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Abstract. This paper focuses on the study of optimality conditions (both necessary and sufficient) for a
weakly quasi €-Pareto solution to a multiobjective optimization problem by using a minimax program-
ming approach. To establish necessary conditions for approximate solutions of minimax programming
problems under a suitable constraint qualification, we use some advanced tools of variational analysis
and generalized differentiation. Sufficient conditions for such solutions to the considered problem are
also provided by using generalized convex functions defined in terms of the limiting subdifferential for
locally Lipschitz functions. In addition, some duality results for minimax programming problems are
also provided.
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1. INTRODUCTION

Let X denote the Asplund space (i.e., the Banach spaces whose separable subspaces have
separable duals), and let Q be a nonempty locally closed subset of X. Let K := {1,...,l} and
J:={1,...,m} be two index sets. We consider the following constrained multiobjective opti-
mization problem:

ming; {f(x)|xeF}, (MP)
where f := (fi,..., /1), and the feasible set F is defined by
Fi={xeQ|g(x)<0, jeJ}, (1.1)

the functions fi, k € K, and g;, j € J are locally Lipschitz on X.

In most of the cases, it is almost impossible to find a single point that simultaneously min-
imizes all the objective functions f, k = 1,...,[. In such cases, we then look for some “best
preferred” solution(s) in multiobjective optimization problems. Roughly speaking, a “best pre-
ferred” solution means the one that cannot be improved in one objective function without dete-
riorating their performance in at least one of the rest. That is the concept of the so-called Pareto
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solutions. Indeed, apart from the Pareto solutions, there are also many other solution concepts
in multiobjective optimization problems. Among other things, we will focus on the weakly
quasi €-Pareto solutions, below we recall its definition.

Definition 1.1. Let € := (0, ...,q;) € R\, \{0}. & € F is said to be a weakly quasi &-Pareto
solution of multiobjective optimization problem (MP) if and only if

f)+e||x—%| —f(F) ¢ —intR, | Vx € F.

The weakly quasi &-Pareto solution, which is one kind of approximate Pareto solutions, in
multiobjective optimization problems can be treated as a feasible point whose objective values
compromise with a prescribed error € in the optimal values of the multiobjective functions.
Therefore, the study of the approximate Pareto solution is very important from both the the-
oretical and computational points of view. Recently, approximate Pareto solutions have been
investigated by many researchers; see, e.g., [1, 2, 3,4,5,6,7,8,9, 10, 11, 12] and the references
therein.

In order to find weakly quasi &-Pareto solutions to multiobjective optimization problems, usu-
ally one uses scalarization, which involves formulating a single objective optimization problem
(see [13]). In this paper, we will study the optimality conditions for a weakly quasi €-Pareto so-
lution of problem (MP) by considering its associated minimax optimization problem (see [14]).
Roughly speaking, let us consider the following minimax programming problem:

i P
minmax fi(x), P)

where the functions fj, k € K are locally Lipschitz on X, and the feasible set F is defined by
(1.1). The problem, in which both a minimization and maximization process are performed, is
known in the area of mathematical programming as minimax problems.

Minimax programming problems have been the subject of immense interest in the past few
years. Recently, many researchers studied optimality conditions and duality theorems for mini-
max programming problems. For details, we refer to, for example, [15, 16].

In this paper, we use some advanced tools of variational analysis and generalized differentia-
tion (e.g., the nonsmooth version of Fermat’s rule, the sum rule for the Mordukhovich/limiting
subdifferential) (see [17]) to establish necessary conditions for quasi a-solutions (see Defini-
tion 3.1) of a minimax programming problem with inequality constraints. Sufficient conditions
for the such solutions to the considered problem are also provided with the aid of the general-
ized convexity (see [18]) defined in terms of the limiting subdifferential for locally Lipschitz
functions.

In pace with optimality conditions, we propose a dual problem to the primal one and examine
weak, strong, and converse-like duality relations under suitable assumptions.

As an application, we employ the necessary and sufficient optimality conditions obtained
for the minimax programming problem to derive the corresponding ones for a multiobjective
optimization problem. In addition, some examples are also given for illustrating the obtained
results.

The rest of the paper is organized as follows. Section 2 provides some preliminaries. In
Section 3, we present some results on minimax programming problem, including necessary
conditions for quasi a-solutions and sufficient conditions for such solutions. Section 4 is de-
voted to the duality relations in minimax programming problems. The main results of optimality
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conditions (both necessary and sufficient) for a weakly quasi €-Pareto solution to multiobjective
optimization problem will be studied in Section 5. Finally, conclusions are given in Section 6,
the last section.

2. PRELIMINARIES

In this section, we use the following notations and preliminary results (see [17, 19]). Unless
otherwise specified, all spaces under consideration are assumed to be Asplund. The canonical
pairing between space X and its topological dual X* is denoted by (-, ), while the symbol || - ||
stands for the norm in the considered space. As usual, the polar cone of a set Q C X is defined
by

Q°:={x"eX"| (x*,x) <Oforallx € Q}.

Given a multifunction F : X = X*, we denote by

Limsup F (x) := {x* € X" | Ixx — xand x X with x; € F(x;) forallk € N:= {1,2,...}}

X—X

the Painlevé-Kuratowski upper/outer limit of F as x — &, where the notation — indicates the
convergence in the weak™ topology of X*.
Given Q C X, and x € Q, define the Fréchet/regular normal cone to Q at x by

~ X x—X
Ngo(x) =<K x" € X* limsupggo ,
o |lx—x]
x—

where x 2 ¥ means that x —  with x € Q. If ¥ ¢ Q, we put N(5; Q) := 0.

The Mordukhovich/limiting normal cone N(%; Q) to Q at ¥ € Q C X is obtained from regular
normal cones by taking the sequential Painlevé-Kuratowski upper limits as

N(x;Q) := Limsup N (x; Q).
xiﬁ

If ¥ ¢ Q, we put N(x; Q) := 0. B

For an extended real-valued function f : X — R := [—o0, o0|, its epigraph is defined by

epif = {(xp) € X xR| 1> f(x)}.
The Mordukhovich/limiting subdifferential of f at ¥ € X with |f(X)| < oo is defined by

df(x) :={x" €X" [ (x",—1) e N((X, f(X));epif)}.
If | f(x)| = oo, then one puts d f(%) := 0.
Considering the indicator function & (-; Q) defined by: §(x; Q) :=0forx € Q and by 6 (x; Q) :
oo otherwise, we have a relation between the Mordukhovich normal cone and the limiting sub-
differential of the indicator function as follows (see [17, Proposition 1.79]):

A6 (x; Q) = N(x;Q) for all X € Q. (2.1)

The nonsmooth version of Fermat’s _rule is formulated as follows [17, Proposition 1.114]: If
X € X is a local minimizer of f : X — R, then

0 € df(). (2.2)
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For establishing optimality conditions, the following lemma, which is related to the limiting
subdifferential calculus, is very useful.

Lemma 2.1. [17, Theorem 3.36 and Theorem 3.46]

() Let ¢; : X - R, i=1,2,....,m, m > 2 be lower semicontinuous around % € X, and let
all but one of these functions be Lipschitz continuous around x. Then

P14+ @2+ ...+ Pn)(X) C 91 (X) + P (X) + ... + I (X). (2.3)
(1) Let ¢; : X — R,i=1,2,...,m, m> 2 be lower semicontinuous around X for i € Inax (x)
and upper semicontinuous at X for i ¢ Inax(X). Suppose that each ¢;, i = 1,...,m, is

Lipschitz continuous around x. Then

d(max ¢;) (% cU{ ( Y Mbi) (%)

i€Imax (%)

(Aly ey An) EA()E)},

where the equality holds and the maximum functions are lower regular at X if each ¢; is
lower regular at this point and sets Inax (%) and A(X) are defined as follows:

Inax (%) := {i € {1, om} | ¢i(%) = (max ¢:)()},
AF) = {(M,...,/lm) | 4 >0, izi: 1, A (¢:(%) — (max ¢;) (%)) :o}.

3. OPTIMALITY CONDITIONS

In this section, we establish a necessary optimality condition for a quasi -solution of mini-
max programming problem. Moreover, by introducing the concepts of the generalized convex-
ity, we give sufficient conditions for such solutions.

Definition 3.1. Consider minimax programming problem (P) with the feasible set F' given
by (1.1). Let o« > 0, and ¢(x) := maxeg fr(x), x € X. Then X € F is said to be a quasi o-
solution of (P) if

0(x)<¢(x)+a|x—x| forallxeF.

Definition 3.2. [18, Remark 3.10] We call that constraint qualification (CQ) is satisfied at X € F
if there do not exist p1; > 0, j € J(X) not all zero, such that

0e ) wjdg;(H)+N Q)
JEJ (%)

where J(x) := {j € J | g;(X) =0}.

To obtain the necessary optimality condition of the Karush—-Kuhn—Tucker type, the above
constraint qualification ([18, Remark 3.10]) is needed, which reduces to the extended the Mangasarian-
Fromovitz constraint qualification (see, e.g., [20]) in the smooth setting.

Now, we establish the Karush—Kuhn-Tucker necessary conditions for a quasi ¢-solution of
problem (P).
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Theorem 3.1. Let the (CQ) be satisfied at x € Q. If X is a quasi a-solution of problem (P), then
there exist T := (T1,...,7)) € Rﬂ_ with Y jex =1, and A := (A1,..., Ay) € R such that

0€ Y nwdfi(®)+ Y A;0g;(%) + aBx- + N(%Q),
kek jeJ

rk (fkoz) - <r,g€e}g>fk<x>> 0, kek,
Ajgj(®) =0, j€J.

(3.1)

Proof. Let X be a quasi o-solution of problem (P). Then x is a minimizer of the following
problem

min (¢(x) +a || x—2)), (3.2)

and ¢ (x) := maxcg fi(x). Define a real-valued function y by
Y(x) = max {oC)+allx—%[ —9().g(x)}, xeX.
We claim that
w(x) =0 < y(x), Vxe Q. (3.3)

Indeed, it is easy to see the equality in (3.3) holds due to X € F. Let us justify the inequality
therein. If x € F, then y(x) > 0. Otherwise, y(x) < 0 leads to

() +ox—x| -0 <0,

which is a contradiction to (3.2). If x € Q\F, then there is jy € J such that gj,(x) > 0, which
entails that y(x) > 0.

Thus, (3.3) is valid, and this infers that X is a minimizer for ¥ on Q. Then, X is a minimizer
of the following unconstrained optimization problem

min y(x) 4+ 6(x; Q). (3.4)
xeX
Invoking now the nonsmooth version of Fermat’s rule (2.2) to problem (3.4), we have
0€d(y+3d(:Q))(%). (3.5)

Since the function y is Lipschitz continuous around x and the function §(-; Q) is l.s.c around ¥,
it follows from the sum rule (2.3) applies to (3.5) and from the relation in (2.1) that

0€dy(x)+N(x;Q). (3.6)

Applying further the formula for the limiting subdifferential of maximum functions and the
limiting subdifferential sum rule for Lipschitz functions (Lemma 2.1)

0€{ud(@+all-—x[)®)+ Y widg;(® |uo>0,u;>0,ugix) =0,
JEJ(X)

JEJ@), po+ ), uj=1}+N(FEQ),
JEJ(X)

(3.7)
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where J () := {j € J|g;(¥) =0} . In view of 9 (|| - — % ||) (¥) = By, we get

9 (maxfi+o |- | )(¥) C 9(maxfi)() + oBy-

C{ Z 7.0 fi(%) + o By

keK (x)

> fk—l}

keK (x

% > 0, %(fi(¥) — (max fy) (%)) = 0,k € K(X), (5,

where K (%) := {k € K | fx(X) = ¢(x)} # 0. It follows (3.6), (3.7) and (3.8) that

0e{ Y uwdfi(¥)+uooByx: | 7% >0, % (fi(X) — (max fi) (%)) =0,k € K(%),

keK(X)
) rk—1}+{ ) u]f?g, o >0, u; >0, ugi(¥) =0, j € J(F),
keK (x JEJ(X
Ho + Z uj:1}+N (% Q).

jel®)

As the (CQ) is satisfied at X, we have g # 0, and

06{ Z Tkafk +OCB)(* T, > 0, Tk(fk()?)—(maxfk)(i)):O,kGK, Z ‘L'k:1}

keK(X) keK (%)
+ Z Jag] to >0, 1j >0, ujg;(¥) =0, j € J(X), ho+ Y_pj =1} +N(%Q).
jeJ(x JEJj
(3.9)
Now, letting 7 := 0 for k € K\K(%), u; := 0 for j € J\J(X), and A; : , we see that (3.9)
clearly implies (3.1), which completes the proof. U

Now, we introduce the concepts of generalized convexity to formulate sufficient conditions
for quasi a-solutions of problem (P).

Definition 3.3. [18, Definition 3.11] We say that (f,g) is generalized convex on Q at X € Q if,
forany x € Q, & € dfi(X), k € K, and nj € dg;(%), j € J, there exists v € N(¥;Q)° such that

fk(x)_fk(i) > <§k7v>7 kGK,
gj(x)_gj(x)2<njav>7 jGJ,
and
{b,v) <|lx—x][, beBx-.

The following theorem describes sufficient optimality conditions for a quasi ¢-solution of
problem (P).

Theorem 3.2. Let X € F satisfy Karush—Kuhn—Tucker conditions (3.1). If (f,g) is generalized
convex on Q at X, then X is a quasi o.-solution of problem (P).
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Proof. Let ¢(x) := maxeg fr(x). Since X € F satisfies condition (3.1), there exist 7, > 0,k € K
withYex e =1,1;>0, j€J, & € dfi(X), k€ K,nj € dgj(X), j € J, and b € By~ such that

- (kagk-l-z:)tjnj-l—ab) EN(XQ), (3.10)
keK jel
(fk( X)— meaxfk( )) =0, keKk, (3.11)

ljgj(x) =0, jelJ.

Assume to the contrary that X is not a quasi a-solution of problem (P), we have that there is
X € F such that

¢(X)> (&) +o || £—x]. (3.12)
From the generalized convex on Q at X, we deduce from (3.10) that, for such X, there is v €
N(x;Q)° such that

0<Y w(&,v)+ Y Ai(n;,v)+o(b,v)

kek jeJ
<Y w(fil®) = fi@®)+ Y4 (g5(8) — (%) +a | £—x ] .
kek jeJ
Hence,
Zkak +Z%gj <kafk +Z7ngj )t+oal[x—x]. (3.13)
kek jeJ keK jeJ

Observe that A;g (%) =0 and A;g;(£) < 0forall j € J. So, taking into consideration (3.13), we
have

Y whi(® <Y wfi®)+alt—x] .
kek kek
On the other hand, by (3.11), it holds that

Y w0 =) wfi(®)

keK kekK

<Zkak )t+a | x—x|
kek

<) whE) +ollt-x.
kekK

This implies
9(x) <o(F) +oa£—xf (3.14)
due to Y ycx Tk = 1. Obviously, (3.14) contradicts (3.12), which completes the proof. 0J

Now, we give an example that illustrates that we cannot remove the generalized convex prop-
erty of (f,g) on Q at the considered point in Theorem 3.2.

Example 3.1. Let f : R — R? be defined by f(x) := (fi(x), f>(x)), where
2 . l .f 0
P

0, otherwise,



K.D. BAE, Z. HONG, D.S. KIM

716
and f>(x) := —x?. We consider the feasible set F given by (1.1) with Q := R and J := {1}. Let
g :R — R be given by
%(X— 1)7 X2z 17
gx):=1¢ 0, O<x<l,
X x <0.

Then, F = (—oo, 1]. Note that f;, k = 1,2, are locally Lipschitz at ¥ = (0,0), and

Choosing x = % EF, & :=0€dfi(x),and & := 0, we have
3 5
AW — A = (S—ﬂ)%m?’r <0=(&,v),

)~ ) = ~(2)’ <0= (&)

for v € N(x;R)°. Take arbitrarily o satisfying 0 < o < % It is not difficult to infers that x

satisfies Karush—-Kuhn-Tucker conditions (3.1); e.g., 71 = 1, 7, = 0, A = 1. However, X is not
a quasi o-solution of minimax problem. To see the following, we choose X = % € F. Then,

max fi(£) +alf — x| < max fi(x).

One can check that the (f, g) does not satisfy the generalized convexity.
4. DUALITY RELATIONS

In this section, we formulate a dual problem for the minimax programming problem (P) in
some ways of Wolfe [21], and explore weak, strong and converse-like duality relations between

them.
Letze X, 7:=(71,...,7) € RQ with Yrex e =1,and A := (44,...,A,) € R7. In connection
with the minimax programming problem (P), we consider a dual problem in the following form:

max {L(z, T,A):=0(z) + Z)bjgj(Z)} . (D)

(Zvrvl)EFD ]EJ

Here, we denote ¢(z) := maxex fi(z) and
Fp:= {(z, T,A) € Qx (RQ\{O}) xRT|0€ Y 5dfi(z)+ Y Ajdg;(z) + aBx- +N(z:Q),
kek jel

% (fi(2) —9(x) =0, keK, Y} 5 =1
keK
Definition 4.1. A point (Z, 7, Z) € Fp is called a quasi o-solution of problem (D) if and only if
L(ETA) 4o (2,5,4) = (z,7,4) |> L(z,7,1), ¥(z,7,4) € Fp.

We provide weak duality theorem between (P) and (D).
Theorem 4.1. Let x € F, and let (z,7,A) € Fp. If (f,g) is generalized convex on Q at z, then

() +allx—z]>LzT4)
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Proof. Since (z,T,1) € Fp, there exist T:= (11,...,7) ERL with Y cx u=1,1:=(A1,...,An) €
R?, & € dfi(z), k€ K,nj € dgj(z), j€J, and b € By« such that

- (Z wi+ Y Am;+ Oﬂb> € N(zQ),

kek jeJ
T (fi(z) —9(2)) =0, ke K. (4.1)

By the generalized convex on Q at z, there exists v € N(z;Q)° such that
0<Y (&, v)+ Y Aj(nj,v) +alb,v)

kek jer
<Y (filx) = fi(2) + YA (g5(x) —gj(2) +e | x—z] .
kek =
Hence,
Y wfi@)+ Y Aigi(x) < Y wfi(x)+ Y Aigi(x) +a || x—z] . (4.2)
kek e kek jer

In addition, x € F. It follows that }";c; A;g;(x) < 0. So, we get from (4.2) and (4.1) that

Z Tk(P(Z) + legj(z) = Z kak(Z) + legj(z)

keK JjeJ kekK JjeJ
Sszfk +Z)ngj )+oallx—z|
kek it
<Y o) +ofx—z].
keK

This implies that
)+ Y Aigix) <ox)+oafx—z].

jeJ
The proof is complete. O

The forthcoming theorem describes the strong duality relation between (P) and (D).

Theorem 4.2. Let X € F be a quasi o-solution of problem (P) such that the (CQ) is satisfied at
this point. Then there exists (T,A) € (R}, \{0}) x R such that (¥,T,A) € Fp and

¢ (%) =L(%,T,1).

Furthermore, if (f,g) is generalized convex on Q at any z € Q, then (X,7T,A) is a quasi Q-
solution of problem (D).

Proof. Applying Theorem 3.1, we find 7 := (11,...,7) € R, with YT = 1, and A :=
(A1, Ap) € RY such that

0e Z‘L'kafk —|—Z)L 8gj —I—OCIng* —|—N(x .Q)
kek =

(fk( X) — meaxfk( )) =0, k€K, (4.3)
Ajgj(®) =0, jel.
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Putting 7 := Zk keKwnh Yiek =1, andl Zkl o ,j€J,wehave T:=(Ty,...,7)) €

R/ \{0}, and 2 := (2,1, ., Am) € R™. Observe that the assertion in (4.3) is also valid when
T’s, and A;’s are replaced by 7;’s, and 7L s, respectively. So we conclude that (X, T 7L) € Ip.
Obviously,

L(%,7,A) = 9(%) + Y A;g;(%) = ¢ ().
JjeJ
Thus, when (f, g) is generalized convex on Q at any z € Q, we apply the weak duality result in
Theorem 4.1 to conclude that

LE7A) +a | (£5,4) = (z,7,4) [=o(®) + o || (£,7,4) = (z,7,4) [|> L(z,7,4)
for any (z,7,A) € Fp. It means that (%,7,2) is a quasi a-solution of problem (D). O
The forthcoming theorem declares converse-like duality relation between (P) and (D).

Theorem 4.3. Let (%,7,1) € Fp be such that ¢ (%) = L(%,%,A). If £ € F and (f,g) is generalized
convex on £ at X, then X is a quasi &-solution of problem (P).

Proof. Since (%,7,1) € Fp, there exist T € Rl with Y cx & = 1, L €R?, & € 9fi (%), k € K,
f; € dg;(%), j € J, and b € By~ such that

— (kaé_k—kzjtjﬁﬂral_a) eN(EQ), (4.4)
keK jeJ
T (fi(¥) = 9(¥) =0, ke K. (4.5)

Since ¢ (%) = L(%,7,1), then YjesAjgj(X) = 0. Due to X € F, we deduce A;g;(¥) =0, j € J.
This together with (4.4), (4.5) that X satisfies condition (3.1). To finish the proof, it remains to
apply Theorem 3.2. U

5. MULTIOBJECTIVE OPTIMIZATION PROBLEMS

In this section, we establish necessary and sufficient conditions for weakly quasi €-Pareto
solutions of (MP) by employing the optimality conditions obtained by (P) in Section 3.

The following result is a Karush—Kuhn—Tucker (KKT) necessary condition for weakly quasi
&-Pareto solutions of problem (MP).

Theorem 5.1. Let € := (0,...,q) € R, and the (CQ) be satisfied at X € Q. If X is a weakly
quasi €-Pareto solution of problem (MP), then there exist T € ]RZJr with Y jex T =1, and A € R}
such that

0e Z‘L’kafk +Z7L 8gJ X) + aBx+ + N(x;Q),
keK jet (5.1)
lJgj()z) =0,j€eJ,

where & := maxgeg{ o }.

Proof. Let x be a weakly quasi e-Pareto solution of problem (MP) and let

fu(x) = filx) — fu(®), k€K, x€X.
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We will show that X is a quasi &-solution of the minimax programming problem

i fi(x). 2
min max fi(x) (5.2)

To do this, let us put @ (x) := maxgek fx(x) and prove that
O(F) <P(x)+al|x—%||, VxeF. (5.3)

Indeed, if (5.3) is not valid, then there exists xo € F such that ¢ (xo) + @ || xo — % || < ¢ (). Since
¢(x) = 0, it holds that maxex { fi(x0) — fi(¥) } + & || xo — X ||< 0. Thus,

f(x0) = () +€ || o — % || € —intRY,

which contradicts the fact that x is a weakly quasi €-Pareto solution of problem (MP). So, we
can employ the KKT condition in Theorem 3.1, but applied to problem (5.2). Then we find
€ R, with Y T = 1, and A € R such that

0€ ) ndfi(¥)+ ) Ajdg;(¥)+ aBx- +N(%Q),
kekK jeJ

T (ﬁ(x) - maxfk(x)) —0, k€K, (5.4)
kekK
ljgj()f) =0, jel.
It is now clear that (5.4) implies (5.1). Thus, the proof is complete. O

The following theorem describes sufficient optimality conditions for a weakly quasi €-Pareto
solution of problem (MP).

Theorem 5.2. Let & := (&,...,&) € R\ and % € F satisfy condition (5.1). If (f,g) is general-
ized convex on Q at X, then X is a weakly quasi &-Pareto solution of problem (MP).

Proof. Set fi(x) := fi(x) — fi(¥), k € K, x € X. As X € F satisfies condition (5.1), it is not
difficult to see that % also satisfies condition (5.4). Let f := (f],,fl) Since (f,g) is gener-
alized convex on Q at ¥, it follows that (f, g) is generalized convex on Q at this point as well.
We apply the sufficient criteria in Theorem 3.2 to conclude that ¥ is a quasi ¢&-solution of the
minimax programming problem

minmax 7, (x).
xeF keK fk(X)

It means that ¢ (x) < ¢ (x) + & || x—x ||, Vx € F, where ¢(x) := maxeg fx(x). In other words,
we obtain

0 < max {fi(x) — fi(¥)} + & [[x—X ||, Vx € F,
keK

which entails that f(x) — f(¥) +& || x— % ||¢ —intR, Vx € F. Consequently, £ is a weakly quasi
&-Pareto solution of problem (MP). ]
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6. THE CONCLUSION

In this paper, under the minimax programming approach, we explored the optimality condi-
tions (both necessary and sufficient) for a weakly quasi €-Pareto solution to a multiobjective op-
timization problem. It is worth noting that the approach, which is motivated by the point-based
technique based on scalarization idea, usually is used in dealing with multiobjective optimiza-
tion problems.
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