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Abstract. In this paper, we study the solutions of a Fredholm integral equation in L? spaces. First,
the compatibility condition of the kernel function is adopted to extend the Hilbert type inequality in
general case, and establish the existence and uniqueness results of the solutions to the Chandrasekhar type
integral equation with parameters. Second, we discuss the compactness of integral operators in infinite
intervals with the help of the truncation operator method, and study the convergence of the solutions to
truncated Fredholm integral equations in the L spaces.
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1. INTRODUCTION

Integral equations are widely used in real-world problems such as diffraction problems, elas-
tic problems and electrostatic problems [1]. Correspondingly, the initial value problems and
boundary value problems of partial differential equations are also characterized by equivalent
integral equations. For example, the potential energy theory of the Laplace operator [2] and
the Green function theory of ordinary differential equations [3]. Over the years, many authors
have extensively studied the approximate solutions of the one-dimensional Fredholm integral
equations of second kind [4, 5, 6, 7, 8, 9, 10].

Among the classical approximation methods, the Galerkin method based on the projection
sequence, and the Nystrom method based on the digital orthogonality have typical significance.
Sloan [11] first proposed the use of iterative techniques to improve Galerkin’s method. Chandler
[6] proved that if the kernel function and the right-hand side term are smooth, the iterative
Galerkin solution of the orthogonal projection in the piecewise polynomial space has twice the
convergence order of the general Galerkin solution. Chatelin and Lebbar [12] proved similar
results in the iterative collocation method of Gauss points. As the smoothness of the right-hand

*Corresponding author.
E-mail addresses: syfeng@fudan.edu.cn (S.-Y. Feng), chang@georgetown.edu (D.-C. Chang).
Received January 23, 2020; Accepted February 16, 2021.

(©2021 Journal of Nonlinear and Variational Analysis

683



684 S.-Y. FENG, D.-C. CHANG

side term of the operator equation is lower than the kernel function of the integral operator,
Schock [13] and Sloan [14] proved that the Kantorovich solution has higher-order convergence
than the Galerkin’s solution. As an alternative to the iterative method, Lin, Zhang and Yan [15]
proposed an interpolation post-processing method to improve the collocation solution. Hu [16]
discussed the post-interpolation method of the Fredholm integro-differential equation.

Egidi and Maponi [17] considered the L? solution to the second kind of Fredholm integral
equation with parameters in a finite interval

u(s) —x/bK(s,t)u(t)dz — f(s), a<s<b, (1.1)

where K : [a,b] x [a,b] — C is an L? kernel function, f : [a,b] — C is the L? right-hand side
function, A € C, and u : [a,b] — C is the L? solution of the integral equation. The structure
of the solution of the integral equation (1.1) can be discussed by the standard Fredholm theory
[18], and its approximate solution can be obtained by a variety of numerical methods, such as,
the collocation method, the Galerkin method, the Petrov-Galerkin method, the wavelet Petrov-
Galerkin method and so on [2, 4, 19, 20]. For each s,z € [a,b], K(s,t) is the pointwise limit of
Kn(s,t), where Ky is a finite rank kernel function. According to the Fredholm theory, we first
replace K with Ky to get the solution uy of the integral equation, and then set N — oo to get the
solution of Equation (1.1).

Egidi and Maponi [21] proposed a new recursive method to solve the integral equation (1.1).
They generalized the well-known Sherman-Morrison formula and explicitly constructed the se-
quence of approximation functions, but they only used a few examples to illustrate the conver-
gence of this approximation scheme in the case of real-valued functions. In [17], they extended
this method to the case of complex-valued functions and gave a proof of the convergence of the
approximation algorithm. Although the above two methods of solving approximate solutions
are based on Fredholm’s theory, they differ significantly. The solution uy obtained by the fi-
nite rank approximation of the kernel function comes from a linear system, while the solution
obtained by the Sherman-Morrison method is an iterative solution. When the calculation pre-
cision is specified, the recursive solution will be more direct and effective. In addition, Egidi
and Maponi [17] also enumerated a typical application of integral equations. They approxi-
mated the boundary value problem of Laplace equations by the recursive method, and proved
the convergence of the iterative sequence.

One of the main purposes of this paper is to continue the study of the L? solution to the
second type of Fredholm integral equation in the infinite interval

Pl = )+ [ kxy)o)dy, 0<r<o,

where ¢ is the solution of the equation and y is the initial data in L” space. As the ker-
nel function k(x,y) takes the special form k(x,y) = %, the second type of Fredholm integral
equation becomes the linearized Chandrasekhar integra71 equation. In a recent research on Chan-
drasekhar integral equation [22, 23], the authors discussed the convergence of the equation in
the L? space. This paper will generalize the results obtained previously and discuss the L? solu-
tion of the Fredholm integral equation in infinite intervals. This paper includes two parts. The
first part (Sections 2-4) studies the existence and uniqueness results of the L” solution of the

Chandrasekhar-type integral equation with parameters. The second part (Sections 5-7) studies
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the convergence of the general Fredholm integral equation in the L” space. More precisely, this
paper is organized as follows. In Section 2, we briefly review the classic results of the research
on Hilbert-type inequalities. In Section 3, we establish the existence and uniqueness results of
the solution to the Chandrasekhar-type integral equation with symmetric kernels by introduc-
ing the compatibility condition of the kernel function. Section 4 lists several examples, which
support the conditions proposed in Section 3. Section 5 studies the compactness of integral
operators and truncation operators in the L spaces. In Sections 6 and 7, we discuss the conver-
gence of the approximating solution of the Chandrasekhar-type integral equation as the initial
data and the kernel function both have polynomial and exponential decay in the L? spaces. In
astrophysics, these two situations correspond to the radiation effects of near-Earth and far-Earth
planets respectively.

2. HILBERT-TYPE INEQUALITIES

In this section, we recall some basic facts on Hilbert type inequalities. The work originates
from D. Hilbert, G. Hardy and followed by many other mathematicians during the last 110
years. We refer to readers to [24, 25] w for an excellent exposition of this direction.

2.1. Hilbert inequalities. For any a = {a,,};;_, € [* with the norm |lal|, = (¥, a2 )2 the
Hilbert operator L : 1> — I? is defined by ¢ = {c, }>°_, € I? with

(oo}

&= (La)n) = Y.

m=1

a
i neN.

m-—+n’

For b = {b,}>_, € I?, the inner product is given by

(La,b) = i(imwz)b"'

m=1

The Hilbert inequality [26] follows that
|(La,b)| < mlall2]|b]|2

with ||al|, > 0 and ||b||, > 0, asserting that L is bounded on /2 and its operator norm s ||| = 7

Equivalently, ||Lal||> < 7||a]|,, that is,
1 |
o [ oo 2) 2 . 2
am 2
Z Z <7 Z a .
n=1 <m—1 m+n> (n—l ”l>

Similarly, for f € L?(0,0) withnorm || f[|2 = (f3"| £?(x)|dx) % in real Hilbert space L*(0, ),
one defines Hilbert integral operator T on L*(0,0) into itself by

T = [ 1%

dx, € (0,00).
b XLy y € (0,0)

For g € L*(0,0), one also defines inner product

(Tf.8)= /Ow( Om ){fidx) g(y)dy=/om/: %giy)dxdy-
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Given || f||2 > 0 and ||g||> > O, Hilbert integral inequality [27] follows that

((T1,8)| <= fll2llgll2;

or ||Tf|l2 < x| f]|2, that is,

{/0( owffldX)zdy}i ([ If(X)IZdX)i,

and the operator norm ||T'|| = 7 is the best bound for the above Hilbert integral inequality.

2.2. Hardy-Hilbert inequalities. Let /” be a real Banach space. For a = {ax};,_, € [ with

1
its norm ||a||, = (¥,;—¢ |ax|”) 7, one defines Hardy-Hilbert operator on [P by {(La)(n)};_, € I”
with

oo

(La)(n) = Z a—m, n=0.

—omtn+1

Forb = {b,}; , € 17, the functional operation of La and b is given by

(La,b) i(im) ZZm+n+1

m=0 n=0m=0

The Hardy-Hilbert inequality [28, 29] follows that

T
IS lallp]
sin <F>
where [|a||, > 0and ||b|,» > 0.
Similarly, one introduces Hardy-Hilbert integral operator on LP(0,e0). For any f € LP(0, o)

with norm |||, = (fy |f(x)|pdx)%, one defines T f € LP(0,00) by

= f(x)
0 X+Yy

|(La,b)| < 1211,

(1)) =

dx, ye€(0,00).

Given g € L” (0,0), the functional operation

110= [ [

reads the Hardy-Hilbert integral inequality as

(T£.8)l < —7— Il llgll
Sin (Z)

where || f||, > 0 and ||g|[,» > 0.



CHANDRASEKHAR INTEGRAL OPERATORS IN L SPACES 687

2.3. A non-conjugate exponent case. In this subsection, we collect some results on non-
conjugate exponents (p,q) and a parameter A.
fp>1,¢>1,1+1>1,0<2=2-1+1<1, then

LY < (Z|an| )(iw |q>

where K = K(p, q) is sharp if and only if 1 - + =l,andA =2—
By the same condition, the integral analog also holds,

/0‘”/0“’ I )g(yl) dxdy<1<(/oy |de) </ g (x ypdy) :

(x+y)

1,1
» g

andmoreover,ifp>1,q>l,%+%}>1,0<l:2—l—7+6—1<1,then
1

[ el <x([vora) (s

Levin [30] compared dlfferent formulations of the bounds in above inequalities , but he could
hardly prove the optimality of the bounds. Bonsall [31] discusses the functional inequalities to
the general kernels with non-conjugate exponents and parameters.

Remark 2.1. The norms of Hilbert-type integral operators could be exactly estimated, casting
a light on the sharp bound of the parameter A in the linear Fredholm integral equation to ensure
the existence of the solutions. Moreover, one may extend the basic models to a relatively wide
class of integral kernels.

3. LP” SOLUTIONS (1 < p < )

In this section, we consider the L? solutions (1 < p < o) to the linear Fredholm integral
equation of the second kind

o) = w(y)+ A /0 k(x,y)p()dx, 0<y<oo, 3.1)

where y € LP(0,00). A boundedness result of the integral operator is provided by Theorem 1
of [32], which guarantees the existence and uniqueness of the solution to the Chandrasekhar-
type integral equation. On the premise that the parameters of the equation are not required to
accurately reach the optimal range, one can put forward more general conditions.

Let the integral kernel k(x,y) = k(y,x) be symmetric and nonnegative almost every in (0,c0) X
(0,00). For 1 < p < oo, z%dl_z% — 1, taking f € LP(0,0) and g € L”' (0, ), one defines

= [ ke)sdr, ve (0.),
or equivalently
/ k(x,y)g(y)dy, x¢€(0,00).
For any € > 0 and x > 0, we define

ke (r,x) ::/0 k(x,y)o(x, )Hsdy, r=porp.
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It is obvious that @(x,y) = 3 satisfies o(x,y)o(y,x) = 1, which is called the compatibility
condition of the convergence factor. In fact, it inspires us to establish a boundedness result of
the integral operator K by means of this general condition.

Lemma 3.1. Suppose that ko(p) = ko(p,x) = f(;x’k(x,y)w(x,y)%dy is independent of x > 0
and ko(p) = ko(p'), ©(x,y) satisfies the compatibility condition o(x,y)o(y,x) = 1. Then K
is a continuous linear operator mapping LP(0,00) (and LV (0,0)) into itself with ||K||1p—1r =
HKHU L < kO( )

Proof. Without loss of generality, let f be nonnegative, otherwise one may replace f by |f].
Making use of Holder’s inequality, one has

(oo

(3.2)

Hence,

o(x,y)r

<o) { [ [ Kot seorasas -
= ”{/[

= (ko(p))” (ko(P)) " /s

Therefore, K f € LP(O,oo) and ||K||LpﬁL (ko(p ))17 (ko(p’))% = ko(p). Similarly, the inte-
gral operator K maps L” (0,e0) into itself, and moreover, it follows that Kg € L” (0,e0) and

1 1 /
1Ky 1w < (ko(p))?” (ko(p'))? = ko(p) holds for any g € L (0, ). O

—_

Remark 3.1. Since the integral kernel of the (linearized) Chandrasekhar equation is expressed
as the ratio of the characteristic function to the symbolic function, we are naturally interested in

the corresponding special form of the convergence factor. Let w(x,y) = Zggx y% where @; > 0,

J = 1,2. Now the compatibility condition @(x,y)®(y,x) = 1 is equivalent to @ (x,y)®; (y,x) =

@ (x,y)an(y,x). In particular, @;(x,y) = @y (y,x) (or equivalently @;(y,x) = m,(x,y)) fulfills

the compatibility condition. Denoting @; = Q. one hence puts @(x,y) = ng)yc ; Generally,

the L” norm of the operator K cannot reach ko(p). In fact, if it does hold true, Q(x,y) will
need to be controlled by a single variable function. Specifically, there exist some nonnegative
®; € LP(0,0) (j = 1,2) and a constant y > 1 such that Q(x,y)fl% < Dy (x), Q(y,x)f%/ > Dy (y)
and || ®1|zr < [|P2||zr, Where ®;’s (j = 1,2) are independent of y. Thus, ®; = ®, almost
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everywhere in (0,0) and consequently the convergence factor takes the form w(x,y) =
with some measurable function ¢ > 0.

For the particular case, we will be able to further exploit the properties for the norm of the
integral operator as follows.

Corollary 3.1. Suppose that the convergence factor ®(x,y) = % with 6 > 0. If ke(p) =

ke(p,x) is independent of x > 0, ke(p) = ko(p) +0(1) (€ = 0%), ko(p) = ko(p'), and che
LP(0,e0) holds for any y > 1, then K is a continuous linear operator mapping L (0,) (and
LY (0,00)) into itself with ||K||zr—s1r = ko(p).

_l4e

Proof. Tt suffices to prove ||K||zr—1» = ko(p). By condition, it follows that 7¢(x) ;= o (x) » €

LP(0,00) holds for any € > 0. Denoting f¢(x) = ”T;E (HxL)p and noticing that the kernel function is

symmetric k(x,y) = k(y,x), one has || f¢||.» = 1 and

1K |zr—s2r = [[K fel|r

([ e o)
Y s\ 7\
:m{/o o(y) (/0 k(y,x) <Wx)) dx) dy}

_ m {/Owrs(y)”dy}; +ke(p)

= ke(p) — ko(p),

as € — 0. It means that ||K||zr—,1» = ko(p). Hence, combining with the conclusion ||K||zr—z» <
ko(p) of Lemma 3.1, one obtains that | K||zr—1r = ko(p). O

Remark 3.2. Once o(x) ~x%* as x> 1 for some & > 1, it follows that ||K||z»—r» = ko(p). For
o = 1, one may consult [22, 23, 33]. For o > 1, the authors show that it is still valid in the very
recent work and one may find some f € L”(0,0) such that || f||z» = 1 and ||Kf||rr = ko(p) =

1Ko -
Let us now consider linear Fredholm integral equation (3.4). One would put it in the previous
notations as
¢ =vy+AKo.
Define an operator T from L?(0, o) into itself by
To=y+AKo.
Noticing that

ITQ1 =T @allr = [A||K (@1 = 2)|[r < [A[ko(P)[| @1 — @2]|Lr,

one claims that T is a contraction operator if |A|ko(p) < 1. By using the contraction mapping
principle, one reaches the following result.
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Theorem 3.1. For the linear Fredholm integral equation

0(y) = () + A /0 Tk(ny)p)dr, 0<y<oo, (3.4)

if the kernel k(x,y) is symmetric and nonnegative almost every in (0,00) x (0,c0) and fulfills
the condition in Lemma 3.1, i.e. ke¢(p) = ke(r,x) (r = p or p') is independent of x > 0 and
ke(p) = ko(p) +0(1) (€ — 0T), then there exists the unique solution in @ € LP(0,0) of linear
Fredholm integral equation (3.4) as long as || < @.

It is worth noting that if the norm of the operator in (3.4) does not reach ky(p), then one
cannot guarantee that the range of the parameter A in the equation is optimal.

4. SHARP BOUNDS

To the linear Fredholm integral equation of the second kind

00) = W) A [ kxy)o@ds, 0<y<e.
taking k(x,y) = "fgig
tion with Chandrasekhar kernel. The prototype of Chandrasekhar’s equation corresponds to
t(x,y) =1and v(x,y) =x+y.

In this section, we illustrate several examples to support the conditions of Corollary 3.1. For
more applications, one needs to handle two kinds of Eulerian integrals, Beta function (First kind
of Eulerian integral) and Gamma function (Second kind of Eulerian integral). For p > 0, g > 0
and s > 0, one defines Beta function

1
B(P,q)Z/O 1= x4 dx,

, one calls it Chandrasekhar integral equation or Fredholm integral equa-

and Gamma function
—+oo
['(s)= / X e ¥dx.
0
The two kinds of Eulerian integrals are related by

[(p)T(q)

PP = Ty

(p>0, ¢g>0), (4.1)

and hold some useful equalities

doo g1 Lyp=1 4 g1
B(p,q)z/o xnpa /O—ZB(q,p) (p>0, g>0), (4.2)

[EE (1+4¢)pta
I'a+1) 1 4
W:/o (~Inu)*u’du  (a>—1, b> 1), (4.3)
D)1 —s) = — o0 (0<s<1). (4.4)

For the proof and more properties of Eulerian integrals, one refers to [34].

1

ey |

Example 4.1. k(x,y) = (o> 1).



CHANDRASEKHAR INTEGRAL OPERATORS IN L SPACES

; Y X 1
Puttlngu—x,u—yandv—u,

bl 1 x\ »
ke(p,x) = / — (=] dy
0 |xa—ya|6 y

one observes that

b () e [ ()

1 1 1+£
:/ —_— du—l—/ —u
0 (1—udys (1—u%)a
1

= ko(p) = ko(p')-

In virtue of Corollary 3.1 and Theorem 3.1, one has

s

and the linear Chandrasekhar integral equation

+7L/

has a unique solution in @ € LP(0,0) as long as

s:\~

A (o D) a( )

a pa a o o
1

- o) Wl

In particular, taking p = p’ = 2, one has

2
/ / &
0 [Jo (x—yo)a
and the linear Chandrasekhar integral equation

+A/ L

has a unique solution in ¢ € L?(0,0) as long as |A| < {%B (%,

2 1
d <—B| —,
Y o (2a

Example 4.2. k(x,y) = % (B> —1).

1
p »
1 1 1 1
dy} <—[B(— 1——) -I-B(,—,l
o pa. o pa

1+¢

1+£ -1

du

-4

dy

5)] 1l

691
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Putting u =2, u = yandv=— In(u), one observes that

= [T ()

_ / [In(x) — In(y |ﬁ() iyt / |1n<x>—yln<y>|ﬁ (y)dy

€ 1 €
:/ (—n(w)Pu P dut | (~n(w)Pu' du
0 0

=07 [" (10w (w77 )
_ /O""vﬁe;dv+ /O“’vﬁe-szdv
=T(B+1) [P+ ()P

=ko(p) = ko(p")-

In virtue of Corollary 3.1 and Theorem 3.1, one has

[ o)

<+ ) [P 0P e

and the linear Chandrasekhar integral equation

)’/‘”Hn ) —In(y \ o(x)dx

max{x, y}

/w lIn(x) — In(y)|?
0

max{x,y} flx)dx

has a unique solution in ¢ € L”(0, o) as long as

A< {TB+1) [P+ ()P
{ | o) n)
0 0

max{x,y} flx)dx pdy}llj <[P+ ()] {/Ow‘f(x)’pdx};,

and the linear Chandrasekhar integral equation

* [In(x) —In(y)|
+7L/ max(ry} ————0(x)dx

-1

Taking 8 = 1, one has

has a unique solution in @ € LP(0,00) as long as || < IT(P’)Z' In particular, p = p’ =2 and

B =1lead to

[0,

max{x,y}

{/: zdy}!s{/:f(x)zdx}é,
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and the linear Chandrasekhar integral equation

= [In(x) —In(y)|
—l—?L/ max{x o ————0(x)dx

has a unique solution in ¢ € L?(0,) as long as || < §.

B
Example 4.3. k(x,y) = (x+'y1)‘ﬁ(i“2,zéfilﬁy{{l7y})a (B> —1, & <min {%7 %}).

Putting u = %, u= ’;‘ and making use of Eq. (4.3), one observes that

I+¢

e [In(x) —In(y)[? A
kg(p,X) _/0 (x_|_y)1_0‘ (min{x,)’})a <y> “

1+e
IIn(x) —In()|P /x\ 7 /w|1n(x)—1n(y)\ﬁ x\ 7
= ) d Z) 4
/ X+y1 *y* \y e (X+y)1‘°‘x0‘ y '

M (=In(w))” / —at e
_/0 (1—|—u)1 U S du + 1+u1 U P du
B
R ) Ly A
e—0 /0 (1+u)l @ u P+u P | du
1

0 k=0
> 1
= ch&—l/ (—In(u))? (uk * 1]’+ukaﬁ’)du
k=0
| - ck 1 1
ﬁ+ )];) o—1 B+ + : B+1
= k—a+ > (k— +17>

= ko(p) = ko(p").

In virtue of Corollary 3.1 and Theorem 3.1, one has

Py
dy}

=| (= |In(x)—In(y)[P
{/0 /0 (x+y)'=e (miny{x,y})af(x)dx
o . 1 ) %
<F(I3+1)];)C]o<cl (k— p>ﬁ+1+<k—a+%>ﬁ“ {/0 |f(X)|pdx} 7

and the linear Chandrasekhar integral equation

lIn(x) — In(y)|P
o0 o) / (x+y)!1=% (min{x, y})a(p(x)dx
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exists a unique solution in ¢ € L”(0, o) as long as

> 1 1
Al < F(ﬁ*‘l)k;)d&l (k_a+%)ﬁ+l+<k—a+%)ﬁ+]

p
In particular, taking 8 = 0, one has

& 2(k—a)+1
fofp) = ¥, Co (k—a+ 1) (k-a+)

{/o I8 <x+y>1-0{ fﬁin{x,ywd’c pdy}p

Feb g2t [orad

a—1 L 1 L 1
0 ( —(X-f-;)( —OC+I7

and the linear Chandrasekhar integral equation

Hence,

¢(x)
* (min{x,y})

gdx

00) =)+ [

has a unique solution in @ € LP(0, ) as long as
-1

& 2k—a)+1
M= kgbd&_l <k—a+%> <k—a+l%>

Remark 4.1. The particular case (3 = 0) of Example 4.3 generalizes the classical Chandrasekhar

kernel, replacing (x+y)~! by [(x+y)' "% (min{x,y})¥] ! The norm of the integral operator

e f(x)
Kf(y) —/O (x+y)1=% (min{x,y})*

defined on L (0,0) equals to

dx

- 2(k—oa)+1
IK|r—r =Y Co s ( ) :
k=0 (k—a+%> (k—oc+§)

5. THE TRUNCATION OPERATOR TO THE LINEARIZED CHANDRASEKHAR EQUATION

As the second part of this paper, this section and the subsequent two sections study the ap-
proximate solutions to the integral equations of Chandrasekhar type. It needs to be pointed out
that the kernel function of the integral operator under consideration does not have to be sym-
metric, and the equation no longer contains parameters to ensure the existence of the solution
of the equation. For integral operators in infinite intervals, the main effort will be devoted to
overcoming the non-compactness of integral operators. Anselone [35] utilized the truncation
operator in the finite interval to approximate the original operator. It turns out to be an effective
method; see, e.g., [22, 23, 36] and the references therein.
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In this section, we exploit the properties of the truncation operator in the LP[0, ) space. In
detail, we consider the approximating solutions to the following integral equation in L [0, o),

o) = W)+ [ Kry)oO)dy, 0<x<e, 5.1)
For simplicity, it is shortly rewritten by

¢ = y+Ko, (5.2)
where

Ko() = | Kxry)e()dy
and k(x,y) is a measurable real-valued function on [0,o0) X [0,00). Apparently, if k(x,y) is
symmetric, then Eq. (5.1) is in the exact form of Eq. (3.4).
One introduces a bilateral truncation operator
Kr = Mo 1KMo 1),
where Mp is defined by
Mpo(x) = xp(x)@(x)
for any @ € LP[0,0) and Jp is the characteristic function of a subset D. The integral equation
associated to the truncation operator K7 follows that
O = yY+Kro. (5.3)
If (I—K)~!and (I — K7r)~! exist for any T > 0, then the solutions to Eq. (5.2) and Eq. (5.3)
are respectively denoted by
¢=0-K)'yv, fr=0-Kr)y. (5.4)
For k(x,y) = ki (x,y)k2(x,y), setting

Ko = [ ki)e0)dy

and

1
7

oo / P
M=l gy s { [Ty as)

x>0

1
o P
Ay = ||K2||L§°(Lf) = Sup {/0 ‘k2<x7y)|pdx} )

y=0

Az = |Kollp@z) = sup ka(x,y)|
x20,y>0

with 1 < p < o, one needs to extend the properties of the truncation operator in [36] from the
L? space to the L” spaces as follows.

Theorem 5.1. Suppose that 1 < p <o, Aj <oo(j=1,2,3), the integral operator K in Eq. (5.2)
and Kt in Eq. (5.3) respectively have solutions ¢ and @r given by Eq. (5.4). Then the following
properties hold.

(1) K is bounded in LP[0,o).

(2) Forany T > 0, Kr is a compact operator in LP[0,).
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(3) If (I — Kr)~! exists and is uniformly bounded with respect to T, then (I — K)~! exists
and @y — @ in LP sense as T — oo.

Proof. (1) For arbitrary ¢ € L?[0, ), one has

kol = [ axs [ ( [ Gty |<p<y>|dy)pdx

< [( [eora) () °°|k2<x,y><o<y>|pdy)’ljrdx

<at [ [Cietsroor vas=af [7| "t s loras

<ATAS@l1L-

p

/0 mk(x,y)w(y)dy

Hence ||K@||zr < A1Az||@]|zr. Therefore, K is a linear bounded operator from L?[0,) into
itself with || K|z < A1Ao. Similarly, one has ||K7||1r < A1As.

(2) For arbitrary ¢ € L”[0,0) and measurable sets G, F C [0, ), one has

|McKMpo||7,

- [ 6w

<, wots [(/000 ey ay) ' ([ materoozeiay) ’l’] i

<ALAL | o]12,1G

p
dx

| keaten)ze ()p0)ay

1
Thus HMGKMFHU’%U’ <A1A3|G’;, and lim‘G|+|F‘ﬁ0 HMgKMFHU)%UJ =0. Consequently [37],

lim MgKrMg||r» = lim M KM =0
|G|+\F|—>0” GAT FHLIHLI’ \G\+|F\%0H GNI0,T] Fﬂ[()ﬂ“}HL[’*)Lp

implies that K7 is compact in LP[0,T]. For y € LP[0,0), it follows that yxo 71 € LP[0,T] and
1KYl 2ojo.00) = 1KY 50,17 | o077 (5.5)

Taking any sequence {y,},_; in the unit ball B(0,1) := {y: [[y|lzrjpe) < 1} and supposing
that {Kryy, x[o,ﬂ} is a Cauchy sequence in L”[0, T}, one ensures that {Kry,, },._, is a Cauchy
sequence in L”[0, ) via Eq. (5.5). Therefore, K7 is compact in L?[0, o).
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(3) For ¢ € LP[0,00), Ky — K¢ in L” norm, as T — +co. Indeed,

HKT(P_K(pHIle
p
dx

/

%3200y~ [ K y)p()dy

p
dx

/ k(xy) (o) @00 K01 (0) — ()] dy

/(/ k1 (x, y)k2 (x, )1 | X071 (%) @ () 210,77 () — \dy>px

/ (/ |1 (o, )P dy) 7 (/wlkz(x,y)]l"X[O’T](x)(p( )Xjo.71(¥) — o)|? dy>

11’/ / ko (x,y)|P ‘X[OT X)) x0,r(y) — )" dydx

—A / / s (e )1 | 2700 ()9 + 20,77 (T) @) X709 ()| dlyx

<2ar ([ [Ciets) looavar+ [ [“tatenllpwrady)

where in the last inequality, one utilizes the basic fact that (a + b)? < 27 (a” + b?) holds for all
a>0,b>0and p>0.

On the other hand, [; [ [ka(x,y)|” |@(y)| dydx and [ [7° [ka(x,y)|? |@(y)|? dydx are both
dominated by

k2 (x, )17 |@()|P dydx < A || @7y < eo.
0 Jo

From the dominated convergence theorem, |[K7¢ — K@||z» — 0 as T — oo. Since (I — K7)~!
exists and is uniformly bounded with respect to T, we have that (I — K)~! exists and (I —
Kr)™' = (I—K) ! as T — oo (cf. Lemma 1.5 in [35]). Therefore, ¢7 — @ in L” sense as
T — o, which completes the proof. 0

Remark 5.1. For p = 1, the bounds A;’s (j = 1,2, 3) take the form

A= 1Kl 1) =X>S(;lyp>0|k1 (%) <o,

Ay = HKZ”L;"(L}C) = Sli[(:)){/o |k2(x,y)|dx} <
y=

Az =Koz z) = sup [ka(x,y)| <ee.
x20,y>0

The case for p = o is delicate. The first assertion keeps valid, while the second one is invalid
unless an additional condition || K|, .. (Lg) = SUPx=0,20 |k1(x,y)| < oo is provided. Due to the
‘X y =

construction of the truncation operator, the third assertion generally does not hold in L™ sense.
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6. APPROXIMATING SOLUTIONS OF POLYNOMIAL DECAY

In [33], the authors consider the polynomial decay estimate of the L? solution to the integral
equation as the characteristic part of the kernel function and the right-hand side term are dom-
inated by the polynomial upper bound. This section will directly extend this result to the L?
situation, and get a complete picture of the physical parameter settings.

Lemma 6 1. For 1 < p < oo, suppose that K and L are linear bounded operators in LP]0,00),
(I—K)~"exists and A := ||(I—K) "' (L—K)L|| < 1, then (I — L)~ exists in LP[0,0) with norm

L+ ([ —K) 1L

I-L)7Y <
I )l T—A

and, for any f € LP[0,0),

|7 = K)HIILf —KfI + Al —K)

-1 —1
l0-0) = -K) 'l < /]

Setting

1

ar)={ [ [Mtpras)

for any f € L”[0,), one denotes

{/ / k2 (x,y).f I”dde}};,
() :={ [vora)

The following technical lemma attributes the L” error estimate to the decay of the charac-
teristic part of the kernel function and the right-hand side term at infinity, which improves the
result in L2 space [36].

Lemma 6.2. Suppose that 1 < p < oo, Aj < oo (j=1,2,3), the integral operator K in Eq.
(5.2) and Kt in Eq. (5.3) respectively have solutions ¢ and Qr given by Eq. (5.4). If Q(T) <

m, then one has the following LP estimate
TA3 || (/=
s A]|(1=K)| )
16=0rllr < Qu(T)+Ar04(T)+A1AQ(T) || Q||| . (6.1)
Azl (1K) ] v )

Proof. Taking any ¢ € LP[0,0),

(Kr —K)Kr¢ = (M 1/KMjo 1) — or]/ (x,y)@
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one has
H(I_K)il(KT - KT(P‘ LP
<N =K) o | (Kr — K)Kr ol
. oo T T p 7
<=0 oo { 7] [ ol ([ e llooiay ) as] az}
- T ) p . |7
<=0 e | ([ Hatenlrar) (iaallplis)” ]
<Al = K)o UT).
Hence
A= ||I-K) " (Kr —K)Kr ||, <ATAS|(I—K) oo Q(T).
On the other hand,
T oo
(K =KW () = Moy (®) [ ke)yO)dy+ [ kv
thus
1
p
k=Kl < { [ [ enpwnar| o)
1
p
H T v o
=h+Dh
In view of
nead [ [ etorivorad” = ey
and

nea([ [ |k2<x,y>|f’|w<y>|f’dydx)’l’
| [T o ([ matirar)ay :

b P
<ais ([T wolay)" = aiazoy (),
one immediately has

I(K = Kr)wller < Ay [A20y(T) +Qy(T)] .
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Since A< 1as Q(T) < W for sufficiently large T, one may take L = K7, f = y and
143

make use of Lemma 6.1 to reach
A =K) oo
1= A3As (1 — K)o Q(T)
A0y (T) + Qu(T) +A1A3]| 9| - Q(T)]

10— rllr <

which completes the proof. U

We are now in a position to formulate the main result as the characteristic part of kernel
function k; and initial data y are both polynomially dominated. The notation X < Y means that
there exists some constant C > 0 such that X < CY.

Theorem 6.1. Suppose that 1 < p <o, A; <oo(j=1,2,3), the integral operator K in Eq. (5.2)

and Kt in Eq. (5.3) respectively have solutions ¢ and @r given by Eq. (5.4). If |ka(x,y)|P <
1 1 .

(= and [W(y)IP' S iy Jor all (x,y) € R xRt witha>1,8>0 a+fp >2and

Y > 1, then, as the truncating endpoint T is sufficiently large, the following polynomial error

estimates hold.

e For B > 1,

Ay H(I—K)*lHLp_mp [((X -D(B-1)(1+ T)oc—l] 5

10— rllr < :
[(@=1D(B =11 +T))7 = A= K) " u-s1r 62)
X{ A L (B=DP+AAB+Y=1)7 9]
=D+ [(@=D(B-1)(B+y=D1+T)
e For B =1,
16— rller < AU =K) e [(@ = D07 1]
T e DT A K) Mo (T
x{ A2 +1+mAwM¢m4mu+nﬁ}_
(=0T [(a= D14+
e For B <1,
A= K)o [(a= 1) (1= B)(1+T)%HF-2)7
19— rllr :
(=D =B+ 27 —MAs |1 =K) oo (g
) As L0=BP 14T T +AAs(B+y= 17 9l

(r=1)A+T) 7 [(a—1)(1—B)(B+y—1)(1+T)eB-2]7
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Proof. It suffices to estimate Q(T'), Qy(7T), and wy (T') for different f3’s.
e For 3 > 1, one estimates the upper bounds

dydx
ka(x, )| dyd //
//szy)l ydx S EE Y

:<T 1+x )(0 l+y )5(a—1)(5_11)(1+T)a_17

Z/:/OT ko (x,y) y (y)|” dydx S / / T dyfiy)ﬁﬂ
o dx -
N (/T (lix)“) (/0 (1—:;};[5”) N (a— 1)([3+y1_ D(1+7)e 1

/ V) N/ 1+y 1)(11+T)7—1‘

As T — oo, Q(T), Qy(T), and wy(T) are sufficiently small to make sure that Lemma 6.2
is applicable. Finally, a direct substitution yields the polynomial error estimate (6.2) for the
truncation solutions to Eq. (5.2).

e For B = 1, one similarly has the bounds

dydx
//|2xy>| N e

B ( Too 14+x)¢ ) ( oT I?y) S (o _111l)<(11++TT))a—1’

dydx

)P

//|k2 I dvde S // (14+x)%(1+y)l+7Y
T

- (/Tm Uf;)“) (/0 (1+dyy)1”) S (o — 1)y(11+T)a—1’

/ ¥o) N/ 1+y l)(11+T)71'

Although the convergence in y direction is reduced, as long as T is sufficiently large, one can
still ensure that Q(T') is small enough, and the upper bounds of Qy,(T') and wy(T') are similar
to the above case. Therefore, Lemma 6.2 is applicable to our situation and the error estimate
(6.3) of the truncated solution to Eq. (5.2) is obtained from it.

e For B < 1, the bounds become

//|k2 I dydx < //(1+ dydfﬂ)ﬁ

- (/Tw(li—);)“) (/oT (1+y)ﬁ) < (o —1)(1 _3;(1+T)a+ﬁz’

and

and
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/ / ko (e, ) WO)I dydx s / / (14x)* dyfiy)ﬁw
'\ T
- (/T (1jx)a) (/0 (1+dyy)ﬁ+7) : (a—l)(ﬁ+yl—1)(1+T)“1’

!
w‘l’i(T):/ N/ 1+y =) +T)r T

The condition @ + 3 > 2 ensures that Q(T') has polynomial decay as T is sufficiently large,
while the estimates of Qy(7) and @y (7) maintain the same form of convergence. We use
Lemma 6.2 again to obtain the error estimate (6.4) of the truncated solution to Eq. (5.2). ]

and

Remark 6.1. First, the range of parameters in this theorem is necessary. In fact, A3 < oo implies
o >0and B >0, and Ay < oo further requires o > 1. ¥ > 1 guarantees @y (T') < co. Second, as
the kernel function has the form k(x,y) = k1 (x,y)k2(x,y), k1 (x,y) depend on the y variable only,
and k»(x,y) depends on the x variable only. These components are regarded as the symbolic
function and characteristic function in the case of separation of kernel function variables. This
specific form of the kernel function corresponds to the case of B = 0, which has an independent
significance in the theory of celestial radiation.

7. APPROXIMATING SOLUTIONS OF EXPONENTIAL DECAY

We study the large-time error estimation of the equation approximation solution as the char-
acteristic part of the kernel function and the right-hand side term have exponential decay in this
section. Taking account of no parameters in the integral equation, one may use the iterative
kernel method to approximate the solution of the equation. In fact, this successive approxima-
tion method has a wide range of practicability, and applicable to both finite interval and infinite
interval cases [23, 36].

Since the truncation operator is the main analysis tool, one needs to structure the truncated
solution of the equation. Denoting ¢ as the solution to the truncation equation

¢ —Kro = WX,
one easily checks that the approximating solution to Eq. (5.3) is represented by

@T(X)Z {@T(x)v RIS [OvT]v

7.1
V), xe(Te). 7D

7.1. Exponential error estimates. Similar to Lemma 6.2 in the polynomial case, one needs
an error estimate compatible with the upper bound of exponential decay.

Lemma 7.1. Suppose that 1 < p < oo, Aj < oo (j=1,2,3), the integral operator K in Eq. (5. 2)
and Kt in Eq. (5.3) respectively have solutmns ¢ and @r given by Eq. (5.4). If (I — Kr)™!
exists and is uniformly bounded with respect to T, then one has the following L estimate

16— @rller <241 [(1=K) 7|1, 10 [Qr (T) +A200(T)]. (7.2)
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Proof. Since ¢ and @r fulfill the equations
¢—K¢ = ¢r—Krfr = vy,

i.e., QADT — (ﬁ = KT@T —K(p, it follows that (@T — @) —K(QA)T — (ﬁ) = (KT —K)QADT. Hence @T —
¢ = (I —Kr)" (K7 — K)¢r and then

167 — @l <1 = K)o e[| (K7 — K) @r |- (7.3)
By the construction of ¢7 in Eq. (7.1), one has

(K7 — K)rl|7,
-
<a? [ [ el Plxon 0er6)ton 0) - oro) Py
=] [ [ Il @r0)re) )+ A o) (0800110 iy
<2ral | [ e ioroipdsaxs [ T\k2<x,y>\P|¢T<y>|dedx}
—2af[ [ [ etnra ) wolras+ [ [ et o) dvas]

< 2°A [ALaly(T) +QP¢T(T)] .

p
dx

| k) o (99r )00 0) = br()] dy

Consequently
H (KT — K)@THLP <24 [AQ(DW(T> —}—Q@T(T)] .
Finally, it follows that
o — @ller <241 [|(1=K) 7|, [A2004 (T) + Qg (T)]
which together with Eq. (7.3) conclude the proof. 0

Now we extend the L? case in [23] to the L? case. Compared with [36], [23] removes the dis-
placement dominance restriction on the characteristic part of the kernel function and increases
the choice of the parameters.

Theorem 7.1. Suppose that 1 < p < oo, Aj < oo (j=1,2,3) with A1Ay <1, (I — Kr)~! exists
in LP[0,00) and is uniformly bounded in T, the integral operator K in Eq. (5.2) and Kr in Eq.
(5.3) respectively have solutions ¢ and Qr given by Eq. (5.4). If

ka(e )l <@ P y()IP<e ™ x20,y20 (7.4)
forsome >0, B >0and y>0, A := Al T < 1, then, for sufficiently large T > 0, it follows
" (B+m)P
that
24, Ay _z 7
10— rlle < o | Fre 7T+ - (7.5)

=4 |y (1-A)ar(a+B)7
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Proof. For every @ € LP[0,), one has

IKTllz,

< /OT (/OT ‘kl(X,y)kz(x,y)H(p(y)‘dy>pdx

<[ wers) ([ |k2<x7y>|P\<p<y>|de)’l’rdx

<af [ ([ tetsPlooiray ) as

<ATAS@1L-

Thus ||Kr||r—rr < A1A2 < 1.
On the other hand,
p
or|P = |(I—Kkr)'y|" = .

(B

Y Kry
j=0
In view of

[ )l

1
7

1
T / P T ;
<(f mtenpan)” ([ iatmn)vin)pan )

1
T ’
<A ( J \kz(tz,tl)lph//(tl)lpdt]) |

one claims that, for any positive integer m > 2,

T T
e ) et ) o0 o

—_—
m tuples

T

T
< A" /0/0 o (2, 1) [P [k (tims tm—1) |7+ - [k (22,11 P | W (21) | Pty - - ity
—_—
m tuples
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It follows that

/ / Kttt |- et t) [ W (00 |dy -ty

m—H) tuples

T T T
= [ kaltn) | [ [ el ) -z, )l | di
0 ——

m tuples

(/ |k1 t tm+1)| dtm+1)

/ /\kuw a2t P ()| Pty - dt

m+l) tuples

= |-

<=

<Am+1 / / ’kz t tm+1 "kZ(tZatl)\p\l//(tl)Wdﬁ cdtpg

(m+ 1) tuples

Therefore,
. T T
Kpw)| = 20m () [ o [ ko) |- kG )l -+-d,
] [
i tuples

=

<Algor(x / o A [ S R T

ltuples
The assumptions
o (x, )P < e P y()P < e,
lead to that o
ko (x,y)|? Pd S/eaxe(ﬁﬂ’)yd <f
| ety wo)rdy y< i

It consequently follows that

Kv)] <4100 | o5

and

o p o \7 .
|7 (x) [P < (Z ‘K%‘V(X)D < (Z 1’) Xo)(x)e”* = (i _)L)pX[O,T)(x)-

J=0
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We now turn to estimate @y, and Q¢,T based on the bounds of @7. Indeed, it holds

o T
(1)< [ e ray=* - (7.6)

and ;
0 (1) = [ [ tha(w.3)0r ()" dvx
T JO

<; ” Te_ax_5y~e_ayd dx
Sa—ae e Jo Y

| T i) (7.7)
=— e_axdx) (/ e \&tPlyg )
(1—A)P (/T 0 g
efaT
< .
a(a+p)(1-A)P
Since ||K||r—rr < A1Az < 1, it follows that
_ 1
1 =K) lroser STH|K|+ (KP4 € —— (7.8)
1—AA;
Finally, we reach the estimate in (7.5) by substituting (7.6), (7.7), and (7.8) into (7.2) to com-
plete the proof. UJ

Remark 7.1. The convergence results in Sections 5-6 show that since the truncation operator is
defined pointwisely, under the most natural conditions (the conditions proposed in the theorem),
the approximate solution of the integral equation generally does not converge in L™ sense, unless
other conditions are provided to ensure uniform convergence of the operator.
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