.12)

Hence,
lim
n→∞

F [ψ(snd(xn,T (xn)))] =−∞.

Using property (F2), one has

lim
n→∞

ψ(snd(xn,T (xn))) = 0. (2.13)

Thanks to (F3), we find that there exists k ∈ (0,1) such that

lim
n→∞

(ψ(snd(xn,T (xn))))
kF [ψ(snd(xn,T (xn)))] = 0. (2.14)

From equation (2.12), we obtain

(ψ(snd(xn,T (xn))))
kF [ψ(snd(xn,T (xn)))]− (ψ(snd(xn,T (xn))))

kF [d(x0,T (x0))]

≤−(ψ(snd(xn,T (xn))))
knτ ≤ 0. (2.15)
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Letting n→ ∞ in equation (2.15) and using equation (2.13) and (2.14), we obtain

lim
n→∞

n(ψ(snd(xn,T (xn))))
k = 0.

Thus, there exists n1 ∈ N such that n(ψ(snd(xn,T (xn))))
k ≤ 1 for all n≥ n1, that is,

ψ(snd(xn,T (xn)))≤
1

n1/k
. (2.16)

Now, we show that {xn} is a Cauchy sequence. Let n,m ∈ N with m > n ≥ n1. Using the
triangular inequality, properties of ψ , and equation (2.16), we have

ψ(d(xn,xm)) ≤ ψ[sd(xn,xn+1)+ s2d(xn+1,xn+2)+ . . .+ sm−nd(xm−1,xm)]

≤ ψ[sd(xn,xn+1)]+ψ[s2d(xn+1,xn+2)]+ . . .+ψ[sm−nd(xm−1,xm)]

= ψ(sd(xn,T (xn)))+ψ(s2d(xn+1,T (xn+1)))+ . . .

+ψ(sm−nd(xm−1,T (xm−1)))

= ∑
m−1
i=n ψ(si−n+1d(xi,T (xi)))≤ ∑

m−1
i=n ψ(sid(xi,T (xi)))

≤ ∑
∞
i=n ψ(sid(xi,T (xi)))≤ ∑

∞
i=n

1
i1/k .

Taking n→∞, we get limn,m→∞ ψ[d(xn,xm)]= 0. By properties of ψ , we obtain limn,m→∞ d(xn,xm)=
0. Thus, {xn} is a strictly increasing Cauchy sequence in X , which has the t-property. There-
fore, there exists u ∈ X such that xn ≺ u. If T (u) = u, the proof is completed. Otherwise, by
Equation (2.8), we have

τ +F(ψ[sd(u,T (u)))]≤ F [ψ(m(xn,T (xn))))−φ(m(xn,T (xn))))].

Since φ(m(xn,T (xn)))≥ 0 and for each t > 0, ψ(t)> φ(t), we have

τ +F [ψ(sd(u,T (u)))]≤ F [ψ(m(xn,T (xn))))]. (2.17)

where

m(xn,T (xn)) = max
{

d(xn,T (xn)),d(xn,T (xn)),d(T xn,T (T (xn))),

d(xn,T (T (xn)))+d(T xn,T (xn))
2

}
≤ max

{
d(xn,T (xn)),d(T (xn),T (T (xn))),

d(xn,T (xn))+d(T (xn),T (T (xn)))
2

}
≤ max{d(xn,T (xn)),d(T (xn),T (T xn))}
= max{d(xn,T (xn)),d(xn+1,T (xn+1))}.

If d(xn+1,T (xn+1))≥ d(xn,T (xn)), then

m(xn,T (xn))≤ d(xn+1,T (xn+1)).

Since ψ and F are strictly increasing, one has

F [ψ(m(xn,T (xn)))]≤ F [ψ(d(xn+1,T (xn+1)))].
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So, it follow from (2.17) and (F4) that

τ +F [ψ(sn+2d(u,T (u)))]≤ F [ψ(sn+1d(xn+1,T (xn+1))].

By using equation (2.12), we obtain

F [ψ(sn+2d(u,T (u)))]≤ F [ψ(d(x0,T (x0))]− (n+2)τ.

If d(xn+1,T (xn+1))≤ d(xn,T (xn)), we conclude from equation (2.17) that

τ +F [ψ(sn+1d(u,T (u)))]≤ F [ψ(snd(xn,T (xn)))].

By using equation (2.12), we obtain

F [ψ(sn+1d(u,T (u)))]≤ F [ψ(d(x0,T (x0))]− (n+1)τ.

Therefore, in both cases, for each i ∈ N, we have limi→∞ F [ψ(sid(u,T (u)))] =−∞. From (F2),
we have limi→∞ ψ(sid(u,T (u))) = 0. This implies that d(u,T (u)) = 0, i.e., T (u) = u. Thus, u
is a fixed point of T in X . �

Remark 2.2. Theorem 2.2 is a generalization of the Theorem 2 in [23]. Indeed, if m(x,y) =
d(x,y) and s = 1, then we have from Theorem 2.2 the Theorem 2 in [23] immediately.
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