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Abstract. The aim of this paper is to obtain some closed forms of hypergeometric reduction formulas for
the following Gauss functions , F; [a, o+ %;20{ — l;z] and , F} [Oc -1, — %;20( — l;z] , and the Clausen
function: 3F, [}/4— 1,B,B+ %; Y, 2B;z} by using the series rearrangement technique.
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1. INTRODUCTION AND PRELIMINARIES

In terms of the familiar (Euler’s) Gamma function I'(z), which is defined, for z € C\ Z, by

( /Oooe—ttz—ldt (%(Z)>0)7
@)=\ Letnm (ceC\ZgsneN),
j];[o(z+j)
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the general Pochhammer symbol (or the shifted factorial) (1), (A,v € C) is defined by (see,
for example, [1, 2])

(1 (v=0; A €C\{0}),
n—1
[MTA+j) (v=neN;1eC),
j=0
F(A+v) (—D)kn!
2, = = — _pn- — I . < <
Wv="Fay =Ygy (A= mv—kinkeNep0sksn),
0 (A=—n; v=k; n,k € No; k >n),
(=1 o _
(1= ) (v=—k;keN; A € C\Z),

where it is understood conventionally that (0)g := 1 and assumed tacitly that the Gamma quo-
tient exists.
From now on, the following standard notations are used:

N:={1,2,3,---}, No:=NU{0} and Z,:=7Z U{0}={0,—1,-2,---}.

Moreover, as usual, the symbols C, R, N, Z, R™, and R~ denote the sets of complex numbers,
real numbers, natural numbers, integers, positive, and negative real numbers, respectively.

The celebrated Gauss hypergeometric function, »F}, the Kummer (or confluent) hypergeo-
metric function, 1 F}, the Clausen hypergeometric function 3F;, and various other mathematical
functions of hypergeometric type, are all contained in the generalized hypergeometric function
pFy involving p numerator parameters, ay, - -+ ,a,, and g denominator parameters, by,--- , by, as
special cases.

Following the standard notations and conventions, we define it here as follows:

(op); ay, 0, -, 0p;
& 2| =pkq z
(B,): —
= i (al)n(az)n..,(ap)n i
=i (ﬁl)n(ﬁz>n(ﬁq)n n!

(p,qENo;p§q+1;p§q and |z] <eo; p=¢g+1 and |z| < 1;
p=q+1,|zl=1 and R(w) > 0;

p=qg+1,]z7f=1(z#1) and —1 < R(w) £0),

where, by convention, a product over an empty set is interpreted as 1, and
q p
.= Z B i — Z (04 j
Jj=1 Jj=1

and R (w) is the real part of complex number @ (see, for details, [1, 3, 4]).
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Remark 1.1. Throughout the rest of this paper, the applicable parametric and argument con-
straints, which would correspond appropriately to the above-mentioned parametric and argu-
ment constraints, will be tacitly assumed to be satisfied appropriately. Moreover, the excep-
tional values of the parameters and the arguments, which are involved in any equation, are also
tacitly excluded.

The following results will be needed in this paper.
A Transformation Formula for the Gauss Function ,F; (see [5, p. 112, Eq. (16)]; see also
[6, p. 251, Eq. (9.6.4)]):

a,a—{—%; 2a,2b—2a—1, —
L F) 7| =(1—2)7%2F g (1.1
b: b: 2\/1—2

(Jarg(l—z)| < m; b e C\Z).
Euler’s Linear Transformation (see [6, p. 248, Eq. (9.5.3)]; see also [7, p.68, Eq.(2.2.7)]):
B,v: 6-B,6-7v
2Fi z| =(1-2)° P 7R z (1.2)
0; d;
(larg(1—z)| < m; 6 € C\Zy).
The Binomial Expansion (see [1, p. 47]):
A;
1Fo Zl=(01-20*  (7<1;1€Q). (1.3)

Two Closed Forms of the Gauss Function ,F; (see [1, p. 70, Exercise 10]; see also [7, p.
185, Entry (39)], and [3, p. 19, Eq. (1.5.20)]):

F Aal_%; ( o) )21—1
2| = —F—
2 21 1‘|‘V1—Z

(Jarg(1—z)| < m; 24 € C\ Z;)
A+ 3 1 ) 221
2F zZ| = ( ) (1.4)
22 VIi—z\1+VI1—-z

(larg(1—2)| < m; 24 € C\ Zy).
A Reduction Formula Recorded by Prudnikov er al. (see [8, p. 460, Entry (103)]):

and

o, 0+ 3; !
2F Z| = b+2(1—a)(y—2)]y**(2—y) > (1.5)

20— 1: 200 —1
<1
1)

y—1

(Zy2=4(y—1); 2a—1€C\Zy; |zl < I 2
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Remark 1.2. The symbol = exhibits the fact that reduction formula (1.5) does not hold as
stated. In fact, equation (1.5) has not been verified numerically. In this connection, see the
corrected version (2.2) of the erroneous result (1.5).

The rest of this article is organized as follows. In Section 2, we state the closed forms of some
reduction formulas for the Gauss function »F](z) and the Clausen function 3F>(z). In Section
3, we present the derivations of the reduction formulas for the Gauss function. In Section
4, we apply our reduction formula (2.1) to the Clausen function by using the familiar series
rearrangement technique (see, for details, [2, Chapter 2]).

2. THE MAIN HYPERGEOMETRIC REDUCTION FORMULAS IN CLOSED FORMS

In this section, we state our main hypergeometric reduction formulas for the Gauss function
2F; and the Clausen function 3F, in closed forms. As we already mentioned in Remark 1.1,
any values of the parameters and arguments, which would lead to the results that do not make
sense, are tacitly excluded.

1.
@, 0t g 1 vT—2\ "7 (142(0-1)VT—2
oFy = (—5— ; @.1)
200 1; (2o —1) (1-2)2
(Jarg(1—2)| < m; 2a— 1€ C\Zy ).
O‘aa+%§ 4 2(1—a) 20
=4 _ (=1 4
2F1 = 21— o)(z—2)—z (2.2)
a1 P a1 2 0=2)—g
Z_l 1. .
- <Z,2a—leC\ZO,SR(z)>2 :
3,
a-l,0-3; 1 vT=2\ 2% 11 2(a—1)VT=2
2 =\—7 Ra—D) (2.3)
200 —1;
(Jarg(1—2z)| < m; 2a—1 € C\Zy).
o—1,a—3; 4(z—1) 203
2F1 :<Z_1>2(1—05) [2(1—&)(1—2)—4 -2 (24)
20—1; ° —2a
z—1 1 _ >
Z_Z <Z,2(X—1EC\ZO,9{(Z):2 .
’)/“f’l,ﬁ,ﬁ"f’%, 2 2—1
A ] ()
v.2B; I1++v1-2

.(27’(1+\/1——Z)+Z(2ﬁ—47’+(1—27)\/1_—z)+2(y—[3)z2> s
2y (1-2)3 (1-2+v1—2) '
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(larg(1—z)| < m; 7,2B € C\ Zy).

Remark 2.1. We have successfully verified each of the reduction formulas (2.1), (2.2), (2.3),
(2.4) and (2.5) numerically.

3. DEMONSTRATION OF THE REDUCTION FORMULAS (2.1) TO (2.4)

This section is devoted to the derivations of the first four of our main results (2.1) to (2.5).
Proof of the reduction formulas (2.1) and (2.2) :

Using transformation (1.1) on the left-hand side of reduction formula (2.1), we obtain

o, o+ 5 20,2037 g
Vi—z—1
2F] | = (1 _Z)_a 2F1 # =: (1 —Z)_a (I)(Z), (31)
200—1; 200—1; 2
where
2) =20 ——
20—1; 2V1-2
—i r (200—3), (\/l—z—l)r
=N 2a—1) 2v/1—7
_i 2a - 3 <+ r >(\/1—z—1)’
& 200— 1 21—z
206—3; \/1_—Z—1

=1F

2\/1_—z 2 2;)6—13 (glz——_zl)

If we replace r by r+ 1 in the second member of the right-hand side of equation (3.2), we obtain

(3.2)

2

-206—3' ] r+1
o/ 1—z—-1 1 = (200 —3), vV1i—z—1
®(2) = 1 Fy |+ Z( Jrs1 < : )

2v1—z 20-1 /= r! 24/1—7
P
— 110 2 /—1—2
+< 2003 ) (\/1—1—1> i(za—z)r (\/1—z—1>’
22a—1) V1—z = ! 2V/1—z
=110 —2 ,_1—2

9

+< 20— 3 )( l—z—l) . 202 T o
220 1) — )" Co2/i-z | '
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Now, by applying binomial expansion (1.3) in the right-hand side of equation (3.3), we obtain

cI)(Z)_(H\/IT> (1+2( 1)\/1——z).
2V/1—2 20— 1)V/1—z
Finally, we substitute the value of ®(z) from this last equation (3.4) into the right-hand side
of equation (3.1). After some simplification, we obtain the right-hand side of reduction formula
(2.1).
Upon setting z — (Z 1 in both sides of equation (2.1), and after simplification, we are led
to equation (2.2), which is the correct form of the erroneous result (1.5).

Proof of the reduction formulas (2.3) and (2.4):

(3.4)

Using Euler’s linear transformation (1.2) in the left-hand side of equation (2.1), we obtain the
required reduction formula (2.3).

If we use Euler’s linear transformation (1.2) in the left-hand side of equation (2.2), we obtain
the required result (2.4).

4. THE APPLICATION OF (2.1) INVOLVING THE CLAUSEN FUNCTION

In this section, we apply our first reduction formula (2.1) in the derivation of the reduction
formula (2.5) involving the Clausenian hypergeometric function 3F;.

Proof of the reduction formula (2.5):
For convenience, we denote the first member of the reduction formula by ¥(z), so that

Y+1aﬁaﬁ+l; oo 1 .
ey i B AT

o | S @B
< 1 i (ﬁ)r (ﬁ"‘%)r rd
o @By v SZm @By (r=1)!

r

i B+) 4

1
— . 4.1

We now replace r by r+ 1 in the series occurring on the right-hand side of the last member of
equation (4.1). We thus find that

BB+ ] = (B)rr1 (B+7),y 2!
HE=ah i 2B; Z_ Z’ (2B8)r+1 r!
BBty ] (BB 5 B (B+3),
=2F _ 2; Z_ ZO 2B+1),
BB+ ] B+1,B+2;
=2k ’ | +—— 2ﬁ+1 ? 7] . 4.2)
I 2B: | 2B+ 1;
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This last expression in (4.2) for ¥(z) readily yields the right-hand side of the required reduction
formula (2.5) when we make use of the closed form (1.4) in the first term and also our reduction
formula (2.1) in the second term.

5. CONCLUDING REMARKS AND OBSERVATIONS

We conclude our present investigation by observing that several interesting and potentially
useful closed-form reduction formulas can be obtained in an analogous manner. Moreover, the
hypergeometric reduction formulas, which we have derived in this paper in closed form, are
expected to have useful applications in a wide range of problems in the mathematical, physical,
and statistical sciences (see, for example, [9]; see also the recent works [10, 11, 12, 13, 14,
15] dealing extensively with the methodology and techniques based upon Gauss, Clausen and
related hypergeometric functions in one and two variables).
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