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AN INERTIAL ALGORITHM WITH A SELF-ADAPTIVE STEP SIZE FOR A
SPLIT EQUILIBRIUM PROBLEM AND A FIXED POINT PROBLEM OF AN
INFINITE FAMILY OF STRICT PSEUDO-CONTRACTIONS
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Abstract. In this paper, we study a split equilibrium problem and a fixed point problem with an infinite
family of strict pseudo-contractive mappings. We introduce a new inertial iterative scheme with a self-
adaptive step size for obtaining a common solution of the problems. Under mild conditions on the
control parameters, we prove a strong convergence result of the proposed algorithm in Hilbert spaces.
The implementation of our proposed algorithm does not require a prior estimate of the norm of the
bounded linear operator. Finally, we present some numerical experiments to demonstrate the efficiency
of the proposed algorithm in comparison with some existing results in the current literature.
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1. INTRODUCTION

Throughout this paper, R denotes the set of all real numbers, and N denotes the set of all
positive integers. Let H be a real Hilbert space, and let C be a nonempty closed convex subset
of H. Let F : C x C — R be a bifunction. The Equilibrium Problem (shortly, (EP)) in the sense
of Blum and Oettli [1] is to find £ € C such that

F(%,y)>0, VYyeC.

The set of all solutions of the EP is denoted by EP(F). The EP attracts considerable research
efforts and serves as a unifying framework for studying many problems, such as, the nonlinear
complementarity problems, variational inequality problems, fixed point problems; see, e.g.,
[2, 3,4, 5, 6] and the references therein. Indeed, it also has many real applications in computer
science, traffic transportation, and economics; see, e.g., [7, 8, 9, 10] and the references therein.

Let T : C — C be a nonlinear mapping. A point x* € C is called a fixed point of 7" if Tx* = x*.
We denote by F(T) the set of all fixed points of 7, i.e.,

F(T)={x"eC:Tx"=x"}.
It is known that several problems in sciences and engineering can be formulated as finding fixed

points of of a nonlinear mapping. Recently, the research on common solutions of fixed point
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and equilibrium prolems has been investigated by some authors. More precisely, many authors
studied the following problem, which consisting of find £ € C such that

Tt=% and F(£,y)>0,VyeC,

where F' : C x C — R is a bifunction and 7 : C — C is a nonlinear operator. The importance
and motivation for studying such a common solution problem lies in its potential application to
mathematical models whose constraints can be expressed as fixed point and equilibrium prob-
lems. This arises in practical problems such as signal processing, network resource allocation,
image recovery. A scenario is in network bandwidth allocation problem for two services in a
heterogeneous wireless access networks in which the bandwidth of the services are mathemati-
cally related (see, e.g., [11, 12] and the references therein).

In 1994, Censor and Elfving [13] introduced the following Split Feasibility Problem (SFP) in
finite-dimensional Hilbert spaces: Let C and Q be nonempty closed convex subsets of Hilbert
spaces Hy and H,, respectively, and let A : H; — Hj be a bounded linear operator. The SFP is
formulated as finding a point X with the property

xeC and AxeQ.

The SFP has been studied intensively by several authors due to its wide area of applications.
The problem is applicable in intensity-modulated radiation therapy, signal processing, image
restoration, and computer tomograph; see, e.g., [14, 15, 16].

In 2013, Kazmi and Rizvi [17] introduced and studied the following Split Equilibrium Prob-
lem (SEP): Let CC Hyand Q C Hp. Let F1:CxC — R and F> : QO x O — R be nonlinear
bifunctions. Let A : Hy — H; be a bounded linear operator. The SEP is to find £ € C such that

Fi(£x) >0, VxecC, (1.1)

and y = AX € Q solves
K($,y) >0, Vyeo. (1.2)

Observe that inequality (1.1) is the classical equilibrium problem. (1.1) and (1.2), which
consist of a pair of equilibrium problems, is to find the image § = AX under a given bounded
linear operator A of the solution X of the problem (1.1) in Hj, which is the solution of the
problem (1.2) in H,. It is easy to see that the SEP includes the SFP as a special case. We denote
the solution set of the SEP (1.1)-(1.2) by SEP(F;,F,) ={t € EP(F)) : AR € EP(F,)}.

In 2016, Suantai et al. [18] proposed the following iterative algorithm, Algorithm 1.1, for
finding a solution of the SEP and a fixed point of a nonspreading multivalued mapping in Hilbert
spaces:

X1 € C,

up = T (1 — yA* (I — T,12)A)xp,

Xpt1 € OuXp + (1 —y)Su,, VneN,
where {0} C (0,1), {r,} C (0,0) and y € (0,7) with L being the spectral radius of A*A,
where A* is the adjoint of A, CC H;, Q CH,S:C — K(C) is a %—nonspreading multivalued
mapping, K(C) is the collection of all nonempty compact subsets of C, and F; : C x C — R and

F> : O x Q — R are two bifunctions. They proved that the sequence {x, } generated by the above
scheme converges weakly to an element in F (S) NSEP(Fj, F,) under certain conditions.
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In solving optimization problems, the strong convergence of iterative schemes are more de-
sirable and useful than their weak convergence counterparts according to Bauschke and Com-
bettes [19]. Hence, constructing iterative schemes that generate strong convergence sequence is
necessary and helpful.

In 2017, Zhang and Gui [20] introduced the following iterative algorithm, Algorithm 1.2,
for finding a solution the SEP and a common fixed point of a finite family of asymptotically
nonexpansive mappings in Hilbert spaces:

xo € C,
up = T (1 — yA* (I - T,2)A)xp,

l-o
Xnt+1 = (an(Xn) + % Z Tl-nlxtn, ne N,
i=1

m
1=

where {o,} C (0,1),{rn} C [r,00) withr > 0,{s,} C [s,°0) withs >0, y € (0, L—lz), where L is the

spectral radius of A*A and A* is the adjoint of A,C C H|,Q C Hy, f : C — C is a p-contraction
mapping, {7;}", : C — C is a finite family of asymptotically nonexpansive mappings with the
same sequence {k,}, and F; : C xC — R and F> : Q x Q — R are two bifunctions. Under the
following conditions on the control parameters:

(1) limy—e0 04 = O,Z;o:l = o9
(i1) Z:,ozl |an - OCnfl| < °°727:1 |rn _rn71| < “72721 |sn _Sn71| < oo
(iii) limye 2= = 0;
n
() Tty e S0 |7 — T = 0

where K is any bounded subset of C, they proved that the sequence {x,} generated by the above
scheme converges strongly to an element of (., F(7;) NSEP(F}, F,).

However, we notice that conditions (ii) is restrictive. Hence, the following question arise
naturally. Can we devise an iterative scheme and obtain a strong convergence theorem under
mild restrictions. In this paper, we will provide an affirmative answer to this question.

It is also important to point out that the step size 7y of the above scheme plays a crucial role in
the convergence analysis. The results obtained in [18] and [20], and several other related results
in literature involve the step size that requires prior knowledge of operator norms. One of the
limitations of such schemes is that they are usually difficult to implement. Furthermore, the
step size defined by such scheme are often very small and deteriorates the rate of convergence.
In practice, a larger step size can often be used to yield better numerical results. In optimization
theory, the second-order dynamical system, which is called the heavy ball method, was used
to accelerate the convergence rate of iterative schemes. This method, which is a two-step it-
erative method for minimizing a smooth convex function, was first introduced by Polyak [21].
The following algorithm introduced by Nesterov [22] is a modified heavy ball method for the
improvement of the convergence rate:

Yn :xn+9n(xn_xnfl)7
Xn+1 :yn_ﬂ‘nvf()’n% Vn>1,

where A, > 0,6, € [0, 1) is an extrapolation factor, f is a convex function and V f is the gradient
of f. Here, the term 6,(x, — x,,—1) is the inertia.
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Recently, several authors have constructed some various iterative algorithms by using inertial
extrapolation technique; see, e.g., [5, 9, 23, 24, 25]. Motivated by the above results and the
ongoing research interest in this direction, we introduce a new inertial iterative scheme with a
self-adaptive step size for finding solutions of the SEP and common fixed points of an infinite
family of strict pseudo-contractive mappings. Our algorithm is designed such that its imple-
mentation does not require a prior estimate of the norm of the bounded linear operator. We
prove a strong convergence theorem in Hilbert spaces. Moreover, we also consider the zero
point problems of maximal monotone operators, split generalized equilibrium problems and
split variational inequality problems. We present some numerical experiments to demonstrate
the efficiency of the proposed scheme in comparison with some existing results in the current
literature.

2. PRELIMINARIES

Let H be a real Hilbert space and let C be a nonempty closed and convex subset of H. Let P¢ :
H — C be the metric projection, which assigns each x € H to its unique element Pcx € C, that
is,||x — Pcx|| = inf{||]x — z|| : z € C}. It is known that P is nonexpansive and has the following
properties:

(1) HPCX—PcyHZ < <PCX—PC)’>X—)’>> vx?.y € C;

(2)forany x € H and y € C, ||Pex — y||? 4 ||x — Pex||> < [|x — y||*.

For any x,y € H with y # 0, let Q = {z € H : (y,z—x) < 0}. Then, for all u € H, Pp(u) is
given by

Pp(u) = u —max {0, W}y,
which gives an explicit formula for computing the projection of any point onto a half-space. In
what follows, we denote the weak and strong convergence of a sequence {x,} to a point x € H
by x, — x and x,, — x, respectively, and w,(x,) denotes set of weak limits of {x, }, that is,

Wy (Xn) := {x € H : x,; — x for some subsequence {x,, } of {x,}}.

Now, we present some definitions and results which are necessary in our convergence analy-
sis.

Definition 2.1. Let C be a nonempty closed convex subset of a real Hilbert space H. A mapping
T : C — Cis said to be:

(1) L-Lipschitz continuous with L > 0 if
ITx=Ty|[ < Lllx—yl|, VxyeC;

if L€ [0,1), then T is called a contraction mapping;
(2) nonexpansive if T is 1—Lipschitz continuous;
(3) asymptotically nonexpansive if there exists a sequence {k,} C [1,e0) with lim,,_,e k,, = 1
such that
T "x = T[] < knllx—y[l, VxyeC;
(4) k-strictly pseudo-contractive if there exists a constant k € [0, 1) such that

[Tx—Ty|P < [lx—yI2+kl|(I = T)x— (=TI, VxyeC:
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(5) monotone if
(Tx—Ty,x—y) >0, VxyeC.

Observe that the class of k-strictly pseudo-contractive mappings properly contains the class
of nonexpansive mappings. That is, T is nonexpansive if and only if 7T is O-strictly pseudo-
contractive. It is known that if 7 is a k-strict pseudo-contraction and F(T) # 0, then F(T) is
a closed convex subset of H (see [26]). Strict pseudo-contractions have many applications due
to their ties with inverse-strongly monotone operators. So, one can recast the problem of zeros
for variational inequalities with inverse-strongly monotone operators as a fixed point problem
of strict pseudo-contractions.

The following equalities are trivial in Hilbert spaces

@) [+ 3|2 < (2] 420y, x+):
(i) []x+yI[> = []x] +2¢x,y) + |Iy[*;

(iii) [[8x + (1= 8)y|[> = 8] lx[|* + (1 = 8)[[yl|* — (1 — &)[lx —y[>

Each Hilbert space H satisfies the Opial’s condition, that is, for any sequence {x,} with
xp — x, the inequality liminf,_,c||x, — x|| < liminf,_ ||x, — y|| holds for every y € H with
y#x.

Recall that a space is said to satisfy the Opial’s condition if for any sequence {x;, } in the space
with x,, — x, the inequality liminf,,_e ||x, —x|| < liminf,,_ ||x, —y|| holds for every y € H with
y # x. It is known that Hilbert spaces enjoy the Opial’s condition. Let C be a nonempty closed
convex subset of a real Hilbert space H. Recall that a bounded linear operator D : C — H 1is said
to be strongly positive if there exists a constant ¥ > 0 such that (Dx,x) > 7||x||?, for all x € C.

Definition 2.2. [27] Let C be a nonempty closed convex subset of a real Hilbert space H. Let
{S,} be a sequence of k,-strict pseudo-contractions. Define S), = 1,/ 4+ (1 — t,)Sn, 1, € [kn, 1).
Consider the mapping W,, defined by
( Un,n—i—l = I;
Un,n = CnSZUn,n—i-l + (1 - Cn)I;
Un,n—l = Cn—lS;,_lUn,n + (1 - Cn—l)L
Uni = CkS;CUn’k+1 + (1 - Ck)[, (2.1)
Upj—1 = G188 Ung+ (1= Ge—1)1,
Un,2 = C2S/2Un,3 + (1 - CZ)L
kWn - Un,l - ClSllUn,Z + (1 - CI)L
where {(;} is a sequence of real numbers such that 0 < ; <1 forall i > 1. For each n > 1, such
a mapping W, is nonexpansive.

We have the following lemmas related to the mapping W,,.

Lemma 2.1. [28] Let C be a nonempty closed convex subset of a Hilbert space H. Let {S.} be
an infinite family of nonexpansive mappings of C into itself such that (7~ F(S}) # 0 and let
{&i} be a real sequence such that 0 < §; <b < 1 foralli > 1. Then

(1) W, is nonexpansive and F(W,)) = "}, F(S}) for each n > 1;
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(2) for each x € C and for each positive integer k, the lim,,_,o, U, i x exists;
(3) the mapping W of C into itself defined by

Wx:=limWyx=lim U, 1x, VxeC
n—yoo n—soo

is a nonexpansive mapping satisfying F(W) = (\i—, F(S}), which is called the modified
W-mapping generated by S1,S3,---,81,6,-++ and t1,tp,-- - .

From [26], we have from Lemma 2.1 that F(W) = 72, F(S}) = N~ F(Si).

Lemma 2.2. [29] Let C be a nonempty closed convex subset of a Hilbert space H. Let {S}} be
an infinite family of nonexpansive mappings of C into itself such that (7 F(S;) # 0 and let
{&i} be a real sequence such that 0 < §; <b < 1 forall i > 1, where b is a positive real number.
If K is any bounded subset of C, then lim,_,c sup,c g ||Wx —Wx|| = 0.

Lemma 2.3. [26] Let C be a nonempty closed convex subset of a Hilbert space H. If S is a
k-strict pseudo-contraction defined on C, then I — S is demiclosed at any pointy € H.

Lemma 2.4. [30] Let {a, } be a sequence of non-negative real numbers. Let {0y, } be a sequence
in (0,1) with ¥°_, &, = oo and let {b,} be a sequence of real numbers. Let api1 < (1 —
Oy )an+ Cuby, for alln > 1. Iflimsupy_,,, by, < 0 for every subsequence {ay, } of {a,} satisfying
liminfy o (an, ., —an,) > 0, then lim,_,cca, = 0.

Lemma 2.5. [31] Let {a,},{c,} C Ry, {0,} C (0,1) and {b,} C R be sequences such that
ant1 < (1 —0pn)an+ by +cp for all n > 0. Assume Y., |cn| < co. Then the following results
hold.

(1) If b, < Bo, for some B > 0, then {a,} is a bounded sequence.

(2)If Y.;7—0 On = o0 and limsup,,_,, g—’:l <0, then lim,_,.a, = 0.

Assumption 2.1. For solving the equilibrium problem, we assume that the bifunction F : C x
C — R satisfies the following conditions:
(A1) F(x,x) =0forall x € C;
(A2) F is monotone, that is, F(x,y) + F(y,x) <0 for all x,y € C;
(A3) F is upper hemicontinuous, that is, for all x,y,z € C, lim, o F (1z+ (1 —t)x,y) < F(x,y);
(A4) for each x € C,y — F(x,y) is convex and lower semicontinuous.

Lemma 2.6. [1] Let C be a nonempty closed convex subset of a Hilbert space H and let F :
C x C — R be a bifunction satisfying Assumption 2.1. For r > 0 and x € H, define a mapping
TF . H — C as follows:

1
T () ={z€C: F(z.y)+ —{y=22-x) 20, VyeC}.

Then TY is well defined and the following hold:
(1) for each x € H,TF (x) # 0;
(2) TrF is single-valued;
(3) \TFx—TFy|)? <(TFx—TFy,x—y), for any x,y € H, that is, T} is a firmly nonexpan-
sive mapping.
(4) F(T]) = EP(F);
(5) EP(F) is closed and convex.
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3. MAIN RESULTS

In this section, we present our proposed iterative scheme and discuss its convergence.

Let C and Q be nonempty closed convex subsets of real Hilbert spaces H; and H;, respec-
tively, and let A : H; — H, be a bounded linear operator with adjoint A* : H, — H;. Suppose that
Fi:CxC—=Rand F, : Q x Q — R are bifunctions satisfying Assumption 2.1 with F, being
upper semicontinuous in the first argument, and let {W, } be the sequence defined by (2.1). Let
D : H — H be a strongly positive bounded linear operator with coefficient ¥, and let f : H — H
be a contraction with coefficient p € (0,1) such that 0 < y < %. Suppose that the solution set
denoted by Q = SEP(F,F>) N F(S;) is nonempty, where S; : C — C is an infinite family
of kj-strict pseudo-contractions. It is known that SEP(F],F,) and (;2; F(S;) are closed and
convex. Hence, it follows that the solution set €2 is closed and convex and the projection Pg is
well defined. We establish the convergence of the scheme under the following conditions on the
control parameters:

(C1) Let {ot,} C (0,1) such that limy,_e 0, =0 and Y. &t = o0, {B,} C (0,1);

(C2) Let 6 > 0,{5,} be a positive sequence such that lim,_,c 2_'2 =0,and0<a<71,<b<l;

(C3) {rn} C (0,00) and {s,} C (0,e0) such that liminf,,_,. 7, > 0 and liminf,,_,c s, > 0.

Now, our main algorithm is presented as follows.

Algorithm 3.1.
Step 0. Let xg,x; € C be two arbitrary initial points and setn = 1.
Step 1. Given the (n— 1)th and nth iterates, choose 6, such that 0 < 8, < 6, with 6, defined by

. Oy .
0, = {mln{e’ ||x,,_x—,,,1”}, Hoxn 7 X1, 3.1)

0, otherwise.

Step 2. Compute
Wy = X+ Op(Xp — Xp—1)-
Step 3. Compute
n = Trfl (Wn + 1A" (Tsfz —1)Awy),

where
H(EZZ_I)AWHHZ if A TFZA
o= 4 MA@ Dawp O 7 T A, (3.2)
A, otherwise (A being any nonnegative real number).

Step 4. Compute
X1 = 0¥ (xn) + (I — D) [(1 = B)zn + BaWnzn)-
Set n :=n+1 and return to Step 1.

Remark 3.1. From conditions (C1) and (C2), one can easily verify from (3.1) that
7]
hm 9n||xn _xn—]H - O and llm —n||xn —xn_1|| e 0
n—reo n—eo O,

Also, observe that, in (3.2), the choice of 7, is independent on the norm of operator ||A||. The
value of A does not influence the considered algorithm but was introduced for clarity.
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We first establish the following lemmas which are essential in proving our strong convergence
result.

Lemma 3.1. Let {x,} be the sequence generated by Algorithm 3.1. Then {x,} is bounded.
Proof. First, we show that Po(I — D+ yf) is a contraction on H;. For all x,y € H;, we have that
|Pa(I =D+ vf)(x) = Pa(l =D+ /) )l

<|I(I = D)x = (I =D)yl| + vl fx = 1yl
< (= (7=ro)lx=yll.
This shows that Po(I — D+ vf) is a contraction. Hence, there exists an element p € Q such
that p = Po(I — D+ yf)(p). Since p € Q, then p = Trflp and Ap = 7}52 (Ap). Also, since Trf' is
nonexpansive, we have
[lzn = pII* = [|T5} (wn + A" (T2 —1)Awa) — p||?
< [wn+ ™ (T2 = DAw, = pl [ (33)
= |lwa— pII* + A (T2 = DAwa| P+ 2% wa — p, AN (T2 = DAw,).  (3.4)
From the nonexpansivity of ];1:2’ we obtain
(Wp—p,A” (Tsfz —1)Awy)
= <TY?AWVZ _Ap - (7}1:2 —1 )Awm (vaz —1 )Awn>
= (T2 Awy — Ap, (T;> = DAw,) — ((T> = DAwy, (T,> = ) Aw,)

I
=5 (T2 Awn — Ap| 2 + (T2 — DAWl > — || T2 Awn — Ap — (T2 — DAw||?]

Sn

— (T2 = 1) Aw,|?

1
= 5 (1T Awn — Ap| > — [|Aw, — Ap| [ —[|(T52 — 1) Aw ]
1
< =S II(T52 = DAw,| . (3.5)

Substituting (3.5) into (3.4), and using the definition of ¥, and the condition on 7,, we obtain

[lzn = pII? < llwn — pI* + R l[A*(T2 = DAWl > = %l (T2 — DAWa||*

Sn

= [[wn — p|* = % (1 = ) [ (T2 — D Aw,| (3.6)
< ||wn — pl|* 3.7)

Note that
300 =11 < [ = DI+ G 3 = 511 (3.8)

From Remark 3.1, and lim,,_e g—’; ||xn — x4—1|| = 0, we have that there exists a constant M; > 0
such that %Hxn — Xy—1|| < M; for all n > 1. Hence, it follows from (3.8) that

[[wn = plI < [lxn — pl| + 00 M. (3.9)
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Define U, = (1 — B,)I + B,W, for each n > 1. It follows that

HUnZn _pH = H(l _ﬁn)(zn _p) +ﬁn(ann _p)H < Hzn _pH' (3.10)
Hence, by using (3.7), (3.9) and (3.10), we have

||xn+1 _p” = ||an(Yf(xn> —Dp) + (I_ anD)(UnZn _p)H
< a||[Y(f(xa) — f(P)) + (¥ (p) = Dp)|| + (1 — &t ¥)| |20 — |
< an¥p|xn — pl|+ 0u||vf(p) — Dpl| + (1 — au?)([[xa — pl| + 0tM1)
I1£(p) ~Pri] (1 —0u7)
Y—=vp Y—=vp

(1= (7= 10))l[ta = Pl + 06(7— 70){
< (L= ou(Y—vP))|lxn — Pl + 0ta(7— yp)M",

where

-D I —ony

{ [vf(p) = Dpll | (1 n’Y)M]}.
Y=7P Y=7p

Setting a,, := ||x, — pl|, bn := (Y —yp)M*, ¢;, :== 0, and ©;, := @, (¥ — yp). From Lemma 2.5

and the assumptions on the control sequences, we have that {||x, — p||} is bounded and this

implies that {x, } is bounded. Consequently, {w, } and {z,} are also bounded. O

M* := sup
neN

Lemma 3.2. Let {x,} be the sequence generated by Algorithm 3.1 and p € Q. Then, under
conditions (C1)-(C3),

20,(7—vp) 20,(7=1P) { VM
’ 2

Xpi1—plI° < l———— ) ||xn — y
3M2(1 —(Xn'}_’)z en

1
[ =Xt + == (7 (P) = Dp.ias1 ) |

2(7—10) o 7—1p)
_ 2
- —((11_ gjﬁ) [ (1= )| [(T22 = 1) Awn||* + Ba(1 = B) |[Wanzn — zal[*]

Proof. Let p € Q. From the Cauchy-Schwartz inequality, we have
|[wn _PHZ = |2 _pHZ + enszn _xn—1H2 + 26, (Xn — P, Xn — Xn—1)
< ||xn_PH2+9n||xn_xn—lH(enuxn_xn—lH+2||xn_l7||)

0
< Hxn_sz—i_?’MZ(XnEonn_xn—le G.11)
n

where M5 := sup,en{| %0 — pll; Onl|xXn —xn—1]]} > 0.
Next, by using (3.6) and (3.11), we obtain

|Unzn = P> < (1= Bu)llzn — pII> + Bul[Waza — PII* = Bu(1 = Bu)[|Wazn — zal[*
< ||Zn_p||2 _Bn(l _ﬁn>||WnZn _Zn||2

6
< [Pn = pII* +3M20 [ = X[ = (1 = )| (T2 = 1) Aw |2

— Ba(1 = B)||Wnzn — za| |*- (3.12)
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In view of (3.12), we conclude
2
|[xns1 = pl

= || (7S (xn) = Dp) + (I = D) (Unzu — p)|I?
<(1- an7>2{|\xn—p||2+3MzanZ—1\|xn—xn_1|| — (1= ) [(TF2 — 1) Aws |
= Bal1 = B)lIWazu — 20l P} + 2007 (50) = £ (), a1 = )
+20,:,(Yf(p) — Dp,Xni1— p)
< (1= )Pl pl P +302(1 = 47y o 3|
— (1= @) { 0 (1 = BT = Dl P+ Bu(1 = B)[Wazn — 2l
+20,,7p %0 — pl|[|Xn+1 — pll + 20 (Y (P) — DPyXn+1 — p)
< (1= )Py I P+ 302(1 = 7y o 3|
— (1= 01 = w) T2 = D]+ Bu(1 = o)l Waz — 2}

+ 0P (| [0 — pI* + | Pxnt1 = pII?) + 206 (v (P) = Dp,Xs1 = ).
This implies that

Hxn-l—l_sz
(1-20,,7+ (O‘n')_/)z‘*'an'}’l)) 2 (1_0511'}7)2 0,
< Xp — +3My—— 0 — | |x — X5
2Oy () -~ Dponit — p) DL (1 g I|(TE D
(1—o7p) o (1—a,yp) Sn
+Bu(1 =B Wazu =2 |
_(1_20%7"‘0%?’[)) 112 (06,1}7)2 112
(1—0(,,’}7)2 & . 20, _ _
+3M2(1_an'yp)anan|’xn xn—1H+ (l_an,yp) <’}/f(p> Dpvxn—l—l p>
_(—op)? _ B 2 B T
(l—an’}/p){yn(l T)|[(T5,” — DAWn[|” + B (L = Ba)|[Wazn — 2| }
20,,(7—7p) 2 20,(7—vp) [ oY
< (1= 1w, — pl 2+ ~
( (1—oyp) )H 7l (1—o,yp) {2(1'—7/9)
3M2(1 - an’}_/)z 0, 1
= —|Xn — Xn— + = —D s Xn —
2y e Pl s (0 () = Dpotai — )}
_(—ap? B B 2 B e
(l—an}/p){yn(l Tn)H(Tsn DAW[|= + B (1 — Bu) [[Wazn — zal| }>

where M := sup{||x, — p||* : n € N}. This completes the proof.
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Lemma 3.3. The following inequality holds

(a1 = plI> < (1= 0 ?)*{Ixn — p||2+3M20¢n9 [l = X1 || = [[zn = wall?
+27nHzn—Wn!H|A*(7}fz—I)Awn!!}+2an<7f(xn)—Dp,xn+1—p>, VpeQ.
Proof. Let p € Q. From (3.3) and (3.7), we observe that
[[Wn + A" (T2 — DAy — pl|* < |lwa — p||*.
From the firm nonexpansivity of T,n‘7 we have
[lzn = PII* < (2n — p,wa + A (T, = 1) Awy — p)
= 2 {llen— Pl + v+ 1A (T — D — pl (20— p)
— (Wa + 1A (152 — 1) Aw, — p)|I°}
< Sl =PI+ 1 = AP~ llin = — 5”12 — D}
= Sl = APl = pIP = (12— wal P+ 114" (T2 — D)t
—2%(zn —Wn,A*(Tsf2 —I)Awn>)}
< 5 {llen =PI+ 11w = pIP ~ [Jzn = wal P — 211A° (T — Dy
+ 29|20 — wal l[|A* (T3 — DAwa||}
S%{Hzn—PHerHwn—sz—Hzn—wnHZHYnHzn—WnHHA*(Tsz—I)AWnH},
which implies that
[lzn =PI < [l =PI = ||z = wal > + 2% [0 — wal[[|A*(T> = D)Awa]|. (3.13)
Using (3.10), (3.11) and (3.13), we have

[%n41 = PI* = 1106 (7 (xa) — Dp) + (I — 0uD) (Unzn — p)||*
< (1 - an7)2||UnZn _p||2+2an<Yf(xn) —Dp,xp1 _p>

_ 0
<(I- O‘nY)z{Hxn _P||2+3M2an;n||xn —Xn—1|| = |z _Wn||2
n
+ 2%l |zn _Wn||||A*(Ts]:2 _I)AWnH} + 204, (Yf (xn) — Dp,Xn+1— P),

which is the required inequality.
0

Lemma 3.4. Let {x,} be the sequence generated by Algorithm 3.1 and p € Q. Suppose that
{xn, } is a subsequence of {x,} such that

liminf(||[x,,+1 — p|| = ||xs, — p[|) >0
k—>o0

Then x,, — x* € Q, i.e., we(x,) C Q.
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Proof. Let p € Q. It follows from Lemma 3.2 that

oY
Mﬁm{( B Wauz, — 2

( O‘nkYP)
204, (7—vp) ) » 205, (T—7P) [ O, 7*M
( (1 —ocnkyp))H ¢ =PI =l =l (l—ocnkyp){Z(Y—yp)

k ny—

2(7 '}’P) Otnk (’}’ )<’}’f( ) Dp,xy, +1 —p)}.

From Lemma 3.4 together with the fact that limy_,.. &,, = 0, we obtain

Oy, Y
D (1 ) Wi, 2P 0. ko
ny,

Hence, it follows that
Wozm, — 2 l| = 0, k= oo, (3.14)
Following a similar argument, we obtain from Lemma 3.2 that
P (1= Tu ) [|(T52 = DAwy|[> =0, k= co.

From the definition of 7, we have

| | ( Snk )Awnk | |4

O e paw, e T
which implies that
s —Damall
[A*(T5,2 = DAw,||
Since ||A* (TS{Z —I)Awy,, || is bounded, then it follows that
(752 = DAwy || =0, &k — oo, (3.15)

Hence,

147 (T2 = D Aw, || < [JA*[[[[(T52 = DAwn, || = |AI[(T52 = DAwy || = 0,k —co. (3.16)
In view of (3.14), we obtain

HUnank - an” = H(l - ﬁnk)an +ﬁnkWnank _anH
< (1 - Bnk)Han _anH +Bnk||Wnank _anH — 07 k — oo. (3-17)
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From Lemma 3.3, we obtain

2
[l = wag|

_ _ 7]
< (1= 0 7P bing =PI = [t 1 =PI (1= 0 7)% {302 [, — 3,1 |

M

+ 20l ane = Wi INIA™ (T2 = DAWn, ||} + 200, (Yf (n) = Dp, X 41 = p)

_ _ 6,
<(1- aﬂk'}/)sznk _pH2 — [ Pg1 _p||2 +(1— aﬂk'}/)z{?’MZanka_nkank — Xy —1]|

M

+2M3|A™(T52 — Awn ||} + 20, (Yf (xn) = D, X1 = ),

where M3 := sup{¥,,||zn, — wn,|| : kK € N}. By applying (3.16), and using limy_, ¢, = 0 to-
gether with the hypothesis of Lemma 3.4 and Remark 3.1, we obtain

|zn, — W] = 0,k — oo, (3.18)
In view of Remark 3.1, we have
Hwnk _xnkH = Hxnk + 6"k<xnk _xnk_]) _xnkH

It follows from (3.14), (3.17), (3.18) and (3.19) that
kli_I>1(’>lo||Wnank _WnkH =0, ]}EEOHWnank _xnk” =0, kli_r>£1°‘|Unank - Wnk|| =0,
and
klglc}o”Unank _xnk” =0, ]}glolo | |an _-xnkH =0. (3.20)
By applying (3.20) and the fact that limy_,., ¢t,, = 0, we obtain

Hxnk+1 _‘xnkH = Hanka(xnk) + (1 - ankD)Unank _xnkH
S ank”?’f(xnk) _D'xnkH + (1 - ank?)HUnank _xnkH - 07 k — oo. (321)

Now, we show that we (x,) C N2 F(S;) = F(W). Let x* € we(x,) and suppose that x* ¢
F(W), that is, Wx* # x*. From (3.20), we have that wg (x,) = wg(2,)- It follows that

liminf||z,, —x*|| < liminf|z, —Wx"|||
k—>°° k—)oo
< liminf{[zn, — W | +[[Wzn — W[}
—>00
< Timint{l g, — Wa | + [z, —2°]1} (3.22)
Since x,, € K for all k > 1 and limg_, ||xn, — zn, || = 0, we obtain
||Wan _anH S ||Wan - WnkznkH + ||WnkZ”k _an”

< SUPHWX_Wnka + ||WnkZ”k _an||~
xeK

By applying Lemma 2.2 and (3.14), we have limy_,. ||Wz,, — 2,|| = 0. Combining this with
(3.22) yields
liminf ||z, —x*|| < liminf||z, —x"||,
k—>°° k—}oo

which is a contradiction. Hence, x* € F(W) =N [ F(S;), i.e., wo(x,) CF(W) =NZ1 F(Si).
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Next, we show that wg(x,) C SEP(F},F;). First, we show that wy(x,) C EP(F]). Since

2ne = T} (Wi, + W A" (To, — T)Aw,,), then
Filan )+ 50 St = i~ A" (T2 = D) 20, ¥y eC,
which implies that
Filan ) 0 S ) = 00 2 T (T2 D) 20, Yy e C

It follows from the monotonicity of F; that

1

1
V= 2merzn — W) — — (V= 2y ynkA*(Efz -
o g k

DAwy,) > Fi(y,zn,), VyeC.

Since z,, — x*, then it follows from (3.8), (3.15), liminf_,., ,, > 0, and condition (A4) that
Fi(y,x") <0, VyeC. (3.23)

Now, fory € C, let y; :=ty+ (1 —¢)x* for all # € (0, 1]. This implies that y, € C, and it follows
from (3.23) that Fy (y;,x*) < 0. From Assumptions (A1)-(A4), we have

0= Fi(yr,y:) <tF1(ye,y) + (L =t)F1(y1,x") <tF1(y1,).

Hence, Fi(y;,y) >0,V y € C. Letting t — 0, and using Condition (A3), we have F (x*,y) > 0,
Vy € C. This implies that x* € EP(F).

Finally, we show that Ax* € EP(F,). Since A is a bounded linear operator and we(x,) =
weo(Wy) by (3.19), then Aw,,, — Ax*. It follows from (3.15) that

TszAw,,k —AX*, k> oo (3.24)

By the definition of Tsf iAwnk, we have

1

(T2 Awn,y) + (= T3, A, T 2Awn, — Aw, ) >0,V y € Q.
Nk

Since F;, is upper semi-continuous in the first argument, it follows from (3.15), (3.24) and

liminfy_,e s, > O that F>(Ax*,y) > 0, Vy € Q. This shows that Ax* € EP(F). Hence, we(x,) C

Q as required. O

Now, we state and prove the strong convergence theorem.

Theorem 3.1. Let C and Q be nonempty closed convex subsets of real Hilbert spaces H| and H»,
respectively. Let A : Hy — Hj be a bounded linear operator with adjoint A*. Let F1 :C xC — R
and Fy : Q x Q — R be bifunctions satisfying conditions (A1)-(A4) and the fact that F, is upper
semicontinuous in the first argument. Suppose that {W,} is the sequence defined by (2.1). Let
{xn} be a sequence generated by Algorithm 3.1 such that conditions (C1)-(C3) are satisfied.
Then the sequence {x,} converges strongly to a point X € Q, where X = Po(I — D+ yf)(%) is a
solution of the variational inequality ((D — vf)x,£—x) <0, Vx € Q.



A SPLIT EQUILIBRIUM PROBLEM AND A FIXED POINT PROBLEM 817
Proof. Let £ = Po(I — D+ vf)(%). Then it follows from Lemma 3.2 that

s~ < (1 20,,(7—7p) 20,,(7—7p) { 0 "M

(1— oy 7p) (I—onyp) L2(7—7p)

)2

L eyl o ()~ DR =)
Now, we claim that the sequence {||x, — £||} converges to zero. In order to establish this, by
Lemma 2.4, it suffices to show that limsup,_,.,(yf(£) — D%, x,,+1 — X) < 0 for every subse-
quence {||x,, —£||} of {||x, —X||} satisfying iminfy_,e(||Xy,+1 — £|| — [|x4, —%£||) > 0. Suppose
that {||x,, —£|| } is a subsequence of {||x, —£||} such that iminfy_,e (||, +1 —%[| = ||xn, —£||) >
0. From Lemma 3.4, we have that we{x,} C Q. It also follows from (3.20) that we{z,, } =
We{xn, }. From the boundedness of {x,, }, there exists a subsequence {xnkj} of {xp, } such that

Ml =217+

Xy, —x" and

lim (yf(X) — D%,x,, —X) = limsup(yf(X) — DX, x,, — %) = limsup(yf (%) — D%,z, —%).
Jree / k—soo k—oo (3.25)

Since £ = Po(I — D+ yf)(%), it follows from (3.25) that
lim sup(7£(£) — D81, — %) = lim (7 (£) ~ D, x,, —%) = (¥f(2) ~ Dix’ —5) <0. (3.26)
Joee

k—oo
Hence, by (3.21) and (3.26), we have
limsup(yf (%) — DX, Xy, 41 — X) < limsup(yf(X) — DX, Xy, 41 — Xn, ) +limsup(yf (%) — D%, x,, —X)

= (yf(%) —D%,x" — %) <0. (3.27)

Using Lemma 2.4, (3.27) together with Remark 3.1, and the condition on ¢, we deduce that
lim, e ||x, — £|| = O as required. This completes the proof. O

Taking Y =1 and D = I in Theorem 3.1, where I is the identity mapping, we obtain the
following result.

Corollary 3.1. Let C and Q be nonempty closed convex subsets of real Hilbert spaces H; and
H,, respectively. Let A : Hi — H» be a bounded linear operator with adjoint A*. Let F| : C x C —
R and F> : Q X Q — R be bifunctions satisfying conditions (A1)-(A4) and the fact that F, is
upper semicontinuous in the first argument. Suppose that {W,} is the sequence defined by
(2.1). Let {x, } be a sequence generated as follows:

Algorithm 3.2.
Step 0. Let xo,x; € H; be arbitrary and setn = 1.
Step 1. Given the (n— 1)th and nth iterates, choose 6, such that 0 < 6, < 6, with 6, defined by

é {min{Q, Hxﬂfﬁ}, if x, %xnfla

0, otherwise.

n —

Step 2. Compute
Wy = X+ Op(Xy — Xp—1)-
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Step 3. Compute
20 =T (Wn+ %A™ (T2 — ) Awy),

where
F-

(T2 — 1) Aw, |2 : P
T, ———t N if Aw T, *Aw
A (T2 1) Aw, |2 n 7 I A,

A, otherwise (A being any nonnegative real number).

Yo =

Step 4. Compute
Xpt1 = O ff (Xn) + (1 — 0) [(1 —Bu)zn + ﬁanZn]
Set n:=n+1 and return to Step 1.

Suppose that conditions (C1)-(C3) are satisfied. Then the sequence {x,} generated by Algo-
rithm 3.2 converges strongly to a point X € Q, where £ = Po(f)(X) is a solution of the variational
inequality ((I — f)%,£—x) <0, Vx € Q.

Taking y=1,D =1 and S, = S for all n > 1 in Theorem 3.1, then we have the following
result.

Corollary 3.2. Let C and Q be nonempty closed convex subsets of real Hilbert spaces Hy and
H,, respectively. Let A : Hl — H, be a bounded linear operator with adjoint A*. Let F1 : C xC —
R and F, : Q X Q — R be bifunctions satisfying conditions (Al)-(A4) and the fact that F, is
upper semicontinuous in the first argument. Suppose that {W,} is the sequence defined by
(2.1). Let {x, } be a sequence generated as follows:

Algorithm 3.3.
Step 0. Let xo,x; € H; be arbitrary and setn = 1.
Step 1. Given the (n— 1)th and nth iterates, choose 6, such that 0 < 6, < 6, with 6, defined by

. 5” .
én _ {mll’l{e, ||anxn_||| }, lf.x" %x”_l,

0, otherwise.
Step 2. Compute
Wn = Xy + Op (X — Xp—1)-

Step 3. Compute
20 =T (wn + 1A (T2 = DAw,),

where
(75,2 =D ; P
poi= @ A T A
A, otherwise (A being any nonnegative real number).

Step 4. Compute
Xn+1 = O f (xn) + (1 — 06) [(1 = Bn)zn + BnSza]-
Set n:=n+1 and return to Step 1.

Suppose that conditions (C1)-(C3) are satisfied. Then the sequence {x,} generated by Algo-
rithm 3.3 converges strongly to a point X € Q, where £ = Po(f)(X) is a solution of the variational
inequality (I — f)%,X—x) <0, Vx € Q.
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4. APPLICATIONS

In this section, we present some theoretical applications of our results to solve some related
problems in nonlinear analysis and optimization.

4.1. Split equilibrium and zero point problems of maximal monotone operators. We con-
sider a common solution of split equilibrium and zero point problems for an infinite family
of maximal monotone operators. Let F : H — H be a single-valued nonlinear mapping and
let B: H — 2 be a multivalued mapping. The problem of finding a zero of the sum of two
monotone operators, which is formulated as the following monotone inclusion problem, is to
find a point x € H such that 0 € (F + B)x. This problem includes, as special cases, convex pro-
gramming, variational inequalities, split feasibility problem and minimization problem. More
precisely, some concrete problems in machine learning, image processing and linear inverse
problem can be modelled mathematically as this form; see, e.g., [32, 33, 34]. We denote the
zero point set {x € H : 0 € (F +B)x} of F + B by (F +B)~10.

Let H be a real Hilbert space and B : H — 2!’ be a multivalued mapping. The effective
domain of B denoted by D(B) is given as D(B) = {x € H : Bx # 0}.

(1) the graph G(B) is defined by

G(B) :={(x,u) € HxH:ucB(x);

(2) B is said to be monotone if (x —y,u —v) > 0 for all x,y € D(B),u € Bx, and v € By;

(3) B is said to be maximal if its graph is not properly contained in the graph of any other
monotone operator on H;

(4) For a maximal monotone set-valued mapping B on H and r > 0, the operator

JB .= (+rB)"':H— D(B)
is called the resolvent of B.

Remark 4.1. In [35], it was shown that F(J8) = B~10 = {x € H : 0 € Bx} for all » > 0 and J
is singled-valued firmly nonexpansive, that is,

17Px = Iyl < (JPx—JPy,x—y), forallx,y € H.
The following lemma will be also needed in establishing our results in this section.

Lemma 4.1. [35] Let C be a nonempty closed convex subset of a real Hilbert space H. Let
G : H — H be a mapping and letB : H — 2" be a maximal monotone operator. Then F(JB(I —
rG)) = (G+B)(0).

Now, we have the following results.

Theorem 4.1. Let C and Q be nonempty closed convex subsets of real Hilbert spaces H| and
H,, respectively. Let A : Hl — H, be a bounded linear operator, and suppose that {W,} is
the sequence defined by (2.1). Let B; : H — 2" be an infinite family of maximal monotone
mappings with D(B;) # 0 and let Jgi be the resolvent of B; for each r; > 0. Suppose that {x,}
is a sequence generated by Algorithm 3.1 such that conditions (C1)-(C3) are satisfied. Then
the sequence {x,} converges strongly to a point % € Q = SEP(F,F,) N\, (B; '0) # 0, where
£ = Po(I — D+ yf)(X) is a solution of the variational inequality ((D — yf)%,£—x) <0, Vx € Q.



820 T.O. ALAKOYA, A.O.-E. OWOLABI, O.T. MEWOMO

Proof. Note that J7 is nonexpansive and F (J2) = B;"'0. From Theorem 3.1, taking J' = S; in
Definition 2.1, we have the desired conclusion immediately. U

Theorem 4.2. Let C and Q be nonempty closed convex subsets of real Hilbert spaces Hy and
H,, respectively. Let A : Hl — Hy be a bounded linear operator, and suppose that {W,} is the
sequence defined by (2.1). Let B; : H — 2! be an infinite family of maximal monotone mappings
with D(B;) # 0. Let in" be the resolvent of B; for each r; € (0,20;) and let G; : H — H be an
infinite family of d;—inverse strongly monotone mappings. Suppose that {x,} is a sequence
generated by Algorithm 3.1 such that conditions (C1)-(C3) are satisfied. Then the sequence
{x,} converges strongly to a point % € Q = SEP(F{,F>,) N\ (B; + G;)~'0 # 0, where % =
Po(I — D+ yf)(X) is a solution of the variational inequality (D — vf)%,X —x) <0, Vx € Q.

Proof. Since G; is 6;—inverse strongly monotone, we have that I — r;G; is nonexpansive. From
the nonexpansiveness of Jg" , it follows that Jgi (I —r;G;) is also nonexpansive. The proof follows
from Theorem 3.1 by applying Lemma 4.1 and taking Jffi (I —r;G;) = S; in Definition 2.1.  [J

4.2. Split generalized mixed equilibrium and fixed point problems. Let ¢ : C — H be a
nonlinear mapping and let ¥ : C — RU{+o0} be a proper lower semicontinuous and convex
function. Define

G(u,y) = F(u,y) +(Qu,y —u) + y(y) = w(u) > 0, forally € C.

It is known (see [36]) that if F(u,y) satisfies conditions (A1)-(A4), then G(u,y) also satisfies
them. Hence, the EP reduces to the problem: Find £ € C such that

F(£,y)+(9£,y— %)+ w(y) — w(£) >0, forally € C. (4.1)

This problem is called the Generalized Mixed Equilibrium Problem (shortly, (GMEP)). The set
of solutions of GMEP is denoted by GMEP(F, ¢, ). The GMEP is very general in the sense
that it includes as special cases, optimization problems, variational inequality problems, min-
imization problems, variational inclusion problems, fixed point problems, mathematical pro-
gramming problems, minimax problems, Nash equilibrium problems in noncooperative games,
and many others. Due to its generality, the GMEP has recently attracted attention of many au-
thors; see, e.g., [10, 37] and the references therein. If ¢ = 0 in (4.1), then the GMEP reduces
to the Mixed Equilibrium Problem. If y =0 in (4.1), then the GMEP becomes the Generalized
Equilibrium Problem. In particular, if ¢ = y = 0 in (4.1), then the GMEP reduces to the EP.

Definition 4.1. Let H; and H; be Hilbert spaces. Let C and Q be nonempty closed and convex
subsets of H; and Hj, respectively. Let F1 : C xC — R, F, : Q x Q — R be bifunctions. Let
01 : C — Hy, ¢ : Q — H, be nonlinear mappings, and let y; : C — RU {40}, yo : O —
R U{+-eo} be proper lower semicontinuous and convex functions. Let A : H; — H, be a bounded
linear operator. The Split Generalised Mixed Equilibrium Problem (shortly, (SGMEP)) (see, for
example [38]) is to find a point X € C such that

Fi(£,x) + (¢1%,x — %) + 1 (x) — y1(£) > 0, forall x € C, 4.2)
and y = AX € Q solves
F(9,y) +(929,y = 9) + 2 (y) — y2() = 0, forall y € Q. (4.3)

We denote the solution set of (4.2)-(4.3) by SGMEP(Fy, 01, y1,F>, ¢, v) = {X € GMEP(F,
¢1,¥1) : AX € GMEP(F2, 02, ¥) }-
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Taking

Gl(’/l,y) = Fl(u7y) + <¢’1”7)’_”> + llll(y) - llll(u) > Oa for ally € C7
and
Ga(w,2) = F2(w,2) + (2w, 2— w) + ¥ (z) — yo(w) > 0, forall z € Q,

we can directly obtain the following result from Theorem 3.1 when F; and F, satisfy conditions
(A1)-(A4).

Theorem 4.3. Let C and Q be nonempty closed convex subsets of real Hilbert spaces H and
H;, respectively. Let A : Hl — H» be a bounded linear operator with adjoint A*. Let G| and G,
be as above, and let ¢1, ¢, Y1 and Y, be the same as in Definition 4.1. Suppose that {W,} is
the sequence defined by (2.1). Let {x,} be a sequence generated as follows:

Algorithm 4.1.
Step 0. Let xo,x; € H; be arbitrary and setn = 1.
Step 1. Given the (n— 1)th and nth iterates, choose 6, such that 0 < 8, < 6, with 6, defined by

. 5, .
6, — {mln{e, T }, if x,, # x,_1,

0, otherwise.

Step 2. Compute
Wi = Xn+ O (X —Xp—1).
Step 3. Compute
20 =T, (wn + HA* (T2 — 1) Awy,),

where
G
[1(Te,> —DAw, |2 : G
S S
A, otherwise (A being any nonnegative real number).

Step 4. Compute
X1 = 0¥ (xn) + (I — D) [(1 = B)zn + BaWnzn]-
Set n :=n+1 and return to Step 1.

Suppose that conditions (C1)-(C3) are satisfied. Then the sequence {x,} generated by Algo-
rithm 4.1 converges strongly to a point X € Q = SGMEP(F1,¢1,y1,F, ¢, v2) N2 F(S)),
where X = Po(f)(%) is a solution of the variational inequality (D — vf)x,£—x) <0, Vx € Q.

4.3. Split variational inequality and fixed point problems. Let C be a nonempty closed con-
vex subset of a real Hilbert space H, and let B : H — H be a single-valued mapping. The
Variational Inequality Problem (shortly, (VIP)) is defined as follows:

Find x* € C such that (y —x",Bx*) >0, VyeC.

The solution set of the VIP is denoted by VI(C,B). The VIP is a useful mathematical model
that unifies many important concepts in applied mathematics, such as, necessary optimality
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conditions, complementarity problems, network equilibrium problems, and the systems of non-
linear equations. Here, we apply our result to the following Split Variational Inequality Problem
(shortly, (SVIP)):

Find x* € ﬂ F(S,) such that (x —x*,B1x"), Vx€&C, (4.4)
n=1
and
y* =Ax" € Qsolves (y—y*,Byy") >0, VyeQ, (4.5)

where C and Q are nonempty closed convex subsets of real Hilbert spaces H; and H, re-
spectively, {S,} is the sequence of k,-strict pseudo-contraction mappings in Definition 2.1,
A : Hy — H; is a bounded linear operator, and By : C — Hy,B; : Q — H, are monotone map-
pings. We denote the solution set of problem (4.4)-(4.5) by Q and assume that Q # 0. By
taking F;(x,y) := (y —x,Bjx),i = 1,2, the (SVIP) (4.4)-(4.5) becomes the problem of finding
a solution of the (SEP) (1.1)-(1.2) which is also a solution of an infinite family of k,-strict
pseudo-contraction mappings {S;}. Moreover, all the conditions of Theorem 3.1 are satisfied.
Therefore, Theorem 3.1 provides a strong convergence theorem for approximating a common
solution of the SVIP and fixed points of an infinite family of &;,-strict pseudo-contraction map-

pings.

5. NUMERICAL EXAMPLES

In this section, we present some numerical experiments to demonstrate the efficiency of our
algorithm in comparison with Algorithm 1 proposed in [20] and Algorithm 3.3 in [39]. We plot
the graph of errors against the number of iterations in each case. All numerical computations
were carried out using Matlab 2019(b).

Example 5.1. Let H; = H =R and C = Q = R. Define A: R — R by Ax = 5 and A"y = %
Clearly, A is a bounded linear operator. Define F; : CxC —Rand > : O x Q — R by Fi(x,y) =
—11x%+xy+10y? and F» (x,y) = — 15x% 4+ xy + 14y?. It is easily verified that F; and F> satisfy
conditions (A;) — (A4). Using Lemma 2.6, we obtain

u
TH (u) = VxeC
r (u) 21r+17 xe 9
and
v
TR (y) = :

Define an infinite family of mappings S, : R — R by

2
Syx:=——x forallx € R.
n

It can easily be verified that S, is k,-strict pseudo-contractive for each n € N. Define §], =
tod + (1 —1,)Sy, 1y € [kn,1). Let {,} be a sequence of nonnegative real numbers defined by
& = {325} for all n € N and W, be generated by {S,},{{,} and {t,}. Let f(x) = ix, then
p= % is the Lipschitz constant for f. Let D(x) = 5 with constant ¥ = 1 Then we take y= 1,

which satisfies 0 < 7 < g. Choose 7, = 0.8,6 = 0.9,0,, = 715,86, = G js)z,ﬁn = ntl

i3 In =
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Sp= %, and 1, = +3 It can easily be checked that all the conditions on the control sequences

in Theorem 3.1 are satisfied. Then Algorithm 3.1 becomes

1 295,
= 2,1 Wn 7'”4(21rn+1)(29sn+1)

_ 1 3n+8 n+2 n+1
Xnt+1 = Sp375%n T (3n+9) (2n+3 Znt 2n+3W”Z”)’

where
. 5, .
én: IIlll'l{e7 m}, len #Xn_l,
0, otherwise,
and
[I(Ts, *I)Awn||2 : P
poi= 4 T AT T A
A, otherwise (A being any nonnegative real number).

We use the stopping criterion ||x,;1 —x,|| < 107> and choose four different initial values as
follows:

(I) X0 = —50 and X1 = 89’

(II) xop =200 and x; = 13.732;

(1) xo = 14 and x| = —20;

(IV ) xp = —0.95 and x; = —300.

The numerical results are presented in Figure 1 and Table 1.

TABLE 1. Numerical results for Example 5.1

Alg. 1 Alg. 3.3 in | Alg. 3.1
[39]
Case | CPU time | 0.010 0.7233 0.0085
(sec)
No of Iter. 4 14 5
Case II CPU time | 0.0109 0.7008 0.0110
(sec)
No. of Iter. 5 19 6
Case III CPU time | 0.0113 0.7138 0.0108
(sec)
No of Iter. 5 19 6
Case IV CPU time | 0.0101 7.4439 0.0101
(sec)
No of Iter. 6 36 8

Example 5.2. We consider the second example in the infinite dimensional Hilbert space H =
L%(]0, 1]) with the inner product defined by

1
(x,y) ::/ x(t)y(t)dt forallx,y € H
0
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10° T — T 102 . 3
——Algorithm 1.2 ——Algorithm 1.2
Algorithm 3.3 in [53] Algorithm 3.3 in [53]
——Algorithm 3.1 10° ——Algorithm 3.1 i
20
10
10°
8 S
© 5]
-4
10 104k
10°
108t
L L L L L L 1073 L L L
0 2 4 6 8 10 12 14 0 5 10 15 20
Iteration number (n) Iteration number (n)
102 : 10° : : :
——Algorithm 1.2 ——Algorithm 1.2
Algorithm 3.3 in [53] Algorithm 3.3 in [53]
100k ——Algorithm 3.1 ——Algorithm 3.1
100+
102
8 S
@ @
10%
105"
10°®
10°® ‘ ‘ ‘ 10710k ‘ ‘ ‘ . . . . ]
0 5 10 15 20 0 5 10 15 20 25 30 35 40
Iteration number (n) Iteration number (n)

FIGURE 1. Top left: Case I; Top right: Case II; Bottom left: Case III; Bottom
right: Case IV.

and the induced norm by

1
1 2
x| := (/ |x(t)|2dt> forallx € H.
0

We define F] : CxC — Rand F, : O x Q — R by Fi(x,y) = (Lix,y — x) and F>(x,y) =
(Lpx,y — x), where Lix(t) = @ and Lyx(t) = @ It can easily be checked that F and F;
satisfy conditions (A1)-(A4). Let A : L,([0,1]) — L([0,1]) be defined by Ax(t) = @ and
A*y(t) = yg—t) Then, A is a bounded linear operator. From Lemma 2.6, we obtain

3
TH (u) = r_:t3, VYuec,

and

2
TR (v) = s—|—_vZ’ VveQ.

Let f(x) = @ Then p = 1. Take D(x) = )@ with constant 7= 3. Then, we take ¥ = 1, which
satisfies 0 < 7 < %. Define the sets C:={x € H : ||x|| < 1} and Q:={y € H : ||y|| < 1}, and
define an infinite family of mappings S, : L*([0, 1]) — L*([0, 1]) by

(Sux) (1) = /Olt”x(s)ds forallz € [0, 1].
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It can easily be verified that S, is nonexpansive for each n € N, and hence O-strict pseudo-
contractive. Define S}, = 6,/ + (1 —6,)S,, 6, € [0,1). Let {{,} be a sequence of nonnegative
real numbers defined by §, = {77} for all n € N and let W, be generated by {S,},{{,} and

1 1 1 1
{6.}. Choose 7, =0.7,0 = 0.8, 0t = =7, 5, = (n+1)2’B” = oy T = Sn = 3,10 = 555 It can
easily be checked that all the conditions on the control sequences in Theorem 3.1 are satisfied.

Then Algorithm 3.1 becomes

Wn:xn+9n(xn_xn—l)a Ogengén
3 S

o= 3 T G 3) ()
_ 1 2n+1 n+1 n

Xn+1 = 3435 + (2n+2) (2n+1Zn + 201 ann)v

where
. P .
N min< 0, —2— if x,, # x,_
9n _ { ’ ||xn,xn71||}a n 7é n—1,
0, otherwise,
and
F-
T, 2 —1)Aw, || .
n 1 san JAw | ) if Aw,, 7£ EI;ZAWn7
Yo i= ||A*(T,” —1)Awn]|

A, otherwise (A being any nonnegative real number).

We choose two different initial values as follows and plot the graph of errors against the
number of iterations for three different stopping criterion:

D) xg = l%t6 and x| = %IS;

(II) xo = 5¢° and x| = 2¢5;

The numerical results are reported in Figures 2, 3 and Table 2.

6. CONCLUSION

We studied the SEP and the FPP of an infinite family of strict pseudo-contractions. We
proposed a new inertial iterative scheme with the self-adaptive step size for approximating a
common solution of the problems. Under mild conditions on the control sequences, we prove
a strong convergence theorem in Hilbert spaces. Our proposed algorithm is simple and easy to
implement. We applied our results to some optimization problems. Finally, we presented some
numerical experiments to demonstrate the efficiency of the proposed algorithm in comparison
with some recent results in the literature.
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TABLE 2. Numerical results for Example 5.2

Alg. 1 Alg. 33| Alg. 3.1 | Alg. 3.1
in [39] 6,=0
Case I with | CPU time | 0.5043 0.3078 0.4134 | 0.66576
£=10"2 (sec)
No of Iter. 4 5 2 5

Case I with | CPU time | 0.4239 |0.2934 |0.3810 | 0.6456
£=10"3 (sec)
No. of Iter. 4 5 2 5
Case I with | CPU time | 0.5458 | 0.5318 1.4584 1.6223
e=10"* | (sec)
No of Iter. 7 12 11 15
Case II with | CPU time | 0.5360 | 0.3857 |0.9671 1.1362
e=10"2 (sec)
No of Iter. 6 8 7 10
Case II with | CPU time | 0.5666 | 0.5500 1.5777 1.6738
e=10"3 (sec)
No of Iter. 7 12 12 15
Case II with | CPU time | 0.5444 | 0.5320 1.5385 1.6465
e=10"% | (sec)
No of Iter. 7 12 12 15
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